SOBOLEV INEQUALITIES AND UNCERTAINTY PRINCIPLES
IN MATHEMATICAL PHYSICS. PART 1

RUPERT L. FRANK

ABSTRACT. This is a first draft of lecture notes for a course given at the LMU
Munich in July 2011.

1. SOBOLEV INEQUALITIES AND UNCERTAINTY PRINCIPLES

1.1. Example: Stability of the hydrogen atom. We consider a single particle of
mass 1/2 moving in three-dimensional space in the presence of a potential V.

We recall that in classical mechanics the state of such a system (at a given time) is
described by a point (p,z) € R? x R, where x denotes the particle position and p the
particle momentum. The energy, which is conserved under the time evolution, is

H(p,x) = p* + V(z).
In quantum mechanics a state is described by a function ¢ € Ly(R?), a wave func-
tion, with
/ (@) Pz = 1. (1.1)
R3
In view of this normalization requirement, the function |+/|? can be interpreted as the

probability density of the position of the particle. On the other hand, by (1.1) and
Plancherel’s theorem we know that the Fourier transform of 1,

i) = 202 [ e da. (1.2)
RS
satisfies a similar normalization condition
[(p))Pdp = 1. (1.3)
]R3

That is, W|2 has the interpretation of the probability density of the momentum of the
particle. The energy of the system in the state ¢ is

Wl = [ PWEd+ [ V@@= [ (9@ +V@@P) da.

R3
Again, under certain weak assumptions on V' one can construct a time evolution under
which this energy is constant. In this lectures, however, we will not consider the time
evolution, but we consider the stationary problem of minimizing the energy.
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Despite a certain formal correspondence between the definitions in the classical and
in the quantum case there are fundamental differences. Probably the most important
one is the uncertainty principle. It is instructive to study the effect of this principle in
the simple example of a single electron interacting with a fixed nucleus via attractive
Coulomb forces. The classical energy of this system is

HCoulomb(p’ I’) — p2 . /Q’.T‘_l ’

where the parameter £ > 0 (with the dimension of 1/length) contains all physical
constants. We observe that H(p, z), considered as a function on R x R3, is unbounded
from below. There is no minimal energy state! By making |z| small (considering an
electron close to the nucleus) and preventing |p| from being too large, we can make
H(p, z) arbitrarily negative.

This is not true in quantum mechanics! The reason for this is the uncertainty
principle which roughly states that |p| and |z| cannot be simultaneously small. So
when |z| we try to make |z| small, as before, we have to make |p| large. While this is
intuitively correct, the question of what exactly ‘small” and ‘large’ here means leads
to non-trivial mathematics, and this is the content of this course.

We now give to arguments of why the quantum mechanical energy

pCoutombr) _ / (IVe(@)? = sle| " [@)]?) de

is bounded from below. Certainly, at this point the knowing reader will remember
that the quantum-mechanical hydrogen problem can be solved explicitly. (... did
this already in ..., several years before the advent of quantum mechanics.) Pauli,
Jan. 1926 Our point here is that only very few Schrodinger eigenvalue problems can
be solved explicitly. Screening effects, for instance, lead to physical situations with
effective potentials, for which the eigenvalues are typically not known in closed form.
On the other hand, the comparison with the known result in the Coulomb case give a
natural measure of how good our methods are.
Here is the first mathematical formulation of the uncertainty principle.

Theorem 1.1 (Hardy inequality). For any 1) € H'(R?) one has

/!WJ!Q _4/ ||¢‘|22d (1.4)

The inequality is strict for every b # 0, but the constant }l cannot be replaced by a
smaller constant.

This inequality says that if ¢ is localized close to a point, e.g., x = 0, (i.e., the right
side is large), then its momentum has to be large (i.e., the left side is large). We also
note that a stronger singularity |z|~2 can be controlled by the kinetic energy than the
|z|~! singularity which arises in our Coulomb problem. The power |z|2 is, of course,
dictated by the dimensionality of the gradient on the left side. Indeed, if an inequality
of the form [ |V¢|*dx > C [ |z|*¢)|* dz holds with a constant independent of 1,
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then a simple scaling argument (i.e., replacing 1 (x) by 1 (Az)) shows that necessarily
a=—2.

Hardy’s inequality (1.4) should be compared with the better known Heisenberg’s
uncertainty principle,

1/2 2 g
2 20112 o 2
([vopac) ([ opac) =3 [ k.

This inequality says that, if [ |V]* dx is not too big, then [ z2|¢|* dz is not too small.
This is not too useful in practice, however. The value [ 22|¢|*dx can very well be
large and, at the same time, ¢ can be sharply localized close to the origin, as long as
there is an additional bump of 9 very far out. In contrast, Hardy’s inequality says
that, if [|V¢|*dx is not too big, then [ |z 2|¢|*dx is not too big either, and this
excludes v being sharply localized near the origin. This is what we need to prove the
quantum-mechanical energy of hydrogen is finite.

Remark 1.2. As an aside, note that the Heisenberg inequality follows (with a non-sharp
constant) from the Hardy inequality via Jensen’s inequality.

We shall prove Hardy’s and Heisenberg’s inequalities in the following subsection.
Accepting them for the moment, we shall use the former to prove that the quantum
mechanical energy of the hydrogen problem is finite. Indeed, (1.4) implies that

hCoulombWJ] _ / (%|l’|_2 — /{|$|_1) |¢($)|2d$a

and therefore, putting p = |¢]?,

inf pCoulembly] > inf{/ (1|aj|2 — H|SL’|1) p(z)dx: p> O,/ p(z)dx =1}.
R3 4 R3

lyll=1
The minimization problem on the right side can easily be solved and leads to the lower
bound —x?%. (The density p wants to be supported only on the sphere |z| = (2x)7!.)

The second formulation of the uncertainty principle, from which we will be able to
deduce a lower bound on h%emP[y)] is Sobolev’s inequality. In contrast to Hardy’s
inequality, which is a linear inequality, in the sense that it involves the square of
on both sides, Sobolev’s inequality is a non-linear inequality, where v appears with a
higher power on the left than on the right side. This makes it, intuitively, a stronger
inequality; (see, however, the discussion in Remark 5.8.)

Theorem 1.3 (Sobolev inequality). For any ¢ € H'(R®) one has

1/3
/ywmxzsg (/ |z/1\6dx) (1.5)
R3 R3

with Sy = 3(m/2)Y3. Equality holds iff u(z) = ch(b(x — a)) for some a € R3, b > 0
and c € C, where
h(z) = (142?712,
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The complete proof of this theorem will be one of the main results of the first part
of this course. A simple proof, with a non-optimal constant, however, will be given in
Theorem 1.12. The complete result is in Theorem 4.1.

The non-linearity [¢[% in Sobolev’s inequality is dictated by scaling reasons in the
same way as the function |x|™2 is in Hardy’s inequality. That is, replacing ¢ (z) by
Y(Az) we see that an inequality of the form [|Vy[*dz > C ([ |z/1|qu)2/q can only
hold for ¢ =6 in N = 3.

Using Sobolev’s inequality (1.5) we arrive at the minimization problem

1/3
(e ol = 1) 2 int(s ([ peyde) [ el pleydo: pz0, [

R3 R3

It is an easy exercise to compute the infimum on the right side. (No gradients are
involved anymore!) The optimal density is of the form p(z) = C(|z|™! — Ax)Y? if
|z| < (Ak)~! and p(z) = 0 if if |z| > (Ak)~! with two constants C' and A. Eliminating
C via the constaint [ pdx = 1, optimizing in A and recalling the precise value of Sy
from Theorem 1.3 we arrive at

inf{ S (/}R p(z) dx) v K/RS 2| p(z)dz - p>0, /R pla)dz =1} = =247

This is remarkably close to the true answer
1
inf (RS g = 1} = — 4

1.2. Hardy inequalities. We now explain how to prove Theorem 1.1 and its gener-
alization to higher dimensions.

Theorem 1.4 (Hardy’s inequality). Let N > 3. Then for all u € H'(RYN)

N =2\ [ |u]?
24y > (Y22 /—d. 1
fo o= (557) [ x

The inequality is strict for every u # 0, but the constant ((N — 2)/2)? cannot be
replaced by a smaller constant.

Lemma 1.5. Let w be a positive function satisfying —Aw + Vw > 0 in 2. Then for
alluw € CY(Q)

/ (IVul®> + V]ul?) da > / |V (w ) Pw?® do .
RN RN
Equality holds when —Aw + Vw = 0.

Proof. We use the ground state substitution u = wv and compute

Vu? = [wVv + vVw|? = w?|Vo]* + V|v|* - wVw + [v]?| Vo[
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Integrating this over R yields

/ Vul*dr = / (w?|V|* = [v]? div(wVw) + [v]*|Vv]?) d
RN RN

—/ (w?|V]* = [v]w(Aw)) dz

RN

2/ (w?V]* = V]v]ww) da.
RN

This is the claimed inequality. 0

Proof of Theorem 1.4. A simple computation shows that w(x) = |2|~(N~2/2 satisfies
—Aw+Vw=0for V(z) = —((N—2)/2)%z|72 in Q@ = RN\ {0}. Theorem 1.4 follows
since Cg°(12) is dense in H'(RY). The optimality claim is left as an exercise to the
reader. O]
Examples 1.6. Here are a few further applications of Lemma 1.5.

(1) Heisenberg uncertainty principle. For w(z) = e~ /2 and V(z) = a%2? — aN
we obtain

/ (IVul® + o?2*|ul?) deozN/ lu|? dz
RN RN

with equality iff v is proportional to w. Optimizing in a, we find

1/2 2
(/ |Vul? da:) </ || |u)? dx) > —/ lu|? da .
RN RN 2 Jpn

(2) Hydrogen uncertainty principle. For N > 2, w(z) = e~ and V(z) = —a(N —
1)]z|~' 4+ a* we obtain

N -1
/ <|Vu\2 — u|u|2> dex > —042/ lu|? dz
RN || RN

with equality iff v is proportional to w. Optimizing in a, we find

1/2 V2 5
(/ |Vul? daj) (/ |ul? da:) > / [u dx .
RN RN 2 ey 7|

(3) Linearized Sobolev inequality. For N > 3, w(x) = (14 22)~W=2/2 and V(z) =
—N(N —2)(1 + 2?)~% we obtain

2
2r> NN -2 [
/RN|Vu] dr > N( >/RN(1+562)2dx

with equality iff u is proportional to w. This inequality will prove useful in
Section 4 below.

Ezercise 1.7. half-line inequality

Exercise 1.8. half-space inequality



6 RUPERT L. FRANK

1.3. Sobolev inequalities. The proof of Sobolev’s inequality, even with non-sharp
constant, is substantially more difficult than that of Hardy’s inequality. Below we
follow the proof due to Gagliardo and Nirenberg which goes via the quantity [ |Vu|dx
instead of the quantity [ [Vul|*dx.

Theorem 1.9 (Isoperimetric inequality). Let N > 2. Then there is a constant Cy > 0
such that for all u € WHRY)

(N-1)/N
/RN |Vu|dz > Cy (/RN || N/ V1) dx) . (1.7)

The constant C'y that our proof gives is not sharp. Essentially, we obtain the sharp
constant in Theorem 5.10. The reason why we call (1.7) an isoperimetric inequality will
be explained in Exercise 1.14. For bibliographical remarks we refer to the discussion
of Theorem 5.10.

The Gagliardo—Nirenberg argument of Theorem 1.9 relies on two lemmas. The first
one is a one-dimensional analogue of the inequality we want to establish. The second
one gives a method of how to pass from smaller to higher dimensions.

Lemma 1.10 (Easiest Sobolev inequality). Ifu € W' (R), then Jo 1@ da > 2sup,ep |u(z)].
FEquality holds iff there is a constant a € R such that u is non-decreasing on (—oo, a)
and non-increasing on (a, o).

Proof. Write u(z) = § (ficoo u(y)dy — [ (y) dy). O

In the statement of the next lemma, we shall use the following notation for € R¥
and 1 <j <N,
Lij = (331, vy L1, Ljg1y - - - ,QIN) € RNil .

Then one has

Lemma 1.11 (Loomis-Whitney inequality). Let N > 2 and let fi, ..., fx € LYY RN,
Then the function f(z) := fi(Z1)--- fn(Zn) belongs to L*(RY) and

N
HfHLl(RN) < H HfjHLN—l(RN—l)-
j=1

Proof. Note that this is an equality for N = 2. The main idea behind the proof is
most clearly seen for N = 3, which we assume henceforth. We have

/ |f($)‘d$:/ filzr, xo)I (21, ) day das
R3 RxR
where

I(ZL’l,J]Q):/f2(171,$3>f3(xl,$2) d[Eg.
R

By the Schwarz inequality, I(z1,22) < \/g2(21)1/g3(x2), where

92($1):[Rf2($1,$3)2d$3 and 93($2):/Rf3(331,$2)2d1’3-
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Thus, again by Schwarz,

/R3 |f(z)|dx < /R dzy\/ga(1) (/R o, 72)? d@)l/? (/Rgg(@)d@)l/z
=nﬁn{4(mqvbﬂmﬁvﬁﬂxﬁ7

where g; is defined similarly as go and g3. Applying Schwarz once again, we arrive at
the claimed inequality for N = 3. The case N > 4 is proved similarly. 0

Proof of Theorem 1.9. By Lemma 1.10 we have

1 N
)| < 5 [ vl aae. o) i = ().
R

Defining g, ..., gy similarly with respect to the other coordinate directions and
multiplying the inequalities we find that

u(@)|Y < gi(Z1) - gn(En)
which is the same as

|u($)|N/(N—1) < gl<j1)1/(N_1) ... gN(jN)l/(N—l) )

Applying Lemma 1.11 with f; = g;/(N_l) we infer that

N N
_ 1/(N—-1 1/(N—1
[ @0 de < T sy = T35 -
j=1 j=1

The arithmetric-geometric mean inequality,

for a; > 0, implies that

N—-1)/N N N
mmWWﬂw()/<iZnu - L5 ould
. SN g;j LY(RN-1) = ON n Ul ax .

j=1 j=1

Estimating the ¢;-norm of the gradient in C" in terms of its ¢;-norm, we obtain the
claimed inequality. ([l

Corollary 1.12. Let2 < g<oo if N=1,2 and let 2 < ¢ < 2N/(N —2) if N > 3.
Then there is a constant Sy, > 0 such that for every u € H*(RY) one has

) 1-6 2/q
(/ |Vu|2dx) (/ |u|2da:> > Sy (/ |u|qu> : (1.8)
RN RN RN

where N/q =6(N —2)/2+ (1 —0)N/2.
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Of course, the equation determining 6 comes from scaling.
An important special case of (1.8) is, for N > 3,

(N-2)/N
/ |Vul?dx > Sy </ || 2N/ (V=2) dx) :
RN RN

(Here and in the following we write Sy = Sy an/(v—2) in the special case ¢ = 2N/(N —
2).) This proves Theorem 1.3, except for the value of the constant S5 and the char-
acterization of optimizers. This inequality, which was stated for functions in the in-

homogeneous Sobolev space H!(RY) extends by continuity to the homogeneous space
HY(RM).
Proof. We first note that by Hélder’s inequality, if (1.8) holds for some ¢, it holds for
all smaller values of ¢ > 2. Hence it suffices to derive (1.8) only for large values of ¢,
and this is what we do in the following.

Case N > 3 and ¢ = 2N/(N — 2). For the proof we recall that if u € Wll,loc and
a > 1, then [u* € W}, and [V]u|*| = a|u|*"!|Vu] in the sense of distributions; see,
e.g., [LiLo, Thm. 6.17] for a similar argument. Hence, applying Theorem 1.9 with

loc

|u|* in place of u, we obtain

N/(N-1)
(/ ‘u|aN/(N—1) da:) < OéC;,l/ ]ul“‘l\Vu\dm
RN RN

1/2 1/2
<aCy' (/ |Vul? dx) </ || 2D dx) :
RN RN

Choosing o = (N—1)2/(N —2) yields (1.8) if we note that aN/(N—1) = 2N/(N—-2) =
2(a—1).

Case N = 2 and q > 4. We use the same argument as before, but this time we
choose a = ¢/2 depending on ¢ and obtain

2 9 1/2 1/2
( \u]qu) < ( |Vul? da:) (/ )92 dx) :
R2 q CQ R2 R2

Since ¢ > 4, the term [ |u|?"? dz can be estimated by Holder in terms of [ |u]? dx and
[ |u|?dz. This yields the desired inequality.
Case N =1 and g = oo. We prefer to record this separately as Corollary 1.13, since

in this case we actually obtain the sharp constant.
According to the remark made at the beginning of the proof that large ¢ is enough,
the proof of Corollary 1.12 is complete. 0

Here is the announced sharp inequality in the one-dimensional case.

Corollary 1.13. Let N =1 and g = co. Then

1/2 1/2
( / ru'de) ( / |u\2dx) > sup [u(a) 2,
R R zER
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with equality iff uw(x) = ¢ h(b(x — a)) for some a € R, b > 0 and ¢ € C, where
h(z) = e o,

Proof. The proof uses the same strategy as that of Corollary 1.12, except that we use
Lemma 1.10 instead of Theorem 1.9. Namely, we apply the inequality of Lemma 1.10
to u? instead of u and use the Schwarz inequality for [ |u||u/|dz. We note that this
Schwarz inequality is an equality iff |u| and |«/| are proportional. The only functions
which satisfy this, together with the condition of Lemma 1.10 are the exponentials

stated in Theorem 1.13. O

The same argument as in Corollaries 1.12 and 1.13 yields Sobolev inequalities in
W, (RY) as well. Namely, if p < ¢ < Np/(N —p) for p < N and if p < ¢ < oo for
p > N there is a constant Sy, > 0 such that for every u € W, (R") one has

0 1-0 p/q
(/ |Vul? d:c) (/ |ul? dx) > SN (/ ]u\%l;v) :
RN RN RN

where N/q=60(N —p)/p+ (1 —0)N/p.

FEzercise 1.14. Here is the reason why we call (1.7) an isoperimetric inequality.

(1) Deduce from Theorem 1.9 that for any sufficiently smooth domain @ c RY
one has

09| > Cy| QYD (1.9)

with the same constant Cy as in (1.7). (Here |09 stands for the (N — 1)-
dimensional surface measure of 92, whereas Q2| stands for the N-dimensional
volume measure. For the proof, take u to be an approximation to the charac-
teristic function of (2.

(2) Denote by Q* the ball in RY, centered at the origin, with the same volume as
Q. Deduce that

|aQ| Z CNN—(N—I)/N|SN—1|—1/N|aQ*| ]

This is an isoperimetric inequality, which says that the boundary of any set
cannot be much smaller (in a controlled way) than that of the ball with the
same volume. Actually, in Theorem 5.10 we shall see that balls have the
smallest boundary.

(3) Conversely, inequality (1.9) implies inequality (1.7). Deduce by accepting the

co-area formula
[ vuldz= [l = r)lar,
RN 0

where |[{|u| = 7}| denotes the (N — 1)-dimensional surface measure of the level
set {|u| = 7}. The proof of this formula (in particular, for Sobolev functions)
is rather involved; see Reference
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2. AN ISOPERIMETRIC PROBLEM FOR THE GROUND STATE ENERGY OF
SCHRODINGER OPERATORS

In this section we consider the following ‘isoperimetric’ problem: How negative can
the lowest eigenvalue of a Schrédinger operator —A + V' be given an LP-norm of the
potential? Can it be arbitrarily negative or are there p for which there is a universal
lower bound? If it exists, are there ‘optimal’ potentials? Are they unique?

To make this problem more precise, we define

M(—A 1 V) = gz (VUF & VIuE) do
! u Jan |ul? dx

and

M(=A+ V)T
LS?\/ = su =8+ V) (2.1)

Vo o VI g

Hence the problems mentioned at the beginning of this section can be rephrased as
follows: For which values of ~ is L(ﬁv finite? If it is, for which V' is the supremum
attained?

Dilation invariance; V + b*V(bx)

The isoperimetric problem for Schrédinger eigenvalues goes back to Keller [Ke], who
gave an explicit solution in one-dimension. (The case p =1in N =1 is an even older
result.) We will discuss Keller’s theorem and its extension to higher dimensions. A key
ingredient will be a link between this problem and the problem of the sharp constant
in the Sobolev interpolation inequalities from Corollary 1.12.

2.1. Duality for lowest eigenvalues of Schrodinger operators. The main result

of this section is an equivalent formulation of the problem of computing LS?V in terms
of Sobolev interpolation inequalities. We define
Vul?dz)’ ul? dz)’ N 2
SN,q = lIlf (fRN | | ) (IRN 2|/q| ) s 9 = — (]_ — —) . (22)
b (Jan [ule dz) 2 4
Proposition 2.1 (Duality). Let v and q be related by
L2
Y+N/2 g T

We assume that v > 1/2 if N =1 and v > 0 if N > 2, that is, we assume that
2<qg<o0if N=1and2 < q<2N/(N —2) if N > 2. Then problems (2.1) and
(2.2) are dual in the sense that

1/(4+N/2)
(£0) 7 sva =o' —o,

where 6 is given in (2.2) or, alternatively, 6 = (N/2)/(v+ N/2). Moreover, u attains
the infimum in (2.2) iff V = —alu|?"? attains the supremum in (2.1).
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Proof. By definition of L(ﬁv one has for every u € H'(RY)

1/
/ (IVul]? + V|uf?) do > — (LS}V/ N2 dx) / lul? d
RN RN RN

We now assume that + and ¢ are related as in the statement of the theorem, i.e.,
(v + N/2)(q — 2) = ¢, and choose for given u the function V = —a|u|972. Optimizing
the resulting inequality over a > 0 we find

o o —1/(+N/2) 2/a
(/ \Vu\zdx) (/ my?m) > (L) T o — gyt (/ ]u\qdw> .
RN RN RN

By the definition of Sy 4, this implies
—1/(v+N/2)
S > (LQ{Q) (1 — )"

Conversely, by Holder’s inequality (with 1/(v+N/2)42/q = 1) and by the definition
of Sy, we can bound for every u € H'(RY) with [ |u[?*dz =1

1/(v+N/2) 2/q
/ Viu|? dow > — (/ YN da:) </ \u]qu)
RN RN RN
1/(v+N/2) 0
> —Syt / VN2 gy / Vul*dz ) .
a \ Jon .

) 1/(7+N/2)

Thus
/ (IVul* + Vu|*) de > T — Sy, (/ VN g T°
RN ’ RN

with 7' = [ |Vu|? dz. Minimizing the right side over all 7' we obtain the
e N2 1/(1-0)(v+N/2)
/ (IVul? + V[u?) do > —0"0=9(1 - 9)S, /7 (/ Vo d:zc) .
RN ’ RN

By the definition of L(ﬁv, this implies that

1y
(LS}V) < 9°/0-0(1 — )S /10
O

Exercise 2.2. Use Exercise insert! and a similar argument as in the previous proof
to show that L(ﬁv =00 if 0 <y <1/2and N = 1. Similar question in higher
dimensions

We next discuss the limiting case v = 0 of Theorem 2.1. We define

1
LOTJ)V = sup

- (2.3)
Vi M (-A+V)>0 oy V2 4y
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-1
In other words, LS;\, is the smallest constant such that [py VP dr < <Lélj)v>

implies that —A + V > 0. Following the same argument as in the proof of Theorem
2.1 we find a duality principle with the critical Sobolev inequality,
Sy = inf Jun [Vl dr
N ON/(N—2) 7.\ N2/
(o [N/ )dx)

Theorem 2.3 (Absence of eigenvalues). For N > 3 the problems (2.3) and (2.4) are
dual in the sense that

(2.4)

Moreover, u attains the infimum in (2.2) iff V = —a|u[¥N=2) attains the supremum
in (2.1).

2.2. Sharp constants in the one-dimensional case. As we shall see now, in one
dimension the isoperimetric problem discussed at the beginning of this section can be
solved explicitly.

Theorem 2.4. Let N =1 and v > 1/2. Then
M&A+WZ§U?/KW”M
R
where Lgl/)m =1/2 for v=1/2 and

1
;o L (=372 T+
7l 1

for~y > 1/2. The inequality is strict for v = 1/2, but the constant cannot be decreased.
For v > 1/2 equality holds iff V(x) = b*w(b(z — a)) for some a € R and b > 0 where

w(z) = —(y* — ) cosh?x.

Remark about & functions; reference to Spruch and Keller

In view of the duality established in Proposition 2.1, this theorem is equivalent to
computing the sharp value of the constant S;,. For ¢ = oo (which corresponds to
v = 1/2) this has already been done in Corollary 1.13. The following proposition
settles the case ¢ < oo (which corresponds to v > 1/2).

Proposition 2.5. Let N =1 and 2 < g < oo. Then

0 1-0 2/q 1 92
(/ |u/|2dx) </ |u|? dm) > S14 (/ |u\qu> . == (1 — —> ,
R R R 2 q

where

2
22/4(q — 2)(@=2)/a F(q%2 4 %)

S =0°(1—0)"""
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with equality iff u(z) = ch(b(x — a)) for some a € R, b > 0 and ¢ € C, where
h(z) = cosh™2/(@=2) g
Proof. We consider the minimization problem

g U)ot =
’ (fR |U|qu)2/q

According to Corollary 1.12 this defines a strictly positive number.

I

q

Step 1. The infimum [, is attained. This can be shown by some compactness
arguments. (The one-dimensional case is actually simpler than the multi-dimensional
case that we will study in detail below.) Moreover, since replacing u by |u| does not
decrease the quotient involved in the definition of /,, we may henceforth assume that
the infimum is attained by a non-negative function u. The Euler-Lagrange equation
for u reads

—u" = Mt = —pu (2.5)

and one easily shows that both Lagrange multipliers A and p are positive. Hence,
after a scaling and after multiplication by a positive constant, we can assume that
A=p=1

Step 2. We shall show that the only non-negative and non-zero solution in H'(R)
of (2.5) with 4 = v =1 is given by

u(r) = (g)l/(q_Q) cosh™%/(@=2) <q ; 2(1: — a)) (2.6)

for some a € R. Once this is proved, the value of the constant follows by a straight-

forward (but tedious) computation, using the fact that

o I'(/2)
/Rcosh rdr = ﬁm

To prove (2.6), we multiply the equation by «" and find the first integral

for some constant C. Since u € H'(R), we have lim; u(z) = 0 and we deduce
from the previous formula that limy, . (u/(2))? exists and is given by —C'. From this
we conclude that C' = 0 and consequently

2
u' =+ u?— —ul.
q

(When solving the quadratic equation for u a sign ambiguity arises. This ambi-
guity will disappear later in the proof.) This is a equation with separate variables
which, in principle, can be solved in terms of an anti-derivative of (u? — %uq)_l/ 2,
We proceed somewhat differently and introduce, following, e.g., [Fal, the function
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v(u) = /1 — %uq*? The equation becomes v’ = fuv. On the other hand, we com-

pute
dv q—2uq*3_ qg—21—1?

du q v 2 UV
and obtain p i d 5
v v du q— 9
—_— = =T (1 - .
dr dudzx + 2 ( v’)

Recalling that (1 — v?)~! has anti-derivative arctanh we can integrate this equation
and find that

r—a=%F 2arctanhv,

q_

-2 2
tanh ($q (w—a)) =v=4/1——-ui"2.
q

Since tanh is odd, we conclude that
-2 —2 2
1 — cosh™? <qT(:E - a)) = tanh? (qT(:v — a)) =1- guq_z :
which is what we claimed in (2.6). O

that is,

The proof of Proposition 2.5 shows, in particular, that the Euler-Lagrange equation
(2.5) has a unique (up to translations) positive solution in H*(R). This can be proved
in greater generality.

Proposition 2.6. Let f be a Lipschitz continuous function on R with f(0) = 0 and
assume that for F(z) = [ f(s)ds the infimum

Co:=inf{{ >0: F(¢) =0}
is attained and satisfies (o > 0 and f((y) > 0. Then the problem
—u" = f(u), | lim u(x) =0, u(zo) > 0 for some xg € R,
T|—0o0

has a unique solution up to translations. This solution is (after a translation) a posi-
tive, even and decreasing (wrt |x|) function with u(0) = (p.

This result is stated in [BeLi]. This paper also shows that the above conditions on
(o are not only necessary, but also sufficient.

2.3. The multi-dimensional case. Here we state the multi-dimensional analogue
of Theorem 2.4.

Theorem 2.7. Let N > 2 and v > 0. Then there is a negative, radial and increasing
function w such that the supremum

M(—A+ V)T
LY = sup !
v,N v fRN VIt g

is attained iff V(x) = b> w(b(z — a)) for some a € RY and b > 0.
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In contrast to the one-dimensional case, the explicit values of the constants are not
known. It is remarkable that one can nevertheless prove uniqueness (up to the natural
symmetries of the problem).

A complete proof of this result is beyond the scope of these lectures. We only
sketch the main steps in the argument. By the duality argument of Proposition 2.1
the theorem follows from

Proposition 2.8. Let N > 2 and 2 < ¢ < 2N/(N — 2). Then there is a positive,
radial and decreasing function h such that the infimum

0 —0
Sy — int Uy [V 40" U o)’ o—2 (1 - 2) .
o (Jw [t )™ 2\ e

is attained iff u(z) = ch(b(x — a)) for some a € RY and b > 0.

The proof of this proposition consists in three major steps.

Step 1. FEmistence of a minimizer. This is relatively standard. In the following
section we will prove the existence of a minimizer for a minimization problem in
H'(RY). The case here of a problem in H'(R") is simpler.

Step 2. Any minimizer is radial. This follows from the method of moving planes.
This method goes back to Alexandrov and Serrin and was further developed and pop-
ularized by Gidas-Ni-Nirenberg. Note that the result does not follow by Schwarz
symmetrization for [ |Vu|? dz (see Proposition 5.4), since there is no strict rearrange-
ment inequality.

Step 3. Uniqueness of radial solutions. This is a non-trivial result of Kwong (build-
ing upon previous works of Insert); see also Tao’s book for an exposition of the
proof. We emphasis that the non-linear ODE, which arises as FEuler-Lagrange equa-
tion,

—" — (N —=1)r " —u"'=—u  on (0,00),
is non-autonomous because of the first order term. This makes the uniqueness proof
considerably harder than that in the one-dimensional case, where one deals with the
autonomous equation 2.5.

3. A REFINED SOBOLEV INEQUALITY AND ITS CONSEQUENCES

Our goal is to prove that the variational problem corresponding to the Sobolev
inequality

2
Sy= e VA
u€H(RN) (I]RN |u’q dx)T
admits a minimizer. Throughout this section we will assume that N > 3 and that
q=2N/(N —2).
History, concentration compactness, symmetrization
Proof of Talenti gives existence + sharp constant; existence relies on
explicit solution of 1D problem
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3.1. A refined Sobolev inequality. We shall deduce the existence of a minimizer
for the Sobolev inequality and a form of the concentration compactness principle from
a refinement of the Sobolev inequality. In order to state this, we introduce the operator
et as the integral operator on RY with integral kernel t="/2G((x — y)/+/t), where
Gly) = (4m) " N2e v°/4 e,

(eu) (z) = / V26 (@ — )V Duly) dy. (3.1)

RN
This notation is consistent with the functional calculus from spectral theory, but the
only fact we need in the following is the alternative representation

eBu(p) = e a(p), (3.2)

where 4 is the Fourier transform of u, see (1.2). This follows by computing the Fourier
transform of G. We are now ready to state the main result of this subsection.

Theorem 3.1 (Refined Sobolev inequality). Let N > 3. Then there is a constant
Cn > 0 such that for all u € H*(RY)

e o N
( / |u| ¥ dx) < Cy < / \W\?dx) (supt<N2>/4uetAuuoo> . (3.3)
RN RN t>0

In other words, (3.3) says that the Sobolev inequality holds with a right side which
is a certain interpolation between the usual term [|Vul[*dz and a term I[u] =
sup,ot N 2/4|efAul|. We note that both terms behave in the same way under a
rescaling of u; they have the same dimension length™ =2,

Inequality (3.3) is a refinement of the Sobolev inequality, since I < cn||ullon/(v—2).-
Indeed, by Holder’s inequality

N+2

tA _ _ONZ2/(N42)4t N _N—2
lePul[oo < (4mt) ™2 e dx [ullanyv—2) = ent™ 5 [luflanyv-2) -
RN

The space of tempered distributions u for which I[u] < oo is the Besov space
B(;o(,évo_z)/ >and I [u] is a norm in this space. However, we will not need the theory of
Besov spaces in the following.

Inequality (3.3) appears in [GeMeOr]. Our proof below follows [Le2]. LP norms

Proof. We abbreviate ¢ = 2N /(N — 2) and, by homogeneity, we assume that [[u] <1,
ie., [ePu(r)] <t~W=2/% for all z and t > 0. In this way the assertion becomes

/]RN lu|?dz < C% /RN Vul*dx . (3.4)

For the proof of this, we recall that

W@ = [ o 3 =a [ Xguoren 7 dr
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(‘the layer cake representation’) and therefore

/|u|qu:q/ {lul > 7} 7 dr
RN 0

Now we decompose u = (u — e'®u) + e'®u for some t > 0 to be chosen below and note
that

{lul > 7} < {lu—e®ul > 7/2}| + [{[e"ul > 7/2}].
In particular, if we pick ¢ = ¢, depending on 7 in such a way that 7/2 = ¢~ (N=2)/4
then by our normalization condition

{le"Sul > 7/2}| =0,
and hence
/N lul? dx < q/oo H{lu —e2u| > 7/2}| 797 dr . (3.5)
The idea now is to Bise the (non—shoarp) inequality
lv — e 2o)|* < t[|Vo|? (3.6)

for any v € H'(RN). This easily follows in Fourier space from (3.2) and the bound
(1—e®)?2<1-—e*<xforall z >0, applied to x = tp*.

We now explain a direct application of (3.6) to (3.5), which, however, is not good
enough to yield (3.4). The correct argument will be a slight refinement of this idea
and will be presented below. The direct way is to use Chebyshev and (3.6) to get

{ju— etBu| > 7/2}] < (T/2>2/ = B2 dy
]Rd

< (1/2)72(r/2)"¥"=2 /]Rd |Vul? dz = (1/2)7° /]Rd |Vul? dz .

Inserting this back into (3.5) we obtain

/ |u|qu§q2q/ rtdr | |Vul*dr,
RN 0 Ré

which, unfortunately, is infinite! The 7-integral diverges only logarithmically, however,
which gives some hope. ..

The argument can be saved by applying (3.6) not directly to u, but to an ap-
proximation to u. This approximation will be chosen in a 7 dependent way in or-
der to make the logarithmic divergence disappear. Before giving a precise formula
for the approximation w, we note that, in any case, the decomposition u — e'®u =

(ur — e®u,) — e®(u — uy) + (u — u,) leads to

[{lu—e"2ul > 3} < Hlur — e ur| > T+ {le (w—ur)l > g} + {lu—ur| > £}

(3.7)
We begin by treating the first term and show that a clever choice of u, makes the
argument above work.



18 RUPERT L. FRANK

We fix a constant ¢ > 1/16 and define for every 7 > 0 a function u, on RY by

(c—s5)7  ifu(x) >er,
u(r) — 5 if er > u(r) > &,
ur(x) =140 if & >u(r)>—3,

u(z) + 5 if — 5 >u(r) > —er,

—(c— ) if u(z) < —cr.

We note that u, € H'(RY) with

/ |Vu7]2dx:/ |Vul?dx .
RN 7/16<|u|<cT

Applying (3.6) to u, we obtain, as before,

[l = el > 31 < (/1)

lu, — e do < 4(7/2)_q/ |Vul*dx .
R4

7/16<|u|<cT

The key observation now is that

oo 16|u| dr
/ {uy — 2| > T} 79 dr < 2q+2/ dz |Vu\2/ ar
0 RN |

ulfe T
= 292 Jog(16¢) /

dz |Vul?,
RN

which, indeed, is finite.
Finally, it remains to control the error we made by replacing v by wu,, that is, we
need to bound the last two terms in (3.7). For that purpose, we estimate

-
[ur =l = lur = ul Xguizer) + [tr = ul Xgupsery < 16+ [ul Xqupert (3.8)

which again by Chebyshev leads to

{lu = ur[ > 53 < Klul Xgusery > 51 < (7/16)_1/RN |ul Xuj>ery d -

Similarly, since the heat kernel is positive and has integral one, we deduce from (3.8)
that

e u, — ePul < e u, —ul < -

and therefore

{le"®u = eur] > FH < He (Jul Xqusery) > 153 < (7/16)7 /Rd 2 (ul X{juery) dz

= (/107" [ ful Xqoer) do
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We conclude that

00 lul/c
/ (]{\etA(u—uT)|>%}]+]{\u—u7\>§}|)7q1d7'§32/ daf|u]/ dr 702
0 RN 0
32

= [ da|ul?.
q—1 RN
To summarize, we have shown that

1 32
—/ lu|? dx < 29%%log(16¢) / dz |Vul® + —c_q+1/ dx |ul?.
q JrN RN q—1 RN

Choosing c sufficiently large, we arrive at (3.4). OJ
3.2. Existence of optimizers.

Corollary 3.2. Let N > 3 and let (u;) be a bounded sequence in H'(RN). Then one
of the following alternatives occurs.
(1) (uj) converges to zero in Lan/n—2)(RY).
(2) There is a subsequence (uj, ) and sequences (ay,) C RY and (b,) C (0,00)
such that

U () = bg’z)/zujm(bm(:v —ap))

converges weakly in Hl(RN) to a function v Z 0. Moreover, (v,,) converges

a.e. and in Ly1oc(RY), ¢ < 2N/(N —2), to v.

Proof. Assume that (1) does not hold, i.e., |Ju;jllon/v—2) = € > 0 for all sufficiently
large j. Hence by the refined Sobolev inequality (3.3) and by the fact that |Vu,|| < A

for all 7, we have
2

N _
(sup t(N—Z)/4||etAuj||oo) > CNIA_%€.
>0
Hence there are ¢; > 0 and z; € RY such that w;(y) := t(-N_Q)/4Uj(\/t_jy + x;) satisfies

j
/ G(y)w,;(y) dy‘ = t§N72)/4 / t;N/QG((x — xj)/\/g)uj(x) dx
RN RN
_ 1 N
= "M By ()] > FOnAT e

N-2

where G(y) = (4r)~N2e ¥/ Since |Vw;|| = ||[Vu,| < A, the Banach-Alaoglu
theorem implies that w; has a weakly convergent subsequence in H*(RY). Since
G e (Hl (RN)>*, the dual of H'(RY), we conclude that the limit w is not identically
zero. This proves the first part of (ii). The remaining assertions follow from the
Rellich-Kondrachov theorem, see, e.g., [LiLo, Thms. 8.6 and 8.7]. O

Recall that Fatou’s lemma states that the pointwise limit f of a sequence of non-
negative functions (f;) satisfies

liminf/fj dr > inf fdz.

j—o00
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Here, in general, one cannot expect equality. The next lemma, however, provides the
‘missing term’ in Fatou’s lemma.

Lemma 3.3 (Brezis-Lieb lemma). Let (X, dx) be a measure space and let (f;) be a
bounded sequence in L,(X), 0 < p < oo, which converges pointwise a.e. to a function

f. Then
iim [\l = 1fy = 5 = 1£17] do = 0.
]4)00 X

Proof. We write f; = f 4 g; with g; — 0 pointwise a.e. and estimate

Jusr=15- s -1l ar < [lgP s+ [ 6,0
with
G = (I +gl" = lgsI" = [fI"l = elg; ). -
We shall prove that (g;) is uniformly bounded in L, and that [ G;dx — 0 for every

e > 0. Since € > 0 can be taken arbitrarily small, this implies the assertion.
Since || fj||, < C we have || f||, < C, and therefore

[lapas< [15-spao <2 [(5p+1ipde<2hic,
as claimed. In order to prove the claim about G; we first note that for any ¢ > 0 (and
p > 0) there is a C. such that for all numbers a,b € C
lla 4+ 0|7 — |b]P] < elb|P + Cclal?.
This implies that
f + " = 1g' I = 1] < |If + 9P = g PP + 117 < elggl” + (1 + CLfIP
and hence G; < (14 C;)|f|P. Since g; — 0 a.e. one has G; — 0 a.e. as well, and since
| f|P is integrable, dominated convergence implies that [ G;dz — 0. This completes
the proof. O
Theorem 3.4. Let N > 3. Then the infimum

Jan [Vul* dx

N-—2
(fRN |u|% dm)

SN = inf

18 attained.

Proof. Let (u;) be a minimizing sequence, which we can assume to be normalized in
Lon/(v—2)(RY). Then (u;) is bounded in H'(RY) and from Lemma 3.2 we infer that,
after a translation and a dilation if necessary, (u;) converges weakly in H'(RY) and
a.e. to a u # 0. The weak convergence in H'(RY) implies that

/ \VujIde:/ \V(uj—u)\de—i-/ |Vu|? dz + o(1)
RN RN RN
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and the a.e. convergence together with the Brezis—Lieb lemma 3.3 implies that

2N 2N 2N
1:/ |uj|N?dx:/ |uj—u|N2dx+/ | %% dz + 0(1)
RN RN RN

As a consequence,

N-2 N-2 N2
2N N 2N N 2N N
1= </ |Uj|N?dI> < </ |uj—u|N2dx> —1—(/ |u|N2dx) +o(1).
RN RN RN

Thus

Sy + o(1) :/ Y, de
RN
Jan IV (u; —w)]Pdx + [0 [Vul?dz + o(1)

-2 N-2

(fon s = w2 dz) ™+ (fow [ul ¥ de) ™ +0(1)
N—-2

SN <fRN lu; — u|137]—v2 dz)T + fRN IVul? dx + o(1)

>

N—-2 ’

N—2
(fon s = w2 dz) ™+ (fow [ul ¥ de) ™ +0(1)
which is the same as

S+ o(1) 3 —Je [Vulde Foll)

(fRN |u| ¥ dx) o))

This means that « is a minimizer. O

The above argument shows also that [ |u; —u) N2 dr — 0, that is, any minimizing
sequence has a subsequence which converges in Loy v-2)(RY) after an appropriate
translation and dilation.

3.3. Bubble decomposition in H'(RY).

Theorem 3.5 (Bubble decomposition). Let N > 3 and let (u;) be a bounded sequence
in HY(RN). Then for any k € N there is a function ¢* € HY(RY), a sequence
(a}) C RN and a sequence (X¥) € (0,00) such that, along a subsequence, one has

u;(z) = Z (A;?)f% o (2 — af)/)\?) + T']K(ilf) for any K € N,

k

where, for g =2N/(N —2),

K

[y

lim sup lim sup |||, = 0, (3.9)

—00 Jj—00

J]—00

K
sup lim sup |||V 2 = 3 | Vo*|* = [ Vrif|*] = 0, (3.10)
k=1
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K
lim sup lim sup |||u; |2 — Z [EAHER (3.11)
K—oo j—00 1
e N
hjrgg}f (W + )\é, + )\—% = 00 for all k # K, (3.12)
N2 :
(A = rE O —ah) = 0 in H'RY) for all 1 <k < K. (3.13)

We emphasize that there may be only finitely many non-zero ¢*.
The heart of the proof of Theorem 3.5 is the following

Lemma 3.6. Let N > 3 and let (u;) be a sequence in H'(RN) with

lim ||Vu;|| =A and liminf|u;||, >¢e>0.
J—00 J—00

Then there is a 0 % ¢ € HY(RYN) and sequences (a;) C RN and ()\;) C (0,00) such
that, along a subsequence, with ¢ = 2N/(N — 2)

(A) 7 ui(Ny - —a;) = ¢ in H'(RY), 3.14)

5)

6)

(
lim (1902 = IV (5 = )7 6 = a)/A))IP) = V6] = const A%(e/A)/*,
(3.1
(3.1

lim sup [Ju; — (/\j)_¥ o((-— aj)//\j)||g < 2N/(N=2) (1 — const (6/A)d(d+2)/2) )
Jj—o0
Proof. Since the argument is rather similar to that of Corollary 3.2 and Theorem 3.4
we only sketch the main steps. First of all, by passing to a subsequence, we may
assume that lim;_, [|u;||; = €. (This will only be important in ... below.) Then, as
in the proof of Corollary 3.2,

2

ﬁ —
lim inf (sup t(N_Q)/4||etAuj||oo> > O;[IA_%g

J—=0 t>0

and therefore there are t; > 0 and z; € RY such that w;(y) := t§N72)/4uj(\/t_jy +z;)
satisfies

1 v N
/RN G(y)w;(y) dy’ > §C’N2A T e

where G(y) = (4m)N?e¥"/4. Since G € Ly(RY) the weak limit in H'(RY) of a
subsequence of the (w;) satisfies ||[Vwl||* > Sy|lw||? > const A~"¢. This bound to-
gether with the weak convergence property implies (3.15). Once again we use Rellich—
Kondrachov (see, e.g., [LiLo, Thms. 8.6 and 8.7]) to obtain a.e. convergence, and
then the Brezis—Lieb lemma 3.3 implies

tim sup 157 s (V/E - ) = 0llg = = 1ol

which yields (3.16) and completes the sketch of the proof. O
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4. THE SHARP SOBOLEV INEQUALITY
Our goal in this section is to prove the following

Theorem 4.1 (Sharp Sobolev inequality). For all uw € H'(RN), N > 3, one has

/R Vultdo 2 TN(N - 2) (FFU(V]\/]?))Q/N ( /R a2 dw) T

with equality if and only if u(x) = ch(b(x — a)) for some a € RY, b > 0 and c € C,
where

h(z) = (1 + 2?)~(N-2/2, (4.2)

In the remainder of this section we will write ¢ = 2N/(N — 2).
Aubin, Talenti, Rosen, Bliss; check whether they prove existence

Proof of Theorem 4.1. We know from Theorem 3.4 that there is an optimizer U for
inequality (4.1).

As a preliminary remark we note that if u« = a + ib with a and b real functions,
then [ |Vul[*dz = [ (|[Val* + |Vb|?) dz. We also note that the right side of (4.1) is
|a® + b%||4/2 with ¢ = 2N/(N —2) > 2. By the triangle inequality, ||a® + b?||2 <
a®||q/2 + |6*||¢/2. Therefore, if U = a + ib is an optimizer for (4.1), then either one of
a and b is identically equal to zero, or else both a and b are optimizers. Hence in any
case, we may assume the optimizer U to be real. We may also assume U > 0 because
for any v € HY(RN), Olu|/dx, = (sgnu)du/dx), in the sense of distributions. (This
can be proved similarly to [LiLo, Thm. 6.17].)

It is important for us to know that we may confine our search for optimizers to func-
tions u satisfying a certain ‘center of mass condition’ with respect to N + 1 functions
S;, defined by

21 , 1—a?
=i forj=1,...,N, SN+1(I):1+x2.

Sj(x)
Lemma 4.2 (Center of mass). Let u € H'(RN). Then there is a v € H'(RN) with
Vol = [[Vull, lvllg = [lullg
and
/ S;(z) |v(z)|?dz =0, j=1,...,N+1. (4.3)
RN
Moreover, if u is non-negative, then v is so as well.

We shall prove this lemma at the end of this section. It allows us to assume,
without loss of generality, that our optimizer U satisfies the conditions (4.3). Now
we shall prove that the only non-negative optimizers satisfying (4.3) are non-negative
multiples of the function h. In other words, the center of mass condition breaks the
large symmetry group and leads to uniqueness.
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Since U is an optimizer, the second variation of the minimization quotient must be
non-negative, i.e.,

& Jox VU +ev)Pde
de2 =™’ (fan |U + 02N/ (N=2) dg) (N=2)/N =

for allv € H L(RY). After a quick computation, we deduce that

/ |Vv]2dx/ qux—(q—l)/ \VU!Qd:v/ UT2|v]*dz > 0 (4.4)
RN RN RN RN

for all v with [ U7 'vdx = 0.
Because U satisfies condition (4.3) we may choose v(z) = S;(z)U(x) in (4.4) and
sum over j. Using the fact that

N+1

SIS =1 (4.5

we find that
N+1

Z/ 8U|2dx—(q—1)/ |VU|?dz > 0. (4.6)

On the other hand, an integration by parts (similarly as in the proof of Lemma 1.5)
leads to

RN RN
Computing AS; and summing over j yields that

N+1

9 2
Z/ V(S;U) |2d:c—/ IVU|>dz + N U?da
RN RN 1+$2

which, together with (4.6), implies that

92 2
N 2dx — (¢ — 2 2de > 0.
/N<1+x2) U2dz — (g )/RN|VU| 23>0

Recalling that ¢ — 2 =

N 5, we see that this is the same as

/ |VU|)?dz — N(N —2) dr <0.
RN

]RN1+.§U

This is the reverse inequality of what we have shown in Section 1.2. The arguments
there imply that the left side can be written as

/ IV(U/jw)|’w?de  with w(z) = (1 + 2%)~N=2/2,
RN

We conclude that U is proportional to w, as we intended to prove. 0]
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We now turn to the proof of Lemma 4.2. The first observation is that the map
z = (S(x),. SN+1( )) is the stereographic projection from RY to SN = {w €
RNFL . Z;Vﬁl > = 1}. (The fact that the range of this map is contained in the

sphere was already used in (4.5).) The Jacobi matrix DS(xz) = (95;/0xy);x is an
N x (N + 1)-matrix, and a tedious but straightforward computation shows that

DS DS(e) = (1253 ) (1= ISHSE@)

where 1 stands for the (N + 1) x (N + 1) identity matrix. From this formula we
conclude that the Jacobian of § is
(1 - xQ) ’
Ly(S
J(x

and therefore, if u € L,(RY) and f €

u(r) =

N) are related by

)f(S()), (4.7)
then

lllg = 1l flla- (4.8)
Moreover, the formula for DS(x)” DS(z) together with some straightforward compu-

tations yields
N(N -2
/ |Vu|2dx:/ (|Vf|2+¥|f|2) d | (4.9)
RN SN 4

The upshot of this discussion is that we have discovered a large group of symmetries
of the Sobolev inequality: apart from the translations, dilations and rotation, which
are obvious in the RY version, we infer that the inequality is also invariant under
rotations of the sphere S¥! This will be the key in proving Lemma 4.2.

We shall define a family of maps v5¢ : S — SV depending on two parameters
§ >0 and £ € S¥. To do so, we denote dilation on RY by Dj, that is, Ds(x) = d.
Moreover, for any & € SV we choose an orthogonal (N + 1) x (N + 1) matrix O such
that O = (0,...,0,1) and we put

Yog(w) = 0" (D5 (ST (Ow)))

for all w € SV \ {—¢} and 5¢(—¢) := —¢€. This transformation depends only on &
(and 9) and not on the particular choice of O. Indeed, a straightforward computation
shows that

20 l+w-&—0*(1-w-§)
(1w 9100w @ WO T Teaw o

Lemma 4.3. Let p € L*(SY) with [y p(w)dw # 0. Then there is a transformation
Yse of SN such that

Vse(w) = £.

| se@inte)ds =o.

SN
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In order to derive Lemma 4.2 from Lemma 4.3 we assume that « on RY and f on
S¥ are related by (4.7). Applying Lemma 4.3 to p = |f|? we obtain a vy = 7;5¢ and
then a change of variables shows that the new function o(w) = |J,-1(w)|p(y H(w))

/SNwa(w)dw:O.

Finally, we write ¢ = g7 and, if v on RY corresponds to g via (4.7), then the center of
mass condition for ¢g? is equivalent to the condition (4.3) for v. Both the L, and the
gradient norm are invariant under this procedure, since v is a composition of a dilation,
a rotation and the stereographic projection, all of which preserve both norms; (cf. (4.8)
and (4.9) for the stereographic projection.) Obviously, non-negativity of functions is
preserved.

satisfies

Proof. We may assume that p € L'(S"V) is normalized by [iy p(w)dw = 1. We shall
show that the RV*!-valued function

F(r§) = /SN%_T,g(w)p(w)dw, 0<r<1,cesh,

has a zero. First, note that because of v;¢(w) = w for all € and all w, the limit of
F(ré) as r — 0 is independent of €. In other words, F' is a continuous function on
the open unit ball of RN*!. In order to understand its boundary behavior, one easily
checks that for any w # —¢ one has lims o 75¢(w) = &, and that this convergence is
uniform on {(w,&) € S x SV : 1+ w-¢ > ¢} for any € > 0. This implies that

lirr% F(r§) =¢ uniformly in £ . (4.10)
r—r
Hence F' is a continuous function on the closed unit ball, which is the identity on the
boundary.

We claim that there is an € > 0 such that

|z —eF(x)] <1 for all x € B. (4.11)

Once this is shown, Brouwer’s fixed point theorem Reference applied to x — e F'(z)
implies that there is an z such that o —eF(zg) = o, that is, F'(z9) = 0, as claimed.
In order to prove (4.11), we note that by (4.10) there is an ry such that

x-F(z)>1/2 provided |z| > 9.
Hence, using that |z| < 1 and that |F(z)| < ||p||; we see that
| —eF ()] < |lplli — 26z Fz) + 1 < &¥|pllf —e +1

for |z| > ro. Hence there is an gy > 0 such that (4.11) is true for any |x| > r¢ and any
0 < & < gg. Decreasing ¢ if necessary such that e < (1 —rg)||p|l;", we have for any
|z <o

|z —eF (@) <rot+elpli <1,

and hence (4.11) is true for all x € B. This concludes the proof of Lemma 4.3. O
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5. SCHWARZ SYMMETRIZATION

On physical grounds it is very natural to expect that solutions of certain rotation-
invariant minimization problems will be radially symmetric. One effective way of
verifying this expectation is a symmetrization procedure called Schwarz symmetriza-
tion, which we introduce and study in this section. In particular, we shall see that this
procedure reduces the kinetic energy of a quantum mechanical (single-particle) state
and we shall derive the sharp version of the isoperimetric inequality.

5.1. Definition and properties. Let Q C R be a set with finite measure. We
define its Schwarz symmetrization Q* to be the ball in RY centered at the origin with
the same measure as €}, i.e.,

={zxre RN - lz| < cu;,l/N\Q\l/N},

where wy = [{x € RY : |z| < 1}| is the measure of the unit ball. The Schwarz
symmetrization of a measurable function f on R satisfying

{If] > u}l <o forall p>0 (5.1)
is defined by

This formula should be compared to the ‘layer cake representation’ of |f|,

= [ T Xty @) dr (5.3)

By definition, f* is a non-negative, radially symmetric and non-increasing function.
It is a rearrangement of f in the sense that [{|f*| > u}| = [{|f| > n}| for every p > 0.
This implies, in particular, that

[ rrda= [ s (5.4)

for any p > 0. Here is another simple property of rearrangement.

Lemma 5.1. For any non-negative functions f and g on RN satisfying (5.1),
fgdx < frg dx. (5.5)
RN RN
Proof. Using (5.3), (5.2) and similar formulas for g we see that it suffices to prove that
|JANB| = / xa(x)xp(x)de < / Xa(x)xp(z)dx = |A* N BY|,
RN R

N

where A = {f > 7} and B = {g > o}. This is obvious, however, since |A N B| <
min{|A[, [B[} = min{|A*[,[B*[} = [A* N B]. m
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The next result also compares integrals of functions before and after rearrangement.
The result, however, is much deeper and its proof is rather involved. The case of one
dimension is due to Riesz [Ri] (see also insert for a version about sequences, higher
dimensions). As we shall see, it this lemma has far reaching consequences.

Lemma 5.2 (Riesz lemma). For any non-negative functions f, g and h on RY satis-
fying (5.1),

)
J[. s -phwdsdy < [ pege-n@dedy. o)

Proof. Since the proof is rather involved we only sketch the one-dimensional case and
refer the reader to [LiLo, Thm. 3.7] for the argument of how to reduce the multi-
dimensional case to the one-dimensional one.

As in the proof of Lemma 5.1 we may assume that f, g and h are characteristic
functions of sets of finite measure. In order to explain the main idea of the proof we
assume that f and g are characteristic functions of intervals centered at the origin and
h is the characteristic function of two disjoint intervals. That is, h is of the form

h(xz) = hi(z — a1) + ho(z — ag)

where h; and hy are again characteristic functions of intervals centered at the origin
and a; and a, are two real numbers.

We want to show that the left side of (5.6) does not decrease if the two intervals
are joint. In order to move the intervals together, we introduce a paramater 0 <¢ <1
and set

L) = [ b —taydy, ke = [ =) ds

In this way, the left side of (5.6) coincides with I;(1) + I5(1). The function k is
symmetric decreasing, and therefore a similar argument as in the proof of Lemma 5.1
shows that /;(¢) is non-decreasing as ¢ varies from 1 to 0. This proves that I, (t)+ I2(t)
is non-decreasing as t varies from 1 to 0. As ¢ decreases the two intervals that make up
h move together. We stop this movement when their endpoints touch. In this way we
have obtained one single interval, and again by Lemma 5.1 this single interval wants
to be centered at the origin, as claimed.

This explains the main idea of the proof. In order to treat the general case one uses
some approximation arguments to put oneself in the situation where each of f, g and
h is the characteristic function of disjoint intervals. Repeated use of the argument we
just explained then proves the claim. O

This lemma has been substantially generalized by Brascamp-Lieb—Luttinger [BLL].
Instead of three function f, g and h of two variables x and y, they consider m functions
of k variables. While the Riesz lemma will allow us to control single eigenvalues, the
BLL extension will allow us to control (exponential) sums of eigenvalues.
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Lemma 5.3 (BLL lemma). For any non-negative functions fi,..., fm on RY satis-
fying (5.1) and any k x m matriz (b;;) with k < m,

/RN.../RNﬁfj(ibiin)dxl... day S/N'”/RNf[lf;(ibiijdIl"‘ dzy, .

i=1 R i=1
For the proof we refer to the original paper [BLL].

5.2. The Pdlya—Szego principle. The main reason why Schwarz symmetrization
is useful for us is that it decreases (strictly speaking: does not increase) the kinetic
energy. In many variational problems this allows one to restrict one’s attention to
radial function, which makes the problem one-dimensional and therefore considerably
easier.

This property of Schwarz symmetrization was popularized in [PoSz] and is of-
ten called the Pdlya—Szegé principle, although the result actually is older Check
Hardy--Littlewood-Polya. The classical proofs rely on the isoperimetric inequal-
ity and delicate regularity considerations. The proof below, which is based on the
Riesz lemma and symmetry/monotonicity properties of the heat kernel, is due to Lieb

ILi].

Proposition 5.4. For any u with |{|u| > p}| < oo for all p >0 and [ |Vul*dz < 0o

one has
/ \Vu\zdxz/ |Vu*|* dx . (5.7)
RN RN

Inequality (5.7) is, in general, not strict for u # w*. For counterexamples and a
characterization of the cases of equality we refer to [BrZi.

Proof. We recall formula (3.1) for the heat kernel. Using its representation (3.2) in
Fourier space it is easy to prove that for any u € H'(RY)

lmt™" (u, (1—e?)u) = / |Vul* dz .
RN

t—0

Since the heat kernel is a symmetric decreasing function, the Riesz lemma together
with (5.4) implies that for any ¢t > 0

(1, (1= ) ) > (i, (1= ) )
We conclude that for u € H'(R"Y) one has
limsupt ™" (u*, (1 — ) u*) < / Vul*dx .
t—0 RN

By monotone converges in Fourier space, one deduces that v* € H*(RY) and that its
gradient satisfies (5.7).

This proves the inequality for u € H'(R”Y). In the general case, we note that we can
restrict our attention to non-negative u (since the rearrangement only depends on |ul
and the gradients of u and |u| coincide in magnitude as distributions). The function
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u,(z) = min{(u(z) — 7)4,7'} (compare with the regularization in the proof of
Theorem 3.1) belongs to H'(RY) and therefore the H'-result together with monotone
convergence conclude the proof. 0

Corollary 5.5. \{(=A+V) > M\ (-A—(V2)")
Indeed, one has [ |¢|*dx = [ |¢*|*dz by (5.4) and

[ QvoP+vivR) oz [ (Ve = (o) ds
by (5.7) and (5.5).

Remark 5.6. Proposition 5.4 can be used to give an alternative proof of the sharp
Sobolev inequality. Indeed, in view of (5.7) and (5.4) it suffices to consider radial
functions in the minimization problem for Sy, i.e.,

fOOO |u/|27,N71 dr

Sy =[SV inf .
N =[S"T Y% in (= a2/ =231 gy P2

Now we introduce logarithmic coordinates and define for each u on (0, 00) a function

v on R by
u(r) =r~N=22y(nr).

A quick computation shows that

/oo |u|2N/(N_2)TN_1 dr = / |U|2N/(N_2) dzr
0 R

> N —2\?
/ |u’|2rN_1dr:/ |v'|2+<—) lv|* | dx.
0 R 2

Using scaling it is an easy exercise to express the value of the infimum
S (W2 + (252)" 1of?) da
T [0 PN/ (N=2) g

in terms of the value S on/(v—2) from Proposition 2.5. In this way we obtain the sharp
constant in Theorem 4.1 and we also obtain the functions (1 +22)~™=2/2_ (Note that
these correspond to a negative power of cosh in logarithmic coordinates.) Since (5.7)

and

inf

is not strict, in general, this argument does not imply that these are the only functions
(up to translations and dilations) on which the infimum is attained.

Ezercise 5.7. Carry out the steps in the previous remark. More generally, find the
sharp constant in the inequality

. \? 2N
Vul?dz > K —d 0<b<«1 = ——
/]RN| 'LL| Tr =z N,b</]RN|.I'|bq x ) = y 4 N_2+2b7

which interpolates between the Sobolev inequality and the Hardy inequality. Further-
more, show that this inequality remains valid in the range —(N —2)/2 < b < 0 when
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restricted to radial functions, and compute the corresponding optimal constant. An
early reference for this inequality is [Ok]. The sharp constant and the extension to
negative values of b appears in [GIMaGrTh].

Remark 5.8. While the Sobolev inequality seems to be stronger than Hardy’s inequal-
ity (at least its proof is considerably more involved), there is a quick way to deduce the
Sobolev inequality from the Hardy inequality via symmetrization. Indeed, if u = u*
is a symmetric decreasing function on RY, then for any ¢ > 0 and any R > 0

/ ul? dz > / ul? dz > NSV [u(R)|7 BY (5.8)
RN |z|<R

where, of course, u(R) denotes the common value of u(z) when |z| = R. Thus |u(x)| <
NYVa|SN=1|=1/a|2|=N/4||y||,. We now specialize to the case ¢ = 2N/(N — 2) and raise
the previous inequality to the power ¢ —2 = 4/(N — 2) to obtain
2
[ WP dn < uge)] < NSV R [ b
RN / N |]?

Bounding the right side by Hardy’s inequality,
N —2
[ e i < jutw) < SN 05, [ s,
RN RN

we yields the Sobolev inequality for symmeric decreasing functions. By Proposition
5.4 and (5.4), this implies the inequality for arbitrary functions.

Exercise 5.9. In this exercise we derive an improved Sobolev inequality by being less

crude in estimate (5.8).

(1) Find a formula for [ |z|7?(u*)*dx in N > 3 in terms of the measure of the sets
{Ju| > u} and use Hardy’s inequality (Theorem 1.4) to conclude that

N =2\ (IS¥U\Y oN N-z
Vu2dx2( > ( ) —/ ul > pp N pdu.
[ 1vu . ) w5/ Wl

(2) Here left side is a constant times the square of the norm of u in the Lorentz

space Lan( N,g),g(]RN ). Show that this space is contained in the usual Lebesgue
space Lon/(n—2) (RY). Give an example of a function in L2N/(N,2)72(RN), which
does not lie in Lon/(n—2) (RM).

(3) Use the inequality from Exercise 5.7 to prove a similar inequality. (The corre-

2N )

sponding space will be the Lorentz space Ly, (v—2)q(RY) with ¢ = N

Reference to Alvino + interpolation people

5.3. The isoperimetric inequality. The isoperimetric inequality in the plane states
that among all domains with the same length of the boundary, the ball has the largest
area. Equivalently, among all domains of the same area, the boundary of the ball
has the shortest length. The following is the multi-dimensional generalization of this
result.
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Theorem 5.10. For any sufficiently smooth domain Q C RY of finite measure one
has |02 > |092|.

Of course, |09 stands for the (N — 1)-dimensional measure of the boundary. This
is certainly well-defined for Lipschitz boundaries. The perimeter in the sense of de
Giorgi can also be defined for domains with very low regularity, but we do not want
to enter this topic.

Sharp version due to Federer--Fleming and Fleming--Rishel[6] -- they really
prove the isoperimetric inequality and then deduce Sobolev

We have already remarked that the isoperimetric inequality is closely related to
the Sobolev inequality [ |Vu|dz > Cy ([ [u/N/V7V dz) (N=UN - Therefore it is not
surprising that it can be proved via a rearrangement inequality for [ |Vu|dz, similarly
to that of Proposition 5.7. Again, the main tool will be the Riesz lemma 5.2.

The other ingredient is a study of the limit (xqc, exp(tA)xq) as t — 0. Lemma 5.11
gives an upper bound on this quantity, which Lemma 5.12 proves to be sharp in the
case of balls.

Lemma 5.11. For any f : RY — R with Vf € Ly, one has

t

Jiesears .l = (1) [ et

Lemma 5.12. If B C RY is a ball, then
lim £~ (x e, exp(tA)xp) = 7 /*|0B].
*>

Assuming these two lemmas for the moment, we follow [Le2] for the

Proof of Theorem 5.10. Let € by an open set of finite measure with sufficiently smooth
boundary. Then by Lemma 5.11

£\ 12
(ko exp(tAINR) = (e exp(t8) 0 1) < [lexp(tdna ~ xal, ] < (£)  fos.
On the other hand, by Lemma 5.2

(X(Q*)c,eXp(tA)XQ*) = ‘Q*| — (XQ*,GXp(tA)XQ*>
< [9Qf = (xa, exp(tA)xa) = (Xas, exp(tA)xa)

Dividing by ¢!/? and letting ¢ — 0, Lemma 5.12 yields the assertion. O

It remains to prove the two lemmas.

Proof of Lemma 5.11. Since exp(tA)f — f = fot Aexp(sA)fds, we have for any g

(g, exp(tA)f — f) = — /Ot(V exp(sA)g, Vf)ds.
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Using the fact that

_ eV /2 dy
(exp(sA)g)(z) = /RN (x+ \/_?/) (2m)V2
we find 2/
(Vexp(sA)g)(z) = (25)'/? /RN yg(z + \/_y)e( )lezy
and hence

/2 4
(9. exp(tA)f — f) = / s [ o [ o 00 el VRS- ).

In particular, if 0 < g € Loo(R"Y) we can bound

t 2/9
.exp(td)f = D) < lall [ ds [ o [ S @292 Vi)

For fixed x and s, we perform the y-integration and arrive at

(0. 0508) ) <Nl [ s [ o amy 2 19500) = gl L [ 0196

By duality, this implies the assertion.

Proof of Lemma 5.12. By translation and dilation invariance, we may assume that B
is centered at the origin and has radius one. We have

€_y2/2dy
oesltdyn) = [ arf T
|z|>1 {y: |z+v2ty|<1} (27T)N/2

) 42
—/ dw/ drer/ S VP dy
sv-1 {y: Jro+v2ty|<1} (27T)N/2

)
SN 1’/ dr N 1/ ey/zdy
{y: 2t(y")2+(r+v2tyq)2<1} (QW)N/Q

e V2 dy
15" [ G b

where

N-1
T(y) = Xz <1y Xqyaiyue /a1y /1 Ar T X a2 <1-2()2)
A quick computation shows that

lim ¢~ 1(y) = V2(p) -,

t—0

and therefore, by dominated convergence,

- N—1 eV Qdy ~1/2|qN-1
lim =12 (x e, exp(tA) ) = V2IS \ N/2 y)- =m ST

This completes the proof. 0
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Remark 5.13. Alternatively, one can check that the terms that were thrown away in
the proof of Lemma 5.11, that is,

ev?/2 dy
ds/ dw/ (25)7V2 (y - w)
L/) vt pervaysy (21N !

e~v*/2 dy
d d 25) 712 (y - w)_
/ s / w0 /{W”q} o (257 -

tend to zero as t — 0.
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