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Chapter 1

Introduction

This is an informal introduction, precise definitions will be given from Section 1.4 on.

The motivation for this thesis originates from the article “Geometric detection of coupling
directions by means of inter-system recurrence networks” by [Feldhoff et al.]. The authors
consider two dynamical systems X and ) in the phase space R" for some n € N, whose
trajectories are observable.! It is assumed that both systems are governed by their own,
intrinsic, dynamics, and are coupled with each other by means of diffusive coupling?: the
dynamics of the type

&= f(z) + kyx(y — 2)

. (1.0.1)
v =g(y) +kxy(z —y)

"Without giving precise definition, we will see a dynamical system as a triple consisting of a phase space,
time and a time-evolution law ([Katok and Hasselblatt, Ch.0.1]). Time can be continuous or discrete and the
time-evolution law, which in general can itself depend on time and have infinite memory, is simplified to allow
us to find out all future states if we know the state at any particular moment. Thus, the law for continuous time
can be described by a system of differential equations and the law for discrete time — by a map zty+1 = F(z¢).
The resulting “sequence” of states is the trajectory one can observe.

There are at least three different situations in which one considers a dynamical system. On the theoretical
level, having the equations governing the system, it is indeed possible to observe the whole trajectory. While
doing numerical simulations, it is possible to observe all states of a discrete time system, but only some
approximations of states of a continuous time system. The third situation is working with real-world data,
assuming that this data represents a sequence of states of some underlying dynamical system. If we think that
the time in the real world is continuous, we always get partial information from the data. More than that, the
vector x; which represents one state does not describe the whole underlying system, but only some features of
it, that is why it is more appropriate to call this vector an observable and not a state. In general, observables
have to be converted into state vectors, and an appropriate phase space, i.e., a space that is equivalent to the
original state space, has to be chosen. This problem of phase space reconstruction is not always trivial, see
[Kantz and Schreiber, Ch.3 and 9] for established methods. In this thesis, we do not discuss these difficulties
and always consider some R™ as the original state space. We speak of states and trajectories to simplify the
language.

Finally, we want to stress that the work described in this thesis is motivated by application to real-world
data. Although some theoretical dynamical systems can hardly be applied to real-world processes, we see
in each of these systems, e.g., temperature, percipitation and wind direction measured every day at 2 pm in
Chennai.

2The choice of diffusive coupling is not motivated in the article. Clearly, it is a simple form of interaction
between two systems. The term “diffusive” naturally arises as one considers chemical processes and trajectories
of the concentrations of some quantities in connected chambers (see, e.g., [Bar-Eli]). In the same sense it is
reasonable to apply this form of coupling to atmospheric processes.
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for functions f and g very similar to each other and coupling strengths kyy,kxy = 0 is
considered. However, it is not known whether one (or both) coupling strength is zero, i.e., in
which directions the systems are coupled, and the question is to determine these directions
on the basis of trajectories as well as functions f and g.

1.1 Recurrence network approach

[Feldhoff et al.] propose a method to answer this question, which is based on the recur-
rence network analysis (RINA). RNA, whose systematic study was started by [Donner et al., 2010],
combines recurrence plot analysis (see [Marwan et al.] for comprehensive discussion) with
the complex network approach (see, e.g., [Boccaletti et al.]). One starts with a time series,
i.e., a sequence (x¢)i=1,. N with all x; € R™ for some n, N € N, which represents states of a
dynamical system, chooses some norm |[|-|| on R”, a number € > 0 and defines the adjacency
matrix A(e) as

Aij(€) = 1jja;—ajl1<e) — Lii=j}» (1.1.1)

where 15 is the indicator function of the set B. This adjacency matrix automatically defines
a recurrence network, i.e., a graph where each time index ¢ is a vertex — irrespectively
of possible equality of the two corresponding states — and two different vertices ¢ and j are
connected with an edge if and only if ||z; — x;|| < ¢, i.e., the corresponding states are close
enough to each other with respect to the threshold ¢.> Now one can study the recurrence
network in order to reveal some properties of the underlying dynamical system. “Many
network-theoretic measures yield sophisticated quantitative charactericstics corresponding to
certain phase space properties of a dynamical system.”?

In order to study two coupled systems, the authors introduce the concept of the inter-
system recurrence network (IRN). Let A% (ex) and BY(ey) be the adjacency matrices
for the systems X and ) and some thresholds ey, €y. For the inter-system threshold eyy > 0,
define the cross-recurrence adjacency matrix AYY(eyy) as

X
AT (€xy) = Ljmimy,l/<cav): (1.1.2)

where (;);=1,...n, and (y;)j=1,.. N, are time series for the systems X and ) respectively. The

matrix
A¥(ex) A%V (exy)
Ale) = Xy T y (1.1.3)
(A (exy))”  AV(ey)
with € = (eX,ey,exy)T is the inter-system adjacency matrix - this way, one gets a

recurrence network for both time series together. One may choose different thresholds due
to a possibly different geometry of the time-series. It is worth noting that both series do not
need to have the same sampling, as the network uses time information only for determining
the list of all vertices.

3This means that the state z; (as well as ;) is “recurrent”, since the trajectory comes at some other point
in time close to it again. As one can see, the temporal relation of states plays no role in recurrence networks.

It is important to choose an appropriate threshold. For discussion of the threshold for recurrence plots, see
[Marwan et al., Sec.3.2.2].

“[Donner et al., 2010, Sec.1], see Section 3 for the measures. A list of all relevant measures can be found in
[Donges et al., Tab.II]. Chapter 3 of the review [Newman] offers comprehensive discussion.
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Further, several measures for the IRN are introduced.? One of them is the local cross-
clustering coefficient. Fix ¢ and define A = A(e). Denote by Vx and Vy the subsets of
the network vertices corresponding to the time series for X and ) respectively and by v € Vy
some arbitrary vertex from X. Then the local cross-clustering coefficient for the vertex v is
defined by

CYY = Zp,qevy AypAvgApg
v (ZpEVy A’L}p) (Zpe\/y Ay — 1)

and can be interpreted as the probability that two different randomly drawn neighbours of v
from the subset V3, are linked®. The global cross-clustering coefficient

(1.1.4)

¢y - L PR (1.1.5)

shows the probability that for a randomly chosen vertex in Vy, two of its different randomly
drawn neighbours from V3, are linked.
Another similar global measure is introduced: the cross-transitivity

7—Xy _ ZUGVX7 p,qEVy Avaqupq
Avavq

(1.1.6)
Zvevx, p,q€Vy, p#q

shows the probability that a randomly chosen “cross-triple”, i.e., a vertex v € Vy and two
vertices p, ¢ € Vy with both ||z, —x,|| and ||z, —z4|| less or equal €, is in fact a non-degenerate
“cross-triangle”, i.e., ||z, — z4|| < € and p # ¢.7

Analogously, one defines C¥* and 7%¥. A priori, there is no reason to assume that
CXY = CYX op TAY = 7YX , and this fact is the basis for the proposed method. The authors
argue that in case of unidirectional coupling, i.e., one of kxy, kyx is zero and the other is
not, one cross-transitivity tends to be larger than the other.® “Let x; and x; be two recurrent
states in X'. If the coupling direction is X — Y° and the coupling is large enough, we are likely
to also find a state y; in ), which is (cross-)recurrent to both x; and x;, due to the coupling’s
diffusive nature and thus the tendency to “drag” the trajectory of ) towards X. The resulting
“cross-triangle” adds to the value of both TYX and CY¥ according to their definition. On the
other hand, “cross-triangles” constituted by two recurrent states in Y and one cross-recurrent
state in X are merely coincidental due to the driver-responce-like coupling. We would thus
expect to see 7YY > T*Y in case of unidirectional coupling X — Y and vice versa for the
opposite coupling direction.” 0

The article proceeds with a single numerical example of two coupled Rossler oscillators
(equation (4.1.4)), for which the hypothesis is corroborated: for coupling strengths in a certain
interval, 7Y% > TXY clearly holds for all realisations from an ensemble of 200.

S5All of them are analogues of the measures for one-system recurrence networks. See previous footnote.

5Tn case ZpEVy Ayp <1, i.e., v has less than 2 neighbours among V3, we set CXY =o.

"In the article, p # ¢ in the denomenator’s sum is not present in the definition, but is assumed implicitly.
The same applies to transitivity, which will be defined later.

8Since global clustering and transitivity are similar measures, we will from now on discuss only transitivity,
which is also the focus of the thesis. Intuition suggests that all results should at least qualitatively also hold
for the global clustering coefficient, though this may be misleading.

9This means, kyx = 0.

19[Feldhoff et al., Sec.2.4]
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1.2 Numerics vs. analytical theory. Attractor of the system

Of course, one numerical example does not give enough evidence for the theory. We consid-
ered examples of other systems and present the results in Chapter 4. For numerous systems
- described by both differential equations or maps - the hypothesis is corroborated again.
However, there are other systems, e.g., the so-called Thomas operator or the Rényi map,
for which 7% and 7% stay in exactly opposite relation to each other. In general, as the
numerical estimations show, 7%Y and 7% for two diffusively coupled systems can exhibit
complex behaviour.

These findings reveal the need of a better theoretical understanding. Reading thoroughly
the argument for the hypothesis given above, one can notice that only “cross-triangles”, and
not the “cross-triples”, are discussed. However, the change of the spatial distribution of
system ) due to its coupling with system X should affect both triangles and triples. Since
the transitivity is the ratio of the number of triangles to the number of triples, the resulting
effect is in general unclear. In Section 4.2 we give two simple examples to show that both
relations between 7%Y and 7Y are possible. The question of what is (in any sense) the
typical relation, remains unanswered.

An analytical theory would imply the understanding of attractors of the dynamical sys-
tems. For some systems, a nonempty set of initial conditions will after some transient time
result in a set of trajectories lying close to a certain subset of the phase space. This subset
is invariant under the time-evolution law and is called the attractor of the system. The
corresponding set of initial conditions is called the basin of attraction. Systems that have
attractors are called dissipative!.

When we talked about trajectories before, we meant the part of trajectories that is close
to the attractor. We are interested in a typical behaviour of the system and this is the one
after the transient time. An attractor represents the system in its dynamical equilibrium and
the properties of the attractor are often everything we want to know about the system.'? A
system can have several attactors; in this case each of them can be studied separately.

Since an attractor is a set of points (in a phase space), it is in the first place characterized
by its geometry.'®> The simplest attractors are stable fixed points and limit cycles. If the
dimension of the phase space is higher than two, systems can have attractors of very complex
geometry.'* [Ruelle and Takens] coined the word strange attractor to describe attractors

"Dissipative systems are defined as systems that loose energy in the course of their time evolution. On aver-
age a phase space volume of an ensemble of initial conditions decreases during the time evolution of the system.
Existence of attractors is the characterizing property of a dissipative system. See [Handbook of Physics, 6.1.3]

2For decades researchers focus on the dynamical equilibrium and not the transient time. This has partly
historical reasons. Without computers one could not characterize the system in the transient time well enough:
some time after Newton, it was clear that it is impossible to give explicit solutions for the dynamics of even only
three bodies. The theory of dynamical systems started to develop fast after the breakthrough of [Poincard],
who suggested not to ask questions about individual states but about the trajectory after sufficiently many
iterations. Developing stability theory for fixed points and periodic orbits, he laid the foundation of studying
attractors. See [Holmes| and [Strogatz, Sec.1.1] for the history of the theory of dynamical systems.

It is not clear whether the focus on the attractor is justified by the motivation to study real-world processes.
Any real-world system is not isolated: there are changing forces coming from outside the system and not
constant energy exchange with the outer parts, so it is rather always the transient evolution that we observe.
The concept of attractor is rationalized by the dissipative processes such as friction or heat transfer which run
in all real-world systems.

13Here we will describe only those approaches to study attractors which will be more thoroughly investigated
in the thesis. For a comprehensive introduction to different approaches see, e.g., [Hilborn, Ch.9].

1Tt was long believed that stable fixed points and limit cycles are the only possible attractors. The
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with fractal geometry'®. Many chaotic systems, i.e., systems sensitive to the initial condi-
tions in the sense that a slight change of the starting point drastically changes the subsequent
trajectory, have strange attractors. Strange attractors deserve their name and there is no
comprehensive theory describing them. To have a better understanding of an attractor one
needs to study the corresponding invariant measure.

1.3 Invariant measure, dimension of an attractor

An attractor is a set of points, so we are interested in its geometry. At the same time, this
set evolves from the trajectories of the dynamical system, so the distribution of points in the
set is also relevant. Normally, the trajectory “visits” different points not equally often and
the distribution of points gives additional information about the structure of the attractor.
This distribution is described by the invariant measure.

Suppose that a dynamical system in discrete time has only one attractor, whose basin is
the whole phase space. Define some finite measure (let it be normalized to 1, i.e., a proba-
bility density) on the phase space and consider an ensemble of initial conditions distributed
according to this measure. After the transient time, all points from this ensemble will be
close to the attractor and one could compute a new measure, according to which these points
are distributed in the phase space.'® Normally, this measure will be approximately invariant
under the dynamical system, which means that the measure, according to which the points
will be distributed after the next iteration, will be approximately the same.

The invariant measure provides enough information about the attractor - clearly, it con-
tains information about the geometry, since it is equal to zero only for points of the phase
space which are not on the attractor. However, the question of existence and uniqueness
of the invariant measure, not to speak of the analytical expression for it, is in general very
difficult.!” One thus has to revert to less informative and again more geometric proper-
ties of the attractor. Different kinds of dimensions constitute another class of attractors’
charactericstics.

The dimension of a set is intuitively understood as the minimum number of coordinates
needed to identify a point in this set. E.g., a square is two-dimensional and a unit circle is
one-dimensional - though the circle is normally embedded in a (two-dimensional) plane, it is
enough to use one parameter - the angle - to identify each of its points.

There are many different (and not always equivalent) ways to formalize the concept of

Poincaré-Bendixson theorem states that this is indeed true for continuous systems in one- or two-
dimensional phase space. In 1927, [van der Pol and van der Mark] described a system, noting the coexistence
of two periodic orbits of different period, which, according to [Birkhoff] implied an unstable invariant set of
complex geometry. It was not until 1960 that a stable invariant set with fractal geometry arising from a
dynamical system described by a map was found (the set is now called the Smale horseshoe, see [Smale]).
Soon, in 1963, the probably most famous attractor - the Lorenz attractor - was discovered ([Lorenz]). The
Lorenz attractor arises from a 3-dimensional system in continuous time. See [Holmes] for the history.

5Fractals are sets that have repeating patterns at every scale. They are often self-similar sets, i.e., some
of their proper subsets are similar to the whole set. We will not give mathematical definitions of fractals or
self-similarity, since they involve more theory and are not exactly the topic of this thesis. For the classical
work on fractals, see [Mandelbrot]. For the mathematical foundations, see [Falconer].

0ne can compute the new measure after each iteration. Clearly, a finite ensemble will give only an
approximation of the measure. For a good description of this process, see [Lasota and Mackey, Sec.1.2].

7In Chapter 3, we discuss a sophisticated theory of the invariant measure developed by Prof. Lasota and
colleagues, which we apply to the driven Rényi transformation.
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dimension. A very intuitive approach is that of the box-counting dimension!®. Imagine
that the phase space R™ is covered by a grid of n-dimensional cubes of edge length €. Let N (¢)
be the number of cubes that have non-empty intersection with the set. Thinking about the
simple examples of a point, an interval, a square or a cube, we expect N (¢) to be proportional
to €, where d is the dimension of the set. The box-counting dimension is defined as (e.g.,
[Ott, Sec.3.1])
Dy = lim —%, (1.3.1)
e—0 10g €
in case the limit exists. For geometrically simple sets, this definition coincides with the
intuitive idea of a dimension. For sets of complex structure, this definition can yield non-
integer values. Though surprising at first sight, this fact is what makes the definition so
valuable: it gives a measure of the space-filling capacity of the set. E.g., the Koch curve
— one of the first examples of a fractal set (see [von Koch]) — is defined by an iterative
process and can be depicted only approximately after a finite number of iterations. Any
approximation is a one-dimensional curve, but the Koch curve itself fills some space on the
plane and has box-counting dimension higher than 1.

The box-counting dimension has a disadvantage in that it is quite demanding to compute
it for the given data. The phase space should be divided into boxes, the trajectory should be
located and the number of computations increases exponentially with the dimension of the
phase space. Other notions of dimension allow easier numerical estimations. The correlation
dimension was the first concept of dimension created to gain computational advantage (see
[Grassberger and Procaccia, Sec.1 and 2]). Another example is the transitivity dimension,
which arised from the recurrence network approach. We will discuss these notions in Chapter
2.

1.4 Thesis goals and structure

The initial plan for this thesis was to develop an analytical theory for the detection of diffu-
sive coupling in two systems from the data sets of their trajectories, based on the recurrence
network analysis. Specifically, we wished to circumstantiate the ideas of [Feldhoff et al.] and
develop them, possibly through the analysis by means of the transitivity dimension. This
turned out to be a very complex task to accomplish in the available time, so only several
steps towards understanding the subject have been made.

After introducing basic definitions and notation in Section 1.4, we proceed in Chapter 2
with new results on transitivity'® and the transitivity dimension. Having sketched the already
known facts, I give a proof that the transitivity dimension of the attractor is an integer equal
to the phase space dimension n in case the corresponding invariant density is absolutely
continuous w.r.t. Lebesgue, bounded and continuous in at least one point of the phase space
where it is nonzero. It probably follows that if the invariant measure has the same properties
but w.r.t. a smooth submanifold of dimension m < n, the transitivity dimension will be equal
to m. This result supports the idea that the transitivity dimension is defined meaningfully,
and it does not contradict the well-known fact about the non-integer dimension of fractal
sets. Indeed, fractal attractors do not normally have invariant densities which are absolutely

8The box-counting dimension is also called the Minkowski-Bouligand dimension.
¥ Transitivity is the analogue of cross-transitivity for one system. The definition will be given in Chapter 2.



1.5 Basic definitions, theorems and notation 7

continuous w.r.t. Lebesgue and continuous at least in one point.2® On the other hand, this
result is surprising, since it shows that the continuity in one point (local property) is enough
for the dimension to have integer value (global property).

The result is in line with the fact that the whole class of Rényi entropy dimensions (the
correlation dimension being one of them) has also integer values of the phase space dimension
under the same conditions on the invariant measure. Though this last fact seems to be widely
accepted among the researchers, I could not find the proof in the literature and give my own.

Further, I study the rate of convergence of the transitivity computed from a sample
data towards the theoretical value (i.e., the one computed using the invariant measure) in
dependence on the attractor dimension. Third, in Section 2.3, I present an approach to study
weak coupling identifying the influence of the driving system with stochastic noise and show
on simple examples how the presence of the noise changes the dimension of the attractor of
the driven system.

In Chapter 3, I present the theory of the invariant measure of the Rényi transformation
developed by Prof. Lasota and colleagues. This is not an original piece of work, my contribu-
tion is solely the application of the theory to the driven Rényi transformation as well as the
compilation of different articles into one (hopefully, better readible) sequence of lemmas and
theorems. However, I found the work on this chapter very useful for the understanding of the
difficulties involved in the analytical theory of the invariant measure for a given system. Rényi
transformations were chosen for analysis quite early during the work on the thesis, since they
demonstrated interesting behaviour by numerical computations of the cross-transitivities and
seemed to be not difficult to study analytically. However, own attempts to find the invariant
measures did not succeed and the found existing theory turned out to be quite complicated.

Finally, Chapter 4 is devoted to heuristic study of the questions following [Feldhoff et al.].
Different dynamical systems are studied with the same methodology as in [Feldhoff et al.] and
the results of the numerical computations are presented. Further, I give simple examples to
show that in general any relation between 7Y and 7Y% (see Section 1.1) is possible.

We finish with a short conclusion.

1.5 Basic definitions, theorems and notation

This section can be skipped and used as a reference while reading the thesis, especially
Section 2.3 and Chapter 3.

1.5.1 Norms on R", scalar product

In all applications, we consider dynamical systems in the phase space R" for some n € N.
On R™ we use the Euclidean and, most of the time, the supremum norm. The choice is due
to the simplicity of computations and is not of high significance, since all norms on R™ are
equivalent.

Definition 1.5.1. Let x = (1,...,2,)" be a point in R™. Then

lzllz = o/a? + 23+ + a2 (1.5.1)

20In Section 2.1, we give an example and further discuss this issue.
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is the Euclidean norm of x and

[l]leo = max |z (1.5.2)

i the supremum norm of .
The (open) ball of radius r € R™ with center in x € R"™ is defined by

B(z) = fy e R": [lz—yl| <7}, (1.5.3)
where || - || can be any norm and should be specified beforehand.
Definition 1.5.2. Two norms || - ||o and || - ||g on R™ are called equivalent if there exist

finite positive constants ¢ and C' with
d|zlla < [lzlls < Cllz]la (1.5.4)
for all x e R™.
Theorem 1.5.3. On R", any two norms are equivalent.
The elementary proof of an even stronger statement can be found in [MacCluer, Th.4.2].

Definition 1.5.4. For two points x = (x1,...,2,)",y = (Y1,...,yn)’ € R?, the scalar
product of x and y is defined as

(w,y) = wiyi. (1.5.5)
i=1

1.5.2 Measures

For the theory in Chapter 3, we consider a general phase space X.
Definition 1.5.5. A family of sets A < X is called o o-algebra if
(i) X € A,
(i) for all Ae A, X¢=X\Ae A and
(iii) for any countably many Ay, Ag,---€ A, |2, Ai € A.

Definition 1.5.6. Let A c X be a o-algebra. A measure is a function p: A — [0, 0] with
w(F) = 0 and such that for any countably many mutually disjoint sets Ay, Ag,--- € A, it
holds 1 (U2 As) = S22, 1(Ay).

A measure p is called finite, if u(X) < oo.

A measure p is called o-finite, if there are at most countably many sets X1, Xo,--- € A
such that X = J;2; X; and p(X;) < oo for all i € N.

Definition 1.5.7. For a space X, a o-algebra A defined on X and a o-finite measure
defined on A,

the pair (X, A) is called the measurable space and

the triple (X, A, u) is called the o-finite measure space.

For R™, the canonical o-finite measure space is (R™, B(R™), \"):
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Definition 1.5.8. B(R"™), the Borel o-algebra on R", is the smallest o-algebra, which
contains all open sets in R™, i.e., all possible unions of open balls in R™.

The existence of this smallest o-algebra is guaranteed by a theorem, see, e.g., [Klenke,
Th.1.16].

Definition 1.5.9. The Lebesgue measure \" is the unique measure on (R™, B(R")) such
that

A ((a0]) = [ [(bi = a2) (1.5.6)

for alla = (a1,...,a,)",b=(by,...,b,)" € R™.
The existence of this unique measure is guaranteed by a theorem, see, e.g., [Klenke,

Th.1.55].

Let (X, A, 1) be a o-finite measure space. For a function f : X — R, we denote the integral
of f over a set A € A with respect to (w.r.t.) the measure p by

J fdu. (1.5.7)
A

For the Lebesgue measure on R", we write dx instead of d\™.

Definition 1.5.10. Let u and v be two measures on (X, A).

The measure p is called absolutely continuous w.r.t. the measure v, if v(A) = 0 implies
u(A) =0 for every A e A.

The measures i1 and v are called mutually singular, if there is an A € A with u(A) =0
and v(X\A) = 0.

Theorem 1.5.11 (The Radon-Nikodym theorem). Let u and v be two o-finite measures on
(X, A). Then p is absolutely continuous w.r.t. v if and only if there exists a nonnegative
measurable function f: X — R such that for all Ae A

w(A) = JA fdv. (1.5.8)

A proof of this theorem can be found, e.g., in [Teschl, topics, Th.9.2].

Definition 1.5.12. The function f : X — R from the Radon-Nikodym theorem is called the
Radon-Nikodym derivative.

Theorem 1.5.13 (Lebesgue decomposition theorem). Let p and v be two o-finite measures
on (X, A). Then p can be uniquely decomposed as p = fige + ls, where g is absoultely
continuous w.r.t. v and s and v are mutually singular.

A proof of this theorem uses the Radon-Nikodym theorem, c.f. [Teschl, topics, Th.9.3].2!

210One can proceed the other way around and make the Radon-Nikodym theorem a corollary to the Lebesgue
decomposition theorem - see [Klenke, Th.7.33].
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There are several ways in which we can express the time-evolution law. Generally, we can
speak of transformations of the phase space.??

Definition 1.5.14. A transformation (or a function) S : X — X is measurable, if
S=1(A)e A for all Ae A.

A measurable transformation is nonsingular if u(A) = 0 implies u(S—1(A)) = 0.

Definition 1.5.15. Let S : X — X be a nonsingular transformation. The measure i is said
to be invariant under S if for every Ae A

u(S(A)) = u(A). (15.9)

1.5.3 LP-spaces and Fubini theorem
Definition 1.5.16. For a set A € X, the indicator function of A is defined as

@) = { b oA (1.5.10)
x) = 5.
A 0, otherwise.

Definition 1.5.17. The support of a function f : X — R is the set

supp(f) = {x € X : f(z) # 0}. (1.5.11)
Definition 1.5.18. For p > 1, the space of functions f : X — R such that
1/p
sty = ([ 1rpan) " <0 (15.12)

is called an LP space over X, denoted LP(X).
The space of functions f: X — R such that

[ flleo = Sup |f(x)] < o0 (1.5.13)

is called an L* space over X, denoted L*(X).
Functions f € L' are called integrable.
Definition 1.5.19. Denote
D= D(X, A, p) = {f € L"(X) : ||| = 1}. (1.5.14)
Any function f € D is called a density.

It can be easily shown that L? spaces are indeed vector spaces for all 1 < p < 00. Moreover,
they are Banach spaces, i.e., complete.?? If 4 is finite, then we have the following inclusions
for all p € N (see, e.g., [Villani, Th.2]):

L®°(X)c---c I’(X)c LP"Y(X) c - - c L*(X) c L}(X). (1.5.15)

22For discrete time systems, the transformation is just the map S : X — X. For systems in continuous
time, we need to define a family of transformations. Following [Lasota and Mackey, Def.7.2.1], we can define
a dynamical system {St}ter on X as a family of transformations S; : X — X, t € R, satisfying (i) So(z) = =
for all x € X, (ii) S¢(Sy(x)) = Sy (x) for all x € X, t,¢' € R and (iii) the map (t,x) — Si(z) is continuous.
We will not use this definition and leave it for the footnote.

%We do not give definitions of these elementary notions from (functional) analysis as well as of the Hilbert
space mentioned later. See [Reed, Simon, Ch.1 and 2].
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There is an important issue that in LP spaces we cannot distinguish functions which differ
on a set of measure 0. In fact, f € LP is a representative of an equivalence class of functions,
which are equal up to a set of measure 0. It follows that all (in)equalities of functions should
be understood only as “almost everywhere” - a.e. - (in)equalities.

We will treat sets in a similar way. Since characteristic functions are equal in L' if and
only if the underlying sets are equal up to a set of measure 0, we will call two sets A and
B different only if A\B or B\A has positive measure. Equalities of sets should also be
understood as “almost” equalities.

From all LP-spaces, only L? can be made to a Hilbert space.

Definition 1.5.20. Let f,g € L?(X). Then the scalar product of f and g is

frg) = fX fodp. (1.5.16)

Finally, we state the Fubini theorem that will be used in Chapter 2.
Theorem 1.5.21 (Fubini). Let (X1, A1, 1) and (X2, A2,v) be two o-finite measure spaces

and f be a nonnegative measurable function on X1 x Xo. Then

Ll ( “ f(371,x2)d1/(372)> dp(x1) < o (15.17)

if and only if
J ( f(a:l,ajg)dp(azl)) dv(z2) < © (1.5.18)
Xo \Jx,
and if one (and thus both) of these integrals is finite, then they are equal.
For the proof, see [Teschl, topics, Th.A.21 and A.22].

1.5.4 Normal distribution, characteristic function and some notation

We will not mention here the preliminaries from probability theory, which can be found,
e.g., in [Klenke, Ch.1].

Definition 1.5.22. A matriz M, «, is called positive definite, ifxTMx > 0 for all x € R™.

Definition 1.5.23. Let X be a positive definite symmetric real n x n Matriz and a € R". A

random vector & = (£1,...,&,)T is said to have the (multivariate) normal distribution
with mean a and covariance matriz X, if £ has the probability density
@) 1 (-5 axe-ap) (15.19)
)= ——————exp| —={(z —a, T—a 5.
2r)rder(s) P\ 2

for x € R™. We write £ ~ N(a,X).
Definition 1.5.24. Let i be a finite measure on R"™. The function ¢, : R" — C defined by

o(N) = Jeio"@u(dx), (1.5.20)

where i is the imaginary unit, is called the characteristic function of u.
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For a normal distribution with mean a and covariance matrix X, the characteristic function
has the form ([Klenke, Th.15.53])

o)) = PV zAZN (1.5.21)
for all A € R™.

At the end of this section we repeat some common notation that will be used in the thesis.
By X e Ai we denote the Cartesian product of the sets {A;}ier.
For two sets A and B, AAB denotes the symmetric difference:

AAB = A\B U B\A. (1.5.22)

The restriction of a function f : D — X to a subdomain A < D is denoted by f|4.



Chapter 2

Transitivity dimension and the
impact of noise on dimensions

We start this chapter with the definition of transitivity as a measure in the complex network
theory. As in introduction, we start with a time series (xt)tzlv__’N, zy € R" for all ¢t =
1,...,N and some n, N € N, which represents states of a dynamical system, and construct
the recurrence network. The vertices are all x; irrespectively of possible equality of two states
and the edges are defined by the adjacency matrix A € RN*V with

Aij(e) = 1{H$i*xj”<€} — 1{i:j} for all 1,] € {1, .. ,n}, (2.0.1)
where € is a fixed threshold and the norm is specified. Throughout this chapter, we will use
the supremum norm, which is normally easier for computations, and write just || - || instead
of ||+ [loo-

Definition 2.0.25. The (e-)transitivity is the number

N
2 Zi7j7k=1 AkiAk:jAz'j

T==5 . (2.0.2)
Zi,j,kzl, i#j AkiAkj
In words, we have that the transitivity' is
6 x number of triangles in the network 3 x number of triangles (2.0.3)

2 x number of connected triples in the network ~ number of connected triples’

where “triangle” means three different vertices connected pairwise through edges and “con-
nected triple” is a vertex connected through edges to two other different ordered vertices. The
factor 3 corresponds to the fact that each triangle contributes to 3 triples and thus ensures
that 0 < 7 < 1. This way, the transitivity can be interpreted as the mean probability that
two neighbour vertices of one chosen vertex are themselves neighbours.

! According to [Newman, Sec.3.2], transitivity in this form was first proposed in physical literature by
[Barrat and Weigt]. However, they called it “clustering coefficient” following [Watts and Strogatz], who gave
a slightly different definition. In the recent literature (c.f. [Donges et al.]), the term “clustering coefficient” is
used for this second definition, and the measure defined in [Barrat and Weigt] is called “transitivity”, as we
do here for now. Later, we will call it the “transitivity estimator” in order to distinguish this quantity, which
can be computed from a finite network, from another quantity defined using the invariant measure.
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As all measures in complex network theory, the transitivity is computed for a finite dis-
crete network. However, our theoretical interest lies in studying attractors of dynamical
systems, which are often “continuous” objects. [Donner et al., 2011] proposed to “interpret
an e-recurrence network as a discrete subnetwork of a ”continuous“ graph with uncount-
ably many vertices and edges corresponding to the system’s attractor.”? Accordingly, they
redefined measures and came up with the following definition of transitivity:

Definition 2.0.26. Let X be a dynamical system in R™ and p the corresponding invariant
density. We call

T(e) = $88gn s Loyl <et Ll lo—sli<e Ll lp—2li<cy (=) dpaly) dpp() (2.0.4)
88 e xmn Llla—yi<et Ljla—el <y d(2) dp(y) dp(z)

the e-transitivity of X.

The notion of transitivity is this way uncoupled from the recurrence network and is solely
a measure of the attractor of the system, more precise, of its ivariant measure. From now on,
to avoid confusion, we use the term “transitivity” for this new object and call the network
measure from definiton 2.0.25 the “transitivity estimator”, though this name is probably not
yet established.

2.1 Transitivity dimension and its properties

Transitivity is a measure corresponding to an attractor. As mentioned in Section 1.2,
measures of attractors often come up in form of dimensions. Donner et al. observed close
interrelation between the transitivity and the dimensionality of attractors, e.g., for the sim-
plest examples of the attractor points uniformly distributed on an interval, a square or an
n-dimensional hypercube, the transitivity converges to (3/4)™ for the corresponding dimen-
sion n of the attractor as € — 0. This encouraged them to define a new notion of dimension.
Following [Donner et al., 2011, Sec.3.2], we define the transitivity dimension.

Definition 2.1.1. Let X be a dynamical system in R™, p the corresponding invariant density
and T (€) the corresponding e-transitivity. If the limit
(2.1.1)

exists, it is called the transitivity dimension of X.

Donner et al. point out that for self-similar sets, D7 does not exist in general. Instead of
considering definition 2.1.1, they study the upper and lower transitivity dimensions.

Definition 2.1.2. Let X be a dynamical system in R™, p the corresponding invariant density

and T (€) the corresponding e-transitivity. The upper and lower transitivity dimensions
of X are

. log 7 (e)
D% = limsup ——~ and
7= P log(3/4)
DL — liminf 226 7(9) (2.1.2)

e—0 lOg(3/4)

2[Donges et al., Abstract], which is another article from the same authors summarizing many issues from
[Donner et al., 2011].
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respectively.

The authors describe several properties of these new notions.

First, D% and DlT can differ for one attractor, if it has fractal geometry. E.g., for the
Cantor set, i.e., the set of real numbers in [0,1] with ternary expansion which does not
contain any “1” digit, 7 () = 1 for all € € {1/3*}4en and T (€) = 11/13 for all € € {5/3¥};~1,
so D% ~ 0.581 and D! = 0.

Second, D% can be smaller or larger than the established notions of dimension, in partic-
ular the Rényi entropy dimensions (see defintions in Section 2.1.2).

Third, D% can even exceed the dimension of the phase space. This is supported by a
Cantor-like example and is probably true only for pathological cases.

Transitivity dimension is a conceptually new notion of dimension, since it is the first
one that is based on geometric three-point interdependencies. This novelty has practical
implications, e.g., for detecting distinct spatial structures related with supertrack functions
and the unstable periodic orbits. We do not discuss this, see [Donner et al., 2011, Sec.4].

Further, transitivity dimension has computational advantage in comparison to Rényi en-
tropy dimensions: reasonable estimates can be obtained from rather short time series, i.e.,
with O(10%...10%) points, at least for low-dimensional systems.

2.1.1 Transitivity dimension for absolutely continuous ivariant measures

We have managed to analytically prove another property of the transitivity dimension,
which generalizes the motivating example of the uniform distribution on an n-dimensional
hypercube. For invariant measures which are absoulutely conitnuous w.r.t. Lebesgue and
have Radon-Nikodym derivatives with at least one point of continuity on its support, the
transitivity dimension is always equal to the phase space dimension. After the proof of the
proposition, we discuss how one could infer that the same properties of the invariant measure
w.r.t. a proper smooth submanifold of the phase space would yield the transitivity dimension
equal to the dimension of the submanifold.

Proposition 2.1.3. Let X be a dynamical system in R™ such that its invariant density p s
absolutely continuous w.r.t. the Lebesque measure A, i.e., there exists a function f € L'(R™)
such that i(A) = §, f(x)dx for all measurable sets A € R™. If f € L°(R™) and there exists
at least one point z € R™ such that f is continuous in z and f(z) > 0, then the transitivity
dimension is equal to the space dimension n.

Proof. We prove this theorem in 3 steps. First, we show that for every integrable step function,
i.e., a function

m
> cilg, (2.1.3)
=1

for some rectangle R; and some constants ¢; € R, the e-transitivity converges to (3/4)" as
e — 0. Second, we show this for integrable simple functions, i.e., functions of the form

m
D cila, (2.1.4)
i=1

for some measurable sets A; of finite measure and some constants ¢; € R. Finally, we infer
the convergence for arbitrary nonnegative L' n L® functions. In the second and the third
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steps, density of the corresponding function sets is used (see, e.g., [Stein and Shakarchi, RA,
Th.I1.2.4]). Clearly, convergence of e-transitivity to (3/4)" is equivalent to Dy = n.
Step I. Let

2 ¢il ] (2.1.5)

with all ¢; > 0 and all intervals [ag, bz] disjoint for a fixed j be an integrable step function
(integrability implies that all a},b] # o). Define ¢ = min;{¢;} and C' = max;{¢;} and choose

some ' '
bl —al] 1

€< min M, —r. (2.1.6)
{i,j: aj bJeR} 2 2

We will now consider the “inner” part of each rectangle X' e 1[a + €,b] — €] and the rest

separately. Denoting 7;(e) the denominator of 7 (¢), we can write

€) = Jn J Be(z) JB (@) : Z ¢l al bJ Z Cll al 7] )k;l Ckl%fﬂ[ai,bi](z)dZdydm

c; JRRJ " J " X;_l a+€bj_e](x)lxn [gbj](y)lxy l[ybj](z)dzdydx—i-Rd

Jj=1

I
Ms

1

%

I
Ms

n T +€ :vj+e
c; H J J +e,bzfe] ($J)1[agf,b§](yj)l[ag,b{](Zj)dzjdyjdxj + Ry

le Tj—€ XTj—€

&
Il
_

n

H —al —2€¢) + Ry, (2.1.7)

I
Ms

@
Il
—

where we used the fact that all intervals [a f ,bf] disjoint for a fixed j in the first step
and the Fubini theorem to compute the integral. The computation of R4 is much more
comphcated but we can easily find the upper and the lower bounds for it. Any area in

Xz " Lad, B\ X 5_1la] +€,b] — €] has length equal to ¢ in at least one and at most n direc-
tions, so we get

ke’ < Ry < K(4€%)" - ¢ (2.1.8)

for some k, K € R depending on ¢ and C respectively. Using the Landau notation, Ry = o(e?"),
i.e., lime_,0 Ry/€*™ = 0.
Analogously, for the numerator of 7 (¢),

m n bJ—e yj+e xTjt+e rxjte
Toum(€) = Y 3 ] f f J dzjdy; + J f dzjdy; | + Rpum
: ; Tj—€

xTj—€ X Yj—€

n

S50 Tt -20+ 219

=1 =

with Ryum = o(€"). Tt follows that

Zm (36 ) H;L 1(bf - afz - 26) + Rnum (3)”
— 1 as € — 0.

T(E)Z i=1 z

i ; 2.1.10
St (4 T (b — a] —26) + Ry (2.1.10)
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Step II. Now let f be an integrable simple function, i.e.,
m
f=> cila, (2.1.11)
i=1

with measurable sets A; of finite measure and all ¢; > 0. W.l.o.g. assume that A;’s are
disjoint and let C' = m-max;{c;} 3. Since the set of step functions is dense in the set of simple
functions, there exists a sequence {fi}ren of step functions such that

If = fillh = 0 as k — oo (2.1.12)

We construct {fx} with special properties that we will use in the proof to follow. Fix some
1. As a measurable set, A; can be approximated from outside by open sets; every open set is a
countable union of almost disjoint closed rectangles, more than that, all these rectangles have
measure 27" for some [ € N, there are finitely many rectangles of each measure and they are
ordered so that the measure is non-increasing (e.g., [Stein and Shakarchi, RA, Th.1.3.4 and
Th.I.1.4]). So there exist almost disjoint closed rectangles {D; ;}jen with

o0
j=1

and )\(U;O=1 D; \A;) < ﬁ. Since for every N € N
N N N
U DZ’]AAZ = (U Dz,]\Az) ) (Az\ U Dz‘,j)
j=1 j=1 j=1
N 0
C (U DZJ\A1> (& U Di,j (2114)
J=1

j=N+1

and {D; ;} has the properties discussed above, there exists a number N;; € N such that for
Upk = U2t Dy it holds
1
AU; pAA) < —. 2.1.15
UisBA) < 5 — (2..15)

Denote by Zj, the set of all points, where at least two of D; ;, j < Ny, intersect. Define
m
fro = aly,,. (2.1.16)
i=1
Clearly, f = fi a.e. on Dy = (" Uir) \Zx. Further, since A;’s are disjoint,

Asupp(f)ADy) < i (2.1.17)

inally, since

In addition, w.l.o.g. (by extracting a subsequence), assume that {|f — fx| < +. F
,b;] such that

1
E-
f is continuous ~in z and f(z) > 0, w.lLo.g. there exists a rectangle X?Zl[&j
fk|><;?:1[aj,5j] =¢>0forall keN.

3We will need to use this upper bound due to the choice of approximating sequence we make below.
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Now, denoting by T(f,€) the e-transitivity for the measure fdx, we notice that if the

following limits exist,
3 n
7.0~ (3)
3

hm‘ (f,e) — (2)
< Jim lim [T(f,€) ~ T(fi 0] + Jim lim \n fore) — (4) |

k—>oo e—0
The last limit is zero, so in order to prove that 7(f,e) — 3/4 as e — 0, it is now enough to show
that limg_,o0 lime—q [T (f,€) — T (fx, €)| = 0, which is equivalent to |T(f,€) — T (fx,€)| — 0 as
n — oo uniformly in e.
Denote the numerator and denominator of 7 (f,€) by Tnum(f,€) and Ty(f, €) respectively.
Since for all nonnegative numbers a, b, ¢, d

|ab — cd| < |ab — ad| + |ad — cd|
<a-lb—dl+d-|a—c¢|, (2.1.19)

= lim lim
k—o0 e—0

(2.1.18)

we have
— e)| = |7;Lum(f> )7-d(fka )_ num(fk, )7;[(,](,6)|
IT(f,€) = T(frs€)| T 9T )

< %um(faﬁ) |7t-7l(fk7€)_7:7l(f76)| + |7;Lum(f7 )_ num(fk’7 )|

7;l(f> 6) . %(fk’ae) (fk7 )
(2.1.20)
Clearly,
Traum(f, €)
0< W <1 (2.1.21)
and
[ Tnum (f: €) = Tnum (i €)| < [Talfi, €) — Ta(f, €)] (2.1.22)
so it remains to show that

Ta(fr€)
as k — oo uniformly in e.
We aim at estimating this term from above and start with the numerator. By the triangle
inequality,

Tl ~Tatel < [ [ | @IS~ 5o ul0) ) ddy
For all nonegative a,b,c,a’, b, c
labe — a'b'd'| < |ab| - |c — ] + Jab — d'b'| - ||
<a-b-le=d|+a--b=V|+b-]a—dl. (2.1.24)
Since both f and f; are bounded by C' it holds
Sy L C@IWISE) = £+ @RI W) ~ S

<200 [ ) [ 150~ Sl 21.25)
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and, since {|f — fi| < %,

| J | 5@rel@) - fuwdzdyds
(z) JBe(z)

< C2aey f F(2) = fil)lds < CR(aet)"
We will resume the estimation of the numerator later.

In order to estimate the denominator Ta(fr,€) from below, we use the existence of a
rectangle X7_,[a;, b;] such that fk|><n: a5, = ¢ > 0:

Talfis€) JJB . JB o X aj,éj](m)lx;gl[aj,l?j](y)lxy J[ay,) (2)dzdydz

B (2e2)" H(b —a; —2€) = ﬁg (2.1.27)

7j=1

(2.1.26)

w\»a

where the two last inequalities hold for all € small enough.
We can finally estimate

Til5,0) = Talio 0l 2" Clan @) I 170) = el)ldyde + 402
Ta(fx:€) enn e [0 b'—ay
Imagine that for some constant K
Jr@ ] 1w = sl < kg (2.29)
holds for all £ € N. Then we can further estimate
Ta(f,6) = Talfw, ©)| _ €21 CK G + 62"470“ LOIOK +47C2 ) o)

Ta(fr:€) T 2o [, b5 E gngs [T bl

where the last term goes to 0 as k goes to oo umformly in e.

To finish this step of the proof, we show (2.1.29).

Recall that there exists a measurable set D, with f = fi a.e. on Dj and such that
A supp(f)ADy) < i Using again the fact that every measurable set can be approximated
from outside by open sets and every open set is a countable union of almost disjoint closed
rectangles, suppose that

supp(f)ADy, U (2.1.31)
B <

< 1. We have

where all Dfc are closed rectangles and Y~ A\(D < %

IO [0 vz < [ [ 170 50 Lagarp, )
202J f 2 Lpy (y)dyda
n () ]
= 2CQEJ J 1 (y)dydz, (2.1.32)
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where the last equality holds by the monotone convergence theorem.
Let D! = X”_,[a;,b;]. Then, by the Fubini theorem,

7j=1
J J L (y)dyda = HJ J [a;.6,] (V) dydz. (2.1.33)
" JBe(2)

Since there can be infinitely many different Dé’s, we need to consider 3 cases:
Case 1. 2¢ < |bj — a;|. Exploiting symmetry,

a;+e bj—e rxite
J f [a;,b;]dydr = 2 f dydx + f f dydx
Tr—e€ aj—€ aj+e Jr—e
= (26) (bj — CLj — 26) -2¢ = 2€(bj - aj). (2.1.34)

Case 2. € < |bj —aj| < 2

j— a;+e bj+e rb;
J J [a; b;]dyde = J J dydx + J dydx + J J dydx
r—€ bj—e aj+e Jr—e

b: —a:)?
+ 2e(bj — a;) — (bj — a;)* + (b —aj)” Qa])
= 26(bj — CLJ'). (2.1.35)
Case 3. |bj — a;| < e. Exploiting symmetry again,
T+€ b;—e aj+e rb;
J f Lja,; p,)dyde = 2 J dydx + J f dydx
R Jx—e 7 aj;—e bj—e Ja;
= (bj - aj) (bj —a; — 26) - 2€ = 26(bj - aj). (2.1.36)

In all cases we get the same result and it follows that
f f(f%@mwxz@dﬁﬂ@—%%ﬂ%WM%» (2.1.37)
n (x g j=1

Together with (2.1.32), we get (2.1.29).

Step III. Finally, consider an arbitrary nonnegative function f € L' n L*(R") with
|f|lcc = C. This function can be approximated in L' by integrable simple functions such as
(2.1.11). Let us construct a specific approximating sequence { fx}ren. First, for each k € N,
find a number L; > 0, such that

J Fel (2.1.38)
([~LeLime ™k
Define
[Ck|+1 i1
fo= )] ——1a, (2.1.39)
=1
with

L (i-1 i .
AZ:f 1( A 7k)m[_Lk7Lk]’ (2140)
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ensuring that |f — fi| < % a.e. on [—Lyg, Lg]™. Second, slightly change fx, ensuring that there
exists a rectangle X7_,[d;,b;] such that f| <] >¢>0 for all ke N.

Now we can repeat the argumentation of step II up to equation (2.1.27). Further, with
the assumptions on {fx},

L@ [ 15w~ ey = | 50 ], 150 = el

— L, Li]" ([~ L, Lg]™)°

< (26)"% + 20(26)”%. (2.1.41)

We estimate

Talf€) = Talfr.e)| _ €"2" 1 C S f(2) S, 1) | F () = fr(y)|dydz + €747 C?

Ta(frs€) h 2nonB " . Ej;flj
J:
€270 ((2€)"1 4+ 2C(2€)" 1) + 214"C?

2non =3 n bj—a;
e2n2ned [ 5 25

127710 (2" 4 271 0) + 4nC?
=— — : (2.1.42)
k oneg3 H?:l j;aj

/N

where the last term goes to 0 as k goes to oo uniformly in e. O

While not having the complete proof, we believe that one could further generalize this
proposition in the following way. Suppose that the invariant measure is supported on a proper
smooth compact submanifold of dimension m < n.? Since this submanifold has Lebesgue
measure zero in R™ and at the same time supports the invariant measure, this measure can
not be absolutely continuous w.r.t. Lebesgue by definition. However, there can exist an atlas
of the submanifold such that the pullback of the invariant measure is absoulutely continuous
w.r.t. Lebesgue measure on every chart, which is in that case diffeomorphic to R™. Note
that since the submanifold is compact, the atlas is finite. Suppose that — in line with the
proposition — there is a point on the submanifold such that in a chart containig it the Radon-
Nikodym derivative of the invariant measure is continuous. One can sligthly change the atlas
in order to ensure that every chart of the submanifold contains this point. (This should be
possible by finding a path from some point of a chart to the given point and enlarging the
chart by a “tube” around this path.) If on every chart the Radon-Nikodym derivative is a
function from L' n L®, the proposition ensures that for this chart the ratio of two integrals
from the definition of transitivity converges to (3/4)™ as € — o0. Loosely speaking, the
transitivity can be represented as a ratio of sums

1 2

T, + R
nm:'l +r;3m+ R num’ (2.1'43)
d d d
where [ € N is the number of charts and, as discussed,
Toum _, () as € >0 (2.1.44)
Ty 4

“Here we use different terminology from the differential geometry. Please, refer to [Lee].
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for every i € {1,...,1}. Since all estimations in the proof of the proposition use polynomials
in €, the ratio (2.1.43) also coverges to (3/4)™.

In order to prove this generalization, one has to carefully elaborate every step, especially
the pullback of the measure and the splitting of the integral (using partition of unity), paying
attention to the change of metric (and thus €) in the differentiable chart. The generalization
is useful since attractors are often submanifolds of the phase space, to describe which one
needs less than n coordinates (to avoid the word “dimension”).

Of course, these considerations do not suggest that the transitivity dimension is always
an integer. Many attractors have fractal geometry: in this case, the corresponding invariant
measure is not absolutely continuous w.r.t. Lebesgue, thus allowing the transitivity dimension
to be non-integer. E.g., the attractor of the generalized baker’s map (equation (4.1.10) with
coefficients which may differ from 2 and 1/2) is the Cartesian product of the Cantor set
and the [0,1] interval (cf. [Farmer et al., Sec.4.3]). As above, since the Cantor set has
measure zero, this density can not be absolutely continuous w.r.t. Lebesgue by definition.
In [Donner et al., 2011, Sec.3.2.2] it is stated that the upper transitivity dimension for the
generalized baker’s map is approximately 1.58.

It would be interesting to find an example of an attractor, whose invariant measure is
absolutely continuous w.r.t. Lebesgue, but with a Radon-Nikodym derivative which is dis-
continuous in every point where it is non-zero. One should search among fat fractals - fractal
sets with positive Lebesgue measure. At the same time, this fat fractal should be the sup-
port of the invariant measure of some dynamical system. Unfortunately, we could not find
an appropriate example. If there is one, the proposition above would be sharp in the sense
that it would clearly classify the attractors with respect to the property of having an integer
transitivity dimension.

The statement of this proposition supports the idea that the definition of the transitiv-
ity dimension is meaningful. If the density f corresponding to the invariant measure of the
attractor has a point of continuity, the attractor contains at least a small set which “con-
tinuously stretches in all directions of the phase space” (to avoid the word “dimension” in a
different way). Thus any reasonable definition of dimension should assign to this set a number
equal to the phase space dimension. However, it is not obvious that a global dimension, i.e.,
a dimension that takes into account the whole attractor and not only a part of it, will have
this property. We see that the transitivity dimension has it. In the following subsection we
prove that the same holds for a large class of established dimensions, called the Rényi entropy
dimensions.

2.1.2 Rényi entropy dimensions for absolutely continuous ivariant mea-
sures

In 1983, [Grassberger] defined a family of dimensions based on Rényi entropies (see [Rényi, entropy]),
which are now known as the Rényi entropy dimensions and are widely used in the modern
literature for the characterization of attractors.

Definition 2.1.4. Let X be a dynamical system in R™ and p the corresponding invariant
density. Let ¢ > 0 and {B}cz be the set of boxes defined on the e-coordinate mesh with
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elements
[ek1, ek +€) x -+ X [ekyp, €k, + €) (2.1.45)

for some ki,...,kn,€Z. Let '
J ={jeZ|\uBl) > 0}. (2.1.46)

For every q € {0} U RT\{1}, if the limit

1 logYe, u(BL)

D, =1 2.1.47
¢= 25 qg—1 log e ( )
exists, it is called the Rényi entropy dimension of X' of order g.
If the limit ‘
. 1 logd. B4
Dy = lim lim B e 1(BE) (2.1.48)

e—0g\1qg—1 loge

exists, it is called the Rényi entropy dimension of X of order 1.

The most widely used Rényi entropy dimensions are those of the orders 0, 1 and 2. For
order 0, we have the box-counting dimension already discussed in the introduction. This
is the only Rényi entropy dimension which does not depend on the invariant measure and
reflects only the geometrical form of the attractor.

For order 1, it is shown in [Rényi, entropy] that, equivalently,

. o w(B) log (B!
Py = lim 2jes H(BE) log u(Be)
€0 log e

: (2.1.49)

which is well-known in the literature under the name information dimension.

The order 2 Rényi entropy dimension is the correlation dimension popularized by
[Grassberger and Procaccia]. It is often used in chaos theory due to the considerable easiness
of estimation. The correlation dimension is especially useful for characterizing data from very
high dimensional systems (see [Grassberger and Procaccia, Sec.5 and 6]).

Clearly, the given definitions of the Rényi entropy dimensions use the invariant measure,
but are written with sums and not integrals. In order to make statements about these
dimensions for the invariant measures absolutely continuous w.r.t. Lebesgue, it is better
to have definitions with integrals. The one for the correlation dimension can be found in
[Grassberger and Procaccia, Sec.2]. For the case of absolutely continuous w.r.t. Lebesgue
measure pu with du(z) = f(z)dz, we have

10g §n § 5. () £ (@) f (y) dyda

Dy =1li 2.1.
2= log e (2.1.50)
Analogously, we are able to define
q—1
1 1og §an @) ($p. 0 FW)Y) da
D, = lim (2.1.51)
e—0qg—1 1oge
for ¢ > 1 and
tog S 12 (T, 00y F0)y) " d
1 108 )gn J\T () S \Y)ay x
Dy = lim lim K Belw) . (2.1.52)

e—>0g¢\1q — 1 10g€
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This does not work for ¢ < 1, since § B. y)dy can be equal to zero.

Note that although we conjecture t%at dimensions defined with sums and with integrals
are equal we denote them with different letters, since for now we cannot give proofs that they
are exactly the same (and did not find them in the literature). Moreover, we see the defini-
tions with sums as definitions of the dimension estimators (by analogy with the transitivity
dimension estimator), since they are the ones applicable for numerical computations.

Now we are ready to prove the result similar to Proposition 2.1.3.

Proposition 2.1.5. Let X be a dynamical system in R™ such that its invariant density p s
absolutely contmuous w.r.t. the Lebesgue measure A, i.e., there exists a function f € L'(R™)
such that (A) = §, f(x)dz for all measurable sets A € R” If f € L®(R™) and there ezists
at least one pomt zeR? such that f is continuous in z and f(z) > 0, then the Rényi entropy
dimension of any order q = 1 is equal to the space dimension n.

The dimensions of order less than 1 are not considered here, since we do not have expres-
sions for them that use invariant measures (and the interesing box-counting dimension does
not depend on the invariant measure).

Proof. Let f € L' n L*(R") be a density with |||l = M. Since f is continuous in z and
f(2) > 0, there exists a rectangle X'_,[a;, b;] around z such that f > &> 0 a.c. on it and

~9 n 7 ~
I =i (b — aj) < 1.

We can estimate the integral in the definition of the dimension from both sides. From
above,

qg—1
f f(x) f fwdy | de < f (207D M@ () da
n Bg(l‘) n
= (2e)"@ D ppa—t, (2.1.53)

From below,

> (20" D [ [(b; - a5 — 2e), (2.1.54)
j=1
in case _
€ < min {bj_aj} (2.1.55)
j=1,..n 2

For ¢ > 1, it follows that
1 log[(2¢)™e-Dprla—1)]

D, <1
A I log €
1 — 11 log(2ma—1) prla—1)
= lim n(g = Dloge | los( | . (2.1.56)
e—0qg—1 loge log e
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On the other hand,

1 log [52(26)"(‘1_1) [Tj=i (b —a; - 26)]

D, = i
12 =1 log e
~29n(q—1) 7" l; —a:—2
1 -1l log (C 2 [ 1521 (b; —ay 6))
= lim nlg=Dloge | ’ —n,  (2.1.57)
e—0qg—1 log e log e
so Dy = n for all ¢ > 2.
For ¢ =1,
1 2¢)a—1) prla—1)
Dy < lim tim 128 (29 )
e—0gN\1¢q—1 loge
-1 log(2" M
— lim lim [n oge , log( )] —n (2.1.58)
e—0g\1| loge log e
and

. 1 n(qg—1)loge log <522n(q_1) H?:l(bj —a; — 26))
D; = lim lim +
e—>0g\1q—1 log e log €

1 1)1
> lim lim nlg=1Dloge (2.1.59)
e—0gN1qg—1 loge

where the second inequality holds for € and ¢ — 1 small enough, since & H;;l(éj —a;) < 1.
It follows that D = n.
]

2.2 Convergence of the transitivity dimension estimator for
data from attractors with absolutely continuous invariant
measures

Now we found out what should be the theoretical value of the transitivity dimension for
sufficiently nice invariant measures. In practice, one often does not know the invariant measure
and is interested in the dimension estimator, which can be computed using a finite number
of observations. In this section we study how the transitivity dimension estimator (2.0.2)

Fe) = S0 et Ari(€) Arj(€) Ay (e)
(6) = =¥ , ,
2i,j,k=1, ij Api(€) Apj(€)

converges to its theoretical value. We consider the simple example of regular n-dimensional
grids as representative case for absoulutely continuous w.r.t. Lebesgue invariant measures
in n-dimensional phase spaces. Since the transitivity estimator and not the dimension is
considered, we expect the values (3/4)" and not n. The main interests here are the bias and
the rate of convergence.
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Limit cycle (1 dimension). Suppose that the trajectory of the system is some closed
curve with curvature that allows us to consider it locally as a straight line. Suppose that
locally the observables look like the dots in the figure below with equal distances between
neighbours, forming a regular 1-dimensional grid.

€
—_——

[ ] [ 1{. [ ] [ ] [ ] 02 [ ] [ ]
Ti—3 Tj—2 Ti—1 LTi Ti+l Ti42 Ti4+3

Fix € so that there are 2k + 1 points in an e-ball with center in any observable and
fix z; as this center (in the figure, an € corresponding to k = 2 is shown). First, consider
the denominator of the transitivity, i.e., the number of triples with distancies shorter than e.
There are 2k-(2k—1) different triples with z; as the first vertex. In sum, there are N (4k%—2k)
triples.

In order to compute the numerator, i.e., the number of triangles with sides shorter than
€, first rename the states so that the e-ball around x; contains points &; g, T; ki1,---,Titk 0
this order. Second, suppose that we count triangles with 2 or even 3 equal vertices (we will
than substract additional triangles and apply this strategy, since it helps in further cases of
higher dimensions). Consider z;_j. There are k + 1 triangles inside the e-ball with center in
x;, having x; as the first and x; j as the second vertex, and the same result holds for z; .
For each z;_g41 and x; ;1 there are k + 2 corresponding triangles etc. x; is the only point
with 2k + 1 corresponding triangles. Thus, we have

Ak + 1)+ (k+1)+---+2k]+2k+1=3k>+3k + 1 (2.2.1)

triangles with x; as the first vertex. How many of them are in fact “not allowed”? First, these
are 2k + 1 triangles, where the second and the third vertices are the same. Second, these are
2 - 2k triangles where x;, which is the first vertex, is the second or the third one as well. It
follows that there are N(3k? + 3k + 1 — (2k + 1) — 4k) triangles and we get

. 3k2—3k 3 3k
k) — _2__ o 2.2.2
Ti(k) 4k2 — 2k 4 8k2 — 4k ( )

As expected, ’71(1{7) — % as k — o0. We see that the estimator converges from below and the

rate of convergence is proportional to k1.

Here we express the convergence in terms of the changing k. Clearly, it is more natural
to ask about convergence with the increase in the number of observations. In this simplified
setting both ways are the same, since we may assume that, e.g., a doubling of the number of
observations (uniformly distibuted on the attractor) doubles & in case that € remains fixed.

Limit torus (2 dimensions). Suppose that the trajectory of the system is some closed
surface with curvature that allows us to consider it locally as a plane (e.g., a torus). Suppose
that locally the observables look like the dots in figure below with equal distances between
neighbours, forming a regular two-dimensional grid.
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Fix € so that there are (2k +1)? points in an e-ball with center in any observable and fix x;
as this center (recall that we use the supremum norm, the dashed square in the figure above
show a ball for some e corresponding to k = 1). Clearly, there are ((2k+1)%2—1)-((2k+1)?-2)
triples inside this ball.

In order to compute the number of triangles, we consider two dimensions of the surface
separately. Again, count first all triangles, including those with 2 or 3 same vertices. By
the computation for limit cycle, there are 3k? + 3k + 1 pairs of horizontal lines with the
distance in y-direction less than e and 3k% + 3k + 1 pairs of vertical lines with the distance in
x-direction less than e. Since all pairs are ordered, there are as many triangles as intersections
of the lines (the second vertex is the intersection of the first horizontal line in its pair with
the first vertical line in its pair and the third vertex is the intersection of the second lines),
i.e., (3k% + 3k + 1)? triangles. How many of them are in fact “not allowed”? First, these are
(2k + 1)? triangles, where the second and the third vertices are the same. Second, these are
2 ((2k: +1)% - 1) triangles where x;, which is the first vertex, is the second or the third one
as well. We get

(3k% + 3k + 1) — (2k + 1)? — 2 ((2k + 1)? — 1) = 9%* + 18k® + 3k* — 6k (2.2.3)

triangles inside the ball and

To(k) = 9k* + 18k +3k* —6k  9k* + 18k% 4 3k* — 6k
TRk 12— 1)((2k+1)2 —2) 16k + 32k3 + 12k% — 4k
3\? 15
=(2) - 2.2.4
(4) 16(4k2 + 4k — 1) (224)

Again, as expected, ’75(k) — (%)2 as k — o0. The estimator converges from below and the

rate of convergence is proportional to k2.

n~-dimensional grid. We are now ready to generalize the computations above and consider
an n-dimensional grid with equal distancies between neighbours.
Consider € such that there are (2k + 1)™ points in an e-ball with center in some fixed x;.
There are ((2k +1)" —1) - ((2k + 1) — 2) triples inside this ball.
For the triangles, we again consider dimensions of the grid separately and count first all
triangles, including those with 2 or 3 same vertices. With the same argumentation as in the
limit torus case, we get (3k% 4 3k 4 1)" triangles. Out of them (2k + 1)" have equal second
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and third vertices, and 2 ((2k + 1)™ — 1) have x; not only as the first, but also as the second
or the third vertex. This means that there are

3k +3k+1)" —3(2k +1)" 4+ 2 (2.2.5)
triangles inside the e-ball with center in x; and

(Bk2 4+ 3k +1)" —3(2k + 1)" + 2

Tn(k) = 2.2.6
(k) ((2k+ 1) — D)((2k + 1) — 2) ( )
Clearly, ﬁ(k) — (%)n as k — o0. In order to determine the rate of convergence, we need

further computations. Consider n > 3. Computing polynomials in the fraction, we ignore all
powers less than 2n — 2:

(3k% + 3k)" + n(3k%)" 1 + P

- (k) =
Tn(k) (4k2 + 4k)™ + n(4k2)n—1 4+ Py’

(2.2.7)

where P, and P» are some polynomials in k with the highest power 2n — 3. Expanding, we
get
) 312+ 3k (37t 4 3n 20D Y 2 4 Q4
Frlk) = , (2.2.5)
arn 4 anngnt (40t 4 an 20D Y g2 4 Q, 4

where ()1 and ()2 are again some polynomials in k with the highest power 2n — 3. Further,

. <3>"+ Bk — Qe+ P) + Qi+ Py ‘
Ank2n 4 qrpf2n—1 4 (4”—1n + 4n%) k=2 4 Qg + P

(2.2.9)

It follows that for n = 3 the estimator converges from above and the rate of convergence is
proportional to k2.

Note that the bias of the transitivity estimator is different for low- (1 and 2) and high-
dimensional systems and that the rate of convergence is k=2 for all n > 2 and not k™" as one
could have conjectured.

2.3 The impact of noise on dimensions

In this section we first come back to the original question of infering the coupling direction
in two systems from numerical data. Suppose that the systems X and ) are coupled via
diffusive coupling so that the system )Y is the driver and consider the discrete time case:

{xt—i-l = f@e) + k(ys — w0) = f(20) = ke + by (2.3.1)

Yer1 = 9(yt)

for some functions f, g and k > 0.

Suppose that k is very small, i.e., the systems are weakly coupled. In this case one
reasonable approach to study the effects of coupling on system X is to approximate the
influence of system ) — the term ky; — by stochastic noise &, leading to the equation

Tiy1 = f(xt) —kxy+ & = f(.%’t) + & (2.3.2)
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Of course, in general the most approprate noise term & would represent some complicated
autocorrelated stochastic process. However, the theory of stochastic processes is a complex
domain of mathematics (see, e.g., [Gikhman and Skorokhod]). Hence, in the limited space of
this thesis, we will only consider the simplest case of uncorrelated Gaussian noise added to a
discrete time system with a fixed point as the attractor. Even here interesting results come
out.

To quantify the effect of noise, we will consider the difference in dimension of the attractor
in cases with and without noise. We will speak of “dimension” in general - with the results
of Section 2.1 one can substitute the word for the transitivity or any of the Rényi entropy
dimensions of order ¢ = 1. This is because the invariant measure induced by the Gaussian
noise is clearly absolutely continuous w.r.t. Lebesgue and fulfills other requirements of the
propositions 2.1.3 and 2.1.5.

So, consider two systems governed by the same deterministic dynamics, where one is dis-
turbed by an additive noise:

{yt+1 = fwe) (23.3)

zii1 = fla) + &,

where {& }+en is a sequence of independent identically distributed random variables.
Let {&} represent the Gaussian white noise, i.e., every & is normally distributed with zero
mean and covariance matrix ¥ (in the 1-dimensional case, ¥ = ¢2):

& ~N(0,%) forall teN, (2.3.4)

whereas {{;} are mutually independent. Later we will assume that ¥ is diagonal. “Patholog-
ical” cases, when some of the diagonal elements are 0, will be considered to represent cases
where the actual coupling term y — x lies in a proper submanifold of the phase space.

2.3.1 Fixed point in R, Gaussian white noise

Fixed point in R. Let n = 1 and f(y) = 0. Clearly, the attractor of the system ) is just
a one-point set, w.l.o.g. {0}, which has dimension 0. For every t, z; = &, so z; ~ N(0,0?),
hence the invariant density is simply the Gaussian density of the noise and the dimension of
the system X is 1. In other words, the noise increases the dimension of the system up to the
space dimension.

Convergence to a fixed point in R. Let n =1, a > 1 and f(y) = y/a. We have

hm yr = lim % _ 0, (2.3.5)

t—o0 t—oo gt

so ) has again 0O-dimensional attractor {0}. On the other hand, one can show by induction
that

z="2 Si_ (2.3.6)
SO

T = hm Ty = Z t — (2.3.7)
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where we inverted the sum, using the fact that &’s are independent and identically distributed.
Clearly, the last expression makes sense, if the sum converges, which it does:
The normal distribution is invariant under convolution and for every n € N

O I g (2.3.8)
P at—1 ’t:1 a2(t—1) o

More than that, we can compute the limit of the characteristic function

_ ) Il o2 1 a® 5.,
A e, e () = lim exp (‘QEW—M ) = oxp (‘2 @1 ) - (239)

which itself turns out to be the characteristic function of a normally distributed random
variable. It follows that

< &t a?
_ 2
Too = ; T~ N (0, i ) : (2.3.10)
so the invariant density is again Gaussian, but with a larger variance than that of the noise,
and the dimension of the system X in its dynamical equilibrium is 1. Again, noise increases
the dimension of the system up to the space dimension.

In fact, the result on dimension does not depend crucially on the assumption of the normal
distribution. For example, since {&;} are independent, any symmetric distibution having whole
R as domain will result in dimension 1 for the system X.

2.3.2 Fixed point in R"”, Gaussian white noise

Now let n be an arbitrary integer, A € M,,x, a square matrix with all eigenvalues smaller
than 1 in absolute value and f(y) = Ay.
For any square matrix there exists a Jordan matrix J € M,,x, and an invertible matrix
P e My,x, such that A = PJP~!. J has the eigenvalues of A on its principal diagonal and
some 1’s on the first diagonal (above the principal one), all other elements are zero. It is easy
to show that, if the eigenvalues are smaller than 1 in absoulte value, then J™* — 0 as n — 0.
It follows that

y = Alyg = PJ'P~lyg - 0 as t — o, (2.3.11)

so the attractor of } is {0} and has dimension 0.
For the system & we have

¢
= Almg + ) A, (2.3.12)
i=1
and, inverting the sum,
n
T = tli)ﬂ;j Ty = nh_I}l’OlO;l At_lft. (2313)

For & ~ N(0,%),
AtTle, ~ N(0, A (ATHT) (2.3.14)
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and, by continuity of the exponential function and the scalar product,

; . 1 G _
Jim yn a1, (A) = lim exp (—2 <A,;At IVK 1)T>>

= exp (-i <)\, i At—lz(At—l)T>> , (2.3.15)
t=1

if the sum converges, which it in fact does (see the proof after equation (2.3.31), which is
there conducted for real \;’s but works for the complex ones exactly in the same way). It
follows that

0 0

T = Y ATIG ~ N (0, > At—lz(At—l)T> : (2.3.16)
t=1 t=1

S0, once again, the invariant density is Gaussian.

In order to determine the dimension of x,, we again use the Jordan matrix, this time the
real Jordan normal form. It is known (see, e.g., [Handbook of LA, Ch.6.3]) that any square
matrix can be represented in its real Jordan normal form, i.e., there exists an invertible matrix
P e M,,x, and a real Jordan matrix J € M, x, with A = PJP~!. The real Jordan matrix
is a block diagonal matrix having real Jordan blocks as the diagonal blocks and all other
elements equal to zero. A Jordan block can have two possible forms. For a real eigenvalue \;
of A with the algebraic multiplicity k;, the real Jordan block is a k; x k; matrix of the form

N1 0 - 0
0 N 1 0
T . (2.3.17)
0 -~ 0 X 1
0 -~ 0 0 XN

For a complex eigenvalue \; = o +i8; (a4, B; € R, B; # 0)® with the algebraic multiplicity
k;, the real Jordan block is a 2k; x 2k; matrix of the form

S,\j 12 02 02
02 S>\j I 02
Iy=1 o , (2.3.18)
O -+ 02 Sy, D
02 s 02 02 S)\j
where
. Oéj 5]' . 1 0 _ 0 0
S)\j = (—5]‘ aj), IQ = (0 1 and 02 = 0 0 . (2.3.19)

Now we are ready to examine how different covariance matrices ¥ influence the dimension
of X. Since the invertible matrix P can be seen as a basis transformation, we also assume
w.l.o.g. that A itself is a real Jordan matrix. For simplicity, we assume that different com-
ponents of & are independent, so ¥ is a diagonal matrix. We can thus consider the influence
of noise block-by-block. We will see how the structure of the covariance matrix of the noise

5 is here the imaginary unit, to distinguish it from the index 4
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affects the dimension of the system X. The overall effect on dimension will be the sum of
effects stemming from each block.

Case 1.1. ); is a real eigenvalue of multiplicity 1 and the corresponding block is A; =
Ji = (N\;). Then

Q0
2 ATIE(ATYT = < 1A203, (2.3.20)

t=1 7

where o2 is the corresponding element of the covariance matrix of &. In this case, the block
contributes a value of 1 to the dimension if and only if o2 # 0, i.e., there exists non-zero noise
in the corresponding direction.

Case 1.2. ); is a real eigenvalue of multiplicity 2. We have

_ (N1 —1 (AT -2
Ai= (0 A) AT = ( 0 (2.3.21)
and
X t—1 t—2 2 1
t—1y [ At—INT _ A 1A o? )\i 0

;Az ZZ(A7, ) - ; ( 0 )\t 1 0 O.i22 1))\1;_2 )\1;_1 (2322)

-y (Ai - (t - JAD ) u>. 0.3.23)
t=1 (t 1)>\2 J 12 >‘z Oy

Here it is easy to see that for |\;] < 1 the sum converges, but we are not interested in the
exact value. All elements on the principal diagonal are nonnegative, so the principal diagonal
of the sum is also nonnegative and for \; # 0 we get a matrix of the following form:

2 2 2
(e e ) 232)

baig alUZ2

with a1, a2 > 0. For the dimension of X this means that

if Ui21 = O'Z - = 0, then the block does not contribute to the dimension;
if O',L~21 # 0, a i, = 0, then the block contributes a value of 1 to the dimension;

if 0?2 # 0, then the block contributes a value of 2 to the dimension.

The latter holds only if the matrix (2.3.24) has full rank, which is indeed the case. If both
O'ZZI, 0122 are positive, then each matrix in (2.3.22) has positive determinant, so the matrix in
(2.3.23) has positive determinant. Moreover, it is clearly symmetric and thus Hermitian and

positive semidefinite as a product of the form UTU (see, e.g., [Devos, Prop.1.1]) with

Ul = At ('“"1| 0 ) (2.3.25)

0 |Ui2|

For positive semidefinite Hermitian matrices A € My x, and B € M xn, the Minkowski
determinant theorem ([Minkowski]) states that

(det(A + B)Y™ = (det A)V/™ + (det B)Y/™, (2.3.26)

in particular,

det(A + B) > det A + det B, (2.3.27)
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which implies that the matrix (2.3.24) has positive determinant and thus full rank.
In case only oy, is positive, the determinants of all matrices in (2.3.23) are zero. However,
already the sum of the first two matrices has positive determinant:

2 2
012 /\Zai2

¥ + A5 AT
det (2 + )= Xiog, (1+ X)o7,

=0} >0. (2.3.28)

Thus, it again follows from the Minkowski determinant inequality that the matrix (2.3.22)
has positive determinant and thus full rank.%
Finally, if A\; = 0, then
e}

2 2
DTATIS (AT = % + AT AT = (% g% 02> : (2.3.29)

t=1 0y,

so we get the same result as for A\; # 0.
Case 1.k;. )\; is a real eigenvalue of multiplicity k;. The block A; is a k; x k; matrix as
in (2.3.17) and, by induction,

)\5—1 (Afz’—l)(l) %(,\5—1)(2) . ‘(kiim ()\ftg—l)(kﬁl)
0 P AhHo ﬁ()\g—l)(kiﬁ)
A= : : (2.3.30)
0 0 AT e
0 0 0 ALt

where (A} 1) denotes the z-th derivative of \X! 1. Tt follows that if \; # 0, then A} 15;(AL 1T
is a symmetric matrix of the form
(110?1 + -+ akla% *
2

2
a10; 4+ - +ak2‘*10‘ .
" i : (2.3.31)

a101~2ki
where every aj, j = 1, ..., k;, is positive. Consequently, if the sum > " | AE_IZ,;(A?I)T con-
verges as n — o0, it has the same form.

We first show the convergence of > ; Af_l. An element in the upper triangle of this
partial sum has the form

() (k) (2.3.32)

??"H

for some 0 < k < k; — 1. It holds

NERUCH nt N\ ® k+1
t\(k t —
;k—)\ !<tz[]))\i> _)k!<1_)\i> = Dy = FA for n — o0,

where the last equality follows by induction. Since |\;| < 1, the sum Y1 | A"™! converges as
n — oo.

5Note that in this case one could prove the same result more directly, but we wanted to show this method
on a simple example, since it will be used later, where no other proofs are known.
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Now consider an element of A:™1%,;(A™")”. Denoting a;l_l = (A71);;, we have

(A (AT, = 3 (A8 (A7)

|

3l ml
1
ki
_ t—1_2 t—1 __ t—1 _2 t—1
= Wi O @y = Z Wi Ty, - (2.3.33)
m=1 m=max{7j,l}

Since >, Affl converges, there exsits t* € N such that |a’l€7;1| <lforalll <l m <k,
all ¢ > t*. It follows that

ee]

2 At 12 At 1) )]l

w0 k;
+ 3N ‘aj.;,}a,%l, (2.3.34)

t=t*+1m=1

YA,

where the r.h.s is finite due to convergence of 37 | ALt With the Weierstrass M-test (which
is a version of direct comparison test for series, but works both for real and complex sum-
mands, see, e.g., [Amann and Escher, Thm.V.1.6]) this implies that the sum .1, A“=15,(AHT
converges as n — o0.

For the dimension of X this means that

if 01»21 = .= U?k_ = 0, then the block does not contribute to the dimension;

if O-i21 # 0 and C;ZZQ =..= O‘Z-Qki = 0, then then the block contributes a value of 1 to the
dimension;

if 0222 # 0 and 02-23 =..= 02-21%_ = 0, then then the block contributes a value of 2 to the
dimension;

if a?ki # 0, then then the block contributes a value of k; to the dimension;

As in Case 1.2, all but the first two statements here hold only if the corresponding
matrices have full ranks (for dimension increase by x, the upper left  x x submatrix of
X AL (AP )T should have full rank). Unfortunately, we could not prove it, though
after having computed several examples we strongly believe that this is indeed the case. We
provide here the attempt of the proof by induction on k; and point out the unsolved problem.

If in all cases all the submatrices of the k; 1 x k;_1 matrix have full ranks, it remains to
show for o?ki # 0 that the matrix > ;- | A?lEi(A';f*l)T has nonzero determinant irrespectively

of the values of other O‘?j ’s.
If all the Ufj ’s are nonzero, this can be done in the same way as in case 1.2. Aﬁ_l for

all £ € N and »; have positive determinants, so Afflﬂi(Agfl)T has positive deteminant.
Moreover, A3 (AT is symmetric and thus Hermitian. It is positive semidefinite as a
product UTU with
|Ui1| 0
Ul = A+t : (2.3.35)

0 |Uiki |

By the Minkowski inequality, >, A;‘flei(Aﬁ*l)T has positive determinant and thus full
rank.
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This proof does not work in case some of U?j ’s are zero, since then Ag_lEi(AE_l)T has

zero determinant. Instead, we may argue that the finite sum Zfill Ai_lEi(Af_l)T has positive
determinant and then use the Minkowski inequality adding to this matrix the other summands
(with zero determinants). This positivity of the determinant of the finite sum is the unsolved
problem. As already pointed out, the positivity was confirmed in all computed examples, but
we could not prove it due to the complexity of the matrices involved.

Finally, if \; = 0, it is easy to compute that )72, AI7'%,;(AHT = Zfil Aty (AT
equals to

Skt :

k; 2
S O-Z"
2522, . (2.3.36)

2
0 i,

and it is evident that the consequences for the dimension of X are the same as in the A\; # 0
case.
Case 2.1. \; = «; +i8; with «;, 5; € R, 8; # 0 is a complex eigenvalue of multiplicity 1.

We have
A; = (_O‘ﬁ @') (2.3.37)

(67}

(_“b Z) (2.3.38)

and A';ffl has the same form

for some a,b € R. It follows that

2 2 b20_2

a“o;, + io c
—c a202~21 + 620222> (2.3.39)

P
for some ¢ € R depending on a, b, 0;, and 0;,. Consequently, >/, Af_lEi(Af_l)T has the
same form. Here it is evident that Y5>, A™'%;(A7" 17 has positive determinant in case
JZZI # 0 or 02-22 # 0 and

if O’Z~21 = 0122 = 0, then the block does not contribute to the dimension;
if 01'21 # 0 or 01-22 # 0, then the block contributes a value of 2 to the dimension.

Case 2.k;. \; = o; +10; with oy, 8; € R, B; # 0 is a complex eigenvalue of multiplicity k;.
A; has a form defined in (2.3.18) and, by induction,

t—1 t—2 t—1 t—3 t—1 t—k;
S)\i (t - ]')S)\Z ( 2 )SA»L U (kifl) S)\i
02 ST E-DST e (ST
At =1 . . : : (2.3.40)
02 e 02 STt (t-1)sy?
0y ... 0 0 Sf\i—l

where we assume that the binomial coefficient (Z) is zero, whenever k > n.
Note that the structure of this matrix is similar to the one in (2.3.30), but this time it is
impossible to use notation with derivatives. Further, every Sﬁ\i has the same rotation-scaling
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form as S);:
S, = (_ab Z) (2.3.41)

for some a,b € R.
Now, define the 2 x 2 matrix ¥;(;, ) rewriting 3;

Y12 0
Y = ) (2.3.42)
0 Xk —1)k;

AE_IEi(Aﬁ_l)T is then a symmetric 2k; x 2k;-matrix with the j-th principal diagonal 2 x 2
block equal to

5;;12(23'—1)(2]‘)(51&\;1? +(t— 1)2Sf\222(2j+1)(2j+2)(Sﬁgz)T

t—1\% . o
T (’f‘—j> S o 12(2’61-*1)(%1-)(51 REEHT(2.3.43)

or, concentrating only on the principal diagonal, AﬁflEi(Affl)T can be written as

S8 avo? *
S agjo?
J=3 T : (2.3.44)

2%; 2
* Zj:Qki—2 A(2k;)j94;

where all coefficients {as;} are nonnegative and positive if «; is nonzero. Consequently,
Y% AL (AP DT has the same form. For the dimension of X' in case a; # 0 this means
that

if 01.21 =..= a?k_ = 0, then the block does not contribute to the dimension;

if (67 #0or o}, #0)and 0}, = ... = 07, =0, then the block contributes a value of 2 to
the dimension;

if (07, # 0 or 07, # 0) and 0. = ... = 07, = 0, then the block contributes a value of 4 to
the dimension;

if a?2k__1 # 0 or az-z% # 0, then the block contributes a value of 2k; to the dimension;

Again, these statements hold only if the corresponding matrices have full ranks, which is
indeed the case. As in case 1.k;, we do not have the proof and provide the attempt of the
proof by induction on k;. If all o;;’s are nonzero, the Minkowski inequality yields positivity of
the determinant of 37 | A%, (AITHT. If some oi;’s are zero, we may argue that the finite
sum Z?iil AfflEi(Affl)T has positive determinant and then use the Minkowski inequality
adding to this matrix the other summmands (with zero determinants).

In case a; = 0 not all coefficients in (2.3.44) are positive. However, one could show that
the corresponding coefficients are positive already for the finite sum Z?iﬁ AE_IEZ-(AE_l)T,
which would imply that the same results as for a; # 0 hold. We strongly believe that this is
true.
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2.3.3 Summary and generalizations

We see that the Gaussian white noise with zero mean increases the dimension of the system.
In general, an m-dimensional Gaussian white noise in R" (m < n) can increase dimension
from 0 to any integer value from m to n. For an extreme example, suppose that & is a one
dimensional Gaussian white noise in R", i.e., its covariance matrix is zero up to a positive
element in the lower right corner. If A is a diagonal matrix, the system X will yield dimension
1. If the whole A is a Jordan block for a real eigenvalue (see (2.3.17)), the system X will yield
dimension n.

Though we considered only the case of diagonal ¥, it seems that the same result should
hold for general covariance matrices: additional non-zero elements should not diminish the
rank of matrices we encountered and the resulting dimension should again take any integer
value from m to n.

This dimension effect depends on the direction in which the noise is nonzero. In our
analysis, latter directions within one block influence all preceding directions in the same
block. This is not surprising in view of the structure of the Jordan block. Geometrically, a
Jordan block in its classical form represents a transformation, where latter directions have
influence on the former ones, but not vice versa, and this effect spreads the noise from one
direction into others.

It is not surprising that the additive noise increases the dimension of the attractor. Phys-
ical intuition suggests that the attractor of the disturbed system should be more irregular
than that of the undisturded system and could stretch in more directions of the phase space,
thus having a higher dimension. We conjecture that also for more complex attractors of the
undisturbed systems, the additive noise of some kind, absolutely continuous w.r.t. Lebesgue,
can increase the attractor’s dimension to any intger up to the phase space dimension inde-
pendently of the dimension of the noise itself.



38

2. Transitivity dimension and the impact of noise on dimensions




Chapter 3

Invariant measures for the Rényi
transformations

As we have discussed in the introduction, the invariant measure of a system describes
its attractor fully enough, but it is often very difficult to find. Even so, studying different
dynamical systems, one wants to know, whether there exists an invariant measure and whether
it is unique. Further question is the stability, i.e., which measures, describing the distribution
of the initial states of the system, will eventually converge to the invariant measure. If there
is no invariant measure, one can ask, whether the measure of the system becomes after several
iterations periodic, or at least asymptotically periodic.

In this chapter we focus on the invariant measures of dynamical systems described by
Rényi transformations. The measure space is ([0, 1], B([0,1]), Al[o,1]), where A|j ) is the
Lebesgue measure constrained to [0,1]. The independent system ) with initial condition
yo and trajectory {y;}ten and the driven system X with initial condition zy and trajectory
{x1}1en are described by the following transformations:

=b d1l
{yt+1 Yt MO (3_0‘1)

ri11 = a[xy + k(ys — 24)] mod 1,

where a,b > 1 and k € [0,1]. Systems X and ) are thus coupled through a diffusive coupling
Yy - X.

System ) is the standard Rényi transformation, first studied by Alfréd Rényi in [Rényi].
In case b = 2 it is the well-known Bernoulli map, and for all b € N one can easily find the
invariant density which is 1 (see example 3.1.7). In order to find this density, one makes
use of the Perron-Frobenius operator, whose fixed point coincides with the invariant density.
Perron-Frobenius operator is a strong tool in the theory of invariant measures and this chapter
is devoted to the discussion of its properties.

For a general b > 1, the invariant density was first found by [Parry, Th.2]. Defining
S%(y) = y and inductively S*(y) = S*1(by mod 1) for all t € N, we can write this invariant
density as

0
2 +Ly<st()s (3.0.2)

where 14 is the indicator function of the set A and c is the normalising factor. The invariant
measure is thus a step function with an (in general) infinite number of steps.
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While finding the invariant density, Parry did not make use of the Perron-Frobenius
operator. However, the theory of this operator allows to state that the invariant density
(3.0.2) is unique and stable. Indeed, if the initial state of the system is distributed according
to some arbitrary density f = 0, Sé fdx = 1, then after sufficiently many iterations the density
of the states will converge to the invariant density. The precise definition and the proof can
be found in [Lasota and Mackey, 5.6 and Th.6.2.1].

So it turns out that we know quite a lot about the invariant density for the Rényi trans-
formation. The driven Rényi transformation®, governing the system X, yields a much more
complex dynamics, since in each iteration it depends on ¥;, which is itself a state of another
system, governed by a Rényi transformation. To our knowledge, the driven Rényi transfor-
mation has not been studied in the literature. However, existing theory on Perron-Frobenius
operators allows us to state some result on the invariant measure of the driven Rényi trans-
formation: if the driver system ) has a periodic trajectory, then the density of the states
of the driven system X will eventually become asymptotically periodic, where the periodic
sequence of densities is independent from the density of the initial states.

The rest of the chapter is devoted to the proof of this fact and is organized as follows.
In Section 3.1 we define Markov and Perron-Frobenius operators (the latter is a special case
of the former) and establish their basic properties, above all the connection to the invariant
measure. In Section 3.2 we establish conditions under which the Perron-Frobenius operator
corresponding to the driven Rényi transformation is constrictive, which turns out to be the
essential property for the asymptotic periodicity of the density. The asymptotic periodicity
itself is discussed in Section 3.3, where the theorem about asymptotic periodicity of constric-
tive Markov operators is proved. The consequences for a driven Rényi transformation are
summarized in the last section. This chapter is based on [Lasota and Mackey, Chapters 3-6]
and summarizes the existing material, providing some novelty only in the application to the
driven Rényi transformation.

3.1 Preliminaries

Here we define Markov and Perron-Frobenius operators and give their basic properties
which will be used throughout this chapter. We also discuss notation issues.

We will always consider the o-finite measure space (X, A, p) unless another assumption is
made explicitly. ||f|| will be written for ||f||1, since the L' norm will be used most frequently.
Sometimes we consider L' spaces over X with two different measures p and fi. In this case
we distinguish || f|[£1(,) and |[f]|51(z)-

You may now want to recall some basic definitions and facts listed in Section 1.4.

Definition 3.1.1. A linear operator P : LY(X) — LY (X) satisfying for all f € L', f >0
(i) Pf=0
(i) [IPfI =1l
1s called a Markov operator.
For every function f, we denote

fT(x) = max{f(z),0} and f~(z) = max{—f(z),0}. (3.1.1)

'We use this term for shortness, though it is neither established nor exact.
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Proposition 3.1.2. For every Markov operator P : LY(X) — L'(X), every f, g€ L,
(i) Pf(xz) < Pg(z), whenever f(x) < g(z)
(ii) (Pf(z))" < Pf*(z)
(iii) (Pf(x))” < Pf~(x)
(iv) |Pf(x)| < P|f(x)| and
(v) I[Pl < II1).

In particular, Markov operators are (i) monotonic and (v) contractions.

Proof. (i) g — f = 0 implies P(g — f) = Pg— Pf = 0.
(ii) By definition of f* and f~,

(Pf)yT =(Pf"—Pf7)" =max{PfT — Pf~,0} <max{Pf*,0} = Pft. (3.1.2)
(iii) Analogously to (ii),
(Pf)~ =(Pf"—Pf7)” =max{Pf~ — Pf",0} <max{Pf~,0} = Pf~. (3.1.3)
(iv) From (i) and (iii),
|Pfl=(PH*T+(P)”<PfT+Pf~=P(f"+f7)=Plf|. (3.1.4)

(v) From (iv) and by definition of the Markov operator,

1Pl = [ 1Psidn < | Piflau= [ 1fidn 1111 (3.1.5)
O

From the general concept of Markov operators we now turn to Perron-Frobenius operator
which is the basic tool for determining invariant measures.

Definition 3.1.3. Let S : X — X be a nonsingular trasnformation. An operator P :
LY(X) — LY (X) such that for every Ae A

L Pfdu = Ll(A) fdu (3.1.6)

1s called a Perron-Frobenius operator corresponding to S.
In fact, the Perron-Frobenius operator is unique.

Proposition 3.1.4. For any nonsingular transformation S : X — X there exists a unique
Perron-Frobenius operator.
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Proof. First, consider nonnegative f € L.
Existence. For every A € A, define

v(A) = J fdu, (3.1.7)
S71H(A)

which is a finite measure, since f € L', integral is linear and

S! <U Ai> =57 (4. (3.1.8)

By the Radon-Nikodym theorem, there exists a nonnegative measurable function, which we
denote by Pf, such that for all Ae A

JA Pfdy = LI(A) fdp. (3.1.9)

Clearly, Pf € L'. .
Uniqueness. For any other Pf with the same property we have

f Pfdu :J Pfdy forall Ae A. (3.1.10)
A A
Define 3 3

Ay ={z:Pf(x) > Pf(x)} and Ay ={z: Pf(z) < Pf(x)}. (3.1.11)
Aq and A, are measurable sets, X = A; U Ay and

0 Ll (Pr - Phau- |

Az

(Pf = Pi)du = | 1P = Pfldn (3.1.12)

which implies that Pf = Pf a.e. Thus Pf is unique up to a set of measure 0.
For an arbitrary f e L', write f = f* — f~ and define

Pf=Pft—Pf. (3.1.13)
Then for all A € A, we have
J Pfdu = J frdu — J frdu = J fdu. (3.1.14)
A S—1(A) S-1(A) S—1(A)
Uniqueness follows with the same arguments as above. O

Further,
Proposition 3.1.5. The Perron-Frobenius operator is a Markov operator.

Proof. 1t is linear, since

JA P(Aifi + Xafo)dp = f (ALfi + Aafa)dp

5714

=)\ J fidp + s f fodp = f (MPf1+ XoPfa)du. (3.1.15)
S-1(4) S-1(A) A
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For every A € A with u(A) > 0, every nonnegative f € L',

| Praw={_ sau=o. (3.1.16)
A S—1(A)
so Pf is nonnegative almost everywhere. Finally,
Al = | Pran= [ sau= 1. (3.1.17)
X b'e
O

Having explored the basic properties of the Perron-Frobenius operator, we now want to
discuss its connection to the invariant measure of the transformation.

Perron-Frobenius operator describes the evolution of the distribution of the initial states
of a dynamical system. Consider a transformation S : X — X and suppose that initial states
are distributed according to some density function fy € D, i.e., for every A € A,

P({EO € A) = JA fod,u, (3118)

where P denotes probability. What is now the distribution of x1 = S(x¢)?
Clearly, z1 € A if and only if 7o € S™(A), so

P(z1 € A) =P(zge S~ (A)) = f

fodp (3.1.19)
5=1(4)

and, if fi € D is the density function for the distribution of x1, it should hold
| = o (3.1.20)
A S—1(A)

for all A € A. This way P fy = f1 describes the evolution of densities.
Moreover, any invariant density is a fixed point of the corresponding Perron-Frobenius
operator and vice versa:

Proposition 3.1.6. Let S : X — X be a nonsingular transformation and P the corresponding
Perron-Frobenius operator. A measure py given by

nrl) = | s (3.1.21)

for some nonnegative f € L' is invariant under S if and only if f is a fived point of P, i.e.,
Pf=f.
Proof. Assume that y is invariant. Then pp(A) = ps(S71(A)) implies

J Pfdu = J fdu = J fdpu. (3.1.22)
A S—1(A) A
Conversely, by definition of the Perron-Frobenius operator, Pf = f implies

ns ) = | gau= | = (s ) (3.1.23)
A S-1(4)
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Finally, we note that in case (X, A,u) = (R,B(R),\) with Lebesgue measure A, the
Perron-Frobenius operator can be defined as follows (cf. (3.1.6)):

d

P - =
=% S=1([~o0,2])

f(t)dt (3.1.24)

We give one

Example 3.1.7 (Invariant measure for Rényi transformation in case b € N). In order to find
an invariant measure for the transformation

yr+1 = S{ye) = by mod 1 (3.1.25)

with b € N, we determine a fixed point of the corresponding Perron-Frobenius operator.
Clearly, for every x € (0,1],

b—1p. .
s ([0, = | [;, ”bx] | (3.1.26)
=0

SO
i+

b1 g e S
Pf(a:):;)wﬁ/ f(t)dtzbi;)f( g ) (3.1.27)

f(x) =1 is a fixred point of P and thus a measure invariant under S.

b

In sections to follow, we denote the complement of a set A by A°.

At some point (proposition 3.3.13), we will use the notion of weak convergence. If a
sequence of functions {f;} converges weakly to a function f, we will write f; = f.

Finally, we give one more definition that we will use already in the proof of proposition
3.2.3.

Definition 3.1.8. A set A c X is called weakly sequentially compact if every sequence
{an} © A contains a subsequence which converges weakly to a point in X.

3.2 Constrictivness of a sequence of Perron-Frobenius opera-
tors for driven Rényi transformations

If we have a sequence of transformations {S;}, as it is the case for the driven Rényi system,
we get a sequence of Perron-Frobenius operators {FP;}. Since for the density f € D of the
initial states, P,P;_1--- P1f corresponds to the density of the states at the ¢-th iterate, we
are interested in its behavior. One important notion here is the asymptotic periodicity.

Definition 3.2.1. A sequence of Markov operators {P; : L'(X) — LYX)}lwen is called
asymptotically periodic if there erists a periodic operator P : LY(X) — LY(X), such
that for every f e L'

tli)r&HBB_l---Plf—PtfH = 0. (3.2.1)

If for a Markov operator P, the sequence {P; = P} is asymptotically periodic, then this
operator is called asymptotically periodic.
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Asymptotic periodicity of a sequence of Perron-Frobenius operators implies that the se-
quence of densities, describing the distribution of the system states, will eventually become
asymptotically periodic. As we will see in Section 3.3 (theorem 3.3.1), in order to prove
asymptotic periodicity of a Markov operator, one needs to verify another property - that of
constrictivness.

In this section we define the property of constrictivness for a sequence of Markov operators
and show that the sequence of Perron-Frobenius operators corresponding to the sequence of
driven Rényi transformations has this property under certain conditions.

Definition 3.2.2. Let (X, A, u) be a o-finite measure space. A sequence of Markov operators
{P, : LY(X) — LY(X)}nen is called constrictive? if there exists a measurable set B of finite
measure and two constants § > 0, kK < 1, such that for every density f € D, there is an
no(f) € N for which

J PP, 1... P f(z)u(dx) < k for all n = ny(f)
(X\B)UE

and every set E with u(E) < 6. (3.2.2)

If for a Markov operator P the sequence {P"™ = P - P--- P},en is constrictive, then this

n
operator is called constrictive.

In case of a finite measure space, it is easier to verify constrictivness using the following

Proposition 3.2.3. Let (X, A, u) be a finite measure space. A sequence of Markov operators
{Pn: LY(X) — LYX)}nen is constrictive if there is a ¢ > 1 and K > 0, such that for every
density f € D there is an no(f) € N for which

| PpPr—1...Pif|q < K forall n = ng(f). (3.2.3)

Proof. We use [Dunford and Schwartz, Cor. IV.8.4 and IV.8.11]. The first corollary states
that a set in Li-space is weakly sequentially compact if and only if it is bounded. Thus, it
follows from (3.2.3) that the set {P,Py1... P1f}nzno(s) 18 weakly sequentially compact in
L9 for all fe D.

The second corollary states that for a weakly sequentially compact set of functions G in
L' it holds

lim z)u(dx) =0
A | gtantas)

uniformly for g € G. Since for a finite measure space LY = L', {P,P, 1... Prfbnzno(y) 18
weakly sequentially compact in L' and for a fixed k < 1 there exists a § > 0, such that for
every density f € D, there is an ng(f) € N for which

J P,P,_1...Pif(x)u(dx) < k for all n = no(f) if u(E) < 6.
E

Thus the condition of definition 3.2.2 is fulfilled with B = X. O]

?We generalize the definition of constrictivness of a Markov operator given in [Lasota and Mackey, Def.
5.3.2]. In the earlier literature, cf. [Komornik and Lasota], the term ”quasi-constrictivness“ was used for the
same notion, whereas ”constrictivness” meant a stronger property.
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Now we turn us to the main result of this section: the sequence of Perron-Frobenius
operators for the transformations

i1 = alzy + k(y: — x¢)) mod 1 (3.2.4)

with a(1 —k) > 1 and k,y: € [0,1) for all ¢ € N, is constrictive if {y;}+en is a periodic sequence
orifa=>2and k <1 — %, where |a| is the integer part of a. We will see in Corollary 3.2.9
how these conditions evolve and now state a more general

Proposition 3.2.4. Let {S; : [0,1) — [0,1)}ien be a sequence of transformations, satisfying

(i) For each t € N, there is a partition 0 = sf < s} < --- < sk, =1 of [0,1], such that

for each i = 1,..,1y the restriction of Sy to (sk_,,s!) is a linear function. Furthermore,

inf;; Si(st 4, st) > 0.

i) Si(x) =X>1forallx #st, i=0,..,r;.
t 7

(iii) In case \ € (1,2], the sequence of transformations {S’t = Sthtm—l---S(t_1)m+1}teN
with m = min{l : A > 2} satisfy conditions (i) and (ii) for some new {3};—o . 7 and
A

Let {Pi}ien be a sequence of Perron-Frobenius operators associated with {St}. Then, for all
f €D, {P} is constrictive.

Note that A does not depend on t and condition (%ii) is only important in order to ensure
for the new sequence the infimum condition from (i), since other properties always hold.

To prove this proposition, we first need to introduce some basic facts about variations of
functions.

Definition 3.2.5. Let f : [a,b] = R be a real-valued function and a = sy < s1 < -+ <8, =b
a partition of [a,b]. Then

b n
V= Sup DUIfGsi) = flsi)l, (3.2.5)
a i=1

where supremum is taken over the set S of all possible partitions of [a,b], is called the vari-
ation of f on [a,b]. If the variation is finite, f is said to be of bounded vartiation on
[a,b].

Lemma 3.2.6. Let a < b < ¢ be three real numbers, f, fi,.., fn : |a,c] = R - functions of
bounded variation and g : [a,y] — [a,c] - a monotone function. Then

c

A+t )<\ A+t fu (3.2.6)

a

\’Y/f og < \c/f and (3.2.7)

b c c
Vi+\/r=Vr (3.2.8)
a b a
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The proof is straightforward and can be found in [Lasota and Mackey, Section 6.1]. How-
ever, we copy here the proofs of two other results.

Lemma 3.2.7 (Variation of the product). Let f : [a,b] — R be of bounded variation and
g:la,b] = R be in C*. Then

\/fg (suplg]) \/f+J F(2)g@)]da (3.2.9)

Proof. Define for every h : [a,b] — R and an arbitrary partition 0 = sp < s1 < -+ < s, =1
of |a, b]

vn(h) = Z \h(si) — h(si_1)]. (3.2.10)

Then o
A(9) =§ F(s)9(s1) — Flsi-1)g(50) + F(si-1)a(s1) — Flsi1)g(s5-1)
i(lg(sz)llf(sz) = Flsi-0l + 1 Gin)llg(s:) — gsi-1))
< (sup |gl)on(f +§]f&1 Dl(si = 5i-1)
< Gu o) \/ fr Zl Fsi-0)g {151 — si-1), (3211)

where t; € (s;—1, ;) and in the last but one step we used the mean value theorem.
Now, since the last term is an approximation for the integral of | f(x)¢’(z)| on [a, b], taking
on both sides limsup; |s; — si—1| — 0, we get equation (3.2.9). O

Lemma 3.2.8 (Yorke inequality). Let f : [0,1] — R be of bounded variation on |a,b] < |0, 1].

Then
b b 2 b
1 <2 P — . 2.12
V i <2V 1+ 57 | @i (321

Proof. We assume w.l.o.g. that partitions of [0, 1] contain points a and b and use v, as defined
n (3.2.10), specifying the interval of the partition where needed. Then

N (Flpan) < o) +1£(@)] + 1 £(0)]
<o)+ 1£0) = O +1£(0) = fla)] +2|f(c)]

<2\/ f+2/f), (3.2.13)

—

3

—

3

where ¢ € [a, b] is an arbitrary point.
We get equation (3.2.12), choosing ¢ with

b
o) < biaf f()|da, (3.2.14)

which is always possible. O
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S (x)

Figure 3.1: Example of a driven Rényi transformation with ¢ = 3.4, £ = 0.2 and y; = 0.7.
Intervals Iy, ..., I; denote the preimage of [0, z]

Proof of Proposition 3.2.4. The proof is organized as follows: first, we compute the Perron
Frobenius operator P; for the transformation S;, and then follow constrictivness from the
fact that limsup;_,, \/(1) P, ... P f is bounded. To simplify notation, we omit index ¢ in the
beginning; it will reappear later on.

Step L. For every z € [0,1)

S7H[0,z]) = U Ii(x), (3.2.15)

where

L(z) = {[sil,gi(x)], if e S(si—1,8:) (3.2.16)

& or [si—1,8;] otherwise.

Here g;(z) = (S*)~!(x) and S* is the restriction of S to (si—1,s;). An example for I;’s is
shown in Figure 3.1.

The Perron-Frobenius operator is thus

d " d
Pi@) = L_w =35, f[ PR

= 210 () F (i) s,y () =
i=1

>

2 Fei@) Lgs,y ) () (3.2.17)
i=1

Step II. Now we are interested in the variation of Pf for an arbitrary f € D of bounded
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variation. It holds

1 r

\VPr) <Y\
0

0

f(gl( ))15(51 1,82)( )

.
—_
> =

<2/ i +2MSS@ — () (@)

1=15(s;—1,8:) S(si-1,51)

Si

27‘
VI@+ 3 2 5w 1,sz|f Je

>

1
<

i=1
<

> o

2
! 2
\O/f(w) +3L (3.2.18)

1
where L = max; m

lemma to pull out A~! and the Yorke inequality in the second step.

Here we used Lemma 3.2.6 several times, Variation of the product

For a fixed ¢, straightforward induction yields

\;/ptpt_1 - Pf(a) < (i)t\;/f(x) +§ (i)iLtH_i, (3.2.19)

where Lt = max; W
i )

Recall that {S;} is requested to fulfill inf;; S(st |, s!) > 0. We thus can define

L =supL; <o (3.2.20)
t

and get
1 t 7
\/ PPy Pif(x ( ) \/f + > (i) L. (3.2.21)
0 =1

Step III. lim sup,_, 4, \/(1) P, ... P f is bounded. This is obvious for A > 2: from equation
(3.2.21) one gets
A
lim Sup\/ P...Pf< TL (3.2.22)

t—00 —2

For \ € (1,2], by assumption, {S; = S Sem_1 - - St—1ym+1}ten With m = min{l : A 2},
satisfy conditions (i) and (ii). Moreover, Si = A > 2, wherever it is defined, since the linear
coefficient of a composition of linear transformations is equal to the product of their linear
coefficients. It follows that for {S;} and the corresponding Perron-Frobenius operators {P},
we can repeat all arguments of the proof until equation (3.2.22).

Now, for a fixed t € N, find d,q € N with t = dm + g and 0 < ¢ < m. Consider ¢ so large,
that d is sufficiently large for

1
\/Pdlfﬂdl_l .. PI<K (3.2.23)
0
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to hold for all d; > d and some K < co. Then, by virtue of (3.2.21) and (3.2.23), we have
1 1 o .
\/ PP y...Pf= \/ Pim+qPam+q-1 - Pams1PaPy—1 ... P1 f
0 0
oN? 1, _ ~ 4 /9\?
< (A) \/Pdpd,l...PlerZ <A> L
0 1=1
2 m m 2 A
< | - K — | L .2.24
() =2 () 5224
i=1
for all ¢ large enough.

It follows that for all A > 1 there is some K < oo such that

1
limsup \/ P;... P f < K. (3.2.25)
0

t—00

Step IV. We finally follow constrictivness of {P;}. Define

F={geD:\/g<K} (3.2.26)

for all 2,y € [0,1]. It follows that for all g € F
glx) < K +1 forall ze[0,1],

since g € D and there is some y € [0, 1] with g(y) < 1.

Now, for every f € D, it follows from (3.2.25) that \/(1) P;... P f € F for all t large enough.
Consequently, for all ¢ large enough, P; ... P f < K + 1 pointwise and

|Pr...Pifllg < Kg+1 (3.2.27)
with K, < oo for all ¢ = 1. Constrictivness follows by Proposition 3.2.3. O
The main result of the section is now

Corollary 3.2.9. Let {y: }ien be a sequence of real numbers with values in [0,1). Let k € [0,1)
and a1 —k) > 1. If {y:} is periodic or ifa =2 and k < 1— [i, then the sequence of Perron-

a
Frobenius operators associated with the sequence of transformations

Si(x) = a(z + k(y: — x)) mod 1 (3.2.28)

1S constrictive.
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Proof. We have to show that {S;} satisfies conditions ()-(iii) from Proposition 3.2.4. For
convenience, rewrite

Si(x) = (a(1 — k)z + aky;) mod 1. (3.2.29)
The sequence {st};—o,...r, can be determined explicitly. sf =0, s, =1 with
re = a(l =k + kye)| — lakye] + Lag—k)+akyen (3.2.30)

and, foralli=1,..,7 — 1,
¢ laky] +1— aky
s; = .
! a(l —k)

(3.2.31)

Clearly, for all z € (st ,,s!), i =1,..,7, the function S;(z) is linear and Sj(x) = a(1 — k), so
(ii) and the first part of (i) are proved.
Further, S¢[s! |,st) =[0,1) forall i =2,..,r; — 1,

)

S,[0,5%) = [aky; mod 1,1) and (3.2.32)
0,a(l —k +ky;) mod 1), ifa(l —k+ky)¢N
St[sitflﬂ it) = [ ( yt) ) ( . yt) (3233)
[0,1) otherwise.

First, consider the case where {y;} is periodic. Clearly, for all ¢t € N, there are only finitely
many different S;[0, s}) and Si[s._,s), so inf; Si(st_;,s!) > 0 holds. It remains to show
(iii).

We use induction over m and suppose for fixed ¢, m € N that S’t,m = StmStm-1- - - S(t—l)m+1
satisfies conditions (%)-(%) with partition 0 = s’ <--- < s =1 and gém(x) =am(1—-k)™
forallz € (s]*,s7), % =1,...,r¢m. The partition for gt7m+1 = S’thS’t,m can be constructed

using the following algorithm (see Figure 3.2 for intuition):

Sl (l’)

Figure 3.2: Example of a composition of three Rényi transformations (left). Together with a
simple transformation (right), one can forsee how a compostion of four transformations looks
like
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L ™" = min{s7", min{s > 0 : Syp11S5:.m(s) = 0}}

2. If 7" = s then st = min{s}’, min{s > s7" : Stm+1gt7m(8) = 0}}.

Else s;’”l = min{s}", min{s > sﬁ”“ : Stm+1Stm(s) = 0}}
i+1. For j such that s"*' e [s7", 875 1),
s:-ff{l = min{s}";, min{s > ST Sy 1Sem(s) = 0}}. (3.2.34)
Further, for all = € (s?‘“,s?ﬂl), i = 1,...,7m+1, where 7,41 is defined through the

algorithm, §£7m+1 = a™* (1 —k)™*L. Finally, if {y;} is periodic, then {S’t’m}teN is also periodic

bm sb™) > () with the same argument as in the last paragraph.

for any fixed m, so infy; S't’m(sifl, ;
We proved (iii) for an arbitrary m € N, in particular, for m = min{l : a'(1 — k)" > 2}.

Now, consider the case where {y;} is not periodic and can in general be dense in [0,1). We
want to find conditions on a and k, which ensure that inf;; S;(si_;, st) nevertheless remains
positive. The necessary and sufficient conditions can be determined from equations (3.2.32)

and (3.2.33): for some € > 0 and all y € [0, 1] it should hold

(3.2.35)

akys mod 1 <1 —¢€
a(l—k+ky) mod1>e¢

Clearly, the first inequality holds for all y; € [0,1] if and only if ak < 1. For the second one,
notice that a(1 — k + ky;) lies in the interval [a(1 — k), a], which should be fully contained in
some [,7 + 1]. Since a € [|a],|a] + 1], (3.2.35) is equivalent to

1 1 1
b — b < e — W< , (3.2.36)
%<a<[a]+1 %<a k<1-

a

where the first condition is weaker for a > 1, so that both are equivalent to
k<1-— M. (3.2.37)
a

Again, this simple condition ensures that inf;; Si(st_;, s!) > 0. However, if a(1 — k) < 2,
we need that a similar condition is satisfied by a sequence of finite compositions {S;} of S;’s
(recall assumption (iii) of Proposition 3.2.4). But one can easily imagine a sequence {y;}
such that inf;; S't(éﬁ_l,éﬁ) = 0. It follows that we need condition a(l — k) > 2 to ensure
constrictivness.

Finally, together with (3.2.37), it is enough to require a > 2. O

3.3 Asymptotic periodicity of constrictive Markov operators

Until now, we have focused on the property of constrictivness of a sequence of Markov
operators. In the special case of a constant sequence, we can show that Markov operator has
a stronger property - that of asymptotic periodicity (recall definition 3.2.1).
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Theorem 3.3.1. Let (X, A, 1) be a o-finite measure space. Let P : L'(X) — LY (X) be a
Markov operator such that {P™} is a constrictive sequence. Then there exist finitely many
densities g1, ..., g, € D and bounded linear functionals A1, ..., A\ : L'(X) — R such that for

every f e L
Pt (f = )\z‘(f)gi) ‘ =0. (3.3.1)
i=1

lim
n—0o0

Furthermore,
(1) gi’s have mutually almost disjoint supports, i.e., p(supp(gi) Nsupp(g;)) = 0 for alli # j.
(i) There exists a permutation o : {1,...,r} — {1,...,r} such that Pg; = g,

We will later see that g1, ..., g are determined by their almost disjoint supports Ay, ..., A,
which are chosen to have positive measure. It holds

_La
9i = (A (3.3.2)
and
N(f) = L‘fdu. (3.3.3)

Theorem 3.3.1 guarantees asymptotic periodicity of a constrictive Markov operator. In-
deed, equation (3.3.1) implies that for all f € L!

P'f = Z )\i(f)gan(i) + en(f)a (334)
i=1

where ||e,(f)|| = 0 as n — 0. Since {¢"} is periodic with period 7 < r!, P is asymptotically
periodic with P"f =37 | Ai( f)Gom (i)

The rest of the section will be devoted to the proof of this theorem. The sketch of the
proof is given in [Komornik and Lasota] with more details provided in [Lasota, Li and Yorke],
[Komornik] as well as in [Lasota and Socala.

First, the special case of a probability measure space (X, A, u) and P1 = 1 is considered.
Subsection 3.3.4 handles the general case.

3.3.1 The o-algebra of nice sets

Definition 3.3.2. A measurable set A € A is called a nice set if P"14 is a characteristic
function for all n € N. For a nice set A, the function 14 is called a nice function.

We aim to show that the set of nice sets A is a o-algebra. We first prove
Lemma 3.3.3. The set of nice sets A is a Dynkin-system, i.e.,
(i) Xe A
(ii) for all Ay, Ay € A with Ay C Ay, it holds A)\A; € A

(iii) for countably many mutually disjoint sets Ay, Ay, --- € A, it holds Ui, A; € A
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Proof. (i) By assumption, Plx =1x,s0 P"ly = 1x for all n € N.
(ii) Suppose that Ay, Ay € A, Ay € Ay and choose an arbitrary n € N. Then there exist
two sets By, Bs € X with P"14, = 1p, and P"14, = 1p,. By linearity of P,
Pn1A2\A1 = PnlAQ - Pn1A1 =1p, — 1pB,. (3.3.5)
Now, by monotonicity of P (recall proposition (3.1.2)), it follows from 14, < 14, that
1p, = P"14, < P"1y4, = 1p,. (3.3.6)
So, By © By and (3.3.5) becomes
P04, = 1B\, - (3.3.7)

(iii) Let {A;}ieny be a sequence of disjoint nice sets. We first show that

0 o0
pP" (Z 1Ai> = > Py, (3.3.8)
=1 =1

Indeed, the sequence {f; = Zle 14,} converges to f = Y2 14, in L', as it is bounded by the
constant 1 function and |[|1]] = 1 < oo by assumption on p. Since f, fr, € L' and f — fi, = 0,
we get

1" f = P fill = |If = full = 0'in L, (3.3.9)

which together with P" fj, = Zle P14, yields (3.3.8).
Now, fix n € N and for all ¢ € N define B; as a set with 15, = P"14,. Clearly,

a0
o, 1oz a4, < D14, (3.3.10)
=1

for all j € N. By monotonicity of P and equation (3.3.8),

e} 0 e}
g, < P"l gz 4, < P" (2 1Ai> =Y P4, = ) 15, (3.3.11)

i—1 i=1 i=1
for all j € N. It follows from the right inequality that P"1_x 4,(z) = 0 whenever z ¢ U2, B;.
Since P"1_x 4, < 1 by assumption, left inequalities imply P"1,» 4, (x) = 1 whenever
x € U2, B;. So, Pnlu;f;lAi is a characteristic function. ]

Proposition 3.3.4. The set of nice sets A is a o-algebra.

Proof. Since A is a Dynkin-system, it remains to show that for every A;, Ay € A, it holds
Ap n Ay € A (see, e.g., [Klenke, Th.1.18]). Instead, we can show that the complements and
finite unions of nice sets are also nice, as A; N Ay = (A U A5)°.

Fix n € N, denote 15, = P"1,4, and 1, = P"14,. Then

P™Mje = P'lx — PMy, =1—1p, = lpe, (3.3.12)

so Af is a nice set.
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For the union, we repeat the argument from the proof of part (iii) of the previous lemma.
For j e {1,2},
1Aj <1la,o4a, $1a, +14,. (3.3.13)

By monotonicity of P, for j € {1, 2},
13]. < P"14,04, <1p, +1p,. (3.3.14)

By the right inequality, P"14,04,(x) = 0 whenever x ¢ B; u By and, by P"14,,4, < 1
together with the left inequalities, P™14,,4,(z) = 1 whenever x € By U Ba. So, P"14,,4, =
1B,uB,, Which completes the proof. O

Our next step is to show that A, though possibly infinitely large, contains only a finite
number of interesting sets. To be more precise, there are only finitely many different atoms
in A 3.

Definition 3.3.5. A set A€ A c A is called an atom of A if u(A) > 0 and for all measurable
B c A with u(B) < u(A), it holds p(B) = 0.
We have the following

Lemma 3.3.6. Two atoms of a set A are either almost disjoint, i.e., intersect on a set of
measure 0, or almost the same.

Proof. Let Ay, Ay be two atoms in A. Define A3 = A; n Ay, which is clearly a measurable set.
If (Asz) > 0, then p(As) = p(Aq) by definition of an atom, since A3 < A;, and analogously
u(As) = u(As). So, either u(As) = 0, or u(A1) = u(Az) and A; is almost the same as Ay. [

Now we can prove this important

Proposition 3.3.7. A has only finitely many different atoms.

Proof. Let A€ A and pu(A) > 0. Define

1
fa=—+1a (3.3.15)
p(A)
and B,, as a set with 15, = P™14. Note that B, is a nice set by definition and p(A4) = u(By)
for all n € N, since P is Markov.
Now, by constrictivness of P, there exist some ng(fa) €N, 6 > 0 and x < 1 such that

J P"fadp < k for all n = ng(fa) whenever u(E) < 4. (3.3.16)
E
If 41(By) < 6 and n is large enough, then
)
1l=—-—+ 1Bnd,u=f P"fadp <k <1, 3.3.17
u(A) g, Bn ( )

which is impossible. It follows that p(A) = p(By) > § > 0, i.e., the measure of every nice set
is either 0 or bigger than §.

Consider all atoms of A. By the preceding lemma, two atoms can be either almost disjoint
or almost the same. The measure of the union of all mutually almost disjoint atoms can not
exceed pu(X) =1, so there are only finitely many almost disjoint atoms. O

3Recall that we call sets A and B different if A\B or B\A has positive measure
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Note that every nice set either has measure 0 or is a union of atoms. The whole space X
is a nice set and a union of all atoms.
To complete this subsection, we prove that P permutes atoms of positive measure.

Proposition 3.3.8. Let {Ag, A1,..., A} be the set of atoms. Then there is a permutation
o:{1,2,....,r7} = {1,2,...,r}, such that Ply, = La,g foralli=1,...r.

Since P permutes finitely many atoms, there exists some integer # < r! such that o = id
and P"14, = 14,.

Proof. For every Aj, denote 1p;, = Plya;. For i # j, we have
1> PlAiuAj = Ply, +P1Aj _PlAimAj =1p, + 1Bj _PlAimAJ; (3.3.18)

so B; n Bj < supp(Pla,~a;). Since p(supp(Pla;~a;)) = 0, it follows that B; and B; are
almost disjoint. The sets Bi, Ba, ..., B, are mutually almost disjoint nice sets and have
measure > 4, since P is a Markov operator. Clearly, they are atoms and form a permutation
of {A1, Ag, ..., A}, which is already the statement of the proposition. O

3.3.2 Weak convergence in case Ply =1y, u(X) =1

In this subsection we prove some convergence similar to that in equation (3.3.1), but in the
weak sense. As also the coming subsections are, this one is quite technical. The main result
here is proposition 3.3.13, but in order to prove it we need some other results. We first aim
at lemma 3.3.11, which treating P as an operator from L?(X) to L?(X), establishes equality
between the linear subspace of L! spanned by nice functions and the kernel of some operator.
This equality will be used in the proof of proposition 3.3.13, which first treats the f € L? case
and then generalizes by a density argument.

Lemma 3.3.9. If f1, fo € L' are nonnegative and have the same support, then Pfi and Pfo
have the same support.

Proof. We show that supp(Pf1) < supp(Pf3). Define By = supp(P fy) and write
Pf1=Pf1-1BQ+Pf1-1B§. (3319)

For ¢ > 2, define f, = mincfs, fi. Since f. < f1 € L' and f.(z) — fi(z) as ¢ — o0, we
can use the dominated convergence theorem to obtain

||Pf1 — Pf2|| = J P(f1 — fc)d,u = J (f1 — fc)du — 0 as c— 0. (3320)
X X
Since supp(P fc) < supp(P f2) = B,

1P~ Pill > | (Ph=Prydu= | Phdn=1Psi 1] (3321)

B3

Thus, Pfi - 1pg = 0, which implies supp(P f1) c Bo.
The proof of the other inclusion is completely analogous. O
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Lemma 3.3.10. 1) The operator P preserves mean values, i.e., for all f € L*
E[Pf] = E[f]- (3.3.22)
2) For all 1 < p < o, the subspace LP is P-invariant and, for all f € LP,

1Py < 11 f1]p- (3.3.23)
Proof. 1) For fe L', write f = f* — f~. Clearly, f*, f~ € L' and, since P is Markov,
E[Pf] = EIPf* — Pf~] = E[Pf*] - E[Pf]
= E[f] - E[f"]1 = E[f" — f7] = E[f]. (3.3.24)
2) We know from Propostion 3.1.2 that for all f € L*,

[P fll < [l (3.3.25)

Since P is also monotonic and p(X) = 1, for all f € L*®,

[P flloo = sup Pf(x) < sup P([|f|lwlx(2)) = [[f]loo sup P1x () = [|f]]oo- (3.3.26)
rzeX zeX zeX

So, P is bounded as an L' — L' operator and as an L® — L® operator both with norm < 1.
Then, by the Riesz-Thorin interpolation theorem (cf. [Stein and Shakarchi, FA, Chapter 2,
Th. 2.1]), for every 1 < p < o, P is bounded as an LP — LP operator with norm < 1.
Clearly, this implies P-invariance of LP spaces. O

In particular, ||P||2 < 1, so one can consider P as an operator on L? and define its adjoint
U = P*.
Let @ be the linear subspace of L' spanned by nice functions.

Lemma 3.3.11. Their exists a symmetric operator A : L?(X) — L?(X) such that for every
felrL?

lingo||Af —U"P"fll2a=0 and (3.3.27)
CAf, [ = Tim [[P"f]3. (3.3.28)

Moreover,
Q = Ker(I - A), (3.3.29)

where I is the identity operator.

Proof. First, as for all adjoint operators, we have ||U||2 = ||P||2, so, by lemma 3.3.10, both
P and U are contractions. It follows that for every f € L2,

1flle = [[UPfllz = --- = |lU"P"fll2 = --- =0, (3.3.30)

SO
I>UP>--2U"P">-->0, (3.3.31)

which implies (3.3.27). Equation (3.3.28) follows, since (P"f, P"f) = (U"P"f, f>.
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Now, we show that

Ker(I — A) = {f e L*: (A}, ) = [|f1I3} (3.3.32)
={feL®:||[P"f|l2 = ||f|]2 for all n e N}, (3.3.33)

from which Q = Ker(I—A) will follow. The second equality follows from (3.3.28) and the fact
that P is a contraction. For the first one, if (I — A)f =0, then (Af, f) = {f, f). Conversely,

if (A, f) = §, f2dp, then
(T — A)2f|2 = f 2~ Af - fldu = 0, (3.3.34)

so f—Af=0.
Further, for all n € N, an arbitrary nice set A and a set B with 15 = P™14,

1P Lallz = [[15]l2 = [[1a]l1 = [[Lally = [[1a]l2, (3.3.35)

so by (3.3.32), 14 € Ker(I — A), which implies Q c Ker(l — A), since any kernel is a linear
subspace.

It remains to show that Ker(I — A) c Q). Since P"1x = lx, it follows from (3.3.33) that
1x € Ker(I — A). Accordingly, for all ce R, c =clx € Ker(I — A) and f —ce Ker(I — A),
if fe Ker(I —A).

Take arbitrary f € Ker(I — A), f = f* — f~. By lemma 3.3.10,

IF13 = PFIE = [|PFHIE + |PF 1B — 2P+, PF)
<[IfH2 + ||f_||§—2JPf+-Pf‘du

— |IfIB - 2ij+ Pfda, (3.3.36)

so Pft - Pf~ =0, as both Pf* and Pf~ are nonnegative. Hence, Pf*t and Pf~ have
disjoint supports.
Analogously, for all c€ R and all n € N, P"(f —c)* and P"(f—c)™ have disjoint supports.
Take an arbitrary ¢ € R and suppose first that pu(f~!(c)) = 0. Define

M= 151 ey he =Lt (3.3.37)

Clearly,
supp(h1) = supp((f —¢)7), supp(hz) = supp((f —¢)7), (3.3.38)

so, by lemma 3.3.9, P"hy and P™hy have disjoint supports for every n € N. On the other
hand,
P"1,, + P"1, = P"1 =1, (3.3.39)

so P"hy is a characteristic function and f~!(—o0,¢) is a nice set.

Finally, suppose that u(f '(c)) > 0. Since u(X) = 1 < o and, as for every func-
tion, f~!(c) are disjoint for different ¢ > 0, there are at most countably many ¢ > 0 with
wu(f1(c)) # 0. Tt follows that {c € R : u(f !(c)) = 0} is dense in R and contains an increasing
sequence {¢;} with ¢; = ¢. Then

f (=, ¢) = U Y (=0, ¢) (3.3.40)
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is a nice set, since nice sets form a o-algebra.
Thus, f~!(—0,¢c) is a nice set for every c € R O

Recall that 7 is defined as a number for which P™14, = 14,3 =1,...,r.

Corollary 3.3.12. For all f € Q, i
Uf=rF. (3.3.41)

Proof. Take an arbitrary f € Q = Ker(I — A). Using (3.3.31) in the first and third steps, we
get

o<|-v PP = - UTPY P <= ) =0, (33.42)
so (I —UTP")f = 0, which implies I f = U"f. -

Now we are ready to state the main result of this section. Define R = P” and, for all
1=1,...,7,
Li={fla,: feL}. (3.3.43)

Proposition 3.3.13. 1) L;’s are R-invariant and
2) forall feL;,i=1,...,r,

R"f 5 N(f)

as n — o0, 3.3.44
1(A;) ( )

where

A(f) = L. fdu (3.3.45)

where the weak convergence is considered with respect to L; space.

Proof. Fix an arbitrary 1 <17 < r.
1) The operator R is defined in such a way that Rl,, = 14,. For all f € L' n L®,
fla; <||fllola; and
R(f1a;) < R(|[fll01a;) = [IfllooLa;, (3.3.46)

which implies that R(f14,) = gla, € L; for some g € L'.

Now, L' n L® is dense in L' ( since C* = L' n L® and C® is dense in L' - see, e.g.
[Teschl, Th.0.36]). For every f € L', there is a sequence {f;} € L' n L® with ||f — f;|[1 — 0
as j — oo. It follows that

HR(flAz) - R(flei)Hl < ||f1Ai - fleiHl — 0 as j — o0, (3347)

which implies that R (f14,) is 0 almost everywhere on A$ for and is thus equal to gla, € L;
for some g e L.

2) Let now f € L;nL?. As {P"f}, {R"f} is bounded and thus weakly sequentially compact
in L? (cf. [Dunford and Schwartz, Cor. 1V.8.4]). By definition, there exist a function g € L?
and a subsequence {ng}ren such that R™ f 5 g as k — oo.

Moreover, g € L; n L?. Indeed, L; is weakly-closed, since it is convex and closed (see,
e.g., [Werner, Th. II1.3.8]). It is convex as a linear subspace of L'. To see why it is closed,
consider {fj14,} € L; and h € L' with ||f;14, — h||1 — 0. Then

[[PLaclly = [|(fila;, = h)1acllh > 0 as I — oo, (3.3.48)
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so h is supported almost only on A;. It follows, first, that

lim (R™ f,g) = (g.9) = |lg]l3, (3.3.49)

SO

lim [|[R™ f|[3 = lim ||[R™ f — g||3 + 2 lim (R™ f, g) — {9, 9)
k—o0 k—o0 k—0o0

Tim [|B" £ — g3 + llol3 (3:3.50)

Second, for every fixed m € N and h € L?,
(R™F™f By = (R™ f, R*™h) — (g, R*"h) = (R™g,h) as k — o0, (3.3.51)
so R+m f % Rmg and, using (3.3.50) and lemma 3.3.10,

lim [[R™F7 f|[3 = lim |[|[R™*™ f — R™gl[5 + ||R™g3
k—o0 k—o0

N

lim ||R™ f — g||3 + ||R™9|}3
k—0

Jim [[R™ 7113 — gl + 1Rl 3 (3:3.52)

which, by virtue of (3.3.28), is equivalent to

CAL I < CAL D = llglls + lIR™gl13. (3.3.53)
By lemma 3.3.10, for every m € N, we have
1R g2 = [|g]l2 (3.3.54)
and, together with (3.3.33), it yields
geEQ N L. (3.3.55)

It follows that g is constant on A;, g = A\i(f)1a, for some \;(f) € R. For all m € N,
R™g = g, so it follows from the fact that R™+™f % R™g for all m € N, that R*f > ¢ as
n — oo. Further,

M) (A = | ML = (o, La) = Jim CR™ £, L)
X —
= lm {f, R*"* 14,y ={f,14,) = J fdu, (3.3.56)
k—o0 Ai
where we used corollary 3.3.12 in the last but one step. Thus, for all f € L; n L?, we have

R N(f)1a, = Ni(f) utj) as n — 0. (3.3.57)

Finally, we show that this weak convergence holds for all f € L;. Define for every f e L',

Sf=X\(f) Mtjfi) (3.3.58)
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and T,,f = R"f — Sf for all n € N. Since ||R"|| < 1 and ||S]| =1, ||T,]| <2 < .

Now, similarly to part 1), we use the density argument. Since L? is dense in L', L; n L?
is dense in L;. For every f € L;, there is a sequence {f;} € L; n L? with ||f — fillt = 0 as
j — o0. By definition of the weak convergence in the L? space, for every j € N,

v-Tyfilduy — 0 asn — 3.3.59
j
X

for all v € L2, in particular for all v € L®, since u(X) = 1 < o0 and so L®(X) € L*(X).
For the weak convergence in the L' space, we need to consider all v € L®. It holds

[ 1o Ttidn < [ 1o mts = lau+ [ 1o+ Tula
X X X
<ol 1Tl = £l + [T+ Tufhdn
< 2ol 17 = £l + [0+ Tudldic— 2otk 1 = £l (3:3.00

as n — o0 by (3.3.59). Since j can be chosen so that ||(f — f;)||1 is arbitrarily small, we have
that T,,f = R"f — Sf = 0 by definition. O

3.3.3 Strong convergence in case Ply = 1y, u(X) =1

In this subsection, we prove Theorem 3.3.1 in case Plx = 1x and u(X) = 1. We start with
lemma 3.3.16 that will be used in the proof.

Definition 3.3.14. For two functions f,g: X — R we define

(f A 9)(x) = min{f(z), g(x)}. (3.3.61)

Definition 3.3.15. Nonnegative functions fi,..., fr € L' are called p-orthogonal if there
exist nonngeative functions hy,...,hy € L' with mutually disjoint supports such that ||f; —
hillh < p foralli=1,...,n.

Lemma 3.3.16. Let (X, A, p) be a o-finite measure space. Let P : L' — L' be a Markov
operator such that Plx = 1x and for every f € L',

prf5 L fdpu. (3.3.62)

If for some f € L' the strong limit of P"f does not exist, then for every p > 0 and every N € N,
there exists a sequence of densities fi,..., fn such that P"f1,..., P" fn are p-orthogonal for
every fized n € N.

The proof of this lemma is a compilation of different results from [Komornik]. First, we
summarize some helpful statements in

Lemma 3.3.17. (i) Let fi,..., fr € L' be p-orthogonal and ||fi|| = € > 0. Then

h S
1Al 1l

(3.3.63)

are p/e-orthogonal.
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(ii) Let fi1,..., fig, € L' be p1-orthogonal and faq,..., fox, € L' be pa-orthogonal. Then
ki - k1 functions fii, A fai, with iy € {1,...,ki} and ix € {1,...,k1} are p1 + p2-
orthogonal.

(i4i) Let {fi1, fiz}ieq1, .5} © L' be p-orthogonal pairs of functions. Then the 2° functions
Jrio A fois Acos A fsi, with i e {1,2} for allle {1,...,s} are s - p-orthogonal.

(iv) Let fi1,..., fr be nonnegative L' functions with ||fille < Mo for some My > 0 and all
ie{l,...,k}. Then

Elfi nfane-Aful 2 E[f1+ for - ful /MG (3.3.64)

and the sequence
{E[P"fi AP"fo n--- AP fi]}iq, (3.3.65)

s nondecreasing in n.

Proof. (i) Let hq,...,h; be nonnegative L' functions with mutually disjoint supports and
such that ||f; — hi||1 < p for all ¢ = 1,...,n. Clearly, h1/||fill,---,h&/||fr|| have disjoint
supports and
Al (1l [1fil] €
(ii) Let h11,...,h1k, and hoq,...,hog, be two groups of L' functions with disjoint sup-

ports corresponding to fi1,..., fir, and fo1,..., far, respectively by the definition of p-
orthogonality. Clearly, the k; -k functions hy j, Ahg;, withi; € {1,...,k1} and iz € {1,...,k1}
have disjoint supports.

Further, for all a,b,c € R,

lanc—bncl<|a—Dbl, (3.3.67)
SO
1 frin A foiio = hige A B || < M| frin A fiie = fri A Bl + | frin A hojis — higy A hos||
< [ f2i = P2l + [ fri — bl < p1 + po- (3.3.68)
(iii) follows from (ii) by induction.
(iv) Since 0 < f;/My < 1x for all i e {1,...,n},
Bofhe B BB _finfneih
M() M() MO M() Mo MO MO
Further, for alme Nand alli=1,...,n,
P™(P"fy A -+ A PUf) < PP, (3.3.70)
SO
Pm(Pnfl VASMLIREVAN Pnfk) < Pm+nf1 VANRIMRRVAN Pm+nfk (3371)

and the second statement follows from the fact that P preserves mean values (see Lemma
3.3.10). 0
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Proof of Lemma 3.3.16. W.l.o.g. we may assume that f € L®. If it is not, there exists
another function f € L® for which the strong limit of P™f’ does not exist. Indeed, L®
is dense in L' (see the proof of proposition 3.3.13), so there exists a sequence of functions
{fi}ien € L* with ||f — filli = 0. If for all ¢ the strong limit of P"f; exists, then for some

Xed Z,
X

et (s || - [ 1)

lim ‘P”f—f fd,u‘ < lim (‘P”f—P”fi
X n—>o0

n—oo

is arbitrarily small which contradicts the absence of the strong limit for P f.
Let .
Mo = || £lloo- (3.3.73)

Let p > 0 and N € N be given. We will construct the sequence f1,..., fy in 3 steps.
Step 1. Define

A= L Fdp (3.3.74)

and .
My = 5 lim [|[R™f = A, (3.3.75)

where R = P as in the previous section and the limit always exists, since
IR"f = All = [|R*(f = N (3.3.76)

is nonincreasing in n and bounded from below by 0. We have M; > 0, since otherwise P" f
would have the strong limit .
Define m € N so that

1 ~
My < S|[R"F = | <M1+§ (3.3.77)

for some fixed z > 0, whose exact value will be defined in the end of the proof.
For all | € Ny, define

el = (Rm+lf— )\)+ and ey = (Rm+lf— /\)_ (3.3.78)
as well as
g1 = Rlerg = R! ((Rmf - >\>+) and gy, = Rleso = R ((Rmf - A)) . (3.3.79)

Let
s = |logy N| + 1. (3.3.80)

For i e {1,2}® and [ € N§ with [; <4 forall j =1,...,5—1, define

hig = €iiy A €igly Ao A€, (3.3.81)
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and
Jid = Givy A Ginds A7 A Gig - (3.3.82)
We now show that {f;;}icq1,9}s are s - p/z-orthogonal for a fixed [. By lemma 3.3.17(iii),
it is enough to show that g;; and go; are p/z-orthogonal for a fixed [ € N.
Clearly, e1; and ey; have disjoint supports. Further,

O:E[f—/\]:E[Rm(f—/\)] :E[Rmf—)\]

= Ele1y — e21] = Eler] — Eleay] = |lera]] — [le2,ll; (3.3.83)
SO 1
llevall = llexall = SIR™F = All (3.3.84)
By monotonicity of P and, thus, R,
~ ~ ~ +
(Rm”f _ )\) _ R (Rmf - A) <R ((Rmf _ A) ) , (3.3.85)
SO
€1, < g1, (3.3.86)
Analogously,
</\ ~ Rm”f) - R ()\ - Rmf) <R ((Rmf - /\>_> : (3.3.87)
SO
€21 < g2, (3.3.88)
Together with inequality (3.3.77), we get for j € {1,2}
950 — e5ull = Elgja] — Eleja] < p/x. (3.3.89)

Step II. Recall that fi,..., fx should be densities. The functions {f;;}ic(1,2;+, divided by
their L' norms, are good candidates, but we need to be sure that these norms are bounded
from below. For this, we will specify [ € Nj.

If there exists an | € N such that for all i € {1,2}

E [giljl “Gig o " 'gis,is] = My, (3.3.90)
then, by lemma 3.3.17, (iv) and (i),
fii M. s-
{l are &siw-orthogonal- (3.3.91)
il § vy o

Such an [ indeed exists. Since all {gij i }i=1,..s are in L* (and p(X) = 1 < ), they are also
in L?. Proposition 3.3.13 implies that, for a fixed | € Ng,

r

lim [gil,h - gi2,l2+n] = 'r}l—I)%OE [gi1,l1 . Rngig,b] = 7‘L11—I>I010E [gil,ll ) 2 Rn (gig,lg : 1Aj)

n—o0 .
J=1

o SA- gi2712dlu'
D E lgil,h . 1Aj]’u(T‘) = Egi, 1] E19i5,1,] (3.3.92)
=1 j
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and, by induction,

hm B gist+n1 - Gizdotna =+ Giglotns] = Egivn] - Elgizin] -~ Egi, 1]

Ref - A\
= (H];H> > M;. (3.3.93)
It follows that for all [ > [, i.e., [ with l; > l~j for all je{1,...,s},
: MS-s-
{ Ji } are Osiw—orthogonal. (3.3.94)
||fz,l|| ie{1,2}s Ml s

Step III. Now we need to ensure that P"f1,..., P" fx are p-orhtogonal for all n € N. We
fix n and write | + n for (Iy + n,...,ls + n). Clearly, {hj i}jeq1,23+ have disjoint supports.
Further, for all i € {1,2}%,

[P —n + h (3.3.95)

n
S HP fi,l~_ fi,l~+n

i,l~+n fi,i—‘rn B i,l~+n '
It was already shown in step I that the second norm on the r.h.s. is not larger than s - p/z.
For the first norm, notice that

Pf,i < P'g; . forallj=1,....s, (3.3.96)

SO

PUfii<P'g oA AP = i, (3.3.97)

i1,01

and
Hpnfi,i_ fi,i+nH =K [fi,ern] -E [Pnfi,i]
=Bt | - B[] (3.3.98)

From lemma 3.3.17(iv) we know that {E [fZ Z+n]} N is nondecreasing in n. Since p(X) =1,
’ ne

this sequence is bounded by Mj. Define m € N so that

and, consequently,
n 2s - P
HP fitem = hi,i+m+nH S (3.3.100)
We can finally define

My 3.3.101
= 2M¢ - s (3.3.101)

and ;
fi = P for all i€ {1,2)° (3.3.102)

izl

These are 2° = N functions, which are p-orthogonal. O

Now we give the
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Proof of Theorem 8.3.1 in case Plx = 1x and ;(X) =1. For all i = 1,...,r and f € L',
define

() = L_ fdy and (3.3.103)
gi = utﬁl) (3.3.104)

Note that we use the same definition of A;(f) as in proposition 3.3.13.

Clearly, g;’s are densities and statements (i) and (i7) were already proved in Subsection
3.3.1 (remember that Pl = 14, implies u(4;) = u(A,(;)))-

Fix n e N and find k,me N, 0 < m < 7, with n = k¥ + m. Then, by propositions 3.1.2,
3.3.13 and the triangle inequality,

pP" (f = w)gi) ‘ =
=1

< i‘R’f (fla, —)\i(f)lAi)H 50 asn — o. (3.3.105)
i=1

PR (2 frila =) w)lAi) ‘
1 =1

1=

Thus, it remains to show that convergence in (3.3.44) is strong.

Suppose that for some ¢ € {1,...,r} and some function f; € L;, convergence in (3.3.44)
is not strong. Clearly, since P is constrictive, so is R with the same § > 0 and xk < 1. Fix
some 0 < p < (1 —k)/2 and N > 1/§. Setting X = A;, we can apply lemma 3.3.16 by
virtue of (3.3.44). Thus, there exist N densities f1,..., fxy € L; such that R"fi,...,R" fnx
are p-orthogonal for every fixed n € N. By constrictivness, for every k = 1,..., N, there exist
an no(fx) € N with

J R" frdp < k for all n = no(f) if u(E) < 0. (3.3.106)
E

Fix some n = ng. By p-orhogonality, there exist nonnegative functions hi,...,hy € L; with
disjoint supports and ||R"f; —hi|| < pforalli=1,...,N. Forevery k = 1,..., N, u(F) < 0,

J hidp = f |hildp = J |R" fi|dp —l—J |R" fr. — hi|dp < k + p. (3.3.107)
E E E E

Since N > 1/§, u is a probability measure and hy’s have disjoint supports, there is some
ke{l,...,N} with u(supp(hy)) < d. For E = supp(hy) we get

|hel| <k +p<1—p. (3.3.108)
At the same time, since R" fi is a density,
L—[hw|| = [|R" fiell = ||| < [IR" fie — el | < p. (3.3.109)

We get a contradiction, so for all f € L;, i =1,...,r, the convergence is strong. O
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3.3.4 Proof of the general case

Here we release both condition p(X) = 0 and condition Plxy = 1x. The strategy will be to
reduce the general case to the one already proved in the previous subsection. We first prove
lemma 3.3.20, which states the existence of an invariant density for a constrictive Markov
operator.

Recall that D is a set of densities on X.

Definition 3.3.18. Let P : L' — L' be a Markov operator on a o-finite measure space
(X, A, ). An invariant density g € D of P is said to have maximal support if

p(supp(f)\supp(g)) = 0 (3.3.110)

for every invariant density f € L' for P.

Lemma 3.3.19. Let (X, A, /{) be a o-finite measure space. Let P : L' — L' be a Markov
operator. If there exist a set B € A of finite measure and a number § > 0 such that for every
E c B with u(E) <6

P fdp < 1, (3.3.111)

lim sup

n—ao J(X\B)uE
then P has an invariant density nonvanishing on B.
The proof of this lemma can be found in [Socala, Th.1].

Lemma 3.3.20. Let (X, A, ) be a o-finite measure space. For every constrictive Markov
operator P : L' — L', there exists an invariant density with maximal support.

Proof. First, we note that a constrictive Markov operator satisfies condition (3.3.111), since
it is just weaker than constrictivness. Thus, P has at least one invariant density.

Since X is o-finite, there exists a density fy with fo(z) > 0 for all z € X. Denote
Ay = supp(f), define a new measure

po(4) = L fodp (3.3.112)

for every A € A, and a number
M =sup {uo(Ay): feD,Pf = f}. (3.3.113)

Choose a sequence {f,} € D with pg(Ay,) — M and define

g= i infn. (3.3.114)

By the monotone convergence theorem, ¢ is an invariant density and then po(A44) = M.
Now, take some arbitrary invariant density f. Clearly, h = %( f + g) is also invariant and

Ap = Ay U Ay, At the same time po(Ap) < M, so Ay = Ay, We get A c A, = Ay, which

yields that the support of g is maximal. O

Clearly, the maximal support corresponding to the operator P is unique up to a set of
measure 0. Denote it by G(P).
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Lemma 3.3.21. For a constrictive Markov operator P : L' — L' on a o-finite measure space
(X, A, ), it holds

lim P"fdu =0 for every f e D. (3.3.115)

Proof. Let B and k come from the definition of constrictivness, i.e., u(B) < o, k < 1 and
for some § > 0 and every density f € D, there is an ng(f) € N for which

J P"fdu <k for all n = no(f), p(E) <o (3.3.116)
(X\B)UE
First, we show that for every f e D

lim infj P"fdu < k. (3.3.117)

Define B = B\G(P) and fix some f € D. If condition (3.3.111) would hold for this B, there
would exist an invariant density nonvanishing on B, which is impossible, since G(P) is the
maximal support. It follows that there exists some E ¢ B with u(E) < ¢ such that

lim supf P'fdu =1 (3.3.118)
n—a  J(X\B)UE
or
lim infj P fdu = 0. (3.3.119)

Since X\G(P) c ((X\B) u E) U (B\E), (3.3.116) and (3.3.119) imply (3.3.117).
Now define

n—aeo

a=inf{beR: liminff P'fdu<b for feD . (3.3.120)
X\G(P)

We already know that b < 1. Choose some 0 < ¢ <1 —a and fix f € D. For some k € N, we
have

fdp < a+e. (3.3.121)
Pk

Further, since supp (1G( p)Pk f) c supp(g) and P is monotonic, it holds for all n € N

supp [P” (1G(P)Pkf>:| c supp(P"g) = supp(g) = G(P). (3.3.122)

It follows

lim sup f P fdy = lim inf f pr (1 o PF f) dp
X\G(P) X\G(P)

n—00 n—0

_ H1 ey P fH lim inf JX\G(P) Prhydp < (a + )a,  (3.3.123)

n—oo

where h; = (1X\G(P)Pkf)/ HlX\G(P)Pka. Since f was arbitrary, we get a < (a + €)a and,
thus, a = 0. Since every Markov operator is a contraction on L', the sequence in (3.3.117) is
nonincreasing and limit inferior is just a limit. O



3.3 Asymptotic periodicity of constrictive Markov operators 69

Proof of theorem 3.3.1. The proof is organized as follows: first, we find the space (X, A, 1)
and the operator P for which fi(X) = 1 and Ply = 1x and the desired convergence holds.
This implies similar convergence under P for a special class of functions. Second, we follow
the convergence for arbitrary f € L!, but some unknown \;(f)’s and special g;’s. Finally, we
show that these A\;(f)’s and g;’s have the properties stated in the theorem.

Step 1. By lemma 3.3.20, there exists an invariant density g € D for P with maximal
support G. By lemma 3.3.21, for every f e L',

lim P fdy = 0. (3.3.124)

Define a new measure i on X through
a(A) = J gdp (3.3.125)
A

for all A€ A, and an operator P through

. {P(hg><x>/9<x>, ifreG
0

Ph(z) = (3.3.126)

otherwise.

Clearly, (X, A, i) is a probability space and P is a Markov operator on (X, A, i) with Plx =
1x. Moreover, P is constrictive. To see this, notice first that the measure y restricted to G is
absolutely continuous with respect to fi, since g(z) > 0 for x € G. Now let B, x and J come
from the definition of constrictivness of the operator P. Choose 6 > 0 such that i(E) < §
would imply u(E n G) < §. It follows that there exists some ng(hg) € N such that for all
heL!

P"hdji = J P"(hg)dp < k for all n = ng(hg), @(E) <6, (3.3.127)

J(X\B)UE (X\B)U(ENG)

which is constrictivness of P.
By the proof in Subsection 3.3.3, we know that equation (3.3.1) holds for P on (X, A, ji).
Together with (3.3.104), it follows that for all h € L*

_ T 14 ...
Ph =Y N(h) =29 +¢,(h), (3.3.128)
; S (Agngy) "
for the corresponding nice sets A, i = 1,...,7, and some {e,} € L' with [|e,(h)||11(z) — 0 as
n— 0.

Now, straightforward induction yields

Prh(z) =

{P”(hg)(ﬂﬁ)/g(ﬂﬂ)a ifred (3.3.129)

otherwise,

which implies

P"(hg) = > Xi(h)ga() + gen(h), (3.3.130)
=1
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where ¢g; = g% and

lg€n(h) 111y = JX gen(h)dp = fX ea()dfi = [Jen (1) |11y = O, (3.3.131)

so for all functions of the form hg € L' we get a decomposition similar to the one we need.
Step II. We want to consider an arbitrary f € L'. Fix € > 0 and take the nonnegative
density fo from the proof of lemma 3.3.20. Choose a number ¢; > 0 large enough for

[Ceafo = 1£D*] < § (3.3.132)

to hold. Then for q; = (c1fo —|f])" € L' we have that |f| < c1fo + ¢1 pointwise. Further, by
lemma 3.3.21, there exists an m € N such that

J P fdu < <. (3.3.133)
X\G 4

C1

Then, by monotonicity of P,

f |me|du<f P fldu
X\G X\G

< clf P™ fodp +J Prgdp <<+ <=5 (3.3.134)
X\G X\G 4 4 2
Similarly, choose a number ¢y > 0 large enough for
€
|(c2g = 16| P™ Y| < = (3.3.135)

4

to hold. Then for go = (c2g — 1g|P™f|)" € L' we have that supp(qz) = G and 1g|P™f| <
c29 + g2 pointwise. Define

lg-P™f — if G
0 otherwise.
Then 1¢ - P f = hg + g2 and
P"f=1gP"f +1aP™f
=1g-P"f + hg+ q2 = hg + g3, (3.3.137)
where
lasl| < [Lge P fII + [lg2|| < €/2 + €/4 = 3¢/4. (3.3.138)

Coming back to equation (3.3.130), find n € N large enough for ||ge,(h)|| < €/4 to hold. Then
Pn+mf — Pn(hg) +an3

= Y (B gon(y + gen(h) + Pgs, (3.3.139)
=1



3.3 Asymptotic periodicity of constrictive Markov operators 71

where

" 1
prEmf Z Ai(h)gon (| < %e + 1€=¢ (3.3.140)

i=1

It remains to show that this is equivalent to the asymptotic decomposition (3.3.1).

First, notice that \;(h) depends on h and thus on €, whereas g; does not. Second, € > 0
was arbitrary, and for every e one could choose m with ¢™ = ¢ and thus ¢"*" = o™. It
follows that there exist sequences {ng}xeny and {C¥(f)}ren, such that

lim
k—o0

= 0. (3.3.141)

P f =" CFH()gome (i)
=1

We show that for all i = 1,...,r, {C’f(f)}keN is a bounded sequence. Suppose that it is
unbounded for some i. Then, using triangular inequality in the first step and the fact that
g;’s have almost disjoint supports in the second one, we get

> ( | - IIP“’“f||>

Z C’Lk(f)gank (@)
=1
= (Z ICE] - |gomr ]| — IIP”kf||> — o (3.3.142)

i=1

P f = > CH(f)gomes)
=1

at least for some subsequence {k;} < {k}, since 0 < ||P™ f|| < ||f|| < o and ||g;|]| =1 > 0
(cf. (3.3.146)). This contradicts (3.3.141). As bounded sequences in R, {C¥(f)}ren converge
to some X\;(f), i = 1,...,r, and, for simplification of notation, assume w.l.o.g. that we don’t
need to extract convergent subsequences.

Further, Pg; = go(;y for all i =1,...,7. Indeed, in this proof o first appeared in equation
(3.3.128) and has the property

— lA ) lAa(z)
P —" = = , 3.3.143
<M(Az') (Aseiy) ( )
from which one gets
].A. — 1A 1Aa(i)
Pg':P<g Z)zP( Z)-g:-g:gai 3.3.144
=Py R(A)) 9T Al 9T 00 (3314

Now, define

P <f - )\i(f)gi> ‘ . (3.3.145)
=1

From (3.3.141) and (3.3.145), we know that €,, — 0 as k — 0. Moreover, €, is nonincreasing
by monotonicity of P. It follows that ¢, — 0 as n — 0.

Step III. Since, by construction, g;’s have almost disjoint supports and we proved the
permutation condition (ii) from the theorem in (3.3.144), it remains to show that g; is a
density and \;(f) is linear and bounded, i = 1,...,r.

For g;, we have

14, 1 J 3
i = g———du = — din = 1. 3.3.146
gl o JX RAY ™=y (3:3.146)
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For \;(f), observe that ¢, — 0 and the fact that g;’s are almost disjoint imply

1P f - La ]l = [INi(F)gill asn — oo, (3.3.147)
where 7 = min{r : 0" = id}. Since P is a contraction and ||g;|| = 1, for every f e L!
AL el el = e f - 1a]

as n — 00, which implies that \; is a bounded operator. }
Further, €, — 0 implies that A : L}(X) — R is unique. Indeed, for another A : L'(X) —» R
with the same property, we get

IN(F) = N( )] = [N (Fgi — N(f)gill
<N(f)gi = P™f -1 || + [|P™f - 1a, = Xi(f)gill = 0 (3.3.149)

as n — oo. Since

pn <f1 -3 A(fl)gi> ‘ — 0 and
=1

i=1
imply
pr <f1 + = D (MA) + A(fz)gh») ‘ — 0, (3.3.151)
i=1
it holds A\;(f1) + Ai(f2) = Xi(f1 + f2), so the operator ); is linear. O

3.4 Asymptotic periodicity for the driven Rényi transforma-
tion

Finally, we want to summarize results of Sections 3.2 and 3.3 to make a precise statement
on the dynamics of the density under the driven Rényi transformation.

Theorem 3.3.1 states that the Perron-Frobenius operator corresponding to a transfor-
mation is asymptotically periodic, if it is constrictive. By corollary 3.2.9, the sequence of
Perron-Frobenius operators corresponding to the sequnce of driven Rényi transformations

Si(x) = a(z + k(y: — x)) mod 1 (3.4.1)
is constrictive if {y;} is periodic or if ¢ > 2 and k < 1 — % Unfortunately, the second
condition of constrictivness is not enough. If {y;} is not periodic, we have an infinite sequence
of different Perron-Frobenius operators and cannot follow asymptotic periodicity.

Suppose that {y} is periodic with period k. Let {P;} be the sequence of Perron-Frobenius
operators corresponding to {S;}. Define

P=P,Py--P. (3.4.2)

Clearly, P is constrictive, since {P;} is a constrictive sequence. By theorem 3.3.1, P is asymp-
totically periodic with some period 7 < co. It follows, that the sequence { P} is asymptotically
periodic with period rk < co.
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So the condition for the asymptotic periodicity of {P;} is the periodicity of {y;}. When is
{y:} periodic? Recall that {y:} is the trajectory of a system determined by a Rényi transfor-
mation:

Ye+1 = R(yr) = byy mod 1 (3.4.3)

with b > 1 and yg € [0,1]. Whether {y;} is periodic, depends both on b and the initial state
yo. In fact, one can consider the transformation R’ as a shift operator applied t times to the
initial state yp in b-adic representation. Periodicity of {y;} is then equivalent to the periodicity
of yo in b-adic representation.

If b € N, then all and only yo € Q n [0, 1] have periodic b-adic representations. This can
be easily shown using direct computation in the “only” direction and the division algorithm
for “all”.

For b ¢ N, to determine yg which have periodic representations is a much more complex
question. However, [Schmidt] managed to give a comprehensive classification. We first need
some definitions.

Definition 3.4.1. A Pisot-Vijayaraghavan number (also a Pisot number) is a real root
of a monic polynomial, i.e., a polynomial with coefficient 1 by the term with highest power,
which is greater than 1 and such that all other roots are less than 1 in absolute value.

Definition 3.4.2. A Salem number is a real root of a monic polynomial, which is greater
than 1 and such that all other roots are not greater than 1 in absoulte value, whereas at least
one of them has absolute value exactly 1.

Golden ratio (1 +4/5)/2 is an example of a Pisot number. The smallest Salem number is
the largest root of the polynomial

4 —2" —ab —2b -t P 1 (3.4.4)
All integers greater than 1 are Pisot numbers and, conversely, every rational Pisot number is
an integer. Moreover, Pisot numbers are nowhere dense in [1,00) (cf. [Salem, Chapter I1]4)
and the same was conjectured, but not yet proved, for Salem numbers.
Finally, define the field extension

Q(b) = {A1 + A2b: A1, A2 € Q} (3.4.5)
Now, it follows from [Schmidt] that

(i) If b is a Pisot number, then all and only yo € Q(b) n [0, 1) have periodic b-adic repre-
sentations.

(ii) If b is not a Pisot number, then only some yo € Q(b) n [0,1) have periodic b-adic
representations.

(iii) If b is neither Pisot nor Salem, then those yy that have periodic b-adic representations
are nowhere dense in [0, 1).

In numerical computations one can only simulate rational numbers. It follows that accu-
rate numerical computations can yield periodic {y;} orbits for all (rational) yo only if b is a
rational Pisot number, i.e., an integer greater than 1.

“There closedness of the set of Pisot numbers is proved. An arbitrary interval in [0, 1) contains a dense
subset of rational numbers, which are not Pisot. By closedness, any convergent sequence of Pisot numbers
converges to a Pisot number, so Pisot numbers cannot be dense in the interval.
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Chapter 4

Cross-transitivity estimators for
two coupled systems

In this chapter we study the relation of the cross-transitivity estimators for two coupled
systems.

In the first section we numerically compute the transitivity estimator (2.0.2) and the
cross-transitivity (1.1.6) (which is also an estimator in the sense that it is computed from
a finite data set and not using the invariant measure) in the same way as [Feldhoff et al.]
do. As explained in the introduction, [Feldhoff et al.] study only one system — the Rossler
system — and find out that if the systems X and ) are governed by the Réssler equations
and are coupled via diffusive coupling so that system ) is independent and system X is
driven by system ), then TXY > TYX for all values of the coupling strength which yield
significantly different 7% and 7%¥. This illustrated the hypothesis that such a relation of
cross-transitivities is typical for the unidirectional coupling.

We reproduce the result of [Feldhoff et al.] and compute estimators for different other
systems both in continuous and discrete time. We find out that in general both relations
TYX > TXY and TAY > 7YY are possible. The results are discussed further at the end of
the section.

In the second section we propose four simple models for attractors of two coupled systems
on the plane, illustrating how different geometry of the attractors could lead to different
relations between cross-transitivities.

4.1 Estimation of (cross-)transitivities for different systems

In the following we plot transitivity dimensions for different coupled systems of the same
type. We always consider unidirectional coupling, where system ) is independent and drives
system X. Following [Feldhoff et al., Sec.3], for different values of the coupling strength k,
ensembles of 200 realisations are considered. Values of k are chosen from the interval [0, 1]
or a smaller one in case cross-transitivities start to have similar behaviour long before k = 1,
with a step of at most 0.02. Only for the Lorenz system (equation (4.1.5)) we considered
values of k£ also beyond 1, since the transitivities demonstrated “smooth” behaviour on the
interval [0, 5]. In this case the step is equal to 0.1.

For continuous-time systems, the first-order differential equations are integrated with a
step size h = 0.01 for a total time 7" = 5000, leading to 500,000 points on each simulated
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trajectory. After discarding 100,000 first points, which probably correspond to the transient
phase, N = 1500 points are chosen randomly to construct the recurrence network.! For
discrete-time systems, the maps are iterated 500,000 times and the same procedure is used
afterwards.

The networks are constructed with fixed recurrence rates RRY = RRY = 0.02 and
RRYY = RRY¥ = 0.03, where for the inter-system adjacency matrix A defined by (1.1.3),

1
X _ E X
RR* = NN=1) AU (4.1.1)
i,j€{1,...,N}

and

1
XYy _ XYy
RRYY = ~— > A% (4.1.2)
i€{1,...,N},je{1,....M}

with NV € N — the number of vertices in the network of the system X and M € N — of the
system ) (cf. [Donner et al., 2010, Sec.3.1.2]). Fixed recurrence rates determine thresholds,
which thus slightly vary, but normally satisfy e¥ ~ ¢’ and e*Y = ¥ > eV ¢’. This
approach allows to preserve the density of the network and thus to compare networks of
different systems without normalising their time series beforehand. The exact values are
chosen following [Feldhoff et al., Sec.3].

We normally consider some frequency mismatch, i.e., systems X and ) are described by
the same equations (up to coupling), but with slightly different coefficients. This is done to
prevent the systems from completely synchronising at very low coupling strengths.

Since much of this thesis is dedicated to dimensions, we estimate here not the (cross)-
transitivities, but the (cross)-transitivity dimensions, using the following estimators for some
choice of e:

A log T - log TXY
Dir = ——— and Dsry = ———. 4.1.3
™ = iog@m) M P = loaa) (4.1.3)
This does not change the analysis, since the transformation is monotonic. Ensemble means
and standard deviations (error bars) for Djx, Dsy as well as for Diry and Djyn are
given. Note that in our case, where the coupling direction is from Y to X (Y — X)), we
expect T4 > TYY according to [Feldhoff et al.]. Since log(3/4) < 0, this corresponds to

Dsyx > Diay.

For calculations the python language and the software package pyunicorn have been used
on the IBM iDataPlex Cluster of the Potsdam Institute of Climate Impact Research.

The choice of the systems, parameters and variables for coupling is rather subjective. In
view of the limited time and the goals of the thesis it was impossible to conduct a comprehen-
sive analysis. It is in line with the tradition of the current research, since the zoo of chaotic
systems is already very big and the chaotic systems can demonstrate very different behaviour
for different parameters, making researchers concentrate on specific cases.

!This is the widely used bootstrapping technique, see [Efron and Tibshirani] for the explanations.
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4.1.1 Continuous time systems

1. Rossler system

T = —(1+n)x2—x3 Y1 = _(1_n)y2_y3
Zo = (1 +n)z1 +azg + k(y2 — x2) < %2 = (1 —n)y1 + aye (4.1.4)
$.3=b+$3(£1?1—0) Zj3:b+y3(yl_c)

In order to reproduce the results of [Feldhoff et al.], we consider the so-called funnel regime
with a = 0.2925, b = 0.1 and ¢ = 8.5 and choose the ensemble of initial conditions randomly
from the set [0,1)3. [Réssler] initially proposed different parameters and the funnel regime
was studied in [Osipov et al., 1997] and [Osipov et al., 2003].

2F 1 2F B
L8 1 1.8} .
Dy |16 1 | Drx |16 1
A N T 2 - f
— Dpyx [1.2] I I H 1 — Dyvx |1 | I |
T %Mﬁﬁﬁ%ﬁ%ﬁ% | 1 1
0.8] " sl |
6 0.‘1 012 013 014 6 011 012 013 014
k k
(a) frequency mismatch n = —0.02 (b) frequency mismatch n = 0.02

Figure 4.1: Coupling analysis for two Rossler systems (eq. (4.1.4)) with mismatch (a) n =
—0.02 and (b) n = 0.02

As also for all following systems, we discuss the results in the end of this section.

2. Lorenz system

a;'l = (1 + TL)O’(:CQ — 371) y'l = (1 — n)a(yg — yl)
Zo = —w123 + (1 4+ n)pr1 — x2 + k1(y2 — x2) Yo = —y1y3 + (1 —n)pyr — y2 (4.1.5)
73 = x172 — (1 +n) B3 + ka2(ys — 3) Y3 = y1y2 — (1 —n)Bys

Here different variables are coupled: in case (a), the systems are coupled via the second
variable (k2 = 0), and in case (b) — via the third variable (k; = 0). We take the canonical
parameters o = 10, p = 28 and 3 = 8/3 proposed by [Lorenz| and approximate 5 by 2.6667.
The ensemble of initial conditions is chosen for the third variable randomly from the interval
[20,24), the two first variables are fixed at 1.
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T T T
4 |-
DTX bT”‘
157—31 3r DTy
7b7—xy 7ﬁfrxy 1
- [A)ﬁx - DTyx
2 |-
1 |-
Il Il Il Il Il Il
0 1 2 3 4 5
ka
(a) second variable coupling, frequency mis- (b) third variable coupling, frequency mis-
match n = 0.02 match n = 0.02

Figure 4.2: Coupling analysis for two Lorenz systems (eq. (4.1.5)) with coupling via (a) the
second or (b) the third variable, with frequency mismatch n = 0.02 in both cases

3. Thomas’ cyclically symmetric operator

21 = —(1 + n)bzy + sin g y1 = —(1 —n)by; + sinys
Z9 = —(1 + n)bzy + sin s Y2 = —(1 = n)byz +sinys (4.1.6)
23 = —(1 + n)bas + sinxy + k(ys — x3) ys = —(1 —n)bys +siny

We consider b = 0.18 as proposed by [Thomas|. The ensemble of initial conditions is chosen
randomly from the set [0, 1)3.

121 i 10 *
10} : 8 .
DT,’\’ 8 DT/Y
Dry Dyy | 6 i
— Dyxy | 6F B — Dyay ]
- DT)/'X n | — DTyf" 4+ 4
20 | === : 2r 7
L
0 L Il Il Il Il Il Il Il | 0 C il
0 01 02 03 04 05 06
k k
(a) frequency mismatch n = —0.02 (b) frequency mismatch n = 0.02

Figure 4.3: Coupling analysis for two Thomas systems (eq. (4.1.6)) with mismatch (a) n =
—0.02 and (b) n = 0.02. Note that part of the difference in the variability of dimensions in
figures (a) and (b) is due to the different scaling of the y-axes

4.1.2 Discrete time systems

1. Rényi transformation

Ttp1 = a(zt + k(yr — 2¢)) mod 1
Yi+1 = (1 —n)ay; mod 1 (4.1.7)
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The Rényi transformation is a generalization of the Bernoulli shift map for which a = 2.
[Rényi] began the thorough study of this class of transformations and did not propose any
specific value for a. Since then there exists no canonical value of a in the literature. We take
two examples: a = 1.5 and a = 2.7. The ensemble of initial conditions is chosen randomly
from the set [0,1) x [0, 1).

b : 10 :
Dyx [08) Dyx (0.8
DTy DTy
— Dyxy 0.6 — Drxy (0.6
7b7—y,\) 7DTyx
0.4 041} i
02f 0ol ™ i
Il Il Il Il Il Il Il Il Il Il Il
0 0.2 0.4 0.6 0.8 0 0.2 0.4 0.6 0.8 1
k k

(a) a = 1.5, frequency mismatch n = 0.03 (b) a = 2.7, frequency mismatch n = 0.03
Figure 4.4: Coupling analysis for two Rényi systems (eq. (4.1.7)) for parameters (a) a = 1.5
and (b) b = 2.7, both with frequency mismatch n = 0.03

2. Logistic map

i1 = (L+n)alxs + k(ye — 24)) (1 = (2 + k(ys — 24)))
Yrr1 = (1 —n)ay(1 — yr) (4.1.8)

The logistic map (popularized by [May]) demonstrates very different behaviour depending on
a. We want to consider ¢ = 3.7 and the often used a = 4, both of which correspond to the
chaos regime (see [Sprott, Sec.2.3]). a = 4 is approximated by 3.9999999, since multiplication
of rational numbers in the binary machine representation with a power of 2 soon leads to
degenerate values. The ensemble of initial conditions is chosen randomly from the set [0, 1) x
[0,1) in accordance with [Sprott, A.1.1].

5F T B 15[ 1 B
4 | |
ﬁTX b']’/\f 1 | -
Dyy | 3] ] Dy
7D7Xy 9| i 7D7—X}
I D7—y,\' I DTyx 0.5 B
1 | |
0 |- -
Il Il Il Il Il Il Il 0 L Il Il Il Il Il Il Il B
0 01 02 03 04 05 0.6 0 01 02 03 04 05 06
k k

(a) a = 3.7, frequency mismatch n = 0.02 (b) a = 3.9999999, no frequency mismatch

Figure 4.5: Coupling analysis for two Logistic systems (eq. (4.1.8)) for (a) a = 3.7 and
frequency mismatch n = 0.02 and (b) a = 3.9999999 and no frequency mismatch
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3. Arnold’s cat map

{x%+1=<x%+<x%+k<y%—x%>>> mod 1 {yal:(y;w%) mod 1 hLo)
2 ) . .

a2, = (2} +2(2 + k(y? —2}))) mod 1 |y, = (yf +2y7) mod 1

where z! denotes the i-th component of z, i = 1,2, z € {z,y}.

Arnold’s cat map, the best known example of the so-called Anosov isomorphism was
proposed in the given form by [Arnold and Avez, Sec.3.13]. The ensemble of initial conditions
is chosen randomly from the set [0,1) x [0,1).

4. Baker’s map

(el a2 ) = (22! + Kyt — 21)),22/2), 0 < (2} + k(y! —2})) < 1/2
TV 2 = 2k + Ry — 2l), 1= 22/2), i 1/2 < (2} + k(yt —ab) < 1

2y, y2/2), f0<yl <1/2

4.1.10
(2—2y/,1—47/2), if1/2<y} <1 ( )

1 2
(yt—i-h yt+1) = {

where 2z} denotes the i-th component of z, i = 1,2, z € {z,y}.

This is the standard Baker’s map, cf. [Driebe, Sec.5.1], with coupling via the first variable.
Since for any rational initial conditions one gets y; = 0 after a low number of iterations, we
substitute all 2’s in the equations with 1.9999999’s; as proposed in [Sprott, Sec.2.5.4].

The map acts on [0,1)2, so the ensemble of initial conditions is chosen randomly from the
set [0,1)%
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0 02 04 06 08 1 0 01 02 03 04 05 06
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(a) canonical Arnold’s cat map (b) Baker’s map

Figure 4.6: Coupling analysis for (a) two Arnold’s cat maps (eq. (4.1.9)) and (b) two Baker’s
maps (eq. (4.1.10)) with no mismatch

5. Henon map

{xiﬂ = a} +1—a(z} +k(yl —z}))? {yt1+1 =i +1-(1=n)aly;)* (4.1.11)

2 _ .1 2 .1
ry = by Yir1 = by;
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We consider a = 1.4 and b = 0.3 as proposed in the original article by [Henon|. The ensemble
of initial conditions is chosen randomly from the interval [0,1) for the first variable of each
system and from the interval [0,0.1) for the second variable. This was chosen by trial and is
in line with the initial conditions (0, 0) proposed in [Sprott, Sec.5.2.2].

T T
1.5 1
Dy Dy
7ﬁ7—)(y 7DTX)J 1 ]
— f)Ty.y — f)Tyx‘
051 1 |
0.5 B
| | | | | | |
0 01 02 03 04 05 06
k k
(a) frequency mismatch n = 0.03 (b) no mismatch

Figure 4.7: Coupling analysis for two Henon systems (eq. (4.1.11)) with a = 1.4, b = 0.3 and
(a) frequency mismatch n = 0.03 or (b) no mismatch (n = 0)

6. Burger’s map

v} = ale} +k(a? —a}) - (27)° vl = ayt — (47)° (4.1.12)
yi = (1 —n)by? + yiy;

27 = (1 +n)ba? + (z} + k(z? — 2}))a? 2

We consider @ = 0.75 and b = 1.75 as proposed in [Sprott, A.2.5]. The ensemble of ini-
tial conditions is chosen randomly from the interval [—0.15, —0.05) for the first variable of
each system and from the interval [0.05,0.15) for the second variable in line with the initial
conditions (—0.1,0.1) proposed in [Sprott, ebd.].

T T

3+ 3+ I 4
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o of .

1 1 1 1 1 1 1 1 1 1 1 1

0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

k k
(a) frequency mismatch n = 0.03 (b) no mismatch

Figure 4.8: Coupling analysis for two Burger systems (eq. (4.1.12)) with a = 0.75, b = 1.75
and (a) no frequency mismatch or (b) frequncy mismatch (n = 0.02). Note that both figures
differ
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7. Kaplan-Yorke map

zi = 2zt + k(yf —af)) mod1 fyl,, =(2y}) mod1 (4.1.13)
iy = (1 +n)azf + cos(dnz}) Yie1 = (1 —n)ay} + cos(4myl)

where z! denotes the i-th component of z, i = 1,2, z € {z,y}.

We consider a = 0.2 as proposed by [Grassberger and Procaccia, Sec.2.2].

Since direct numerical simulation with a rational initial condition will lead to y} = 0
after a low number of iterations, we compute the trajectory using a different, but equivalent
algorithm. E.g., for 3}, we compute

gl = (27)) mod 514229
yl | = gl /514229

Here, 514229 is an arbitrarily chosen prime number. Any other large prime number would
work as well.

Initial conditions are random from the interval [0, 1) for each coordinate. For the imple-
mentation, o and gy are random from the interval [0,514229).

8. Chirikov standard map

viy = (2f +k(y} — o) + 2f,,) mod 27 Vi = (Ui +9iy,) mod 27
zi = (2 +asin(z} + k(y} —2f))) mod 27 y?.1 = (y? +asin(y})) mod 27
(4.1.14)

where 2z} denotes the i-th component of z, i = 1,2, z € {z,y}.
We consider a = 1 as proposed by [Sprott, Sec.A.3.1]. Initial conditions are random from
the interval [0,1) for each coordinate.
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(a) a = 0.02, frequency mismatch n = 0.02 (b) Y— X coupling

Figure 4.9: Coupling analysis for (a) two Kaplan-Yorke systems (eq. (4.1.13)) with mismatch
n = 0.02 and (b) two Chirikov systems (eq. (4.1.14)) with no mismatch

4.1.3 Discussion of results

We start with the observation that the estimated values normally make sense as estimations
for the attractors’ dimensions. Attractors that look like curves and are embedded in the three-
dimensional space have estimated values between 1 and 2 (Rssler, many values for the Lorenz
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systems); Rényi system, whose attractor is visually represented by a combination of isolated
points and intervals, yields values between 0 and 1. Two-dimensional maps (Arnold’s cat,
baker’s, Chirikov) yield values between 1 and 2. However, there are pathological cases such as
Lorenz for coupling strength between 1 and 2, Thomas for small coupling strengths, logistic
map for a = 3.7, and Burger’s for larger coupling strengths.

For different systems, both ﬁj—xy and D,?—y x can demonstrate very different behaviour.
The range of the variability of the mean values of these estimators depending on k is normally
large (especially Lorenz, Thomas, Burger systems), but can also be much lower (Rossler and,
for the absolute values, Rényi systems). For low coupling strengths, the values of both
estimators are similar, then they start to change significantly, getting similar again for higher
values of k. From some value of k both estimators do not change much, however, this value
differs significantly for different systems. Kaplan-Yorke and Chirikov systems do not yield
any clear change in the estimators in dependence on k.

In most cases, one of the ﬁ%,w, sz—y x has higher variability than the other. Normally,
both D 4y and DTy x deviate in the same direction, but different directions are also possible
(Rossler logistic map for a = 3.7 and some values of k, Burger’s map).

Both relations D Fxy > D 4y and D Fyx > DT,Yy are possible for different, both con-
tinuous (cf. Rossler and T homas) and dlscrete (cf. Rényi and Arnold’s cat or baker’s) time
systems. For any specific system, there is only one interval of significant difference and there
one specific estimator is always higher than the other one. Burger’s map yields two intervals
with different relations.

Finally, most systems demonstrate a smooth change of estimators in dependence on k.
The logistic map for a = 3.7 is an exception. Most systems have one extremum for the
estimators, at one value of k for both estimators. The logistic and Henon maps may have
several extrema.

The transitivity dimension estimator 157:){ also demonstrates interesting behaviour, though
its variability in specific systems and across systems is not as high as for cross-transitivity
dimension estimators (clearly, some tiny variability of E,f-y is solely due to a finite number of
realisations, since system ) does not depend on k). We do not discuss D 4 thoroughly, one
can study the figures above to see the range and direction of the Varlablhty, possible positive
or negative correlation with DT’O’ and DTy x, the intervals of stabilisation and extrema.

Clearly, the whole range of phenomena on these figures remains mainly unexplained. How-
ever, most results seem to be plfiusible and only several issues raise specific questions. These
include the very high values of D+, for the Thomas operator and low coupling strength and
extremely low values of Dz, for the Burger’s mapping and k € [0.6,0.9]. In any case, the
behaviour of the estimators is not random and deserves a deeper study.

In the end of this subsection, we want to emphasize that unfortunately our analysis does
not allow us to test the conjecture of Section 2.3, i.e., whether the transitivity dimension of
the driven system has integer value for small coupling strengths. To compute good estimators
of dimension, we need to consider very small thresholds € and thus to construct very large
networks (otherwise small thresholds would imply zero density of the network). However,
the algorithms and the memory of the computer used do not allow computations with a
significantly higher number of vertices.
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4.2 Sample models for two attractors of coupled systems with
different relations of cross-transitivities

Here we demonstrate what kind of geometrical relation between the two attractors could
lead to different relations of 7%Y and 7¥Y. We consider four simple models with attractors
on the plane. In each case, system )’s trajectory is just a regular one-dimensional grid.
System X has more complex behaviour. We believe that system X would rather correspond
to the driven system: it shows more variability, since it is being constantly disturbed. Points
of Y are depicted as black balls and points of X - as red crosses. We recall that

ZUEV;\», p,qeVy AUP(G)AU (G)Ap (6)

T (e) = 1 iy
Z’UGVX, p,q€Vy, p#q A’UP(G)A’U(](E)

(4.2.1)

1. Oscillation, TXY > TYX

Suppose that after the transient time, system X oscillates around system ) as a sine
wave with the peak-to-peak amplitude more than twice the distance between two subsequent
points of . We observe only the “peak” and “zero” points and take € less than the half of
the peak-to-peak amplitude, but more than the distance between two subsequent points of
Y. See the figure below with three e-balls:

Half of the red points do not have any black points inside the e-balls around them. The
other half has three points in each ball and thus 3 -2 = 6 triples and 4 triangles. It follows
that

7A'Xy(e) =

I NI
|—=

S| >
[SCN )

Half of the black points have one red point inside their e-balls, which corresponds to one triple
and zero triangles. The other half has two red points, but more than e far away from each
other, which corresponds to four triples and zero triangles. Thus, 7Y% (e) = 0.

2. Oscillation, 7Y = 7Y%
We consider the same model as above, but with the sine amplitude less than twice the
distance between two subsequent points of ).
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In terms of the supremum norm we use here, this model is equvalent to just two identical
regular one-dimensional grids. Every point has three points of the other system inside the
e-ball around it, which corresponds to 6 triples and 4 triangles. We get

T = () = -
3. Drag and push, 7Y% > 74V 7Y — ¢
Here both systems are on the same one-dimensional submanifold of the plane. The system
X evolves in the same direction as system ), but its motion is not steady: sometimes it is
slower, sometimes faster. Below you can see one example of this “drag and push” trajectory
with three e-balls:

[ )4 [ )

Red points have at most one black point inside the e-ball around them, so there are no
triangles and TXY = 0.

Half of the black points have two red points inside their e-balls, which means that there
are 2 triples and 2 triangles. The other half has no red points. It follows that

0+ 1.2

-YX
T = 0+ 4.2
2

=1.

DO Do) —

4. Drag and push, TYX > 7A'X3), TXY 20

This is a more complex “drag and push” model. One section of the repeating pattern
starts with two red points, which are very close to each other, and ends before the next such
two points, thus containing five points. We take ¢ so that balls contain more points. In the
figure below, letters indicate centres of the three given e-balls and numbers indicate how many
points of another system are in the e-ball around the given point.

e i e i il R i i

(V]

For the one black point (out of five in a single section of the repeating pattern) there are
3 red points inside its e-ball, which corresponds to 6 triples and 4 triangles. Out of other four
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points in a single section, for two (such as c2) the 4 red points inside the e-ball correspond
to 8 triangles, and for the other two - to 10 triangles. The 4 points always correspond to
4 -3 = 12 triples. It follows that

+3-10 20
27

1,
TY¥(e) = 2

o
I
|
—_
%)

1

L.
6 triples and 4 triangles correspond to every red point with 3 black points inside the e-ball.

12 triples and 6 triangles correspond to every red point with 4 black points. Consequently,

Finally, we want to note that the first model might be attributed to continuous time systems
such as the Rossler or the Lorenz systems, whereas the third and the first models might be
some approximations of one-dimensional maps such as the Rényi map. We see that the results
for cross-transitivity estimators coincide qualitatively. A detailed study of the trajectories is
needed to be able to formulate better approximating models.



Summary and outlook

In this thesis we discussed several aspects of dimensions and clustering in recurrence net-
works. We proved that the transitivity and the Rényi entropy dimensions have integer values
of the phase space dimension in case the invariant measure is absolutely continuous w.r.t.
Lebesgue and the corresponding Radon-Nikodym derivative is bounded and has at least one
point of continuity in its support. We studied how this result can be generalized for measures,
that are absolutely continuous with respect to some smooth submanifold of the phase space.
Further, we showed how the transitivity estimator converges to the value expected with a
rising number of observations.

We demonstrated the approach of approximating a weak coupling of two systems with
stochastic noise. For the simple case of a system with fixed point and Gaussian white noise
we showed that noise will raise the dimension of the attractor to some integer up to the phase
space dimension.

Turning to specific complex system, the theory of the invariant measure of the Rényi
transformation, developed by Prof. Lasota and colleagues, was presented and applied to the
driven Rényi transformation.

Finally, we gave numerical estimations for (cross-)transitivity dimensions of several cou-
pled systems and presented four simple models, aiming to explain how different geometry
of the attractors in a two-dimensional space can result in different relation between the two
cross-transitivities.

Several further steps follow directly from the work presented here. The generalization of
the proof of the integer dimension to the case of absoulute continuity w.r.t. a submanifold
of the phase space should be elaborated. The sufficient conditions on the submanifold for
the generalization to work should be specified. An example of an attractor with invariant
measure, which is absolutely continuous w.r.t. Lebesgue, but with a nowhere continuous
Radon-Nikodym derivative and non-integer dimension, would make the Proposition sharp.

A comprehensive study of a wide range of chaotic systems with respect to the cross-
transitivities could result in a new method of detecting coupling. We have seen that there
is no straightforward relationship between coupling direction and the relation of both cross-
transitivities. However, one could probably classify systems according to this relation. We
suggest conducting the same estimations as in the last chapter with all the systems given,
e.g., in [Sprott, Appendix|. The estimations can be supplemented by plots of the systems’
trajectories for different coupling strengths, allowing better understanding of the attractors’
geometry leading to different relation of cross-transitivities. Consequently, more models,
similar to those in the last section, can be created.

A more far-reaching theoretical task is to understand the behaviour of dimensions for
invariant measures, which are not absolutely continuous w.r.t. Lebesgue. We have seen that
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dimensions defined as limits should not necessarily exist, so one task is to specify the properties
of measures which guarantee the existence of limits. Since all estimators of dimensions involve
two limits — in the number of observations and in the threshold e, it is also important to
understand the properties of the estimators’ convergence and the interdependence of both
limits.
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