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Computability models

> Set T
» Set C(t) for t € T

» Set C[t, '] of partial functions
from C(t) to C(¢') for t, ¢’ € T

> ]-C S C[t t]
> fe C[t, t'],g € Clt',t"] =
gof€C[t ]
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Computability models
Some examples

M=z | e M| MM

A := {all terms}

T:=1

C(O = A/ =3

C[0,0] := {[M]s — [PM]s | P € A/ =3}
T=1

C(0):=N

C[0,0] := {f: N — N | f Turing computable}



Simulations

D(~(1)) D(y())
» Class map v: T'— U (Total!) Iz
» Tracking relations
IS D(y(t)) x C(1)
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Simulations

D(~(1)) D(y())
» Class map v: T'— U (Total!) @ Iz
» Tracking relations
IS D(y(t)) x C(1)

= E

> Vi Iyen(yeny IH @ @ f

> VYiecr3renhawnf’ o f




Simulations
An example

[M]g — [PM]g | P € Af =g}
f: N —= N | f Turing computable}

C(0):=A/=p C[0,0]:={
D(0) :=N D[0,0] := {

v: 1 — 1 identity
IF{C N x A/ =4 defined by

ml-d M < m=[M for M' =5 M

[—] Godel numbering of terms.



Transformability

v,6: C— D. v =4 iff for all t € T we have f; € D[y(t),0(t)] such that
VoY, (y IF] 2 = fi(y) I 2)

Write § ~«y iff § <y and v <.
C ~ D iff there exist 4: C — D and : D — C such that

v0d ~idp and d oy ~ id¢



The category CompMod

Sets Cat CompMod

complete
cocomplete
A ccc
type-cat
@ regular
topos




The category CompMod

Sets Cat CompMod » Given: C, forse S

complete v v Ve T
cocomplete s

A ccc » Type names: [[ ¢ Ts

type-cat

@ regular » Data types:

topos (Hses C) ((tS)SES) = Hses Cs(ts)-

» Computable functions: (Hses C) [(ts)ses, (t5)ses] = [ es Cslts: th].



The category CompMod

Sets Cat CompMod > Given: B 25 D <& ¢
|
T

complete v v v | |

cocomplete S U

(t:}cf;e—cat » Type names: v 1(T)

@A regular > Data types: (y1(C))(s, t)

i topos = {(z,y) € B(s) x C(1)
|E|z€C(6(t))Z |F TNz ‘F }

» Computable functions:
(YO [(5,0), (8, 1)]
= {(fi,2) €B[s, 8] X C[t, '] | Y(ay)e(r—0)) (s, (2, ) € dom(fy) x dom(fy)
= (fi(2),fa(y) € (¥ HC)(s' 1)}



The category CompMod

Sets Cat CompMod > Given: B <~ D %, C
complete v v v | | \
cocomplete v v v S U T
B cc > T : 7 (T) = (ST T)/ ~
type-cat ype names: 7,(T) = ( )/
@ regular T = T\ (D),
fopos § =5\ (V)

» Data types:
B(z) ifzes
7+(C)(z) = ¢ C(z) ifze T,

B(v(u)) I C(6(u)) if z=~(u) forue U



The category CompMod

Sets Cat CompMod > Given: B <~ D %, C
complete Ve v v | | ‘
cocomplete v v v S U T
B ccc > T : T)=(SUT)/ ~
type-cat ype names: 7(T) = ( )/

B e T,
P "= S\ 5(U)
» Computable functions:
] ifreS,ye T orye S, ze T,
Bz, y] ifre T, ye S'"orye T,z €8,
(7*(D)>[‘T7 y} = . / /
Clz, y] ifee Viye T"orye V,z e T,

By (u), y(«)] L C[6(u), 6(u)] if & = y(u), 2" = ~(u)



The category CompMod

Sets Cat CompMod » Known: Near-exponential structure
(Transpose only unique if simulation

complete v v v single-valued)

E(C)Ccomplete ; ; '; Def. Let [C —y D] be the set families
B type-cat ’ {y:C—D|y=U}

@ regular » Def. A € [C —y D] uniformly

topos tracked if for all f € C[t, ¢] there

exists f' € D[U(t), U(t')] such that for

ally € A f ], f

> F:={,[C—y D]

» Def. A€ [C—y D]|,Be[C—y D], then RC A x Bis a uniform transformation
if for all ¢ € T there exists f; € D[U(t), V(t)] such that for all (y,d) € R

ylF ==y e dom(fy) A fi(y) IH] z



The category CompMod

Sets Cat CompMod » Known: Near-exponential structure
(Transpose only unique if simulation

complete v v v single-valued)

E(C)Ccomplete ; ; '; Def. Let [C —y D] be the set families
B type-cat ’ {y:C—D|y=U}

@ regular » Def. A € [C —y D] uniformly

topos tracked if for all f € C[t, ¢] there

exists f' € D[U(t), U(t')] such that for
ally € Af I, ) f

» [C,D
(€. D] {[C,D](G, G') = {R uniform trafo G — G'}



The category CompMod

Sets Cat CompMod > “Computability model” Sets:

complete v v v » Type names are sets
cocomplete v v v > Sets(S) =S
| ccc 4 4 ? » Computable functions are all
type-cat v v v partial functions
@ regular
topos » Family arrows:
fHom(C) = {y: C — Sets}
» Type names: y_,.¥(t) :={(t,b) | t€ T and be~(t)}

> Data types: (chy>(t, b) :={yeC(t) | blIH] y}

» Computable functions: (ZC fy) [(s,a),(t,b)] =
{7 €Clst) | Vacaomn (7€ (L) (s:0) = 1) € (Zev)(4:0) }



The category CompMod

Sets Cat CompMod

complete v v Ve
cocomplete v v Ve
B ccc v v ?
type-cat v v v
@ regular

topos

> pri: Y er¥(t) = T, defined by (t,0) — t, and for every (¢,b) € >°,c (1)
Y-y v ey =,

> > 57, underlying set-function ) sv: >, . ¥(t) = > ,cy6(u) defined by
(t,0) = (v(1), )
Forcing relations defined by z’ Il-(zt:";))v r:e 1 H] oz



The category CompMod

Sets Cat CompMod A Alz) =1 forallzc4

complete v v v | A[0,1] = {11} = A[2,3]

cocomplete v v Ve 4

A ccc v v ?

type-cat v v v B(z) =1,for all z € 3

@ regular v X X B

topos | B[0,1] = B[0,2] = BJ[1,2] = {11}
3
C C(z)=1 forall z € 2
2



The category CompMod

Sets Cat CompMod > v:A—B

complete v
cocomplete

v
@ ccc v/ 2—1, 32

v

v

~ NN

{OHQ 151

type-cat
@ regular
topos » §:C—+B

ERNENENEN
> S

regular epi

{0*—)0,1+—>1



The category CompMod

Sets Cat CompMod > v:A—B

complete v V4 v/
cocomplete v v 4 0—0, 1—1
A ccc v v ? 21, 32
type-cat v v v | )
@ regular v X X regular epi
topos > 6:C->B

{o 50,11

» 6 'y not regular epi



The category CompMod

Sets Cat CompMod

complete v
cocomplete

v
A ccc v
type-cat v
v
v

~ NN

@ regular
topos

EISNENLNEN

*x x \




Bases of computability

» Category €
» Subsets B(c¢) € Mon(—, ¢) for » Total base tot

all ce € tot(c) = {1.}

» Partial base prt (¢ cartesian
closed)

» B contains all identities prt(c) = Mon(—, ¢)
» B closed under composition » [somorphism base [/

and pullback along arbitrary I(¢c)={f:b—c| fiso}

morphisms



Bases of computability
in other work

RosoLiNt: Continuity » Partial product through
1988 and Effectiveness in bifunctor — x —: € X € — €
topoi ~ allows definition of domain as
endomorphism
~ Category of domain Dom(%)
~ embedding

¢ — P(Dom(%), D)



Bases of computability
in other work

RosoLint: Continuity » Partial map classifiers in topoi
1988 |+ and Effectiveness in as monads
topoi » Partial cartesian closed
categories

MuLRY: Partial map
classifiers and partial
1992 — .
cartesian closed

categories




Bases of computability
in other work

RosoLINT: Continuity » Domains as
1988 — and Effectiveness in endomorphisms/Idempotents
topoi » Subsumes p-categories
MULRY: Partial map > 2-equivalence
classifiers and partial
1992 —+ . P rCat = CatBaseComp
cartesian closed
categories
OCKETT & LACK:
1998 —+ ¢ . & :
Restriction categories




The category CatBaseComp

Sets Cat CatBaseComp > [€,B|(F) = {7]: F =
complete v v v F [ Veegn. € B(F(C))}
cocomplete v v v > B)(c.z) =
cce Ve v v <Z% >( @)
type-cat / v {Z € B(c) ‘
@ regular v X X cH _
topos v X X ' omgs (= (e x))}




The associated computability model

v

Category ¢

v

Base of computability B on &
» Presheaf P: ¥ — Sets respecting pullbacks in B

v

Type names: %, the objects of €
Data types CM?(%; P)(c) = P(c)

» Computable functions

v

CM®(%; P)[c, ¢] = {(S(i), SH) | Ginf): c = dyme B(c)}.



| !

QReg CompMod

[ |




| !

CatBasePshv CompMod

[ |




| !

CatBasePshv CompMod

[ |

dependent arrow structure on CompMod, CatBaseComp
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Type categories
The family structure

» For each ¢ € € a collection fHom(c) of family arrows
» Composition rules o: fHom(c¢) x Hom(¢, b) — fHom(b)

» Identity rule: Ao1. =\ for A € fHom(c)
> Associativity: Ao (gof) =(Aog)of



Type categories
The Y-objects

» for every ¢ € ¥ Operations » The square
>, fHom(c) = %,
o Do Sre) 25 5
pr,: fHom(c) — %o, lpr?of lpr?
A (pris Y A=) g7
» for every ¢,d € € and is a pullback square
f € Hom(d, c¢): Operation Z fly = st

>._f: fHom(c) = €1, A\ —

(Zof: Sarof = 3.A) >gen)=(X9) (X

Aog



Regular categories

¢ must be finitely complete Pullbacks of regular epimor-
Pullback squares phisms along arbitrary mor-
phisms are epimorphisms
F(e) f__1f> c Reminder: f: ¢ — d regular
epimorphism iff there exists a
lf - lf coequaliser diagram
c—1 4

g
b —= ¢ BN
admit coequalisers h
-1

70 %& ¢ —— Coeq(f~'f, 1)
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