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The full mark in each exercise is 10 points. Correct answers with-

out proofs are not accepted. Each step should be justified. You

can hand in the solutions either in German or in English.

Exercise 25. Let f ∈ H1(S1). Show that the limit

lim
ε→0

f(x + ε) − f(x)

ε

exists in the L2-sense and the limit is f ′(x), the weak derivative of f .

Exercise 26.

(i) Show that H
1

2
+ε(S1) ⊂ C(S1) for any ε > 0.

(ii) Show that H
1

2 (S1) ⊂/ C(S1).

Exercise 27. Let f, g ∈ H1(S1). Show that fg ∈ H1(S1) and that the Leibniz rule

(fg)′ = f ′g + fg′

holds as an identity in L2(S1) (all derivatives are in the weak sense).

Exercise 28. Let A be a symmetric and positive definite d×d real matrix and b ∈ R
d. Define

f(x) := e−x·Ax+b·x , x ∈ R
d .

Show that the Fourier transform f̂ of f is given by

f̂(k) =
1

2d/2
√

det A
e−

1

4
(k+ib)·(A−1(k+ib)) , k ∈ R

d .
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