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The present notes collect some background, mostly without proofs, on Markov jump
processes in continuous time and with general state spaces. They serve as a preparation
for the study of spatial birth and death processes where the state space consists of finite
point configurations and the “jumps” correspond to addition or removal of a point.

Jump processes with discrete, countable state spaces, often called Markov chains, are
treated in [Ligl0, Nor98, [Schil]. An in-depth treatment is given in [Chu67]. For jump
processes with possibly uncountable state spaces, see [Fel71, Chapter X.3], [Kal97, Chapter
10], [EK86], Chapters 4.2 and 8.3] and [BG68, Chapter 1.12].

1. MARKOV PROCESSES

Let (E, £) be some measurable space and (X;):>o a stochastic process with state space E,
defined on some underlying probability space (2, F,P). To avoid pathologies, we assume
that all singletons {x} C F are measurable, i.e., {x} € £ This is always true in metric
spaces equipped with the Borel o-algebra.
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Definition 1. A Markov kernel (also called probability kernel or stochastic kernel) on E
is a map P: E x & — [0,1] such that:

(i) The map E — [0,1], x — P(x, A) is measurable for all A € £.
(ii) For every x € E, the map A P(x,A) is a probability measure on (E,E).

A sub-Markov kernel satisfies instead (i) and

(ii") For every x € E, the map A — P(z,A) is a measure on (E,E) with total mass
Pz, E) <1.
A kernel satisfies (1) and
(ii”) For every x € E, the map A — P(x,A) is a measure on (E,E).

Definition 2. A normal transition function on E is a family (P;)i>o such that

(i) Each P,, t > 0, is a Markov kernel on E.
(ii) The family satisfies the Chapman-Kolmogorov equations, i.e., forallz € E, A € £,
and s,t > 0,

/EPt(xvdy)Ps(yvA) = Ps+t(x7A)' (CK)

(iii) Py(x, A) = 6,(A) forallx € E and A€ €E.

The word “normal” refers to condition (iii). We will always assume that condition (iii) is
satisfied and often drop the word “normal” in the sequel.

Definition 3. The process (Xi)i>o satisfies the simple Markov property with respect to
the canonical filtration F? = o(X,, s < t) if for all t,h > 0 and A € &, any version of
the conditional probability P[ X, € A | Xy] is also a version of the conditional probability
P(Xih € A| X, s <t), which we write as

P(X,p €A| X, s<t)=P(Xpsp € A|X,) P-as. (1)

The process is a (simple) Markov process with transition function (F;)i>o if in addition
Pu(Xy, A) is a version of both these conditional expectations,

P(Xiih € Al X5, s <t)=P[Xyip € A| Xi] = Pu(X;, A) P-as. (2)
A useful mnemotechnic notation is

Ph(l',A) = P(Xt+h e A | X; = [L‘) (3)

Theorem 4. Let (P,);>0 be a normal transition function on E and p a probability measure
on E. Assume that E is Polish. Then there exists a simple Markov process (Xi)i>o0,
defined on some probability space (0, F,P*), with transition function (P;);>o and initial
law P*( X € -) = p(+).

For ;1 = 6, we use the notation P, := P%. Thus X, = x, P,-a.s.
The stochastic process in the theorem (more precisely, the tuple (2, F, P (X;)i>0)) is
not uniquely determined by the transition function but the finite-dimensional distributions
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are. If (X;)i>0 is a simple Markov process with transition function (P;);>¢ and initial law
1, then

P*(Xy, € A1,..., Xy, € A)

- / N(dIO)Ptl (:U(]a d‘rl)-Ptz—tl (I‘l, dx2> Tt Ptn—tn,1($n—17 dxn)]]-Al ('Il) e ]lAn(xn)
Entt

forallm e N, 0 <t <.+ <t, Ai,...,A, € £ As a consequence, any two Markov
processes with same initial law and same transition function are equal in distribution
(meaning that they have the same finite-dimensional distributions). The proof of the
theorem consists in applying Kolmogorov’s extension theorem to the product space 2 =
E02) equipped with the product o-algebra F = £ the maps Xt((ws)szo) = wy,
and a well-chosen family of finite-dimensional distributions. In particular, the underlying
measure space (€2, F) can be chosen independent of the initial law .
Remark (Markov family). A slightly stronger version of the theorem holds true: there exists
a tuple (Q, F, (P.)zcr, (X¢)i>0) such that:

e (O, F) is a measurable space.

e Fach P,, x € E, is a probability measure on (E, ).

e Fach X;, t > 0, is a measurable map from 2 to F (measurable with respect to F

and &).

o Xy =z, P,-almost surely.

e For every A€ £ and t > 0, the map F — R, z — P, (X, € A) is measurable.

e Forallz e F,t,h >0, and A € &£, we have

Px(XHh €A X,,0<s< t) = P (X, A) P-as.

The extended version of the theorem emphasizes that there is actually a family of prob-
ability measures (P,),cp and paves the way for the abstract notion of Markov family,
see [KS91), Definition 5.11] or [Sch18l Definition 4.10].

Invariant and reversible measure

Definition 5. Let (P;)i>0 be a Markov transition function on (E,E). A probability measure
won (E,&) is invariant with respect to (Py)i>o if for allt >0

/E u(dz) Py, A) = p(A) (A <€),

A convenient sufficient criterion for invariance is reversibility. For t > 0, consider the
t-dependent measure p ® P; on F x E given by

(19 P)(Ax B) = [ (do) e, B)
A
A good way to remember this definition is to write

(n® P)(d(z,)) = p(dz) Pz, dy).
A measure v on E X E is symmetric if v(A x B) =v(B x A) for all A,B € €£.
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Definition 6. Let (P;)i>o be a transition function on (E,E). A probability measure p on
(E, &) is reversible with respect to (P;)i>o if for allt > 0, the measure p® P, is symmetric,
1.€.,

/A u(de) Pz, B) = / u(dy) Py, A)
B
forall A,B €& andt > 0.

Remark. More generally, if K(z,dy) is a kernel and p a measure and

/A u(de) K (z, B) = / u(dy) K (y, A)

B

for all A, B € £, then we say that p symmetrizes K or it is a symmetrizing measure. We
reserve the word “reversible” for probability measures and Markov transition functions.

A convenient mnemotechnic notation for the symmetry of y ® P, is
1(d2) Pu(, dy) = u(dy) Py, da). (4)

This relation is often referred to as detailed balance equation. If E is discrete, then physicists
think of p({z})P;(z,{y}) as a current from z to y. Detailed balance then says that the
current from x to y is the same as the current from y to x.

Lemma 7. If a probability measure p is reversible for the (Markov) transition function
(Py)i>0, then it is invariant with respect to (Py)i>o-

For the lemma it is important that P,(x, F') = 1—symmetrizing measures for sub-Markov
transition functions are not necessarily invariant!

2. JUMP PROCESSES

2.1. Setting. Let II(x,dy) be a Markov kernel on (E,€) and A : E — [0,00) a non-
negative measurable function. Define the jump kernel

K(z,dy) = Ax)II(z, dy)

(more precisely, K is the kernel given by K(z, A) = A(z)P(z,A)). We assume that each
singleton is measurable and

(z, E\{z}) =1 (x € B).

We would like to define a Markov process (X;):>o with state space E and piecewise constant
sample paths. The behavior, loosely speaking, should be as follows.

Suppose the process starts in Xy = x. Then it waits for random time with exponential
distribution 7 ~ Exp(A(x))—this is often referred to as an exponential clock. At t = 71—
i.e. when the exponential clock rings—the process jumps to a new location X, = y, chosen
according to the Markov kernel II(x,dy). Then it waits again until an exponential clock

with parameter A(y) rings and jumps to a new location z chosen according to the kernel
[I(y,dz), etc.
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In the context of spatial birth and death processes, the state space E consists of con-
figurations of points e.g. in some bounded domain in R¢ and the “jumps” correspond to
addition or removal of some points of the configuration.

Jump processes can be approached in two complementary ways. They can be con-
structed directly with the jump-hold construction, using an auxiliary embedded discrete-
time Markov chain and exponential random variables. A more analytic angle of attack is
to define first the associated transition function.

2.2. Jump-hold construction. Let us fix some initial law . Suppose we are given a
probability space (€2, F,P*) and random variables Z,, : @ — E, n € Ny, and 7, : Q —
R; U{oo}, k € N, such that:
(1) (Zn)nen, is a discrete-time Markov process with transition kernel IT and initial law
Zo ~ p. Thus

IP“(ZO €Ay,...,Z, € An) = / w(dzo)II(2z0,dz1) - - - I 2p—1, d2) D, (20) - - - La, (20),
En+1

for all n € Ny and Ay,..., A, € €. The chain (Z,)nen, is called embedded jump
chain.
(ii) Conditional on (Z)ken,, the variables 7, k € N are independent exponential ran-
dom Variablesﬂ with parameters \(Z;_1),, i.e.,
PH(Ty > 81,0y Tn > S | Zky B € Np) = He_’\(zl’l)s".
i=1

for all n € N and all sq,...,s, > 0. The 7;’s are called holding times.

Remark. If E' is Polish, the existence of a tuple (Q, F,P* (Z,)nenys (Tn)nen) as above can be
checked with Kolmogorov’s extension theorem. The existence can also be checked with the
Tonescu-Tulcea theorem [Kle08, Theorem 14.32], which is applicable for every measurable
space (F,E)—the space E need not be Polish.

Define .
To:=0, Tpy:=m+--+71 (keN), (::Zn.
i=1

The sum ( is always well-defined with values in R, U {oco}. It will play the role of the
life-time of our jump process. The random time interval [0, () can be partitioned as

o0

[07 C) = U [Tk7 Tk+1)-

k=0
To help us deal with the case { < 0o, we enlarge the state space E by adding a state 0 ¢ E,
called coffin or cemetery. Then we set
E@ =FU {8}

If A = 0, we define Exp()\) as the measure on R, U{oc} that puts full mass on {oo}. Thus T ~ Exp(\)
if and only if 7' = oo almost surely. This is consistent with the equality P(T" > ¢) = exp(—At) for all ¢t > 0.
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and let & be the smallest o-algebra containing all sets E € £ and the singleton {9}. We
define a process (X?);>o with state space Ep by

xo._ )4 L€ [Tk, Tit1),
¢ 0, t>C.

Thus X? = Zy = X on [0,71), X? = Z, on [r1, 71 + 72), etc. Then
¢ =min{t > 0| X? = 9}.

The random time is called the life-time of the process. Finally we define the number of
jumps up to time ¢ as

Ny=max{keNg |+ - +7 <t} =#{keNy | T}, <t}

and note

(>t < Ny <oo.

Definition 8. The process (X?)i>o defined on (2, F,P*) is non-explosive if its life-time
1s infinite, P*-almost surely, and explosive otherwise.

Thus (X?)s>0 is non-explosive if and only if

(o)
E Ty = 00, PF-a.s.
k=1

If the process is non-explosive, there is no need to extend the state space from E to E? and

we can define instead a process with state space E as follows. Let N C ) be a measurable
set with P#(NN) = 0 such that ) .-, 7 = 0o (hence ( = o0) on Q\ N. Let zy € E be an
arbitrary element. We define

Xi(w) := {f;(w), Z i z\ N and t € [Ti(w), Tet1(w)),

Then (X;)s>0 is a stochastic process with state space E, moreover X;(w) = X?(w) for all
t >0 and all w € Q\ N (the processes are indistinguishable).

2.3. Transition function. Kolmogorov backward equation.

2.3.1. Analytic construction. Intuitively, a path from zy to zp € A in time t that has
exactly k£ jumps at the moments 0 < t; < --- < tp <t and locations xy,...,x; right after
the jumps should be associated with the weight

Axo)e TN (20, day )e M@V ET (5 day) - - - (g1, dag )N (g e A @R-D 1),
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This motivates the following definition. For t > 0, n € N, o € E, and A € £, set

P (g, A) = e M@0)t5, (A)

n

+Z/ dtl---dtk/ I1(zo, dz ) (1, das) - - - I(zp_q, day,) Da ()
k 0<ty<---<tp <t Ek

% )\(xo)e—A(ZO)tl/\(xl)e—/\(ﬂﬁl)(trtl) X oo X A(xk_l)e_)\(zk—l)(t_tk). (5)

For n = 0 we set
P (o, A) = e )15, (A).

This defines a family of mappings Pt(n) :Ex & —0,00),t>0,n e N. We note the joint
measurability in ¢ and z: for every n € Ny and A € £, the map

R, x E—R,, (tz) P™(z, A
is measurable.

Lemma 9. The family (P("))neNO >0 satisfies

Pt(”-l-l)(I,A) =e / dS/ m)SH IL’ dy)Pt s(yJA)7 <6)

foralln eNy,t >0,z € E, and A€ &.

The recurrence relation together with the explicit value of Pt(o)

of Pt("), instead of the sum , see e.g. [Ligl0, Chapter 2.5] for discrete countable space
E, and [Fel71l Chapter X.3| for the general case.

is often used as a definition

Lemma 10. We have P (z, E) < P"™ (2, E) < 1, for alln € Ny and z € E.
Let Pt<k>(x07 A) be the k-th summand in (5)) so that

A)=>" Pz, A).
k=0

Lemma 11. For all s,t >0, n € Ny, x € E, and A € £, we have
(x,A) Z (x,dy) P, >(y,A).

Compare [Chu67, Chapter I1.18, Eq. (5].
Clearly the pointwise limit

P (z,A) := hm p" (x A)
exists for all ¢t > 0, x € E, and A € & and satisfies P;(z,A) < P/(z,E) < 1. The
convergence is monotone, P (z, A) 7 P (z, A).

Proposition 12. The family (P;)t>0 is a normal sub-Markov transition function, i.e.,
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(a) FEach P} is a sub-Markov kernel.
(b) Pj(x,-) = 6,(-), for allz € E.
(¢) (P})i>o0 satisfies the Chapman-Kolmogorov equations.

Proposition 13. The sub-Markov transition function (P});>o solves the integrated back-
ward Kolmogorov equation, i.e.,

Pz, A) = e @5 (A / ds/ e M@, dy) P (y, A). (7)
forallt>0,x € FE, and A€ €.

Proof. We pass to the limit n — oo in the recurrence relation @ On the right-hand side
the exchange of limits and integration is justified by monotone convergence. We obtain
the integral equation

P ) = 5,40+ [ s [ e O ) P 0 4), 0
A change of variables from s to t — s in . ) vields Eq. (7] . O
Differentiating on both sides of @ yields an integro-differential equation.

Definition 14. We say that (P;)i>o solves the backward Kolmogorov equation if (P;):>o
is a sub-Markov normal transition function and for all x € E and A € £, the map t —
Py(z, A) is differentiable on Ry and

0

5P 4) = @) Pa, )+ Me) [ )Py, A) )

The backward Kolmogorov equation can be rewritten with the jump kernel K(z,dy) =
A(2)II(z,dy) as

0

apt(x A /EK(x,dy) (Pt(y,A) — Pt(l’,A)). (10)

Theorem 15.

(a) The family (P} )0 solves the backward Kolmogorov equation.

(b) Every sub-Markov transition function (P;);>o that solves the backward Kolmogorov
equation satisfies P(x, A) > Pf(x,A) for allt >0, x € E, and A € £.

(c¢) If Pf(x,E) =1 for allz € E and t > 0, then (P} )i>o is the unique solution of the
backward Kolmogorov equation.

Parts (a) and (b) say that (P/);>o is the minimal solution of the backward Kolmogorov
equation, part (c) says that if the minimal solution is stochastic (another word for Markov,
as opposed to sub-Markov), then it is the unique solution.

Before we prove Theorem (15, we check that ¢ — P}(z, A) is continuous.

Lemma 16. For every x € E and A € &, the map t — P} (x, A) is continuous on R .
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Proof. We show first continuity in 0. Let f: E — R, be a measurable, bounded function
and (P; f)(z) := [, Pf(z,dy)f(y). Notice P;f >0 and

sup(F; f)(z) < sup f(z).
zelR zek

By the integrated backward Kolmogorov equation in the form , we have

(P f)(x) = e @ f u/@/‘ )o@ Tz, dy) (P f) ().

It follows that
(/ ’\(m)sds> sup f(x)
RIS

(1 —e@) sup f(x)

el

< A(z)tsup f(z).

zeFE

IA

(P f)(z) — e 2@ f(a)

For the last bound we have applied the inequality exp(u) > 14w to u = —A(x)t. It follows
in particular that (Pff)(z) — f(z) ast \ 0, for all x € E.

Now let t,h > 0 and A € €. Set f(z) := Pf(z,A). By the Chapman-Kolmogorov
equation,

fmmm:ém@wﬁwm=®ﬁm.
As a consequence,
| Pz, A) — Pr(x, A)] < hA(z) + |e X" — 1] < 2hA(x)
and the map t — P(z, A) is continuous (in fact, Llpschltz—continuous) on R,. O

Proof of Theorem[15 (a) Below we check that the right-hand side of (7)) is differentiable
in ¢, with derivative

— Mz)e M@t5, (A / ds/ )2e MOz, dy) P (y, A) +/ AN2)(z, dy) P} (y, A).
E
(11)
The first two terms can be regrouped by using (7)), which gives —A(z) P} (z, A). It follows
that is equal to the right-hand side of the backward Kolmogorov equation for P;.

It remains to prove that the right-hand side of @ is differentiable in ¢ with derivative
given by (|11 . The integral equation (7)) yields, for A > 0,

1

L (Pryal A) = P, 4)) = (@00 _oo0) 5, (4)
1
+ / ds [ Az)— (e " —1)e @I (2, dy) P (y, A)
o JEe h
1 t+h
+E/ ds/ Az)e M= (2 dy) P (y, A) (12)
t E
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The first term on the right-hand side clearly converges to —\(z)e @5, (A) as h \, 0,
which is the first term in . For the second term on the right-hand side of we
bound

1

1 h
E‘e”\(:"”)h —1| = E/ AMx)e 2 @udy, < \(z)
0

and
/ ds/ )2e M@ (2, dy) Pr(y, A) < tA(x)? < oo.

Dominated convergence therefore allows us to pass to the limit A — 0 for the middle term
on the right-hand side of , which gives the middle term in (11)). The last integral

in is equal to
1 t+h
A(x)e A@ ) / (E/ P (y, A)ds)H(a:, dy).
E t

The inner integral is bounded by 1 and converges to P;(y, A), for each y, because of the
continuity of ¢t — Pj(z, A). It follows that altogether, the expression converges to last
term in ([11)).

Thus we have proven that the limit of the difference quotient 3 (Py,,(z, A) — P (x, A))
as h N\ 0 exists and is given by . It is not difficult to check that the right-hand side is
a continuous function of ¢. Thus t — P;(x, A) is continuous (by Lemma and has right
derivatives everywhere, and the right derivative is a continuous function of ¢. It follows
from a general lemma (see [Schlll, Lemma 3.3.2]) that ¢ — P;(x, A) is in fact differentiable
and the derivative is given by .

(b) (P})i>o is the minimal solution. Let (P;);>0 be a solution of the backward Kolmogorov
equatlon Then (P;)i>0 also solves the integrated backward Kolmogorov equation,

Py(z,A) = e / ds/ @sT(2, dy) Pr_s(y, A)

because the equation holds true at ¢ = 0 and the left and right-hand Sides have the same

derivatives with respect to . An induction over n yields P(z, A) > P (:v A) for all
n € Ny, hence Py(z, A) > Pf(x, A).

(c) Uniqueness if the minimal solution is stochastic. Suppose Pf(z,E) =1 for all t > 0
and © € E. Let (P)>0 be a solution of the backward Kolmogorov equation. Then
P,(z,A) > Pf(xz, A) because (P;);>o is the minimal solution (by part (b) of the proof).
Similarly, P;(z, E\ A) > Pf(xz,E\ A). Moreover

1> P(x,E)=P(x,A) + P(x, E\ A) > P/(x, A) + P (z, E\ A) = P/ (z, E).

Because of Pf(z, E), the previous inequalities must be equalities, which is only possible if
P,(z,A) = P} (x, A). It follows that (P;);>o is equal to (P )i>o. O
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2.3.2. Probabilistic interpretation. The relation between the process (X?)i>o from Sec-

tion and the sub-Markov kernels Pt("), Py from Section is summarized by the
following lemma. Remember P, = P% and X, = z, P,-a.s.

Lemma 17. We have
P™(z, A) =P, (Xf €A N, < n>
and
e ) B (X< A (o).
forallt >0, xe B, A&, andn € N.
Proposition 18. Let (Q,F,P*) and (X?)o be as in Section [2.4  The following two
conditions are equivalent:
(i) The process (X2)i>o is non-explosive with respect to Py, for every x € E.

(ii) The minimal solution (P} )t>o of the backward Kolmogorov equation is stochastic.

Theorem 19. If the minimal solution (P )i>o is stochastic, then for every x € E, the
process (Xi)o on (Q, F,P,) defined with the jump-hold construction is a Markov process
with state space E and transition function (P;);>o.

Without the assumption that (P});>¢ is stochastic, we can still formulate a Markov prop-
erty. First we extend the sub-Markov transition function (P/);>o on (E,E) to a Markov
transition function (P?);>0 on (Es, &) by asking that for all t > 0
P?(x,A) = P} (x, A) (reE, Acé),
Pta<x7{a}):1_Pt*(xaE) (er)v
PP(0,{0}) = 1.
It is easily checked that there is a unique Markov transition function on (Ejs, &) that

satisfies the previous three equations. Then for the process (X?);>o is a Markov process

with state space Epy and transition function (P?);>o. In particular, for all x € E, t,h > 0,
and A € &,

PI(Xta—i-h €Al Xfa s<t)= Iesny Pt(?l-h(Xt87A) = Loy Pti—h(‘Xtav A) Pias.
2.4. Reversible measure.

Proposition 20. Let p be a probability measure on (E,E). Suppose that u(dz)K (z,dy) =
w(dy)K (y,dz). Then u is a symmetrizing measure for (P} );>o, i.e.,

/A u(dz) P (z, B) = / u(dy) Py (y, A)

B

forall A,B €& andt > 0.

Corollary 21. If the probability measure u is a symmetrizing measure for the jump kernel
K(z,dy) and the minimal solution (P} )i>o is stochastic, then p is a reversible measure,
hence also an invariant measure for (P} )i>o.
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3. COUPLING

Preston’s criterion for non-explosion of spatial birth and death processes [Pre75|] builds
on a coupling between two processes, a spatial birth and death process (7;):>o and a non-
spatial birth and death process (X;);>o. “Coupling” roughly means that the processes
()10, (Xt)e>0 are defined on a common probability space (€2, F,P). One way of trying
to get such a coupling is to construct a Markov process (n:, Xt):>0 with bigger state space
N_oo(X) x Ny that is such that the component processes (7:)i>0, (Xt)i>0 are spatial and
non-spatial birth and jump processes, respectively.

Here we collect some relevant background for such couplings. The general setting is
as follows [Che86|. Let (Ey,&1) and (Es, &) be two measurable spaces, and (F,&) =
(E1 X By, & ® &) the product space. Let K; and K, be jump kernels on (E;,&;) and
(Es, &) respectively. We look for ways of constructing a process (X¢)i>0 = (X1, Xo4))e>0
with state space E in such a way that the component processes (X )i>0 and (Xa;)i>0 are
jump processes with prescribed jump kernels K; and K.

We write L; and P}, for the formal generator and minimal solution of the backward
Kolmogorov equations associated with the jump kernel K;.

3.1. Independent processes. The simplest—though often least useful-—coupling con-
sists in making the two component processes independent. Let 0 be an element not con-
tained in £ and

(0, (Bu)oer, (X7)iz0, (X320

a tuple consisting of: a measurable space (2, F), a family of probability measures P,,
x € F, measurable maps Xi‘?t : Q — E?, where E? = E; U{0}. We assume that for each
x = (21, 22), under P,, the processes (X?,)i>0 and (XZ,);> are independent and they are
the minimal jump processes with respective kernels K; and Kj, initial values x; and s,

and cemetery 0. Let (; and (5 be the respective lifetimes of the processes and

¢ :=min((p, (o).
Define )
X = (X0, X39,) (t=0)

Xta — {Xta t < C)

and

0, t>C.
Notice X,(w) = X?(w) € E for all t < ((w) and w € Q. Set
Pz, A) =P, (XP € A, (<t) (A€E).
Then for A; C E; and Ay, C E5, we have
P (XY € A, ¢ <t) =Py a0y (X7, € Aty t < Q) Play ) (XS € Az, £ < ()

hence
Pt(l’l,l'g; Al X Az) = Pl*,t('rh AI)P;t(IQ, Ag)
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Notice that
Py(w1, 205 Ay X Ep) < Ply(w1, A1), Pi(@1, 225 By X Az) < Pyy(w9, Ag) (13)

and the inequality may be strict. One checks that (P;);>¢ is a sub-Markov transition
function on (E, ). It solves the backward Kolmogorov equation associated with the jump
kernel uniquely defined by

K(ZEl, X9, Al X AQ) = Kl(l‘l, A1)5$2 <A2) + (le (141)}(2(I27 AQ)
The associated formal generator is
(Lf)(z1,22) = | Ki(wy, dy) (f (y1, m2)—far,22))+ [ Ko(we, dya) (f (21, 92)— f (21, 22)).

E1 E2
Then (P;);>0 solves the backward Kolmogorov equation for the jump kernel K.
3.2. Dependent coupling. More generally, suppose that kernels K, K7, and K5 are given
such that the associated generators L, L, L satisfy the following condition.
Condition 1. The following holds true for all f € L>*(E,E):
(1) If f(x1,22) = fi(w1) for some f1 € L(Ey, &) and all (21, 22) € E, then (Lf)(x1, ) =
<L1f1>($1) on F.

(ii) If f(z1,22) = fi(x1) for some fo € L(Es, &) and all (x1,x2) € E, then (Lf)(x1, 1) =
(LQfg)(ZEQ) on E

A compact way of writing the condition uses the notation

(f ® g)(@1,22) == f(x1)g(22)

and 1 for the constant function 1. Then the condition becomes
Lifi®ol)= L1 fi)®1, LA® f)=1® (Lyfo).

Write Py, P}, for the minimal solutions associated with the jump kernels K and K.

Theorem 22. [Che86, Theorem 13] Suppose that (P} )>o is stochastic and that Condi-
tz’on is satisfied. Then (Pf,)i>0 and (P5,)i>0 are stochastic as well, moreover

Pt*($1,372;f41 X EQ) :Pf:t(.iljl,Al), P:(xl,a:Q;El X AQ) :P;:t<$2,A2) (14)
for allt > 0, z1 € Bh, 9 € E», A€ 81, and Ay € &,.

If Condition |1} is satisfied and (P};);>0 and (P,);>0 are both stochastic, then (FP)i>o is
stochastic too [Che86, Theorem 37].

Remark. If (P});>0 is not stochastic, then in general we can only expect an inequality
similar to ((13]).

A variant of the theorem works for sub-Markov jump processes with bounded generator.
Let K, K1, K5 be as beforeand A : £ — R, A\ : By — Ry, Ay : Ey — R, measurable with

)\(ZE) Z K(Q],E), 5\1(1’1) Z Kl(Il,El), 5\2(1’2) Z KQ(IQ,EQ).
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Define modified generators

L)) = —Ma)f(z) + / K (. dy) £ ()

similarly Ly, Ly. If the rate A(-) is bounded, then P, := exp(tL) (see Appendix |A.2) is the

unique solution of the backward Kolmogorov equation

d - -
apt:LPt'

Sub-Markov transition functions Pl,t and pg,t are defined in a similar way.
Proposition 23. Suppose that the rates 5\(), :\1(-), ;\2() are bounded and that L, Ly, and
Lo satisfy Condition . Then

P,(x1, w9, Ay x By) = ]51,15(171,141), Py(x1,m9; By x Ag) = 152,t($2,142) (15)
fO’F allt > 0, z1 € Fh, 9 € E», A€ 81, and Ay € &,.

Proof. An induction over k yields LF(f; ® 1) = (L¥fy) @ 1, for all k € N and f; €
L>2(FEy, &). Tt follows that

P(fi®1) =exp(tL)(fi® 1) = (exp(tLi)fi)) @ 1 = (P fi) ® 1.

We apply the equality to f; = 14, and evaluate the functions at the variable (x1,z5) and
obtain the claim for the first marginal. The proof for the second marginal is similar.  [J

Let us return to the situation of Theorem We drop the *-superscript because the
minimal solutions are stochastic. Consider a tuple

(Q; JT:a (Pm)zeEa (Xt)tZO)

consisting of a measurable space (2, F), probability measures P,, and measurable maps
X: : Q — E such that under each P,, the process (X}):>¢ is a jump process with transition
function (-Pt)t20~ Write Xt = (Xl,tuXQ,t) € E1 X EQ.

Proposition 24. Under the conditions of Theorem .' Under each P, 4.y, the component
processes (X14)i>0 and (Xa4)i>0 are non-explosive jump processes with jump kernels Ky and
Ko with initial values x1 and xo.

Proof. Fix x = (21, x9) € E. Clearly X, is a measurable map from 2 to £, and X; g = 1,
Pz, 2,)-almost surely. Let ¢,h > 0 and A; € &;. The tower property of conditional
expectations, the Markov property for (X;);>o, and Theorem [22] yield the P,-almost sure
equalities

Py [Xipn € A x B| X108 1] =By [Bo[Xorn € Ay x B| X5 <1]| X005 < ]
[Pr(Xy, Ay X E) | X158 < 1]

E,
E, [Pl,h(Xl,t,Al) | X15,8 < t]
P (X4, Ay).
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Thus (X7,)i>0 is a simple Markov process with transition function (P ¢);>o. The proof for
the second component (Xs;):>o is similar. O

4. TRUNCATION

Sometimes it is of interest to truncate a jump process and investigate transition functions
where a part H C E of the state space is taboo. The motivation is twofold. First, it can
be genuinely of interest to investigate the probability

P.(X?c A Vs<t: X?c E\ H)

that the process goes from x to A in time time but without ever visiting the taboo set H.
Equivalently, we may look at the process killed upon exiting E \ H,

vo _ X9  Vs<t: X?c¢FE\H,
! 0, else.

Second, truncation may allow us to deal with processes with bounded generators instead
of the orginal process. For example, if sup,.p K(z, E) = 0o, we may set H, := {z € E'|
K(z,E) > n} and ask about processes defined in F '\ H,,, and perhaps about convergence
as n — oo.

Let K be a jump kernel, (P;);>o the minimal solution of the backward Kolmogorov
equation, and (Q, F, (P ek, (Xf)tzg) the usual associated setup. Working with the jump-
hold construction, we may assume without loss of generality that all sample paths ¢ —
Xi(w) are piecewise constant. Here we agree to call a map x : [0,00) — E piecewise
constant if for all ¢ > 0, there exists h > 0 such that x(-) is constant on [¢t,t + h). Fix
F € £ and equip F' with the trace of the og-algebra £. Then for every ¢t > 0, the set

{weQ|Vse[0,t]: Xo(w) e F}={weQ|Vse ([0,t)NQ)uU {t}: X’ (w) € F}
is measurable. For x € F' and measurable A C F', define
Qi(z, A) =P, (X, € A, Vs € [0,1] : X2(w) € F),

the probability of a transition from x to A in time ¢ without ever leaving F. We may

also think of @); as the transition function of a process killed upon exiting F. Remember
AMz) = K(x, E).

Proposition 25. (Q:):>0 defines a normal sub-Markov transition function on F. It solves
the backward Kolmogorov equation

d
Q) = M@l )+ [ Ko dy)Quty 4)
F
forallt >0, x € F, and measurable A C F.

The proposition is complemented by the following approximation result. Let E, * E,
E, €&. Let

MP,(r,A) =P, (X, € A, Vs € [0,t] : X(w) € E,),
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Then
lim WPy (x, A) = P/ (x, A),

n—oo
forallt > 0,z € £, and A € £. Choosing E, in such a way that sup,.p K(z, E,) < 0o, we

see that the minimal solution (P;);s¢ is approximated by the (unique) solutions (™ P;);>q
of backward equations with bounded generators.

APPENDIX A. FUNCTIONAL-ANALYTIC ASPECTS

A.1. Positivity-preserving contraction semi-group. Let (P;);>¢ be a normal Markov
or sub-Markov transition function on (F,€). Then each P, induces a linear map from
ZL>(E,E), the space of bounded measurable functions, into itself. The linear operator is
given by

(Pf)(z) = / Py, dy) f(y).

By a slight abuse of notation we use the same letter P, for the kernel and for the operator
P, L>*(EE) - ZL*(E,E). We write 1 for the constant function that is everywhere
equal to 1.

Proposition 26. Let (P;)i>o be a normal Markov or sub-Markov transition function on
(E,E). Then the associated family of operators in L (E,E) satisfies the following:

(a) Posf = PPsf forall s,t >0 and all f € L>*(E,E).

(b) Pof = f, forall f € L>(E,E).

(c) If 0 < f < 1 pointwise on E, then also 0 < P,f <1 pointwise on E.

(d) Let (fn)nen be a sequence in L>*(E,E) and f € L>*(E,E). Then, if fn / f
pointwise on E, then also P,f, /* P,f pointwise on E, for all t > 0.

Moreover (P,)i>o is Markov if and only if P,1 =1 for all t > 0.

Item (a) says that (P;);>o defines a semi-group on E, it is inherited from the Chapman-
Kolmogorov equations. Item (c¢) implies in particular that (P;);>q is positivity-preserving,
i.e., it maps non-negative functions to non-negative functions. Moreover, item (c) implies
the inequality
sup| (P f)@)| < sup £ (x)

xe

zelR

for all f € L>*(E,E). As a consequence, each P, defines a bounded linear operator in the
Banach space Z*(FE, ) of bounded functions equipped with the supremum norm

/oo := sup | f ()]
el

moreover the operator norm is smaller or equal to 1: the family (P):>o is a contraction
semi-group. It follows automatically that each P, is continuous with respect to uniform
convergence. Item (d) of the proposition says that in addition, each P, is continuous with
respect to pointwise monotone convergence of uniformly bounded, non-negative sequences.
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Remark (Daniell-Stone theorem). Conversely, if (P;):>o is a family of linear operators in
ZL>(E, E)—a priori not necessarily given by a family of kernels—satisfying the items (a)-
(d) from Proposition , then there exists a uniquely defined associated sub-Markov transi-
tion function. Here property (d) is very important. In combination with the Daniell-Stone
theoremﬂ Bau68, Chapter VII.39] from measure theory, it allows to prove the existence of
a measure P,(z, dy) such that (P.f)(x) = [, Pi(z,dy) f(y).

A.2. Semi-groups with bounded generator. Dyson expansion. Suppose that the
jump kernel K is such that
supA(z) =sup K(z,F) =: C < ¢

z€eE z€FE

(remember X(z) = K(z, E)). Set (K f)(x) := [, K(z,dy)f(y). Thenforall f € £*(E,¢£),
1Sl < i‘ég“ D1 lle = CllF e

hence K defines a bounded linear operator in £*°(FE, £), which by a slight abuse of notation
is designated with the same letter as the kernel K. Similarly,

/Kafdy (y) — f(x))

defines a bounded operator L : Z*°(E, &) — ZL*(F, ). As a consequence, the exponential
series

o0 tn
exp(tL) =1+ Z o L
n=1

converges in operator norm. This suggests to use
P, :=exp(tL)

instead of the backward Kolmogorov equation in order to define a transition function.
We shall see that (P;);>0 is actually exactly the semi-group associated with the minimal
solution, moreover, the minimal solution is stochastic.

Let us pretend that we do not know anything about the minimal solution and examine
P, = exp(tL) as an object in its own right, as an alternative to what we did earlier. Clearly
Pyf = fand Pysf = PP,f for all s,t > 0 and f € ZL*(FE,E), i.e., we definitely have
a semi-group. It is less immediate, however, that P, is positivity-preserving. Indeed even
when f is non-negative, because of the subtractions, Lf in general will not be non-negative
and neither will L™ f, so a priori there seems to be no reason why the exponential series
for exp(tL)f should yield a non-negative function.

The only reasonable way out is not to expand the negative part. Let M) be the multi-
plication operator

(Myf)(x) := M) f ().

2The theorem deals with the following question: If I : . % — R is a linear map on a vector space of
real-valued functions % C {f | f : E — R}, can we find a o-algebra £ on F and a measure p on (E,E)
such that (i) every f € .# is measurable with respect to £ (and the Borel o-algebra on R), and (ii)
I(f) = fE fdp for all f € #7 Is the measure unique?
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Notice
(Lf)(z) = / K, dy) f(y) — A(2)f(2)

hence
L =K — M,.
If the function A(x) is constant, then M) is a scalar multiple of the identity operator,
therefore KMy, = M\K and P, = exp(tL) = exp(—tM))exp(tK), which can be used to
prove that P, is indeed positivity-preserving.
In general, however, M) and K do not commute. But the following observation is useful:
we have

%etMAetL — etM,\ (M)\ + L)etL — etMAKetL.
Set
‘A(t) = e™Miett = "Map, K (t) := M KoM
then

40 = KOA®, 40) = e(0) =0

Following the standard procedure for proving the existence of a solution to ordinary differ-
ential equations, we can write down the associated integral equation, interpret the integral
equation as a fixed point problem, and then try a Picard iteration. Thus

A(t) =id + /Ot K(s)A(s)ds. (16)

Multiplying with the operator exp(—tM,) from the left and inserting the definitions of A(-)
and K (-), we obtain

t
P=e" 4 / e =M Pds. (17)
0

This is precisely the integrated backward Kolmogorov equation from Proposition [I3] writ-
ten in a more functional-analytic way. The associated Picard iteration reads

t
PO = e pIrt — omtM / e~ (=M ¢ pin) s, (18)
0

which is the recurrence relation from Lemma, [9
Lemma 27. If sup,cp A(z) = sup,cp K(x, E) < oo, then for each t > 0, the sequence
(Pt(n))neNO converges to P, = exp(tL) in operator norm, i.e., there is a sequnce (€,(t))nen,
such that lim,,_, ,(t) = 0 and

1P f = Pifllso < 2al®) [1fllss - (f € ZL(B,E)).
The proof is similar to existence proofs for ordinary differential equations.

Proposition 28. If sup,cp A(x) = sup,cp K (2, E) < oo, then the family of operators

(P)iso = (exp(tL))eso satisfies the properties (a), (b), (¢) and (d) from Proposition 20,
moreover P,1 =1 for allt > 0.
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Proof. The semigroup property P,., = P.P; and the initial value Py = id follow from
properties of the exponential. This proves (a) and (b). The constant function 1 satisfies

(L1)(x) = /E Kady)(1-1)=0 (zeB),

therefore
(0.9} tn .
P,1 = exp(tL)1 = 1+ZEL 1=1
n=1
for all £ > 0. For (c), let f € Z>*(E,€) be such that 0 < f < 1 pointwise on E. Then

0< Pt(n)f <1forallt>0,n e Ny Indeed this is clearly true for n = 0; and if it is true
for n, then

(Pt(nJrl)f> (33) — o AMa)t + /t e~ (t=8)A(z) (/ K(ﬂf, dy) (Pt(n).f) (33)) ds
0 E

t
< e M@t +/ e =M\ (z)ds
0

_ ef)\(:r)t + (1 . ef)\(x)t)

Similarly, P/*'f > 0. Thus 0 < P"™f < 1. This completes the inductive proof of the
claim. By Lemma , Pt(n) f — P, f uniformly on E, therefore we also have 0 < P, f < 1.
This proves (c).

For the continuity with respect to pointwise convergence of monotone increasing se-
quences, let (fx)ren be bounded non-negative functions with f, » f € Z*(FE,E). An
induction over n shows that P\ f, * P™ f as k — oo, for each n € Ny. The pointwise
convergence P, f;, — P,f then follows from Lemma [27| and an ¢/3-argument based on the
bound

|(Pfi)(z) = (P.f)(x)|
<P fi — B filloo + (P fi) (@) — (P ) (@)| + ||Pf — P Flloe
< 2e,(t) || flloo + (P fi) () — (P f) ()]

with &,(t) as in Lemma . The pointwise convergence is monotone because fr < fri1
implies fry1 — fr > 0 hence Py(frr1 — fr) > 0 and Pyfy < P, frr1. This proves (d). O

It follows from the Daniell-Stone theorem [Bau68, Chapter VII.39] that the semi-group
(P:)e>o is associated with a sub-Markov transition function, i.e., there exists a family of
kernels P,(z,dy) such that (P,f)(z) = [, P(x,dy)f(y) for allt > 0, f € Z*(E,£), and
x € F, and the kernels form a sub-Markov transition function. Because of P, 1 = 1 and
Pi(z,E) = (P1)(z) = 1, we are in fact dealing with a (Markov) transition function. In
addition, the operator-valued differential equation %Pt = LP, (differentiability in operator
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norm), which follows from the properties of the exponential of bounded operators, implies
that the associated transition function satisfies the backward Kolmogorov equation.

Lemma[27]implies that the transition function associated with the exponential (exp(¢L));o
is in fact equal to the family (P});>o defined in Section 2.3l We have just checked that it
is stochastic. The following proposition summarizes the relation between the functional-
analytic approach for bounded jump kernels and the previous analytic approach to the
backward Kolmogorov equation.

Proposition 29. If sup,cpA(z) = sup,cp K(x, E) < oo, then the minimal solution
(P})i>0 of the backward Kolmogorov equations is stochastic and it is the unique solution,
moreover

Pl (@, A) = (1) ()
forallt>0,x € FE, and A€ €.

Remark (Dyson series and time-ordered exponential). We could also have written down a
fixed point iteration starting from Eq. . The analogue of Lemma [27| for the operators
A(t) and K (1), together with a representation similar to Eq. (f]), yields

o0

A(t)=1d + Z/ K(ty) - K(t,)dty - - - dt,. (19)
n=1 v 0<t1 <<t <t
Physicists like to rewrite this series, with some abuse of notation, as follows. Forty,... %, €

0,t], let 0 € &,, be a permutation such that t,) < -+ < ty(,). Write
T[K(tl) cee K(tn)} = K(tg(l)) s K(tg(n))

and think of 7 as a time-ordering “operator”. The notation is extended to integrals by

[ K@) Kt)an--d,] ::/ TR () -~ K (t)]dty - - di,.
[0,¢]™ [0,¢]™
Then
At =id+Y %T[ K() -~ K(t,)dh - dt,] (20)
. [O7t}n

. T[exp(/ot K(s)ds)] (21)

The last expression is sometimes referred to as time-ordered exponential, the series
and as Dyson series or Dyson expansion, compare [RS75, Section X.12]. The time-
ordered exponential connects to formulas for ordinary differential equations for real-valued
functions. Indeed under mild regularity conditions on k() the solution of the initial value
problem for real-valued functions

d(t) = k(H)alt),  a(0) =1

a(t) = exp </0t k(s)ds).

is given by
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The considerations above tell us that a similar formula holds for the operator-valued equa-
tion A'(t) = K(t)A(t) but the exponential has to be replaced by the time-ordered expo-
nential , rigorously defined in terms of the Dyson expansion (19)).
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