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Abstract

Let G be a semisimple linear algebraic group of inner type over a
field F, and let X be a projective homogeneous G-variety such that
G splits over the function field of X. We introduce the J-invariant of
G which characterizes the motivic behavior of X, and generalizes the
J-invariant defined by A. Vishik in the context of quadratic forms.

We use this J-invariant to provide motivic decompositions of all
generically split projective homogeneous G-varieties, e.g. Severi-Brauer
varieties, Pfister quadrics, maximal orthogonal Grassmannians, vari-
eties of Borel subgroups of G. We also discuss relations with tor-
sion indices, canonical dimensions and cohomological invariants of the
group G.

Introduction

Let G be a semisimple linear algebraic group over a field F', and let X
be a projective homogeneous G-variety. We are interested in direct sum
decomposition of the Grothendieck-Chow motive M(X) of X.

Motivic decompositions are fundamental mathematical tools which in re-
cent years have led to the resolution of several classical problems. For in-
stance, the motivic decomposition of a Pfister quadric plays a major role in
Voevodsky’s proof of the Milnor conjecture. A proof of the generalization of
this conjecture known as the Bloch-Kato conjecture has been announced by
Rost and Voevodsky, and uses in an essential way the motivic decomposi-
tions of norm varieties which are closely related to projective homogeneous
varieties.
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As another application of motivic decompositions we mention Vishik’s
[Vi06] recent breakthrough concerning the Kaplansky problem, where Vishik
uses the notion of a J-invariant of an orthogonal group. In fact, our paper
has been motivated by Vishik’s work, and the J-invariant we introduce is a
generalization to an arbitrary semisimple algebraic group.

Concerning decompositions of motives of homogenous G-varieties X it
was first observed by Kock [K691] that if the group G is split (i.e. contains a
split maximal torus), the motive of X is isomorphic to a direct sum of twisted
Tate motives, thus has the simplest possible decomposition. Chernousov-
Gille-Merkurjev [CGM| and Brosnan [Br05] proved that if G is isotropic
(i.e. contains a split 1-dimensional torus), the motive of X decomposes as
a direct sum of motives of projective homogeneous varieties of smaller di-
mensions corresponding to anisotropic groups, which reduces the problem to
the anisotropic case. For anisotropic groups only a few partial results are
known. In this case the components of a motivic decomposition of X are
generally expected to be of a non-geometric nature, i.e. not the (twisted)
motives of some other varieties. The first examples of such decompositions
were provided by Rost [Ro98] who proved that the motive of a Pfister quadric
decomposes as a direct sum of twisted copies of a so-called Rost motive R,
which is a priori non-geometric. The motives of Severi-Brauer varieties have
been computed by Karpenko [Ka96]. For examples of motivic decomposi-
tions of exceptional varieties see Bonnet [Bo03] (varieties of type Gs), and
Nikolenko-Semenov-Zainoulline [NSZ] (varieties of type F4). Note that in all
these examples the group G splits over the generic point of X; we will call
such varieties generically split.

Our main result is a uniform proof of the above results. We show (see

Theorem |5.17)):

Theorem. Let G be a semisimple linear algebraic group of inner type over
a field F' and let p be a prime integer. Let X be a generically split projective
homogeneous G-variety. Then the Chow motive of X with Z/p-coefficients
18 1somorphic to a direct sum

M(X;Z/p) = D R,(G))

of twisted copies of an indecomposable motive R,(G) for some finite multiset
Z of non-negative integers.



Observe that the motive R,(G) depends on G and p but not on the type
of a parabolic subgroup defining X. Moreover, considered with Q-coefficients
R,(G) always splits as a direct sum of twisted Tate motives.

Our proof has two key ingredients. The first is the Rost Nilpotence The-
orem proved for projective quadrics by Rost, and generalized to arbitrary
projective homogeneous varieties by Brosnan [Br05] and Chernousov-Gille-
Merkurjev [CGM]. Roughly speaking, this result plays the role of the Galois
descent for motivic decompositions over a separable closure F' of F, and
reduces the problem to the description of idempotent cycles in the endomor-
phism group End(M(Xz;Z/p)) which are defined over F'. The second key
point in our proof comes from the topology of compact Lie groups. In [Kc85]
Kac invented the notion of p-exceptional degrees, which are numbers that
relate the degrees of mod p basic polynomial invariants with the p-torsion
part of the Chow ring of a compact Lie group. Zainoulline [Za06] has shown
that these numbers describe the generic part of the subgroup of cycles in
End(M(Xz;Z/p)) defined over F.

To describe the whole subgroup we introduce the .J-invariant of a group
G mod p, which is a list of non-negative integers denoted by J,(G) (see
Definition . In most cases the values of J,(G) are implicitly computed
in [Kc85] and can easily be extracted from Table [£.13] The J-invariant
measures the ‘size’ of the motive R,(G) and in this way characterizes the
motivic decomposition of X. For instance, if the J-invariant takes its minimal
possible non-trivial value J,(G) = (1), then the motive R,(G) ® Q has the
following recognizable decomposition (cf. [Vo03|, §5] and [Ro06] §5])

p—1
Ry(G) ®Q ~ @@(z : pnpf_ll_l), where n = 2 or 3.
i=0
The assignment G — R,(G) can be viewed as a motivic analogue of the
cohomological invariant of G given by the Tits class of G if n = 2, and by
the Rost invariant of G if n = 3. In these cases the motive R,(G) coincides
with a generalized Rost motive.

We also generalize some of the results in [CPSZ]. Using the motivic ver-
sion of the main result of Edidin-Graham [EG97] on cellular fibrations we
provide a general formula which expresses the motive of the total space of a
cellular fibration in terms of the motives of its base (see Theorem [3.7). We
also provide several criteria for the existence of liftings of motivic decompo-
sitions via the reduction map Z — Z/m, and prove such liftings always exist
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(see Theorem [2.16).

The paper is organized as follows. In the first section we provide several
auxiliary facts concerning motives and rational cycles. The rather technical
section [2] is devoted to lifting of idempotents. In section [3] we discuss the
motives of cellular fibrations. The next section is devoted to the notion
of a J-invariant. The proof of the main result is given in section The
last two sections are devoted to various applications of the J-invariant and
examples of motivic decompositions. In particular, we discuss the relations
with canonical p-dimensions, degrees of zero-cycles, and the Rost invariant.

1 Chow motives and rational cycles

In the present section we follow the notation and definitions from [EKM,
Ch. XII] (see also [Ma68§]).

Let X be a smooth projective irreducible variety over a field F. Let
CH;(X; A) be the Chow group of cycles of dimension ¢ on X with coefficients
in a commutative ring A. For simplicity we denote CH(X;Z) by CH(X).

1.1. Following [EKM| §63] an element ¢ € CHgip x+a(X x Y A) is called
a correspondence between X and Y of degree d with coefficients in A. Let
¢ € CH(X x Y;A) and ¢ € CH(Y x Z;A) be correspondences of degrees
d and e respectively. Then their product ¢ o ¢ is defined by the formula
(pryz)«(Priy (@) -pry,(¥)) and has degree d+e. The correspondence product
endows the group CH(X x X; A) with a ring structure. The identity element
of this ring is the class of the diagonal Ayx. Given ¢ € CH(X x X;A)
of degree d we define a A-linear map CH;(X;A) — CH;1q(Y;A) by o —
(pry )«(pri () - ¢). This map is called realization of ¢ and is denoted by .
By definition (¢ o ¢), = 1, o ¢,. Given a correspondence ¢ we denote its
transpose by ¢'.

1.2. Following [EKM, § 64] let M(X;A) denote the Chow motive of X with
A-coefficients and let M(X;A)(n) = M(X;A)®A(n) be the respective twist
by the Tate motive. For simplicity we will denote M(X;Z) by M(X). Recall
that morphisms between M(X;A)(n) and M(Y;A)(m) are given by corre-
spondences of degree n —m. The group of endomorphisms End(M(X;A))
coincides with the Chow group CHgim x (X x X;A). Observe that to pro-
vide a direct sum decomposition of M(X;A) is the same as to provide a



family of pair-wise orthogonal idempotents ¢; € End(M(X;A)) such that

1.3. Assume that a motive M is a direct sum of twisted Tate motives. In this
case its Chow group CH(M) is a free abelian group. We define its Poincaré
polynomial as
P(M,t) =) at,
i>0

where a; is the rank of CH;(M).

1.4 Definition. Let L/F be a field extension. We say L is a splitting field
of a smooth projective variety X or, equivalently, a variety X splits over L
if the motive M(X;Z) is isomorphic over L to a finite direct sum of twisted
Tate motives.

1.5 Example. A variety X over a field F'is called cellular if X has a proper
descending filtration by closed subvarieties X; such that each complement
X; \ X1 is a disjoint union of affine spaces defined over F. According to
[EKM, Corollary 66.4] if X is cellular, then X splits over F'.

In particular, let G be a semisimple linear algebraic group over a field F'
and let X be a projective homogeneous G-variety. Assume that the group
G splits over the generic point of X, i.e. Gpxy = G xp F(X) contains a
split maximal torus defined over F'(X'). Then Xp(x) is a cellular variety and,
therefore, F'(X) is a splitting field of X. Some concrete examples of such
varieties are provided in |[3.6]

1.6. Assume X has a splitting field L. We will write CH(X; A) for CH(X; A)
and CH(X; A) for the image of the restriction map CH(X;A) — CH(X;A)
(cf. [KMOG, 1.2]). Similarly, we denote by M(X;A) the motive of X con-
sidered over L. If M is a direct summand of M(X;A), we denote by M the
motive M. The elements of CH(X; A) will be called rational cycles on X,
with respect to the field extension L/F and the coefficient ring A. If L’ is
another splitting field of X, then there is a chain of canonical isomorphisms
CH(X.) ~ CH(X ) ~ CH(X/), where LL' is the composite of L and L'.
Hence, the groups CH(X) and CH(X) do not depend on the choice of L.

1.7. According to [KM06, Remark 5.6] there is the Kiinneth decomposition
CH(X x X) = CH(X) ® CH(X) and Poincaré duality holds for CH(X). The
latter means that given a basis of CH(X) there is a dual one with respect to



the non-degenerate pairing («, 3) — deg(a- ), where deg is the degree map.
In view of the Kiinneth decomposition the correspondence product of cycles
in CH(X x X) is given by the formula (a; x 3;)o(azx 82) = deg(a;/32)(aax 31),
the realization by (a x 3).(v) = deg(ay)S and the transpose by («a x 3)f =
0 X a.

Sometimes we will use contravariant notation CH" for Chow groups mean-
ing CH*(X) = CHgjm x—(X) for irreducible X. The following important fact
will be used in the proof of the main theorem (see Lemma [5.7).

1.8 Lemma. Let X and Y be two smooth projective varieties such that Y
is irreducible, F(Y') is a splitting field of X and Y has a splitting field. For
any r consider the projection in the Kinneth decomposition

. CH'(X xY) EBCH’“ “(X)® CH(Y) — CH"(X).

Then for any p € CH"(X) we have pry*(p) NCH (X x Y) # ().

Proof. Let L be a common splitting field of X and Y. The lemma follows
from the commutative diagram

esr/F

CHT(X XF Y) E—— CHT(XL X, YL)

i ;e

CH"(Xp(yy) —— CH"((X1)L(v,)) =< CH"(Xy)

where the left square is obtained by taking the generic fiber of the base
change morphism X; — X; the vertical arrows are taken from the localiza-
tion sequence for Chow groups and, hence, are surjective; and the bottom
horizontal maps are isomorphisms since L is a splitting field. Il

1.9 Definition. We say that a field extension E/F' is rank preserving with
respect to X if the restriction map resp/p: CH(X) — CH(Xg) becomes an
isomorphism after tensoring with Q.

1.10 Lemma. Assume X has a splitting field. Then for any rank preserving
finite field extension E/F we have [E : F] - CH(Xg) C CH(X).



Proof. Let L be a splitting field containing E. Let v be any element in
CH(Xp). By definition there exists o € CH(Xp) such that v = resy/p(a).
Since resg/p ® Q is an isomorphism, there exists an element 3 € CH(X) and
a non-zero integer n such that resg,r() = na. By the projection formula

n - coresp,p(a) = coresgp(resp/p(f)) = [£: F] - (.
Applying resy /g to the both sides of the identity we obtain
n(resy/g(coresg/p(a))) = n[E : F| - 7.
Therefore, resy p(coresg/p(a)) = [E 1 F| - 7. O

We provide now examples of varieties for which any field extension is rank
preserving and, hence, Lemma holds.

1.11. Let G be a semisimple linear algebraic group over a field F' and let X
be a projective homogeneous G-variety. Let D denote the Dynkin diagram of
G. According to [Ti66] one can always choose a quasi-split group G over F
with the same Dynkin diagram, a parabolic subgroup P of G and a cocycle
£ € ZY(F,Gy) such that G is isogenous to the twisted form (Gy and X is
isomorphic to ¢(Go/P). If Gy is split (see [L.5)), then G is called a group of
inner type over F.

1.12 Lemma. Let G be a semisimple linear algebraic group of inner type
over a field F' and let X be a projective homogeneous G-variety. Then any
field extension E/F is rank preserving with respect to X and X x X.

Proof. By [Pa94] Theorem 2.2 and 4.2] the restriction map Ko(X) — Ko(Xg)
becomes an isomorphism after tensoring with Q. Since the Chern character
ch: Ko(X)®Q — CH*(X) ® Q is an isomorphism and respects pull-backs,
E is rank preserving with respect to X. It remains to note that X x X is a
homogeneous G x G-variety. O]

1.13 Remark. For even dimensional quadrics with non-trivial discriminant
the restriction map Ky(X) — Ko(X) is not surjective and Lemma m
doesn’t hold.



2 Lifting of idempotents

This section is devoted to lifting of idempotents and isomorphisms. First,
we treat the case of general graded algebras. The main results here are
Lemma [2.5] and Proposition 2.6, Then, assuming Rost Nilpotence [2.8 we
provide conditions to lift motivic decompositions and isomorphisms (Theo-

rem .

2.1. Let A* be a Z-graded ring. Assume we are given two orthogonal idempo-
tents ¢; and ¢; in A° that is ¢;¢; = ¢;¢; = 0. We say an element 6;; provides
an isomorphism of degree d between idempotents ¢; and ¢; if 0;; € ¢; A=,
and there exists 0;; € ¢1Ad¢j such that 0,;0;, = ¢; and 0;;0,; = ¢;.

2.2 Example. Let X be a smooth projective irreducible variety over a field
F and let CH*(X x X; A) be the Chow ring with coefficients in a commutative
ring A. Set A* = End*(M(X;A)), where

End ™" (M(X;A)) = CH"™ (X x X;A) = CHaimx44(X X X;A), i€Z

and the multiplication is given by the correspondence product. By defini-
tion End’(M(X;A)) is the ring of endomorphisms of the motive M (X;A)
(see [L.2). Note that a direct summand of M(X;A) can be identified with
a pair (X, ¢;), where ¢; is an idempotent (see [EKM, ch. XII]). Then an
isomorphism 0;; of degree d between ¢; and ¢; can be identified with an
isomorphism between the motives (X, ¢;) and (X, ¢;)(d).

2.3 Definition. Let f: A* — B* be a homomorphism of Z-graded rings.
We say that f lifts decompositions if given a family ¢; € B of pair-wise
orthogonal idempotents such that ). ¢; = 1p, there exists a family of pair-
wise orthogonal idempotents ¢; € A° such that >, ¢; = 14 and each f(y;)
is isomorphic to ¢; by means of an isomorphism of degree 0. We say f lifts
decompositions strictly if, moreover, one can choose ¢; such that f(¢;) = ¢;.

We say f lifts isomorphisms if for any idempotents ¢; and ¢, in A° and
any isomorphism 615 of degree d between idempotents f(p1) and f(¢2) in
B? there exists an isomorphism ;5 of degree d between ¢, and ¢,. We
say f lifts isomorphisms strictly if, moreover, one can choose 15 such that

f(W12) = Ora.

2.4. By definition we have the following properties of morphisms which lift
decompositions and isomorphisms (strictly):

8



(i) Let f: A* — B* and ¢g: B* — C* be two morphisms. If both f
and g lift decompositions or isomorphisms (strictly), then so does the
composite go f.

(ii) If g o f lifts decompositions (resp. isomorphisms) and ¢ lifts isomor-
phisms, then f lifts decompositions (resp. isomorphisms).

(iii) Assume we are given a commutative diagram with ker f/ C imh

A* I B

| ) v

AI* s> B/* .

If f' lifts decompositions strictly (resp. isomorphisms strictly), then so
does f.

2.5 Lemma. Let A, B be two rings, A°, B their subrings, f°: A° — B°
a ring homomorphism and f: A — B a map of sets satisfying the following
conditions:

o f(a)f(B) equals either f(af) or 0 for all a, 5 € A;
o %) equals f() if f(a) € B or 0 otherwise;
o ker £V consists of nilpotent elements.

Let o1 and @y be two idempotents in A° and let 115, 19 be elements in A such

that Y19 A%9) C A°, Y91 A%1o C A°, f(1ha1) f(1h12) = f(p1), f(¥12) f(ha1) =
fp2).

é’hen there exist elements ¥15 € e A%1)19A% and Yo € 1 A% A%,y
such that 921012 = @1, Y2021 = ¥2, f(7912) = f(%)f(wm) = f(¢12)f(901);
F(Wa1) = fp1) f () = f(21) f(p2).

Proof. Since ker f9 consists of nilpotents, f° sends non-zero idempotents in
A® to non-zero idempotents in BY; in particular, f(p1) = f%(p1) # 0, f(p2) =
f%(p2) # 0. Observe that

F(2) f(e1) = f(12) f (Y1) f(12) = f(p2) f(¢12)



and, similarly, f(191)f(w2) = f(p1)f(1e1). Changing 115 to @ath12¢; and
a1 to 119109 we may assume that 115 € o Ap; and ¥y € p1Aps. We
have

fO(SOZ) = f(p2) = f(¥12) f (Y1) = f(12¥21) = fo(wuwzl)-

Therefore o = 1121091 — o € A is nilpotent, say o™ = 0. Note that s =
a=apy. Set a¥ =py—a+...+(=1)"ta"t € A% then aa’ = @y — a,
oY = a¥ = avpy and f(p2) = fO>ps) = fO(a¥) = f(a"). Therefore
setting o = @Dglav we have Uy € (,0114()02,

V12091 = Prathma’ = (2 + Oé)av =a’ + oy —a’ =y
and f(¢a1)f(p2) = f(wa1) f(aY) = f(¥a1a¥) = f(¥21). This also implies that

¥91112 is an idempotent.
We have

Fo(p1) = 1) = f(021) f(Y12) = f(Parthra) = fO(Da1tb12),

where the last equality holds, since f(¥91912) = f°(¢1) belongs to B® and f°
satisfies the second condition. Therefore 3 = Us11012 — 1 € A° is nilpotent.
Note that Bp; = 8 = ¢18. Now o1+ 3 = (¢1 + ) = ¢1 + 28 + ? and
therefore 5(1 4+ ) = 0. But 1 + /3 is invertible and hence we have 8 = 0. It
means that v51915 = ¢ and we can set 915 = 5. O

2.6 Proposition. Let f: A* — B* be a surjective homomorphism such that
the kernel of the restriction of f to A° consists of nilpotent elements. Then
f lifts decompositions and isomorphisms strictly.

Proof. The fact that f lifts decompositions strictly follows from [AF92 Propo-
sition 27.4].

Let ¢; and ¢y be two idempotents in AY and let ;5 be an isomorphism
between f(p1) and f(ps). Let ¢35 € A (resp. 191) be a homogeneous lifting
of 012 (resp. 031). The proposition follows now from Lemma O

1

2.7 Corollary. Let m be an integer and let m = pi'...p,
factorization. Then the product of reduction maps

be its prime

!
End*(M(X;Z/m)) — H End*(M(X;Z/p:))

=1

lifts decompositions and isomorphisms strictly.
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Proof. We apply Propositionto the case A* = End"(M(X;Z/p;")), B* =
End*(M(X;Z/p;)) and the reduction map f;: A* — B*. We obtain that
fi lifts decompositions and isomorphisms strictly for each 7. To finish the
proof observe that by the Chinese remainder theorem End*(M(X;Z/m)) ~
[Ti—, End*(M(X;Z/p}")). O

We are coming to the following important definition.

2.8 Definition. Let X be a smooth projective variety over a field F'. Assume
that X has a splitting field (see . We say that Rost Nilpotence holds for
X if the kernel of the restriction map

resg: End*(M(Xg;A)) — End*(M(X;A))

consists of nilpotent elements for all field extensions E/F and all rings of
coefficients A.

2.9 Lemma. Let X be a smooth projective variety which splits over any field
over which it has a rational point. Then Rost Nilpotence holds for X.

Proof. By [EKM, Theorem 67.1] if « is in the kernel of the restriction map
resg then q°dmX+1) — O

2.10 Lemma. Assume that Rost Nilpotence holds for X. Then for any field
extension E/F the restriction resg: End*(M(Xg;A)) — im(resg) onto the
image lifts decompositions and isomorphisms strictly.

Proof. Apply Proposition 2.6/ to the homomorphism resp: A* — B* between
the graded rings A* = End"(M(Xg;A)) and B* = im(resg). O

2.11 Corollary. Assume that Rost Nilpotence holds for X. Let m be an
integer and let E/F be a field extension of degree coprime to m which is rank
preserving with respect to X x X (see . Then the restriction map

resp/p: End*(M(X;Z/m)) — End"(M(Xp; Z/m))
lifts decompositions and isomorphisms.

Proof. By Lemma we have im(resg) = im(resp). We apply now Lemma
and [2.4(ii) with A* = End*(M(X;Z/m)), B* = End*(M(Xg;Z/m)) and
C* = im(resg). O
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2.12 Definition. Let V* be a free graded A-module of finite rank and let
A* = End*(V*) be its ring of endomorphisms, where End~*(V*), d € Z, is
the group of endomorphisms of V* decreasing the degree by d. Assume we are
given a direct sum decomposition of V* = €, im ¢; by means of idempotents
¢; in A*. We say that this decomposition is A-free if all graded components
of im ¢; are free A-modules. Observe that if A = Z or Z/p, where p is prime,
then any decomposition is A-free.

2.13 Example. Assume X has a splitting field. Define V* = CH*(X).
Then by Poincaré duality and by the Kiinneth decomposition (see we
have End*(V*) = End"(M (X)) (see Example .

2.14 Lemma. The map SL;(Z) — SLi(Z/m) induced by the reduction mod-
ulo m is surjective.

Proof. Since Z/m is a semi-local ring, the group SL;(Z/m) is generated by
elementary matrices (see [HOM| Theorem 4.3.9]). O

2.15 Proposition. Consider a free graded Z-module V* of finite rank and
the reduction map f: End*(V*) — End"(V*®zZ/m). Then f lifts 7./ m-free
decompositions strictly. Moreover, if (Z/m)* = {£1}, then f lifts isomor-
phisms of Z/m-free decompositions strictly.

Proof. We are given a decomposition V* ®7 Z/m = @&, WF, where WF is the
k-graded component of im ¢;. Present V* as a direct sum V¥ = @, V¥ of
free Z-modules such that rkz V* = rkz, W}. Fix a Z-basis {v};}; of VF.
For each W} choose a basis {w};}; such that the linear transformation D* of
VE @y Z/m sending each vf; ® 1 to w}; has determinant 1. By Lemma
there is a lifting D*¥ of D* to a linear transformation of V*. So we obtain
VE = @, WF, where WF = D¥(V}F) satisfies W} @7 Z/m = WF. Tt remains
to define o; on each V* to be the projection onto WF.

Now let o1, 2 be two idempotents in End*(V*). Let V* denote the k-
graded component of im ;. An isomorphism 6,5 between ¢; ® 1 and ¢, ® 1
of degree d can be identified with a family of isomorphisms 6%,: V*®Z/m —
VF4®7Z/m. In the case (Z/m)* = {#£1} all these isomorphisms are given by
matrices with determinants {£1} and, hence, can be lifted to isomorphisms
9%, VE — VF~ by Lemma [2.14] O

Now we are ready to state and to prove the main result of this section.
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2.16 Theorem. Let X be a smooth projective irreducible variety over a field
F. Assume that X has a splitting field of degree m which is rank preserving
with respect to X x X. Assume that Rost Nilpotence holds for X. Consider
only decompositions of M(X;Z/m) which become Z/m-free over the splitting
field. Then the reduction map

f: End*(M(X;2Z)) - End*(M(X;Z/m))

lifts such decompositions. If additionally (Z/m)* = {1}, then this map lifts
isomorphisms of such decompositions.

Proof. Consider the diagram

End*(M(X; Z)) — im(resp)—"— End*(M(X; Z))

T

End*(M(X;Z/m)) — im(resp)— End*(M(X; Z/m))

Recall that we can identify End~4(M (X)) with the group of endomorphisms
of CH*(X) which decrease the grading by d (see . Applying Proposi-
tion to the case V* = CH*(X) we obtain that the map f’ lifts decom-
positions strictly. Moreover, if (Z/m)* = {1} then f’ lifts isomorphisms
strictly.

By Lemma ker f/ C imh and, therefore, applying [2.4(iii) we ob-
tain that f lifts decompositions strictly and, moreover, f lifts isomorphisms
strictly if (Z/m)* = {£1}.

Now by Lemma the horizontal arrows of the left square lift decom-
positions and isomorphisms strictly. It remains to apply R.4(i) and (ii). O

3 Motives of fibered spaces

In the present section we discuss motives of cellular fibration. The main
result (Theorem generalizes and uniformizes the proofs of paper [CPSZ].

3.1 Definition. Let X be a smooth projective variety over a field F. We
say a smooth projective morphism f: Y — X is a cellular fibration if it is
a locally trivial fibration whose fiber F is cellular, i.e. has a decomposition
into affine cells (see [EKM, §66]).
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3.2 Lemma. Let f: Y — X be a cellular fibration. Then M(Y) is isomor-
phic to M(X) @ M(F).

Proof. We follow the proof of [EG97, Proposition 1]. Define the morphism

p: @ M(X)(codim B;) — M(Y)

€T

to be the direct sum ¢ = €, 7 i, where each ¢; is given by the cycle
[pry (B;)-T'yf] € CH(X xY) produced from the graph cycle I'y and the chosen
(non-canonical) basis {B;}iez of CH(Y) over CH(X). The realization of ¢
coincides exactly with the isomorphism of abelian groups CH(X)®CH(F) —
CH(Y) constructed in [EG97, Proposition 1]. Then by Manin’s identity
principle (see [Ma68, §3]) ¢ is an isomorphism. O

3.3 Lemma. Let G be a linear algebraic group over a field F' and let X be a
projective homogeneous G-variety. LetY be a G-variety and let f:Y — X be
a G-equivariant projective morphism. Assume that the fiber of f over F(X)
is isomorphic to Fp(x) for some variety F over F'. Then f is a locally trivial
fibration with fiber F.

Proof. By the assumptions, we have Y X xSpec F(X) ~ (Fx X)X xSpec F(X)
as schemes over F'(X). Since F(X) is a direct limit of O(U) taken over all
non-empty affine open subsets U of X, by [EGA IV, Corollaire 8.8.2.5] there
exists U such that f~1(U) =Y x x U is isomorphic to (F X X) xxy U ~ FxU
as a scheme over U. Since G acts transitively on X and f is G-equivariant,
the map f is a locally trivial fibration. O

3.4 Corollary. Let X be a projective homogeneous G-variety and let Y be
a projective variety such that Ypx)y ~ Fpx) for some variety F. Then
the projection map X xY — X s a locally trivial fibration with fiber F.
Moreover, if F is cellular, then M(X X Y) ~ M(X) @ M(F).

Proof. Apply Lemma to the projection map X x Y — X and use
Lemma [3.2] Il

3.5 Lemma. Let G be a semisimple linear algebraic group over F'. Let X and
Y be projective homogeneous G-varieties corresponding to parabolic subgroups
P and Q of the split form Gy, Q C P. Let f: Y — X be the map induced
by the quotient map. If G splits over F(X) then f is a cellular fibration with
fiber F = P/Q.
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Proof. Since G splits over F'(X), the fiber of f over F'(X) is isomorphic to
(P/Q)r(x) = Fr(x). Now apply Lemma and note that F is cellular. [

3.6 Example. Let P = Pg be the standard parabolic subgroup of a split
simple group Gg corresponding to a subset © of the respective Dynkin dia-
gram D (our enumeration of roots follows Bourbaki). In this notation the
Borel subgroup corresponds to the empty set. Let & be a cocycle in Z(F, Gy).
Set G = ¢Gp and X = ¢(Go/P). In particular, G is a group of inner type
and X is the respective projective homogeneous G-variety. Let ¢ denote the
degree of a splitting field of G and let d be the index of the associated Tits
algebra (see [Ti66, Table II]). For groups of type D,,, we set d to be the index
of the Tits algebra associated with the vector representation.

Analyzing Tits indices of G we see that G becomes split over F'(X) if the
subset D\ O contains one of the following vertices k (cf. [KR94, §7]):

GO 1An ‘ Bn ‘ Cn ‘ an ‘ GQ
k|| ged(k,d) =1 | k=mn; kisodd; | k=n—1,nifd=1; | any
any k in the any k in the
Pfister case Pfister case
Gy || F4 ‘ 1Eq ‘ E, ‘ Eqg
k k=1,2,3; | k=35 k=2,5; k=23,4,5
any k if kE=24ifd=1; k=3,4ifd=1; | any k if
qg=3 k=1,6ifqisodd | k #T7if ¢=3 qg=>5

(here by the Pfister case we mean the case when the cocycle £ corresponds
to a Pfister form or its maximal neighbor)

Case-by-case arguments from the paper [CPSZ] show that under certain
conditions the Chow motive of a twisted flag variety X can be expressed in
terms of the motive of a minimal flag. These conditions cover almost all
twisted flag varieties corresponding to groups of types A, and B,, together
with some examples of types C,,, Gy and F4. The following theorem together
with Table |3.6| provides a uniform proof of these results and extends them to
some other types.

3.7 Theorem. Let Y and X be taken as in Lemma [3.4. Then the Chow
motive M(Y') of Y is isomorphic to a direct sum of twisted copies of the
motive M(X), i.e.

M(Y) = P M) @)%,

>0
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where Y cit' = P(CH,(Y),t)/P(CH,(X),t) is the quotient of the respective
Poincaré polynomials.

Proof. Apply Lemmas [3.5 and O

3.8 Remark. An explicit formula for P(CH,(X),t) involves degrees of the
basic polynomial invariants of Gy and is provided in [Hi82, Ch. IV, Cor. 4.5].

4 J-invariant and its properties

Fix a prime integer p. To simplify the notation we denote the Chow ring of
a variety X with Z/p-coefficients by Ch(X) and the image of the restriction
map CH(X;Z/p) — CH(X;Z/p) by Ch(X).

4.1. Let Gy be a split semisimple linear algebraic group over a field ' with
a split maximal torus 7" and a Borel subgroup B containing T". Let G = G|
be a twisted form of Gy given by a cocycle £ € Z1(F, Gy). Let X = ¢(Go/B)
be the corresponding wvariety of complete flags. Observe that the group G
splits over any field K over which X has a rational point, in particular, over
the function field F(X). According to [De74] the Chow ring Ch(X) can be

expressed in purely combinatorial terms and, therefore, depends only on the
type of GG but not on the base field F'.

4.2. Let T be the group of characters of T and let S (T) be the symmetric al-
gebra. We denote by R the image of the characteristic map c¢: S(7') — Ch(X)
(see [Gr58, (4.1)]). According to [KMO06, Thm.6.4] there is an embedding

R C Ch(x), (1)

where the equality holds if the cocycle & corresponds to a generic torsor.

4.3. Let Ch(G) denote the Chow ring with Z/p-coefficients of the group Gy
over a splitting field of X. Consider the pull-back induced by the quotient
map

7: Ch(X) — Ch(G)
According to [Grb8, p. 21, Rem. 2°] 7 is surjective with its kernel generated
by R*, where R* stands for the subgroup of the non-constant elements of R.
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4.4. An explicit presentation of Ch(G) is known for all types of G and all
torsion primes p of G (in the sense of [De73| Proposition 6.(a)]) provided in
Table |4.13] Namely, by [Kc85, Theorem 3] it is a quotient of the polynomial

ring in 7 variables xq,...,x, of codimensions d; < dy < ... < d, coprime
k
to p, modulo an ideal generated by certain p-powers ¥ ... ,xfkr (ki >0,
i=1,...,r)
. k ke
Ch"(G) = (Z/p)[wy, ...,/ (2, k). (2)

In the case where p is not a torsion prime of G we have Ch*(G) = Z/p, i.e.
r = 0.

Note that a complete list of numbers {dipki}izl,_,r called p-exceptional
degrees of Gy is provided in [Kc85, Table II]. Taking the p-primary and p-
coprimary parts of each p-exceptional degree from this table one restores the
respective k; and d;.

4.5. We introduce two orders on the set of additive generators of Ch(G),
i.e. on the monomials x}" ...z7". To simplify the notation, we will de-
note the monomial z{™ ...2™ by ™, where M is an r-tuple of integers
(my,...,m,). The codimension of ™ will be denoted by |M|. Observe that
| M| =370 dims.

e Given two r-tuples M = (mq,...,m,) and N = (ny,...,n,) we say
oM < 2V (or equivalently M < N) if m; < n; for all 4. This gives a

partial ordering on the set of all monomials (r-tuples).

e Given two r-tuples M = (mq,...,m,) and N = (ny,...,n,) we say
oM < 2V (or equivalently M < N) if either |M| < |N|, or |M| = |N|
and m; < n; for the greatest ¢ such that m; # n;. This gives a well-
ordering on the set of all monomials (r-tuples) known as the DegLex
order.

Now we are ready to give the main definition of the present paper.

4.6 Definition. Let G = (G be the twisted form of a split semisimple
algebraic group Gy over a field F' by means of a cocycle £ € Z'(F,Gy) and
let X = ¢((Go/B) be the respective variety of complete flags. Let €h(G)
denote the image of the composite

Ch(X) = Ch(X) = Ch(G)
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Since both maps are ring homomorphisms, €h(G) is a subring of Ch(G).
For each 1 < 7 < r set j; to be the smallest non-negative integer such
that the subring €h(G) contains an element a with the greatest monomial

xfji with respect to the DegLex order on Ch(G), i.e. of the form
= xfji + Z ™, ey € Z/p.
M §:vfji

The r-tuple of integers (jy, ..., J,) will be called the J-invariant of G modulo
p and will be denoted by J,(G).

Observe that if the Chow ring Ch(G) has only one generator, i.e. r = 1,
then the J-invariant is equal to the smallest non-negative integer j; such that

2 € eh(G).
4.7 Example. By definition it follows that J (Gg) < Jp(G) for any field

extension E/F. Moreover, J,(G) < (k1,..., k) by (2).
According to (1) the J-invariant takes its max1mal possible value J,(G) =
(k1, ..., k) if the cocycle & corresponds to a generic torsor. Later on (see

Corollary it will be shown that the J-invariant takes its minimal value
Jp(G) = (0,...,0) if and only if the group G splits by a finite field extension
of degree coprime to p.

The next example explains the terminology ‘J-invariant’.

4.8 Example. Let ¢ be a quadratic form with trivial discriminant. In [Vi05,
Definition 5.11] A. Vishik introduced the notion of the J-invariant of ¢, a set
of integers which describes the subgroup of rational cycles on the respective
maximal orthogonal Grassmannian. This invariant provides an important
tool for study of algebraic cycles on quadrics. In particular, it was one of the
main ingredients used by A. Vishik in his significant progress on the solution
of Kaplansky’s Problem. More precisely, in the notation of paper [Vi06]
the J-invariant of a quadric corresponds to the upper row of its elementary
discrete invariant (see [Vi06, Definition 2.2]).

An equivalent but slightly different definition of the J-invariant of ¢ can
be found in [EKM| § 88]. Namely, if J(¢) denotes the J-invariant of ¢ from
[EKM], then the Vishik’s J-invariant is equal to {0,1,...,n} \ J(¢) in the
case dim¢ = 2n and {1,...,n} \ J(¢) in the case dim ¢ = 2n — 1.
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Using Theorem one can show that J(¢) introduced in [EKM] can be
expressed in terms of Jo(OT(¢)) = (j1,-..,J») as follows:

J(@)={2'd; |i=1,...,r,0<1<j —1}.
Since all d; are odd, Jo(OT(¢)) is uniquely determined by J(¢).

We have the following reduction formula (cf. [EKM, Cor. 88.6] in the
case of quadrics).

4.9 Proposition. Let G' be a semisimple group of inner type over a field F'
and let X be the variety of complete G-flags. Let Y be a projective variety
such that the map Ch'(Y') — Ch!'(Yi(y)) is surjective for allz € X andl < n.
Then ji;(G) = ji(Gryy) for all i such that d;p?Grm) <.

Proof. By [EKM| Lemma 88.5] the map Ch'(X) — Ch'(Xp(y)) is surjective
for all I < n and, therefore j;(G) < ji(Gpy)). The converse inequality is
obvious. O

4.10 Corollary. J,(G) = J,(Gpey)-
Proof. Take Y = P! and apply Proposition . O]

4.11. To find restrictions on the possible values of J,(G) we use Steenrod p-
th power operations introduced by P. Brosnan. Recall (see [Br03]) that if the
characteristic of the base field F' is different from p then one can construct
Steenrod p-th power operations

S': Ch*(X) — Ch*He-Y(x),  1>0

such that S° = id, the restriction Sl|Chz( x) coincides with taking to the p-th
power, Sl’Chi(X) = 0 for [ > 4, and the total operation S®* = > ., 5" is a
homomorphism of Z/p-algebras compatible with pull-backs. In particular,
Steenrod operations preserve rationality of cycles.

In the case of projective homogeneous varieties over the field of com-
plex numbers S! is compatible with its topological counterparts: the reduced
power operation P! if p # 2 and the Steenrod square S¢* if p = 2 (over com-

plex numbers Ch*(X) can be viewed as a subring of the singular cohomology

Hi;"ng(z Z/p)). Moreover, Ch*(G) may be identified with the image of the
pull-back map H?jng (X,Z/p) — Hgfng (G,7Z/p). An explicit description of this
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sing (67 Z/p) can
be found in [MT91] for exceptional groups and in [EKM] for classical groups.

The action of the Steenrod operations on Ch(X) and on Ch(G) can be
described in purely combinatorial terms (see [DZ07]) and, hence, doesn’t

depend on the choice of a base field F.

image and formulae describing the action of P! and S¢* on H*

The following lemma provides an important technical tool for computing
possible values of the J-invariant of G.

4.12 Lemma. Assume that in Ch*(G) we have S'(x;) = 2P, and for any

i' < S'(zy) < xP with respect to the DegLex order. Then j,, < ji + s.

Proof. By definition there exists a cycle a € @(%) such that the leading
term of m(a) is 7", For the total operation we have

S@l) = S = SO + Mz 4.+ S ()"

In particular, S%” (mfh) = S'(x;)?". Applying ™" to a we obtain a rational
cycle whose image under 7 has the leading term 27" O

4.13. We summarize information about restrictions on the J-invariant into
the following table (numbers r, d; and k; are taken from [Kc85 Table II]).
For groups we use the notation from [BI].

Recall that r is the number of generators of Ch*(G), d; are their codi-
mensions, k; define the p-power relations, J,(G) = (j1,...,4-), 0 < j; < k;
for all i, and G = ¢(Gy) for some £ € H'(F,Gy). If p is not in the table, then
Jp(G) = () is empty.
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Go P r ki,i=1.r|d;,i=1.r restrictions on j;
SL,, /ttm, mln | plm || 1 Pt |n 1
PGSp,,, 2|n 2 1 2k |n 1
O, n>2 2 (2] | [log, 2=2] | 2i—1 i > diw i 24 (7)),
Ji < Jaici+1
Spin,, n >2 |2 [222] | [logy 2=3) | 20 +1 Ji > g i 214 (}),
Ji < Jai + 1
PGOS,, n>1]2 | [22] ] 28|n l,i=1 i > Ja i 24 (177,
logy 2=3] |20 —3,i>2 | j; < jaia+ 1
Sping, 2ln |2 |2 |24 1,i=1 Ji > g 1624 (1)
log, =] |20 —1,i>2 | ji <ja1 +1
Go, Fu, Eg 2 |1 1 3
F,Ee B |3 |1 1 4
Ea 3 |2 2,1 1,4
Es 2 3 1,1,1 3,5,9 J12J2 2 J3
o 2 |4 L1, 1,1 [ 1,359 | > > s
Es 2 4 3,2,1,1 3,9,9, 15 J1 = J2 = Js,
1< J2+ 1,
J2 <Js+ L
Es 3 2 1,1 4,10 71> J2
Es 5 1 1 6

The upper indices *¢ and ¢ denote simply-connected and adjoint groups
respectively. The last column of the table follows from Lemma and,
hence, requires char (F') # p restriction. All other columns are taken directly
from [Kc85 Table II] and are independent on the characteristic of the base
field.

5 Motivic decompositions

In the present section we prove the main result of this paper (Theorem
First, we describe a basis of the subring of rational cycles of Ch(X x %)
where X is the variety of complete flags. The key results here are Propo-
sitions and As a consequence, we obtain a motivic decomposition
of X (Theorem in terms of certain motive R,(G). Then using motivic
decompositions of cellular fibrations (see Theorem [3.7)) we generalize Theo-
rem to arbitrary generically split projective homogeneous varieties. At
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the end we discuss some properties of the motive R,(G).

5.1. We use the notation of the previous section. Let G be a semisimple
group of inner type over F' and let X be the respective variety of complete
flags. Let R C Ch(X) be the image of the characteristic map. Consider the
quotient map 7: Ch(X) — Ch(G). Fix preimages e; of x; in Ch(X). For an
r-tuple M = (myq,...,m,) set e =T[_ el". Set N = (p" —1,...,p" —1)
and d = dim X — | N|.

5.2 Lemma. The Chow ring Ch(X) is a free R-module with a basis {e™},
M < N.

Proof. Note that the subgroup R™ of the non-constant elements of R is a
nilpotent ideal in R. Applying the Nakayama Lemma we obtain that {e™}

generates Ch(X). By [Kc85, (2)] Ch(X) is a free R-module, hence, for the

Poincaré polynomials we have
P(Ch*(X),t) = P(Ch*(G),t) - P(R*,1).

Substituting ¢ = 1 we obtain that

rk Ch(X) = 1k Ch(G) -tk R.

To finish the proof observe that rk Ch(G) coincides with the number of gen-
erators {eM}. O

5.3 Proposition. The pairing R x R — Z/p given by (a, 3) — deg(eNaf3)
1s non-degenerated, i.e. for any non-zero element o € R there exists 3 such
that deg(eNa3) # 0.

Proof. Choose a homogeneous basis of Ch(%). Let a" be the Poincaré dual
of a with respect to this basis. By Lemmal5.2) Ch(X) is a free R-module with
the basis {eM}, hence, expanding o we obtain

a¥ = Z eM By, where By € R.

M=<N

Note that if M # N then codim af3y; > d, therefore, af); = 0. So we can
set B = On. O

From now on we fix a homogeneous Z/p-basis {«;} of R and the dual
basis {a} with respect to the pairing introduced in Proposition
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5.4 Corollary. For |M| < |N| we have

deg(eMaiaj

#):{1, M=N andi=j;

0, otherwise.

Proof. If M = N, then it follows from the definition of the dual basis. As-
sume |M| < |N|. If deg(eMa;al) # 0, then codim(a;af) > d, in contradic-
tion with the fact that ozioz;éé € R. Hence, we are reduced to the case M # N
and | M| = |N|. Since |M| = |N|, codim(a;a®) = d and, hence, R*aiaf = 0.

J
On the other hand there exists i such that m; > p* and e ¢ Ch(%) - R".
Hence, eMaiaf = 0. O

5.5 Definition. Given two pairs (L,[) and (M, m), where L, M are r-tuples
and [,m are integers, we say (L,l) < (M,m) if either L < M, or in the

case L = M we have [ < m. We introduce a filtration on the ring Ch(X) as
follows:

The (M, m)-th term Ch(X) s, of the filtration is the Z/p-subspace
spanned by the elements e’ with I < M, a € R homogeneous,
codima < m.

Define the associated graded ring as follows:

AF* = @ AM’m, where AM™ = Ch<§>M,m/ U Ch<¥>L7l'

(M,m) (LD =(M,m)

By Lemma if M < N the graded component AM™ consists of the classes
of elements eMa with a € R and codima = m. In particular, rk AM™ =
rk R™. Comparing the ranks we see that AM™ is trivial when M £ N.
Consider the subring Ch(X) of rational cycles with the induced filtration.
The associated graded subring will be denoted by A.;. By definition of the

rat-®
*,%

J-invariant it follows that the elements efh, i=1,...,r, belong to A,
Similarly, we introduce a filtration on the ring Ch(X x X) as follows:

The (M, m)-th term of the filtration is the Z/p-subspace spanned
by the elements e/ x e”3 with I+ L < M, o, 3 € R homogeneous
and codim « + codim 5 < m.

The associated graded ring will be denoted by B**. By definition B** is
isomorphic to the tensor product of graded rings A** ®z,, A**. The graded
subring associated to Ch(X x %) will be denoted by B

rat*

23



5.6. The key observation is that due to Corollary we have
Ch(% X g)Mmz o Ch(% X i)L,l C Ch(% X i)M—i-L—N,m—&-l—d and

(Ch(X X X)arm)«(Ch(X) 1) € Ch(F)MoL-Nmti—a
and, therefore, we have a correctly defined composition law

o: BMm o gLl _, pM+L—Nm+i—d

and the realization map (see |1.1])

" BM,m % AL’Z _)AM—l—L—N,m—i-l—d

In particular, BYT%%* can be viewed as a graded ring with respect to the
composition and (a o (3), = ay o f,. Note also that both operations preserve
rationality of cycles.

The proof of the following result is based on the fact that the group G
splits over F(X).

5.7 Lemma. The classes of the elementse; x 1 —1xe; in B**,i=1,...,r,
belong to B,

rat*

Proof. Fix an i. Since G splits over F(X), FI(X) is a splitting field of X and
by Lemma there exists a cycle in Ch% (% x X) of the form

§=e¢><1+2us><vs+1><u,

where codim p,, codim v; < d;. Then the cycle

prig(§) —priag(§) = (e, x 1 —1 x ¢;) 1+Z(us X1 —1X pug) X v

belongs to @(% X X x X), where pr;; denotes the projection on the product of
the i-th and j-th factors. Applying Corollary to the projection pry5: X X
X x X — X x X we conclude that there exists a (non-canonical) Ch(X x X)-
linear isomorphism Ch(XxXx %) ~ Ch(XxX)®Ch(X), where Ch(X xX) acts
on the left-hand side via prj,. This gives rise to a Ch(X x X)-linear retraction

0 to the pull-back map pr},. Since the construction of the retraction preserves
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base change, it preserves rationality of cycles. Hence, passing to a splitting
field we obtain a rational cycle

O(pris(€) —prag(€)) =ei x L= 1x e+ Y (e x 1 =1 x p)d(1 x 1 x v)

S

whose image in B} ise; x 1 — 1 X ¢;. ]

rat

We will write (e x 1 — 1 x )™ for the product [[;_,(e; x 1 —1 x &;)™
and ( ) for the product of binomial coefficients [],_, (7} L ) We assume that

(Tz) = 0if [; > m,;. In the computations we will extensively use the following

two formulae (the first follows directly from Corollaryn and the second one
is a well-known binomial identity).

5.8. Let o be an element of R* and let o be its dual with respect to the
non-degenerate pairing from , i.e. deg(eNaa#) = 1. Then we have

M

<@x1—1x@Mm#xD%@@*:Qw+L_N

) (_1)M+L—N6M+L—N.

Indeed, expanding the brackets in the left-hand side, we obtain
M
(T ()ertar < el) o)
<M *
and it remains to apply Corollary [5.4l

5.9 (Lucas’ Theorem). The following identity holds

() =T(e) o

where m =3, mp" and n = Y., n;p" are the base p presentations of m
and n.

Let J = J,(G) = (41, ..., Jjr) be the J-invariant of G (see Definition [4.6]).
Set K = (ki,. .., k).

5.10 Proposition. Let {a;} be a homogeneous Z/p-basis of R. Then the set
of elements B = {e?' Loy | L < p™~7 — 1} forms a Z/p-basis of A%
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Proof. According to Lemma [5.2] the elements from B are linearly indepen-
dent. Assume B does not generate A*%. Choose an element w € AM™ of
the smallest index (M, m) which is not in the linear span of B. By defi-
nition of AM™ (see Definition w can be written as w = eMa, where
M < N, a« € R™ and M can not be presented as M = p’/L’ for an 7-
tuple L’. The latter means that in the decomposition of M into p-primary
and p-coprimary components M = p°L, where M = (my,...,m,), S =
($1y.--,8:), L ={(l1,...,0,) and ptl for k =1,...,r, we have J £ S. We
choose an ¢ such that s; < j;. We denote M; = (0,...,0,m;,0,...,0) and
S; =1(0,...,0,8:,0,...,0), where m; and s; stand at the i-th place.

SetT N—-M +M;. By Lemmal5.7land [5.8|together with observation 5.6}

the element

m;

(ex1—=1xe)T(a® x 1)) (Ma) = (p )(—1)’”1-6%—

belongs to AM=Y By we have p { (p ' _1) and, therefore, this element is
non-trivial. Moreover, since s; < j;, this elément is not in the span of B. Since
(M, m) was chosen to be the smallest index and (M;,0) < (M, m) we obtain
that (M, m) = (M;,0). Repeating the same arguments for T = N — M, + p”
we obtain that M; = p%, ie. [, = 1.

Now let 7 be a representative of w = ¢’ in Ch(¥). Then its image

7(7) in €h(G) has the leading term z*" with s; < j;. This contradicts the
definition of the J-invariant. O

5.11 Corollary. The elements
{(ex1—1xe)5( oy x epJ(pK_Ll*M)af) | L, M <xp"7 —1, S<p’—1}

form a Z/p-basis of B, In particular, the ones such that S = p” — 1 and
L =M form a basis of B

Proof. According to Lemma [5.2] these elements are linearly independent and
their number is p/*~7I(rk R)®>. They are rational by Definition and
Lemma . Applying Corollary |3 . to the projection X x X — X we obtaln
that

rk B, = rk Ch(X x X) = rk Ch(X) - tk Ch(X),

rat —

where the latter coincides with rk A%7-p/% tk R = p2K=7I(rk R)? by Lemmal5.2)
and Proposition [5.10} O
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5.12 Lemma. The elements
Oariy = (e x 1 —1x el "M Fay x @' @120y [ A< pK=T 1,

belong to By, and satisfy the relations Op, i © O i jr = dar i O v
and ZL,Z’ 9L7L7M = Ag

Proof. Expanding the brackets and using the identity (pjl._l) = (—1)" mod p,

we see that
_ § : JL4T N—p/ M-I #
GL,M,i,j = e? o; X e P ] s
Isp7—1

and the composition relation follows from Corollary 5.4, By definition we

have
E Or.1ii = E el x eN’Iof.
Ly

1SN,
By Corollary the latter sum acts trivially on all basis elements of Ch(X)

and, hence, coincides with the diagonal. Il

We are now ready to provide a motivic decomposition of the variety of
complete flags.

5.13 Theorem. Let G be a semisimple linear algebraic group of inner type
over a field F' and let X be the variety of complete G-flags. Let p be a prime.
Assume that J,(G) = (j1,...,Jr). Then the motive of X is isomorphic to the

direct sum
}: Z/p @ R EBCL

>0

where the motive R,(G) is indecomposable, its Poincaré polynomial over a
splitting field is given by

PRG).1) = ][ Sl B

i=1

and the integers c; are the coefficients of the quotient

Y at' = P(Ch'(X),1)/ P(R,(G). t).

1>0



Proof. Consider the projection map

f%: Ch(% x X)nq — BN

rat *

Observe that the kernel of f° is nilpotent. Indeed, any element ¢ from ker f°
belongs to Ch(X x X)ys, for some (M, m) < (N,d) which depends on £.
Then by its i-th composition power £° belongs to the graded component
Ch(?x ?)Z M—(i—1)N,im—(i—1)d, and, therefore, becomes trivial for 7 big enough.

By Lemma the elements 0y, 1, ; ; form a family of pairwise-orthogonal
idempotents whose sum is the identity. Therefore, by Proposition there
exist pair-wise orthogonal idempotents ¢y ; in Ch(X% x X) which are mapped
to 0,1, and whose sum is the identity.

Recall (see that given two correspondences ¢ and ¢ in Ch(X x X) of
degrees ¢ and ¢ respectively its composite ¢ o1 has degree ¢+ ¢’. Using this
fact we conclude that the homogeneous components of ¢y, ; of codimension
dim X are pair-wise orthogonal idempotents whose sum is the identity. Hence,

we may assume that ¢ ; belong to Ch¥™*(% x X%).

We now show that ¢ ; are indecomposable. By Corollary and
Lemma the ring (BN o) can be identified with a product of matrix
rings over Z/p

d
B o T End(@/p"™ "),

rat —
s=0
By means of this identification 0, 1 ;;: epJMozj — 6L,M(5i,jepJLozi is an idem-
potent of rank 1 and, therefore, is indecomposable. Since the kernel of f° is
nilpotent, the ¢ ; are indecomposable as well.
Next we show that ¢y, ; is isomorphic to ¢y ;. In the ring B,;; mutually
inverse isomorphisms between them are given by 0, r; ; and 0571 ;. Let
f: Ch(X x X) — B>

rat

be the leading term map; it means that for any v € Ch(X x X) we find the
smallest degree (I, s) such that v belongs to Ch(X x X);, and set f(7) to be
the image of v in B/25. Note that f is not a homomorphism but satisfies the
condition that f(&)of(n) equals either f({on) or 0. Choose preimages 1, as; ;
and Yarr i of O ari; and Oarp 5 by means of f. Applying Lemma we
obtain mutually inverse isomorphisms ¥ ar;; and Yarr;; between ¢ ; and
;- By the definition of f it remains to take their homogeneous components

of the appropriate degrees.
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Applying now Lemma and Corollary to the restriction map
resp: End(M(X;Z/p)) — End(M(X;Z/p))

and the family of idempotents ¢y, ; we obtain a family of pair-wise orthogonal
idempotents ¢, ; € End(M(X;Z/p)) such that

Ax=> ori
L

Since resp, /p lifts isomorphisms, for the respective motives we have (X, ¢ ;) ~
(X, ¢o0)(|L| + codim ;) for all L and i (see [2.2)). The twists |L| + codim a;
can be easily recovered from the explicit formula for 6y, 1 ;; (see Lemma.
Denoting R,(G) = (X, ¢oo) we obtain the desired motivic decomposition.
Finally, consider the motive R,(G) over a splitting field. The idempotent
600,00 splits into the sum of pair-wise orthogonal (non-rational) idempotents
el x eN=11# T < p’ — 1. The motive corresponding to each summand is

isomorphic to (Z/p)(|I|). Therefore, we obtain the decomposition into Tate

motives
R,(G) =~ P @/p)l1)),
IgpT—1
which gives formula for the Poincaré polynomial. O

As a direct consequence of the proof we obtain

5.14 Corollary. Any direct summand of M(X;Z/p) is isomorphic to a direct
sum of twisted copies of R,(G).

Proof. Indeed, in the ring Bﬁi’td any idempotent is isomorphic to a sum of
idempotents 0y, 1, ;;, and the map f lifts isomorphisms. n

5.15 Remark. Corollary[5.14]can be viewed as a particular case of the Krull-
Schmidt Theorem proven by V. Chernousov and A. Merkurjev (see [CMOG,
Corollary 9.7]).

5.16 Definition. Let GG be a linear algebraic group over a field F' and let X
be a projective homogeneous G-variety. We say X is generically split if the
group G splits over the generic point of X.

The main result of the present paper is the following
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5.17 Theorem. Let G be a semisimple linear algebraic group of inner type
over a field F' and let p be a prime integer. Let X be a generically split pro-
jective homogeneous G-variety. Then the motive of X with Z/p-coefficients
18 1somorphic to the direct sum

X Z/p @R @az

>0

where R,(G) is an indecomposable motive; Poincaré polynomial P(R,(G),t)
15 given by and, hence, only depends on the J-invariant of G; the a;’s are
the coefficients of the quotient polynomaial

> ait' = P(CH*(X),t)/P(R,(G),1).

Proof. Let X be the variety of complete G-flags. According to Theorem
the motive of Y = X is isomorphic to a direct sum of twisted copies of the
motive of X. To finish the proof we apply Theorem [5.13] and Corollary [5.14

D

We now provide several properties of R,(G) which will be extensively
used in the applications.

5.18 Proposition. Let G, G' be two semisimple algebraic groups of inner
type over F and let X, X' be the corresponding varieties of complete flags.

(i) (base change) For any field extension E/F we have

E—@R GE 690«17

where Y~ a;t* = P(R,(G),t)/P(R (GE) t).

(i1) (transfer argument) If E/F is a field extension of degree coprime
to p then J,(Gg) = J,(G) and R,(Gg) = R,(G)r. Moreover, if
Ry(Gg) ~ R,y(G) then R,(G) ~ R,(G").

(111) (comparison lemma) If G splits over F(X') and G’ splits over F(X)
then R,(G) ~ R, (G).
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Proof. The first claim follows from Theorem and Corollary [5.14] To
prove the second claim note that F is rank preserving with respect to X
and X x X by Lemma [1.12] Now J,(Gg) = J,(G) by Lemma [1.10] and
hence R,(Gg) = R,(G)g by the first claim. The remaining part of the claim
follows from Corollary applied to the variety X [ X'.

We now prove the last claim. The variety X x X’ is the variety of complete
G x G'-flags. By Corollary applied to the projections X x X' — X
and X x X' — X’ we can express M(X x X';Z/p) in terms of M(X;Z/p)
and M(X';Z/p). The latter motives can be expressed in terms of R,(G)
and R,(G’). Now the claim follows from the Krull-Schmidt theorem (see

Corollary [5.14)). O

5.19 Corollary. We have R,(G) ~ R,(Gan), where Gy, is the semisimple
anisotropic kernel of G.

Finally, we provide conditions which allow one to lift a motivic decom-
position of a generically split homogeneous variety with Z/m-coefficients to
a decomposition with Z-coefficients.

5.20. Let m be a positive integer. We say a polynomial g(t) is m-positive, if
g # 0, P(Ry,(G),t) | g(t) and the quotient polynomial ¢(t)/P(R,(G),t) has

non-negative coefficients for all primes p dividing m.

5.21 Proposition. Let G be a semisimple linear algebraic group of inner
type over a field F' and let X be a generically split projective homogeneous
G-variety. Assume that X splits by a field extension of degree m. Let f(t)
be an m-positive polynomial dividing P(M(X),t) which can not be presented
as a sum of two m-positive polynomials. Then the motive of X with integer
coefficients splits as a direct sum

MX;Z) ~ P Ri(c), €L

where R; are indecomposable and P(R;,t) = f(t) for all i. Moreover, if
m = 2,3,4 or 6, then all motives R; are isomorphic up to twists.

Proof. First, we apply Corollary to obtain a decomposition with Z/m-
coefficients. By Lemma [1.12| our field extension is rank preserving so we can
apply Theorem [2.16]to lift the decomposition to the category of motives with
Z-coefficients. O
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6 Applications of the J, and of the motive R,

Let G be a semisimple group of inner type over F' and let X be the variety
of complete G-flags.
First, we obtain the following expression for the canonical p-dimension of

X (see [EKM] §90]).

6.1 Proposition. In the notation of Theorem [5.15 we have
cdy(X) =) di(p" — 1),
i=1

Proof. Follows from Proposition and [KMO6, Theorem 5.8]. O

Let X be a smooth projective variety which has a splitting field.

6.2 Lemma. For any ¢,v € CH*(X x X) one has

deg((pra)«(¢ - ¥)) = tr((¢ 0 ).).

Proof. Choose a homogeneous basis {e;} of CH*(X). Let {e}} be its Poincaré
dual. Since both sides of the relation under proof are bilinear, it suffices to
check the assertion for ¢ = e; X e and ¢ = e}, x ¢. In this case both sides
of the relation are equal to ;0. O

We denote the greatest common divisor of degrees of all zero cycles on X
by d(X) and its p-primary component by d,(X).

6.3 Corollary. Let m be an integer. For any ¢ € CH(X x X;Z/m) we have
ged(d(X), m) | tr(¢.).
Proof. Set 1) = Ax and apply Lemma [6.2] m
6.4 Corollary. Assume that M(X;Z/p) has a direct summand M. Then
1. dy(X) | P(M,1);
2. if d,(X) = P(M,1) and the kernel of the restriction End(M (X)) —

End(M (X)) consists of nilpotents, then M is indecomposable.
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Proof. Set ¢ = d,(X) for brevity. Let M = (X, ¢). By Corollary there
exists an idempotent ¢ € End(M(X);Z/q) such that ¢ mod p = ¢. Then
res(p) € End(M(X);Z/q) is a rational idempotent. Since every projective
module over Z/q is free, we have

tr(res(p),) = rkzq(res(¢),) = rky p(res(@),) = P(M,1) mod g,

and the first claim follows from Corollary [6.3] The second claim follows from
the first one, since the second assumption implies that for any non-trivial
direct summand M’ of M we have P(M',1) < P(M,1). O

6.5. Let n(G) denote the greatest common divisor of degrees of all finite
splitting fields of G and let n,(G) be its p-primary component. Note that
n(G) = d(X) and n,(G) = d,(X).

We obtain the following estimate on n,(G) in terms of the J-invariant
(cf. [EKM, Prop. 88.11] in the case of quadrics).

6.6 Proposition. Let G be a semisimple linear algebraic group of inner type
with J,(G) = (j1,...,4r). Then

np(G) < p=ide.
Proof. Follows from Theorem and Corollary [6.4] O
6.7 Corollary. The following statements are equivalent:
o J,(G)=1(0,...,0);
o n,(G)=1;
o R,(G)=1Z]/p.

Proof. 1f J,(G) = (0,...,0) then n,(G) = 1 by Proposition 6.6 If n,(G) =1
then there exists a splitting field L of degree m prime to p and, therefore,
R,(G) = Z/p by transfer argument [5.18(ii). The remaining implication is
obvious. O

7 Examples

In the present section we provide examples of motivic decompositions of
projective homogeneous G-varieties obtained using Theorem [5.17, where G
is a simple group of inner type over a field F'. We identify certain groups of
small ranks via exceptional isomorphisms, e.g. By = Cy (see [BI|, §15]).
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The case r = d; = 1. According to Table[1.13] J,(G) = (ji) for some j; >0
if and only if Gy is a split group of type A, or C,. In this case p|(n + 1) or
p = 2 respectively.

Let G = ¢Gp by means of £ € Z'(F, Gy). Let D be a central division alge-
bra of degree d corresponding to the class of the image of & in H'(F, Aut Gy)
(see [BI, p.396 and p.404]). Observe that p | d.

Let Xo be a projective homogeneous G-variety given by a subset © of
vertices of the respective Dynkin diagram D. By [T166], p.55-56] X is generi-
cally split if D\© contains at least one r-th vertex with p 1  (cf. Example 3.6).
Observe that the converse is also true by the Index Reduction Formula (see
IMPW, Appendix I, I1T]).

Then by Theorem we obtain that for a generically split Xg

M(Xo; Z/p) ~ @ R, (G) (i) **, (4)

>0
where R,(G) is indecomposable and

pi-1
Ry(G) = D (Z/p)(0).
=0
We now identify R,(G). Using the comparison lemma (see Proposi-
tion we conclude that R,(G) only depends on D, so p* | d. On the
other hand by Proposition we have n,(G) < p*. Since n,(G) is the
p-primary part of d, it coincides with p* (in the C,-case it coincides with d).
We have D ~ D, ®p D', where p* = ind(D,) and p { ind(D’). Passing
to a splitting field of D’ of degree prime to p and using Proposition [5.1§]
we conclude that the motives of X¢ and SB(D,) are direct sums of twisted
R,(G). Comparing the Poincaré polynomials we conclude that

7.1 Lemma. M(SB(D,);Z/p) ~ R,(G).

7.2 Corollary. The motive of SB(D) with integer coefficients is indecom-
posable.

Proof. We apply Proposition to X = SB(D) and compare the Poincaré
polynomials of M(X) and R;. O

7.3 Remark. Indeed, we provided a uniform proof of the results of pa-
per [Ka96]. Namely, the decomposition of M(SB(M,,(D));Z/p) (see [Ka96,
Cor. 1.3.2]) and indecomposability of M(SB(D);Z) (see [Ka96, Thm. 2.2.1]).
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The case r =1 and d; > 1. According to Table[£.13] this holds if and only
if Gy is a split group of type (here * denotes a simply-connected group)

p= 2: G27 F47 E67 Bgca Bff? Dica Dgc7
p=3: Fy, Er, EG
P = 5: Eg.

Moreover, it follows from Table that in all these cases k; = 1.

Let G = ¢Gy, where £ € Z'(F, Gy). Let X be a generically split projective
homogeneous G-variety (cf. Example . By Theorem we obtain the
decomposition

M(X;Z/p) ~ P R,H(G)(5)*, (5)

>0

where the motive R,(G) is indecomposable and (cf. [Vo03, (5.4-5.5)])

—_

p—

Ry(G) =~ ’ (Z/p)(i- (p+1)).

@
Il
=)

We now identify R,(G).

Observe that for any such group G there exists a finite field extension
E/F of degree coprime to p such that Gp = (Go g, where & € Z1(E, G§°).
Indeed, for Eg (p = 2) and E7 (p = 3) it follows from the fact that the center
of E§° is g and the center of E3¢ is pp. For all other groups it is obvious.

Let v be the Rost invariant as defined in [Me03]. According to [GPO7,
Lemma 2.1] if a group is given by a cocycle with values in a simply-connected
group, the invariant v depends only on the isomorphism class of the group
but not on the particular choice of the cocycle. Therefore, the invariant
t(G) = t(§) is well-defined over E.

Let t, be the p-component of t. Observe that for the group G over E the
invariant t, takes values in H*(E, p1?). Define t,(G) = [E FCOTeSp/p t,(Gg).
It is easy to see that t,(G) does not depend on the choice of E. Indeed, if
E and E' are two such field extensions, we can pass to the composite field
E - E" and use the functoriality of t,.

7.4 Lemma. Let G be a simple linear algebraic group of inner type over F
satisfying r = 1 and dy > 1 and let p be a prime. Then v,(G) is trivial iff

R,(G) ~Z/p.
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Proof. According to [Ga0ll Theorem 0.5], [Ch94] and [Gi00, Theoreme 10]
the invariant t,(G) is trivial iff the group G splits over a p-primary closure of
F'. By Corollary[6.7]the latter is equivalent to the fact that R,(G) ~ Z/p. O

7.5 Lemma. Let G and G’ be simple linear algebraic groups of inner type
over F satisfying r =1 and dy > 1 (observe that in this case k = 1).
If t,(G) = ¢ - v, (G") for some c € (Z/p)*, then R,(G) ~ R,(G").

Proof. By transfer arguments (see Proposition it is enough to prove
this over a p-primary closure of F'. Let X and X’ be the respective varieties
of complete flags. Observe that the invariant v,(G) becomes trivial over the
function field F'(X). Since t,(G) = ¢ - v,(G’), the invariant becomes trivial
over F'(X') as well. By Lemma X splits over F/(X'). Similarly, X’ splits
over F(X).

Therefore, by Lemmathere exists a rational cycle ¢ in Chgjpy, x(? X %l)
of the form ¢ = 1 X pt + > 4ima0@ X Bi. Observe that by definition
¢y plx +— pty. Similarly, interchanging X and X’ we obtain a rational cycle
¢ € Chgimx (X' x X) such that ¢ : pty — ptx. Restricting ¢ and ¢ to the
direct summands R,(G) and R,(G’) of M(X) and M(X') respectively we
obtain the rational maps ¢r: R,(G) — R,(G’) and ¢5: R,(G') — R,(G).

Since the motive R,(G) is indecomposable and rk Ch*(R,(G)) < 1 for all
i, the ring of rational endomorphisms of R,(G) is generated by the identity
endomorphism A. The same holds for the ring of rational endomorphisms
of R,(G"). Since (¢z)+ 0 (dr)«: ptx — ptz, the composition ¢ o pp = A.
Similarly we obtain ¢g o ¢y = A’. By the Rost nilpotence since ¢r and ¢,
are rational, the motives R,(G) and R,(G") are isomorphic. O

Z-coefficients. Let G = (G be a twisted form by means of a cocycle £ €
ZY(F,Gy), where Gy is a group of type Fy or Ef. Assume that G' doesn’t
split by a field extension of degree less than 4. Observe that such a group
always splits by an extension of degree 6.

Let X be a generically split projective homogeneous G-variety. Then
according to Proposition the Chow motive of X with integer coefficients
splits as a direct sum of twisted copies of an indecomposable motive R(G)
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such that
RG)®Z2= P RoAG)i),  P(Ra(G),t) =1+1,

i=0,1,2,6,7,8
RG)®ZB= P Rs(G)i), PRs(G)t)=1+1t"+15

i=0,1,2,3
P(R(G),t)=1+t+t"+... +t'.

7.6 Remark. In particular, we provided a uniform proof of the main results
of papers [Bo03] and [NSZ|, where the cases of G- and Fy-varieties were
considered.

The case r > 1. According to Table this holds for split groups G
of remaining classical types B,,, D,, for p = 2; exceptional types E;, Eg for
p =2 and E2 Eg for p = 3.

Projective Quadric. Consider a generically split projective quadric X. By
[EKM, 25.6, 28.2] a quadric X is generically split if and only if it is a Pfister
quadric or its codimension one neighbor. Let ¢ be the k-fold Pfister form
(or its codimension one neighbor) defining X. Then X = Xg is a projective
homogeneous G-variety, where G = O™ (¢) is the orthogonal group of ¢, and
O is the subset of the respective Dynkin diagram obtained by removing the
first vertex.

Assume J5(G) # (0,...,0). In view of Corollary |6.7| this holds if and only
if no(G) # 1. By Springer’s Theorem the latter holds if and only if ¢ is not
split. By Theorem [5.17] we obtain the decomposition

M(X;Z2/2) ~ @ Ra(G) (i) *™
i>0
where the motive Ry(G) is indecomposable. Moreover, by Theorem the
same decomposition holds with Z-coefficients.

We now compute Jo(G). Observe that the group G splits over the function
field F(X) and X splits over F(x) for any x € X. It is known (see [EKM)|
§72]) that the Chow groups Ch'(X) for I < 2¥~! —1 consist of rational cycles,
i.e. the restriction maps Chl( ) — Chl(XF(x)) are surjective for [ < 2871 —1.
Then by Proposition 4.9 and Table [£.13] we obtain that j;, = 0 for 1 < i <
2k=2_ Therefore,

Jo(G) = (0,...,0,1) and P(Ro(G),t) = 1+ "1, (6)
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Finally, by Corollary the motive Ry(G) coincides with the motive intro-
duced in [Ro98], called the Rost motive.

In this way we obtain the Rost decomposition of the motive of a Pfister
quadric and its codimension one neighbor.

Maximal orthogonal Grassmannian. Let X be a connected component of a
maximal orthogonal Grassmannian. Then X = Xg is a projective homoge-
neous G-variety, where G = O™ (q) is the orthogonal group of ¢, and © is
the subset of the respective Dynkin diagram obtained by removing the last
vertex. According to [Ti66], p.55-56] X is generically split.

By Theorem we obtain the decomposition

M(X;2/2) ~ @ Ra(G) () *,

>0

where the motive Ro(G) is indecomposable. Comparing the Poincaré poly-
nomials of M(X;Z/2) and Ry(G) we obtain the following two extreme cases:

e If the group G is given by a generic cocycle, i.e. ¢ is generic, the motive
M(X;7Z/2) coincides with Ro(G) and, therefore, is indecomposable.
This corresponds to the maximal value of the J-invariant.

o If ¢ = ¢ is a Pfister form or its codimension one neighbor, then by
the previous example Ry(G) coincides with the Rost motive. This
corresponds to the minimal non-trivial value of the J-invariant @
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