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Problem 1 (CHARACTERISATION OF THE NORM & BOUNDEDNESS OF WEAKLY CON-
VERGENT SEQUENCES). Let (X, ||-]|) be a normed space.

a) Prove for all x € X that
[zl = sup [f(x)].

fex’
11l <1

b) Let x € X and {2, }neny € X be such that

lim f(z,) = f(x) VfeX'.

n—oo

Prove that {x, },en is bounded.
[5+5 Points]

Problem 2 (WEAKLY CONVERGENT SEQUENCES).

a) Let H be a separable Hilbert space. Prove that every ONB {e, }nen of H converges
weakly to 0.

b) Let f € L*(R). Prove that the following sequences { f,, }nen converge weakly to 0 in
L3(R):

i) fu(z) := f(z —n) (“wandering out to infinity”).
ii) fo(z) = Lf(%) (“pancake”).

iii) f,(z) := e f(x) (“oscillation to death”).
[24+(2+2+4) Points]

Problem 3 (THE UNIT BALL AS A COUNTABLE INTERSECTION OF HALF-PLANES). Let
X be a real normed space. We call a set {z € X | ¢(z) < 1}, with ¢ € X', a half-space.
Prove that the closed unit ball By == {z € L*([0,1],R) | ||z|| < 1} can be represented as
the intersection of countably many half-spaces, i.e. there exists {¢,}neny € L2([0, 1], R)’
such that

Bi = ({x € L0, 1, R) | 6u(x) < 1}.

neN

[10 Points]


http://www.math.lmu.de/~sorensen/

Problem 4 (THE LIM-FUNCTIONAL). In the following let (> := (*°(N,R) (i.e. the
R-vector space of real-valued bounded sequences).

a) Prove that there exists a function LIM : /> — R such that

i) LIM(z 4+ aw) = LIM(2) + a LIM(w) for all z,w € {*, a € R,
ii) liminf, . 2z, < LIM(2) < limsup,,_,., 2, for all z € £>,

iii) LIM(z) = lim,, o 2, for all z € ¢ C (.
b) What are the possible values of LIM(z) for = (z,,)nen, where z,, := (—1)"7

c¢) Find the set {(LIM(z), LIM(y)) € R? | LIM satisfies i)-iii) in a)} for z as in b) and
y=1(0,1,0,1,0,...).

Remark: On Excercise sheet 8, Problem 4 we have seen that not all elements of (¢>°)" are
represented by an element of £*. This excercise shows how to study some of those elements
not being represented by an element of ¢'. [4+4+2 Points]

Deadline: July 11, 2016 14:00, for details see hitp://www.math.lmu.de/ gottwald/16FA /.
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