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Exercise 1. 1) Let A be a commutative ring and let B be an A-algebra. Prove that
for every integer n ≥ 1 we have

B ⊗A Mn(A) ∼= Mn(B)

as B-algebras.

2) Conclude that for two A-algebras B and C we have

Mn(B)⊗A Mm(C) ∼= Mnm(B ⊗A C)

as A-algebras.

Hint: An exercise from Exercise Sheet 6 may be useful.

Exercise 2. Let R be a ring and G be a group.

1) The ring homomorphism

ε : R[G] −→ R,
∑
g∈G

agg 7−→
∑
g∈G

ag

is called the augmentation map. Its kernel IG := ker(ε) is called the augmentation
ideal. Prove that IG is a free R-module with basis { g − 1 | g ∈ G, g ̸= 1 }.

2) Let S be a G-set and consider the free R-module R[S]. Show that the action of G
on S extends uniquely to an R-linear action on R[S] via

g ·
(∑

s∈S

λss
)
=

∑
s∈S

λs(g · s), g ∈ G.

Verify that
g · (θ1 + θ2) = g · θ1 + g · θ2, g · (rθ) = r(g · θ)

for all θ, θ1, θ2 ∈ R[S] and r ∈ R, and conclude that R[S] becomes naturally an
R[G]-module.

3) Define R[S]G := R[S]/IGR[S]. Show that IGR[S] =
〈
g · s− s

∣∣ g ∈ G, s ∈ S
〉
R
.

Let
π : S −→ S/G, s 7−→ G · s,

be the orbit map. Prove that π induces a canonical isomorphism R[S]G ∼= R[S/G].
In particular, R[S]G is a free R-module with basis indexed by the set of orbits S/G.



4) Define
R[S]G := {θ ∈ R[S] | g · θ = θ for all g ∈ G}.

Assume that all orbits are finite. For α ∈ S/G, define sα :=
∑

t∈α t. Show that

R[S]G =
⊕

α∈S/G

Rsα.

In particular, R[S]G is a free R-module with basis { sα | α ∈ S/G }. Deduce that
there is a canonical isomorphism R[S]G ∼= R[S/G]. Finally, show that the natural
map

R[S]G ↪→ R[S] ↠ R[S]G

is in general not an isomorphism.

5) As an application, we give another proof of Burnside’s Lemma, which we already
proved last semester in the tutorials. Recall that Burnside’s Lemma states that if
G is a finite group acting on a finite set S, then

|S/G| = 1

|G|
∑
g∈G

|Sg| .

Prove this by following the steps below.

(i) Set V := Q[S]. By 4), we have dimQ V G = |S/G| . Define the averaging operator

P :=
1

|G|
∑
g∈G

g ∈ EndQ(V ).

Note that by part 2), every g ∈ G induces a Q-linear endomorphism of V via
the induced action on V . Hence g(v) := g · v defines an element of EndQ(V ).
Prove that P is a projection onto V G, i.e. P 2 = P and im(P ) = V G.

(ii) Conclude from (i) that dimQ V G = tr(P ).

Hint: Recall from linear algebra that for a projection P one has V = ker(P )⊕
im(P ).

(iii) Conclude Burnside’s Lemma from (ii).
Hint: Use the Q-linearity of the trace and prove that tr(g) = |Sg| for every
g ∈ G.

6) Let G be a finite group. Apply Burnside’s Lemma to prove that there exists no
proper subgroup H ⊊ G such that

G =
⋃
g∈G

gHg−1.

In other words, a finite group cannot be written as the union of the conjugates of a
proper subgroup.

Hint: Consider the action of G on S := G/H by left multiplication. Compute |S/G|
and apply Burnside’s Lemma.
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