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CHAPTER 1
INTRODUCTION

1.1 Motivation
In quantum physics, the Schrödinger equation for a spinless particle is introduced as a fun-
damental differential equation to express the dynamics of the wave function Ψ : R × R3 →
C, (t, r⃗) 7→ Ψt(r⃗):

iℏ
∂

∂t
Ψt(r⃗) =

[
− ℏ2

2m∇2 + V (r⃗)
]

Ψt(r⃗) (1.1)

From this equation the probability density ρ : R × R3 → R, (t, r⃗) 7→ ρΨt(r⃗) ..= Ψ∗
t (r⃗)Ψt(r⃗)

is derived. The physical interpretation of the probability density was given by Born’s rule:
ρΨt(r⃗)d3x gives the probability of finding a particle in the volume element d3x in (t, r⃗), which is
also experimentally tested [Jin+17; Söl+11]. This consistency of the probability interpretation
requires fulfilling:

∂

∂t
ρΨt(r⃗) + ∇ · J Ψt(r⃗) = 0 (1.2)

where J : R × R3 → R3, (t, r⃗) 7→ J Ψt(r⃗) = ℏ
m

Im[Ψ∗
t (r⃗)Ψt(r⃗)] (1.3)

This equation is called the continuity equation and J is the probability current density, which
is expressed in the standard form. There are other forms that satisfy the continuity equation,
especially when the spin of a particle is considered. (see below, equation (1.6))
In contrast to the probability density, the statistical interpretation for the probability current
density, which is also called quantum flux, is not commonly discussed. Despite this, it appears
in the literature discussing scattering experiments as a crossing probability J Ψt(r⃗) ·ds⃗dt, which
is supposed to express the probability that a particle crosses a surface element ds⃗ in time dt.
This interpretation requires J Ψt(r⃗) · ds⃗ not to be negative. Nevertheless, in some situations
this current positivity condition can be violated. This phenomenon is called quantum backflow
effect. Such situations are interesting because they challenge the given interpretation given
that backflow can occur and be detected. Therefore, it is of interest and meaningful to study
such situations to see how the quantum backflow is provoked and enhanced for detection, with
the anticipation of worthy consequences for scattering theory.
To date, a lot of literature and research papers discussed the quantum backflow effect [Gou21;
Von14]. To provoke the quantum backflow effect, usually settings that induce interference of
wave functions are employed. Still, not much backflow is found. Also, a particle with spin is
not much discussed.
If a particle with spin-1

2 is considered, the dynamics of its wave function is described by the
Pauli equation [Gre00, p.125, converted to SI units]:

iℏ
∂

∂t
Ψt(r⃗) = 1

2m

[(
−iℏ∇ − qA⃗

)2
+ qℏσ⃗ · B⃗ + qA0

]
Ψt(r⃗) (1.4)
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σ⃗ is the Pauli vector, which is defined as follows:

σ⃗ = σxe⃗x + σye⃗y + σz e⃗z (1.5)

where σx =
[
0 1
1 0

]
, σy =

[
0 −i
i 0

]
, σz =

[
1 0
0 −1

]

From the Pauli equation follows also the continuity equation, leading to the Pauli current
JPauli : R × R3 → R3, (t, r⃗) 7→ J Ψt

Pauli(r⃗) [Wil20, eq.20]:

J Ψt
Pauli(r⃗) = ℏ

m
Im [Ψ∗

t (r⃗)∇Ψt(r⃗)] + ℏ
2m∇ × [Ψ∗

t (r⃗)σ⃗Ψt(r⃗)] (1.6)

The first term is called Convective Flux or Convective Probaility Current Density
and the second term is called Spin Flux or Spin Probability Current Density. Since
the probability current includes now an additional term compared to equation (1.3), which
depends on spin, the spin actually matters. The spin flux may help to amplify backflow through
interaction with an external field. Therefore, a neutral particle with spin 1

2 in a magnetic field
will be studied in two different situations to provoke and enhance backflow for detection. The
particle is chosen to be neutral to simplify calculations, and to avoid unnecessary interactions
with electric fields, which are difficult to screen in experimental setup. In the first situation,
a particle is projected in the spatially homogeneous magnetic field that will be switched off at
some moment in time. In the second situation, a particle is projected towards a delta-shaped
magnetic field, which will be called delta-magentic field or magnetic barrier.

1.2 Overview about the Chapters

1.2.1 Dynamics with the Switching-Off ConstantMagnetic field
In Chapter 2, a spin-1

2 neutral particle is projected in the spatially constant magnetic field.
Thanks to the interaction of spin with the magnetic field through magnetic dipole moment, the
spin state of the particle changes. At some moment, the magnetic field is switched off and the
dynamics of the spin state disappears.
In the analysis, two features are found. First, its probability current density exhibits rotative
motion due to the spin flux. Even though the probability density is not affected by the magnetic
field because the time evolution of the spin state is unitary and independent of position, backflow
can be provoked given that the magnetic field is strong enough.
Second, the spin flux decays faster than convective flux. It is found that the probability current
density converges to convective flux as time passes. The rotative motion disappears independent
of the intensity of the magnetic field. This feature leads to the suppression of backflow, which
makes practical detection challenging.

1.2.2 Dynamics with the Magnetic Barrier
In Chapter 3, a particle is projected toward a delta-magnetic field, which is a magnetic barrier.
The wave function in this situation propagates at first like a free particle until it reaches the
magnetic barrier. After this moment, a part of the wave function is reflected at the barrier,
which starts to intensely interfere with the incident wave function, because of which the prob-
ability density also shows interference pattern. Also, its probability current density exhibits
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complicated dynamics.

In the analysis, the interference after strong interaction with the magnetic barrier provokes
backflow enormously. However, it turns out in the further analysis that the backflow produced
is not much stable for detection.

As a conclusion, backflow is provoked and enhanced as intended. However, its instability in
time and position poses significant challenges detection in this experimental setup. It suggests
another setup, which may stabilize it, to be studied.

1.3 Notation
In this thesis, the following notations are used:

F Fourier transform
L Laplace transform
K0 Propagator for a free particle
Kδ One dimensional Propagator for delta potential
K∆ Three dimensional Propagator for delta potential
L2 Space of square integrable functions

Hp(1 ≤ p ≤ ∞) Hardy spaces
C∞
compact Space of compactly supported infinitely differentiable

functions

1.4 Mathematical Background
In this section, important mathematical objects such as Laplace transform, Fourier transform
and propagator, and the notions of weak solutions are introduced, which are employed in the
following chapters and appendix. Readers who are already familiar with these notions can skip
this part.

1.4.1 Fourier Transform
Fourier transform is one of the integral transform, which, in physics, maps a function in the
position or time space to the momentum or frequency space respectively. Mathematically it is
defined as follows [RS75, p.1, p.10]:

Definition 1.4.1. Let f : Rn → C, x⃗ 7→ f(x⃗) be a absolute integrable function. Then, the
Fourier Transform of f is defined as follows:

F : L2(Rn) → L2(Rn),

f 7→ F [f ] =
k⃗ ∈ Rn 7→ 1

(2π)n
2

∫
Rn

e−ik⃗·x⃗ψ(x⃗)dnx ∈ C

 =.. f̃
(1.7)
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Inverse Fourier transform is

F−1 : L2(Rn) → L2(Rn),

f̃ 7→ F−1[f̃ ] =
x⃗ ∈ Rn 7→ 1

(2π)n
2

∫
Rn

e−ik⃗·x⃗ψ(x⃗)dnk ∈ C

 = f
(1.8)

Fourier transform is often employed to simplify a differential equation by changing the basis.

1.4.2 Laplace Transformation
Similar to the Fourier transform, the Laplace transform is used to simplify differential equations.
It is defined as follows [Sch99, p.1; Hof07, p.104]:

Definition 1.4.2. Let f : (0,∞) → C, t 7→ f(t) be a complex valued function and s ∈ C. Also,
a set LL is defined as follows:

LL =
{
g : (0,∞) → C, t 7→ g(t) | e−stg(t) ∈ L2(0,∞), s ∈ C

}
(1.9)

Then, the Laplace Transform of f is defined as

L : LL → H2 (1.10)

f 7→ L[f ] =
s 7→

∞∫
0

e−stf(t)dt
 =.. f̃ , (1.11)

if f̃ : s 7→ f̃(s) exists.

The Laplace transform converts f(t) from the time domain to the frequency domain. When
applied to a differential equation, it converts the equation into an algebraic problem.

The inverse Laplace Transform is uniquely defined if the function f in this definition is contin-
uous, and it can be found usually in tables of transforms, if it exists [Sch99, p.24]:

L−1 : H2 → LL (1.12)
f̃ 7→ L−1[F ] = f (1.13)

1.4.3 Propagator
In quantum mechanics, the wave function solving the time-dependent Schrödinger equation is
naturally time-dependent. Mathematically, solving the Schrödinger equation is done in terms
of an initial value problem. To simplify this procedure, the propagator is introduced:

Definition 1.4.3. Let Ψt ∈ L2(R3) be a wave function at time t, and U(t, t0) : L2(R3) →
L2(R3),Ψt0 7→ Ψt be a time evolution operator that is unitary, which satisfies the following
equation:

Ψt = U(t, t0)Ψt0 (1.14)

where Ψt0 is an initial value . (1.15)
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This can be expressed in the position basis as follows, using completeness relation of the eigen-
functions of position operator:

Ψt(r⃗) =
∫
R3
K(r⃗, t, r⃗′, t0)Ψt0(r⃗′)dr⃗′ (1.16)

K(r⃗, t, r⃗′, t0), the kernel of the integral operator, is called Propagator [SN20].

The propagator has the advantage of being dependent only on the form of the Hamiltonian
Ĥ, not on the initial wave function. When applied to the initial wave function Ψt0(r⃗′), the
propagator specifies the wave function Ψt(r⃗) at time t as a function of position. In other words,
it describes how a particle in the initial state transitions to another state after a given time
period.
The explicit form of Propagator K(x, t, x′, t0) can be derived by applying the Laplace transform
to the Schrödinger equation. For simplicity, the derivation is performed in one dimension:

L
[
iℏ
∂

∂t
Ψt(x)

]
= L

[
− ℏ2

2m∂2
xΨt(x) + V (x)Ψt(x)

]

iℏL
[
∂

∂t
Ψt(x)

]
= − ℏ2

2m∂2
xL [Ψt(x)] + V (x)L [Ψt(x)]

iℏ
∞∫

0

dt e−st ∂

∂t
Ψt(x) = − ℏ2

2m∂2
xΦs(x) + V (x)Φs(x)

iℏ
[
e−stΨt(x)

]t=∞

t=0
− iℏ

∞∫
0

dt (−s)e−stΨt(x) = − ℏ2

2m∂2
xΦs(x) + V (x)Φs(x)

iℏsΦs(x) − iℏΨ0(x) = − ℏ2

2m∂2
xΦs(x) + V (x)Φs(x) (1.17)

In the thrid line it was integrated by parts and L[Ψt(x)] is denoted as Φs(x). It is an non-
homogeneous ordinary differential equation of second order. This differential equation can be
solved, if the homogeneous solutions are known. Let u1

s(x), u2
s(x) be homogeneous solutions,

then the general solution is:

Φs(x) = Φp
s(x) + αsu

1
s(x) + βsu

2
s(x), (1.18)

where αs, βs are coefficients of the homogeneous solutions. These coefficients can be determined
under the boundary conditions. Φp

s(x) is the particular solution that can be obtained with
W [u1

s, u
2
s], which is called the Wronskian of the two homogeneous solutions [Ros07, p.155]:

Φp
s(x) = −2mi

ℏ

[
u1
s(x)

∫ x u2
s(x′)

W [u1
s, u

2
s]

Ψ0(x′)dx′ − u2
s(x)

∫ x u1
s(x′)

W [u1
s, u

2
s]

Ψ0(x′)dx′
]

(1.19)

W [u1
s, u

2
s] = det

[
u1
s(x) u2

s(x)
∂xu

1
s(x) ∂xu

2
s(x)

]
= u1

s(x)∂xu2
s(x) − u2

s(x)∂xu1
s(x) (1.20)

This particular solution (1.19) can be derived by using the ansatz Φp
s(x) = v1(x)u1

s(x) +
v2(x)u2

s(x). The first and second derivative of Φp
s(x) can be calculated by imposing a freely cho-

sen second condition [∂xv1(x)]u1
s(x) + [∂xv2(x)]u2

s(x) = 0, which simplifies the first derivative
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of Φp
s(x):

∂xΦp
s(x) = [∂xv1(x)]u1

s(x) + [∂xv2(x)]u2
s(x) + v1(x)∂xu1

s(x) + v2(x)∂xu2
s(x)

= v1(x)∂xu1
s(x) + v2(x)∂xu2

s(x)

∂2
xΦp

s(x) = ∂xv1(x)∂xu1
s(x) + ∂xv2(x)∂xu2

s(x) + v1(x)∂2
xu

1
s(x) + v2(x)∂2

xu
2
s(x)

By substituting the second derivative in equation (1.17):

−iℏΨ0(x) = − ℏ2

2m
[
∂xv1(x)∂xu1

s(x) + ∂xv2(x)∂xu2
s(x) + v1(x)∂2

xu
1
s(x) + v2(x)∂2

xu
2
s(x)

]
+ [V (x) − iℏs]

[
v1(x)u1

s(x) + v2(x)u2
s(x)

]

= v1(x)
[
− ℏ2

2m∂2
xu

1
s(x) + [V (x) − iℏs]u1

s(x)
]

+ v2(x)
[
− ℏ2

2m∂2
xu

2
s(x) + [V (x) − iℏs]u2

s(x)
]

+ − ℏ2

2m
[
∂xv1(x)∂xu1

s(x) + ∂xv2(x)∂xu2
s(x)

]

= − ℏ2

2m
[
∂xv1(x)∂xu1

s(x) + ∂xv2(x)∂xu2
s(x)

]
In the last step, the first two terms are zero, since the u1

s(x), u2
s(x) are homogeneous solutions.

Then, two equations are obtained:
[∂xv1(x)]u1

s(x) + [∂xv2(x)]u2
s(x) = 0

∂xv1(x)∂xu1
s(x) + ∂xv2(x)∂xu2

s(x) = 2mi
ℏ Ψ0(x)

(1.21)

This equations can be solved using matrix representation:[
u1
s(x) u2

s(x)
∂xu

1
s(x) ∂xu

2
s(x)

] [
∂xv1(x)
∂xv2(x)

]
=
[

0
2mi
ℏ Ψ0(x)

]
(1.22)

Since u1
s(x), u2

s(x) are linearly independent homogeneous solutions, W [u1
s, u

2
s] ̸= 0. Then, the

solutions v1, v2 can be derived as follows:[
∂xv1(x)
∂xv2(x)

]
= 1
W [u1

s, u
2
s]

[
∂xu

2
s(x) −u2

s(x)
−∂xu1

s(x) u1
s(x)

] [
0

2mi
ℏ Ψ0(x)

]
(1.23)

= 2mi
ℏW [u1

s, u
2
s]

[
−u2

s(x)Ψ0(x)
u1
s(x)Ψ0(x)

]
(1.24)

=⇒
[
v1(x)
v2(x)

]
= 2mi

ℏ


∫ x −u2

s(x′)Ψ0(x′)
W [u1

s(x′),u2
s(x′)]dx

′

∫ x u1
s(x′)Ψ0(x′)

W [u1
s(x′),u2

s(x′)]dx
′

 (1.25)

Subsequently, the particular solution Φp
s(x) is:

Φp
s(x) = v1(x)u1

s(x) + v2(x)u2
s(x)

= −2mi
ℏ

[
u1
s(x)

∫ x u2
s(x′)

W [u1
s, u

2
s]

Ψ0(x′)dx′ − u2
s(x)

∫ x u1
s(x′)

W [u1
s, u

2
s]

Ψ0(x′)dx′
]

(1.26)
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Alongside the complementary solution Φc
s(x) = αsu

1
s(x) + βsu

2
s(x), the general solution to the

non-homogeneous differential equation (1.17) is as given in equation (1.18):

Φs(x) = Φp
s(x) + αsu

1
s(x) + βsu

2
s(x) (1.27)

= −2mi
ℏ

[∫ x u1
s(x)u2

s(x′) − u2
s(x)u1

s(x′)
W [u1

s, u
2
s]

Ψ0(x′)dx′
]

+ αsu
1
s(x) + βsu

2
s(x) (1.28)

The coefficients αs, βs are decided with boundary conditions, which cannot be given in this
step, because the potential is unknown. In Appendix A.1 and B.1, it will be shown that the
general solution will be brought into the following form with given boundary conditions in a
concrete situation:

Φs(x) =
∞∫

−∞

K̃(x, s, x′, s0 = 0)Ψt0(x′)dx′ (1.29)

As a last step, the inverse-Laplace transform is applied to Φs(x), leading to Ψt(x):

L−1[Φs](x) = Ψt(x) =
∞∫

−∞

L−1[K̃](x, t, x′, t0)Ψt0(x′)dx′ (1.30)

As mentioned in the definition, the Kernel of the integral operator is the propagator.

K(x, t, x′, t0) = L−1[K̃](x, t, x′, t0) (1.31)

1.4.4 Weak Solution with Distribution
The goal of an ordinary differential equation (ODE) and a partial differential equation (PDE) is
to find a solution that satisfies the given differential equation. The Schrödinger equation is also
a differential equation, and hence it is expected to have a solution. However, the Schrödinger
equation and Hamiltonian in Chapter 2 and 3 are not continuous, and the solution is also not
a smooth function. In such cases, the derivative of the solution may not exist. Nevertheless,
this kind of solution can satisfy the Schrödinger equation as a weak solution. These types of
solutions are called Weak Solutions [Eva98, p.8].

The Schrödinger equation is multiplied by a smooth, compactly supported function ϕ ∈ C∞
compact(R×

R3,R), and then integrated by parts [Eva98, p.137].

Definition 1.4.4. Let Ĥ be the Hamiltonian, and Ψt ∈ L2(R3) be a solution to the Schrödinger
equation:

iℏ
∂

∂t
Ψt(r⃗) = ĤΨt(r⃗) =

(
− ℏ2

2m∇2 + V

)
Ψt(r⃗). (1.32)

Assume that ϕ ∈ C∞
compact(R × R3,R) is a test function. Then, Ψt(r⃗) is an integral solution of

the Schrödinger equation if the following equation holds for arbitrary test function ϕ:

−iℏ
∫
R4

Ψt(r⃗)
∂

∂t
ϕ(t, r⃗)dr⃗dt+

∫
R4

(
ℏ2

2mΨt(r⃗)∇2ϕ(t, r⃗) − VΨt(r⃗)ϕ(t, r⃗)
)
dr⃗dt = 0 (1.33)
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This demonstrates that the differential equation can have solutions that are not differentiable.
This weak solution will be employed in Chapter 2 and 3 to ensure that the derived solution
satisfies the discontinuous Schrödinger equation. In Chapter 2, the Schrödinger equation is
discontinuous only at t = T . In this case, the spacial integration in equation (1.33) does not
contribute as a condition for the weak solution. Thus, the condition simplifies to a simpler
form.
Theorem 1.4.5. Let Ψt ∈ L2(R3) be a solution to the Schrödinger equation that is discontin-
uous in t = T due to time-dependent potential V = V (t), and let ϕ(t, r⃗) ∈ C∞

compact(R × R3,R)
be a test function. Then the condition for the weak solution is

−iℏ
∫
R

Ψt(r⃗)
∂

∂t
ϕ(t, r⃗)dt =

∫
R

ĤΨt(r⃗)ϕ(t, r⃗)dt (1.34)

Proof. Since the wave function Ψt ∈ L2(R3) is smooth in r⃗ = (x, y, z), the second-order spatial
derivative term in equation (1.33) can be integrated by parts twice, and the integration order
can be changed using Fubini’s theorem:∫

R3

∫
R

(
−iℏΨt(r⃗)

∂

∂t
ϕ(t, r⃗) + ℏ2

2mϕ(t, r⃗)∇2Ψt(r⃗) − V (t)Ψt(r⃗)ϕ(t, r⃗)
)
dt

 dr⃗ = 0 (1.35)

This implies ∫
R

(
−iℏΨt(r⃗)

∂

∂t
ϕ(t, r⃗) − ĤΨt(r⃗)ϕ(t, r⃗)

)
dt = 0 (1.36)

Thus, equation 1.35 is true when the time integral equals zero.

Similarly, in Chapter 3, the integration over t, y, z will not be considered because the Schrödinger
equation is not continuous at x = 0.
Theorem 1.4.6. Let ξt, ηt, ζt ∈ L2(R), and Ψt ∈ L2(R3) be a separable solution to the
Schrödinger equation as follows

Ψt(r⃗) = ξt(x)ηt(y)ζt(z), (1.37)
which is discontinuous in x = X due to the potential V = V (x). Define ϕ(t, r⃗) ∈ C∞

compact(R ×
R3,R) as a test function. Then the condition for the weak solution is:∫

R

(
− ℏ2

2mξt(x)∂
2ϕ(t, r⃗)
∂x2 + V (x)ξt(x)ϕ(t, r⃗)

)
dx =

∫
R

Ĥξξt(x)ϕ(t, r⃗)dx (1.38)

where Ĥξξt(x) = iℏ
∂

∂t
ξt(x) =

(
− ℏ2

2m
∂2

∂x2 + V (x)
)
ξt(x) (1.39)

Proof. Similar to the proof to theorem 1.4.5, the partial integration is applied with regards to
t, y, z coordinates because the wave function is smooth in these parameters:∫

R3

∫
R

(
iℏϕ(t, r⃗) ∂

∂t
ξt(x) + ℏ2

2mξt(x) ∂
2

∂x2ϕ(t, r⃗) − V (x)ξt(x)ϕ(t, r⃗)
)
dx ηt(y)ζt(z)dydzdt

+
∫
R3

∫
R

(
iℏϕ(t, r⃗) ∂

∂t
ηt(y) + ℏ2

2mϕ(t, r⃗) ∂
2

∂y2ηt(y)
)
dy ξt(y)ζt(z)dxdzdt

+
∫
R3

∫
R

(
iℏϕ(t, r⃗) ∂

∂t
ζt(z) + ℏ2

2mϕ(t, r⃗) ∂
2

∂z2 ζt(r⃗)
)
dz ξt(y)ηt(z)dxdydt = 0 (1.40)
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Note that the second and third term on the left-hand side of this equation vanishes thanks to:

iℏ
∂

∂t
ηt(y) + ℏ2

2m
∂2

∂y2ηt(y) = 0 (1.41)

iℏ
∂

∂t
ζt(z) + ℏ2

2m
∂2

∂z2 ζt(z) = 0. (1.42)

These equations can be obtained from the Schrödinger equation. Now, only the first term in
equation (1.40) have to satisfy the following condition:

∫
R

(
iℏϕ(t, r⃗) ∂

∂t
ξt(x) + ℏ2

2mξt(x) ∂
2

∂x2ϕ(t, r⃗) − V (x)ξt(x)ϕ(t, r⃗)
)
dx = 0 (1.43)
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CHAPTER 2
CHAPTER 02

In this chapter, the behavior of a neutral particle will be demonstrated in a scenario where a
constant magnetic field is turned off at a specific moment. To achieve this, the solutions to
the Schrödinger equation will first be derived for the cases of a free particle and a particle in
the constant magnetic field, respectively. Thereafter, the solution to the Schrödinger equation
for the constant magnetic field that is turned off at a specific moment, will be derived by
combining those two solutions found previously. Finally, the dynamics of the neutral particle
will be analyzed qualitatively and quantitatively.

The time-dependent Schrödinger equation

iℏ
∂Ψt(r⃗)
∂t

= ĤΨt(r⃗), (2.1)

where Ĥ is the Hamiltonian, and Ψt(r⃗) is the wave function of the particle, will be studied for
different Hamiltonians Ĥ, which are introduced below.

2.1 Free Particle

2.1.1 Hamiltonian and Schrödinger Equation
To begin, we consider the Schrödinger equation for a freely moving particle, where the potential
V = 0. For this, the Hamiltonian is given by (see equation (1.1)):

Ĥ = P̂ 2

2m = − ℏ2

2m∇2 (2.2)

2.1.2 Time-Independent Solution
Now the solution to Schrödinger equation for a free particle will be derived. At first, a time-
independent solution will be found, and then the time-dependent solution will be derived using
propagator. To find the time-independent solution for a free particle, the time-dependent
solution is assumed to be separable as Ψt(r⃗) = ψ(r⃗)κ(t), and the time-independent Schrödinger
equation with respect to ψ(r⃗),

Ĥψ(r⃗) = − ℏ2

2m∇2ψ(r⃗) = Eψ(r⃗), (2.3)

has to be solved. In eigenvalue problem, ψ(r⃗) is a eigenfunction of the time-independent
Schrödinger eqaution and E is the corresponding eigenvalue, which represents the energy of a
particle in this eigenstate. Thanks to many books on quantum mechanics, the solution is well
known [GS18]:

ψ(r⃗) = Ak⃗ exp
(
i⃗k · r⃗

)
with |⃗k| =

√
2mE
ℏ

. (2.4)
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Ak⃗ is a coefficient with respect to k⃗. This eigenvector, however, cannot be a physical solution
because it is not a square-integrable function, which is not an element of the Hilbert space. In
this case, general solutions that are sqaure-integrable can be constructed by means of a linear
combination of the eigenfunctions. One of the appropriate general solutions is a Gaussian wave
packet. The Gaussian wave packet with a average momentum p⃗0 = ℏk⃗0 can be derived by
applying the Fourier transformation to the Gaussian wave packet ϕ(k⃗), which is centered at
k⃗ = k⃗0 in momentum space:

ψ(r⃗) = F [ϕ(k⃗)] (2.5)

where

ϕ(k⃗) =
(

2b
π

) 3
4

exp
(
−b(k⃗ − k⃗0)2

)
(2.6)

Applying the inverse Fourier transformation results in (see equation (1.8)):

ψ(r⃗) = 1
(2π) 3

2

∫
R3
d3k exp

(
i⃗k · r⃗

)
ϕ(k⃗)

= 1
(2π) 3

2

(
2b
π

) 3
4 ∫

R3
d3k exp

(
i⃗k · r⃗

)
exp

(
−b(k⃗ − k⃗0)2

)

= 1
(2π) 3

2

(
2b
π

) 3
4 ∫

R3
d3k exp (ikxx+ ikyy + ikzz) exp

(
−b(k⃗2 − 2k⃗ · k⃗0 + k⃗2

0)
)

= 1
(2π) 3

2

(
2b
π

) 3
4

exp
(
−bk⃗2

0

) ∫
R
dkx exp

(
ikxx− bk2

x + 2bkxk0x
)

·
∫
R
dky exp

(
ikyy − bk2

y + 2bkyk0y
) ∫

R
dkz exp

(
ikzz − bk2

z + 2bkzk0z
)

This integral can be calculated using completing the square and Gaussian integral,

mx2 + nx+ l = m
(
x+ n

2m

)2
+ l − n2

4m (2.7)∫
R
dx exp

(
−m(x− n)2

)
=
√
π

m
, (2.8)

resulting in the wave function in position space:

ψ(r⃗) =
( 1

2πb

) 3
4

exp
(

− r⃗ 2

4b + i⃗k0 · r⃗
)

=
(2a
π

) 3
4

exp
(
−ar⃗ 2 + i⃗k0 · r⃗

)
with a = 1

4b. (2.9)

Considering the center of the Gaussian wave packet r⃗c, the wave functions is shifted:

ψ(r⃗) =
(2a
π

) 3
4

exp
[
−a(r⃗ − r⃗c)2 + i⃗k0 · r⃗

]
. (2.10)

This is the initial wave function ψ(r⃗).
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2.1.3 Time-Dependent Solution
The time-dependent wave function can be obtained by integrating the initial wave function
ψ0(r⃗) with respect to x′ with the propagator K(x, t, x′, 0). The one-dimensional propagator
K0(x, t, x′, 0) for a free particle is (for the derivation, see Appendix A.1)

K0(x, t, x′, 0) =
√

m

2πiℏt exp
[
im(x− x′)2

2ℏt

]
. (2.11)

In Subsection 2.1.2 the initial wave function with Gaussian wave packet ψ0(r⃗) was found (equa-
tion (2.10)), which is separable in x, y, z coordinates:

ψ0(r⃗) = ξ0(x)η0(y)ζ0(z)

=
(2a
π

) 1
4

exp
(
−a(x− xc)2 + ik0xx

)
·
(2a
π

) 1
4

exp
(
−a(y − yc)2 + ik0yy

)(2a
π

) 1
4

exp
(
−a(z − zc)2 + ik0zz

)
, (2.12)

where r⃗ = (x, y, z)T and k⃗0 = (k0x, k0y, k0z)T

Thanks to this separation of the initial wave function, the propagator K0 can be applied sepa-
rately in x, y, z coordinates as well, namely:

ψt(r⃗) = ξt(x)ηt(y)ζt(z)

=
∞∫

−∞

K0(x, t, x′, 0)ξ0(x′)dx′
∞∫

−∞

K0(y, t, y′, 0)η0(y′)dy′
∞∫

−∞

K0(z, t, z′, 0)ζ0(z′)dz′

Each integral in this equation is symmetrical, thus it suffices to calculate only one of the
integrals, and the first integral results in ξt(x):

ξt(x) =
∞∫

−∞

K0(x, t, x′, 0)ξ0(x′)dx′

=
(2a
π

) 1
4
√

m

m+ 2iℏat exp
 −ma
m+ 2iℏat

(
x− xc − ℏk0xt

m

)2

+ i

(
k0xx− ℏ2k2

0xt

2mℏ

) (2.13)

By substituting γt with m
m+2iℏat , the time-dependent wave function ξt(x) is simplified:

ξt(x) =
(2a
π

) 1
4 √

γt exp
−aγt

(
x− xc − ℏk0xt

m

)2

+ i

(
k0xx− ℏ2k2

0xt

2mℏ

) (2.14)

As mentioned above, the other separated wave functions ηt(y), ζt(z) have the same form:

ηt(y) =
(2a
π

) 1
4 √

γt exp
−aγt

(
y − yc − ℏk0yt

m

)2

+ i

(
k0yy −

ℏ2k2
0yt

2mℏ

) (2.15)

ζt(z) =
(2a
π

) 1
4 √

γt exp
−aγt

(
z − zc − ℏk0zt

m

)2

+ i

(
k0zz − ℏ2k2

0zt

2mℏ

) (2.16)
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As a result, the time-dependent wave function ψt(r⃗) is:

ψt(r⃗) = ξt(x)ηt(y)ζt(z)

=
(2a
π

) 3
4
γ

3
2
t exp

−aγt

r⃗ − r⃗c − ℏk⃗0t

m

2

+ i

k⃗0 · r⃗ − ℏ2k⃗0
2

2mℏ
t


 (2.17)

Now, it must be ensured that this time-dependent wave function ψt(r⃗) is a solution to the
Schrödinger equation for a free particle. It is shown in Appendix A.3.

2.2 Particle in Constant Magnetic Field
In this Section, the solution to the Schrödinger equation for a neutral spin-1

2 particle with a
magnetic moment in a constant magnetic field will be derived. For simplicity we will consider
space-spin separated wave packets that are easier to handle using the results from the previous
section.

2.2.1 Hamiltonian and Pauli Equation
When a neutral particle moves in a magnetic field, it interacts with the field. Usually the
principle of electromagnetic minimal coupling is applied to the Hamiltonian to describe it.
However, it does not aid in finding the Hamiltonian for a neutral particle in a magnetic field as
it has no charge. Nevertheless, the interaction of a neutral particle with a magnetic field can be
described by Pauli equation with the experimentally measured magnetic dipole moment. The
Hamiltonian Ĥ of Pauli equation is given by [AS23, eq.1]:

Ĥ = P̂ 2

2m − µσ⃗ · B⃗ (2.18)

Here, B⃗ is the magnetic field, µ is magnetic dipole moment, and σ⃗ is Pauli vector (see equation
(1.5)). The substitution of momentum operator P̂ = −iℏ∇ is applied to this Hamiltonian,
resulting in:

Ĥ = − ℏ2

2m∇2 − µσ⃗ · B⃗(t, r⃗) (2.19)

2.2.2 Solutions
In this subsection, the solutions to the Pauli equation in a constant magnetic field will be
derived. To begin, we will consider a uniform magnetic field whose direction defines the z-
axis of our coordinate system without loss of generality. This choice simplifies our calculations
because the σz matrix is diagonal. With this setup, Pauli equation for a constant magnetic
field is

iℏ
∂

∂t
Ψt(r⃗) = − ℏ2

2m∇2Ψt(r⃗) − µσzBzΨt(r⃗). (2.20)

For simplicity, let us consider space-spin seperated wave functions: Those of the form Ψt(r⃗) =
ψt(r⃗)χt, where ψt is a spin-0 or scalar wave function introduced earlier and χt is a two-spinor
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dependent only on time. ψt is called spatial wave function and χ is called spin wave function,
for which equation (2.20) implies:

iℏ[∂tψt(r⃗)]χt + iℏψt(r⃗)∂tχt = − ℏ2

2m [∇2ψt(r⃗)]χt − µσzBzψt(r⃗)χt

= − ℏ2

2m [∇2ψt(r⃗)]χt − ψt(r⃗)µσzBzχt (2.21)

Rearranging the terms gives:[
iℏ∂tψt(r⃗) + ℏ2

2m∇2ψt(r⃗)
]
χt + ψt(r⃗) [iℏ∂tχt + µσzBzχt] = 0. (2.22)

Since the terms enclosed in each square bracket must independently equal zero in order for the
equation to be satisfied at each r⃗ and t, Pauli equation decouples into two differential equations:

iℏ∂tψt(r⃗) + ℏ2

2m∇2ψt(r⃗) = 0

iℏ∂tχt + µσzBzχt = 0
(2.23)

Assuming ψt is a Gaussian at t = 0, the solution to the first differential equation was already
found (see Subsection (2.1.3)). The solution to the second equation is straightforward:

χt = exp
(
iµσzBzt

ℏ

)
χ0, (2.24)

where χ0 is the initial spin state of the particle, which is expressed in the form of a Bloch
vector:

χ0 =
 sin

(
θ
2

)
cos

(
θ
2

)
exp (iϕ)

 (2.25)

Combining this with the spatial wave function, the total time-dependent wave function Ψt(r⃗)
is

Ψt(r⃗) = ψt(r⃗)χt

=
(2a
π

) 3
4
γ

3
2
t exp

−aγt

r⃗ − r⃗c − ℏk⃗0

m
t

2

+ i

k⃗0 · r⃗ − ℏk⃗0
2

2m t


 exp

(
iµσzBzt

ℏ

)
χ0

(2.26)

The spatial wave function was already shown to be a solution to the first term on the left-
hand side of equation (2.22), which is a Schrödinger equation for a free particle. The spin
wave function was directly obtained by solving the differential equation in the second term
in equation (2.22).Thus, this time-dependent wave function Ψt(r⃗) is a solution to the Pauli
equation (2.20).

In the following section, this solution together with the solution for a free particle (see equation
(2.17)) will be employed to prove that the time-dependent wave function in the switching-off
magnetic field is also a solution to the discontinuous Pauli equation.
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2.3 Particle in Uniform Magnetic Field Abruptly Turned
Off at Time T

As mentioned at the beginning of this chapter, the goal is to find a solution to the Pauli equation
in a scenario where the magnetic field is abruptly turned off. To achieve this, solutions to the
Pauli equation for a free particle and a constant magnetic field were derived in the previous
sections. These solutions will now be combined to model the situation of switching off the
magnetic field. To this end, we assume the same setups as previous subsections: Uniform
magnetic field defines its direction as z-axis, and the wave function Ψt is space-spin separated
as Ψt(r⃗) = ψt(r⃗)χt with the spatial wave function ψt, which is an Gaussian at t = 0, multiplied
by a spin wave function χt.

2.3.1 Hamiltonian
This scenario is mathematically represented by assuming the magnetic field is turned off at time
t = T . This can be mathematically modeled using the Heaviside step function Θ(t), which is
defined as follows:

Θ(t) =


1 for t ≥ 0

0 for t < 0
(2.27)

Using the Heaviside step function, the magnetic field is expressed as follows:

B⃗ =

 0
0

BzΘ(T − t)

 . (2.28)

The Hamiltonian for this system is then given as follows:

Ĥ = − ℏ2

2m∇2 − µσzBzΘ(T − t) (2.29)

2.3.2 Solutions
The solution Ψt to the Pauli equation

iℏ
∂

∂t
Ψt(r⃗) =

[
− ℏ2

2m∇2 − µσzBzΘ(T − t)
]

Ψt(r⃗) (2.30)

can be constructed by combining the solution for a free particle (2.17) and the solution for a
constant magnetic field (2.26) as follows, with the substitution ⃗̃rt = r⃗ − r⃗c − ℏk⃗0

m
t:

Ψt(r⃗) =


(

2a
π

) 3
4 γ

3
2
t exp

[
−aγt ⃗̃r 2

t + i
(
k⃗0 · r⃗ − ℏ2k⃗0

2

2mℏ t
)]

exp
(
iµσzBzt

ℏ

)
χ0 , t ≤ T

(
2a
π

) 3
4 γ

3
2
t exp

[
−aγt ⃗̃r 2

t + i
(
k⃗0 · r⃗ − ℏ2k⃗0

2

2mℏ t
)]

exp
(
iµσzBzT

ℏ

)
χ0 , t > T

(2.31)

This solution was not directly obtained by solving the given Pauli equation. Therefore, it must
be shown that this solution satisfies the Pauli equation. However, This solution is not smooth at
t = T because the Hamiltonian (2.29) is discontinuous at t = T . Consequently, the solution is
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not differentiable at t = T . However, it is still possible to demonstrate that this solution is valid
in the weak sense using a test function ϕ(t). In other words, it must be shown that this solution
is a weak solution. Let ϕ(t) ∈ C∞

c (R,R) be a smooth, compactly supported function, and the
solution Ψt(r⃗) be a weak solution. Then, this solution must satisfy the following equation (see
Theorem 1.4.5):

∞∫
−∞

ĤΨt(r⃗)ϕ(t)dt = −iℏ
∞∫

−∞

Ψt(r⃗)
∂

∂t
ϕ(t)dt (2.32)

The right-hand side of this equation is integrated by parts:
∞∫

−∞

ĤΨt(r⃗)ϕ(t)dt = −iℏ

Ψt(r⃗)ϕ(t)
∣∣∣∣∣
∞

−∞
−

∞∫
−∞

ϕ(t) ∂
∂t

Ψt(r⃗)dt
 (2.33)

Since ϕ(t) is compactly supported, the boundary term vanishes, leaving:
∞∫

−∞

ĤΨt(r⃗)ϕ(t)dt = iℏ
∞∫

−∞

ϕ(t) ∂
∂t

Ψt(r⃗)dt (2.34)

Breaking the integral into two regions near t = T :

iℏ
∞∫

−∞

ϕ(t) ∂
∂t

Ψt(r⃗)dt = iℏ lim
ϵ→0

T−ϵ∫
−∞

ϕ(t) ∂
∂t

Ψt(r⃗)dt+ iℏ lim
ϵ→0

∞∫
T+ϵ

ϕ(t) ∂
∂t

Ψt(r⃗)dt (2.35)

The wave function Ψt(r⃗) in the first term of this equation satisfies the Pauli equation for a
constant magnetic field. Hence, this can be expressed using Hamiltonian Ĥconst = − ℏ2

2m∇2 −
µσzBz. For the second term in equation (2.35) the wave function Ψt(r⃗) is the solution to
the Pauli equation for a free particle. Accordingly, the time derivative can be replaced by
Ĥfree = − ℏ2

2m∇2.

iℏ lim
ϵ→0

T−ϵ∫
−∞

ϕ(t) ∂
∂t

Ψt(r⃗)dt+ iℏ lim
ϵ→0

∞∫
T+ϵ

ϕ(t) ∂
∂t

Ψt(r⃗)dt (2.36)

= lim
ϵ→0

T−ϵ∫
−∞

ϕ(t)
(

− ℏ2

2m∇2 − µσzBz

)
Ψt(r⃗) + lim

ϵ→0

∞∫
T+ϵ

ϕ(t)
(

− ℏ2

2m∇2
)

Ψt(r⃗)dt (2.37)

=
∞∫

−∞

ϕ(t)
(

− ℏ2

2m∇2 − µσzBzΘ(T − t)
)

Ψt(r⃗)dt =
∞∫

−∞

ϕ(t)ĤΨt(r⃗)dt (2.38)

This confirms that the given wave function (2.31) is a weak solution to the Pauli equation
(2.30).

2.4 Probability Density ρΨ and Probability Current Den-
sity J Ψ

To analyze the dynamics of a neutral particle in a uniform magnetic field that is switched off
at time T , let us investigate the probability density and the probability current density for the
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given situation. The probability density ρΨt(r⃗) and the probability current density J Ψt(r⃗) can
be calculated (see equation (1.3) for Pauli current). The probability density is

ρΨt(r⃗) = Ψ∗
t (r⃗)Ψt(r⃗)

=
(2a
π

) 3
2

|γt|3 exp
[
−a(γ∗

t + γt)r̃2
t

]
=
(2a
π

) 3
2

|γt|3 exp
[
−2a|γt|2r̃2

t

]
(2.39)

The probability current density is

J Ψt(r⃗) = ℏ
m

Im [Ψ∗
t (r⃗)∇Ψt(r⃗)] + ℏ

2m∇ × [Ψ∗
t (r⃗)σ⃗Ψt(r⃗)] (2.40)

The second term can be greatly simplified for wave functions that are space-spin separated:
The curl of Ψ∗

t (r⃗)σ⃗Ψt(r⃗) can be expressed as ∇[Ψ∗
t (r⃗)Ψt(r⃗)]× [χ∗

t σ⃗χt], since χt does not depend
on the coordinate r⃗:

ℏ
m

Im [Ψ∗
t (r⃗)∇Ψt(r⃗)] + ℏ

2m∇ × [Ψ∗
t (r⃗)σ⃗Ψt(r⃗)]

= ℏ
m

(2a
π

) 3
2

|γt|3 exp
[
−a(γ∗

t + γt)r̃2
t

]
Im

[
−2aγt⃗̃rt + i⃗k0

]
+ ℏ

2m∇[ψ∗
t (r⃗)ψt(r⃗)] × [χ∗

t σ⃗χt]

= ℏ
m

(2a
π

) 3
2

|γt|3 exp
[
−2a|γt|2r̃2

t

]
Im

[
−2aγt⃗̃rt + i⃗k0

]
+ ℏ

2m

(2a
π

) 3
2

|γt|3 exp
[
−2a|γt|2r̃2

t

] [
−4a|γt|2 ⃗̃rt

]
× [χ∗

t σ⃗χt]

= −aℏ
m

(2a
π

) 3
2

|γt|3 exp
[
−2a|γt|2r̃2

t

] (
Im

[
2γt⃗̃rt − i⃗k0

]
+ 2|γt|2 ⃗̃rt × χ∗

t σ⃗χt
)
, (2.41)

Where the time-dependent spin wave function χt is

χt =



exp
[
iµσzBzt

ℏ

]
χ0 =

 sin
(
θ
2

)
exp

(
iµBzt

ℏ

)
cos

(
θ
2

)
exp

(
iϕ− iµBzt

ℏ

) , t ≤ T

exp
[
iµσzBzT

ℏ

]
χ0 =

 sin
(
θ
2

)
exp

(
iµBzT

ℏ

)
cos

(
θ
2

)
exp

(
iϕ− iµBzT

ℏ

) , t > T

(2.42)

Notably, the probability density (2.40) is independent of the spin polarization angles θ and
ϕ as well as the strength of the magnetic field, viz., Bz. In contrast, the probability current
density is dependent on both spin polarization angles and Bz. Interestingly, this shows that
the probability current densities for different spin polarization and Bz are not the same, while
probability density is the same.

2.4.1 Non-Dimensionalization Convention
Before analyzing the dynamics of a neutral particle in the given magnetic field, it is useful to
adopt a non-dimensionalization convention. Without this step, the coefficients involved may be
so small or so large that numerical analysis becomes inefficient. The variables are substituted
as follows:

√
ar⃗ = r⃗,

k⃗√
a

= k⃗,
µmB

ℏ2a
= B,

ℏat
m

= t,
Ψt(r⃗)
a

3
4

= Ψt(r⃗) (2.43)
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After substitution, the overline notation is omitted for simplicity. With this non-dimensionalization
convention, the wave function Ψt(r⃗) and the function γt are given by:

Ψt(r⃗) =


(

2
π

) 3
4 γ

3
2
t exp

[
−γt⃗̃r 2

t + i
(
k⃗0 · r⃗ − k2

0
2 t
)]

exp (iσzBzt)χ0 , t ≤ T

(
2
π

) 3
4 γ

3
2
t exp

[
−γt⃗̃r 2

t + i
(
k⃗0 · r⃗ − k2

0
2 t
)]

exp (iσzBzT )χ0 , t > T

(2.44)

γt = 1
1 + 2it (2.45)

The probability density ρΨt(r⃗) and the probability current density J Ψt(r⃗) are then given by:

ρΨt(r⃗) =
( 2
π

) 3
2

|γt|3 exp
[
−2|γt|2 r̃2

t

]
(2.46)

J Ψt(r⃗) = −
( 2
π

) 3
2

|γt|3 exp
[
−2|γt|2 r̃2

t

] (
− 4t

1 − 4t2
⃗̃rt − k⃗0 + 2|γt|2 ⃗̃rt × χ∗

t σ⃗χt

)
, (2.47)

where
⃗̃r = r⃗ − r⃗c − k⃗0t (2.48)

χt =



exp[iσzBzt]χ0 =
 sin

(
θ
2

)
exp (iBzt)

cos
(
θ
2

)
exp (iϕ− iBzt)

 , t ≤ T

exp[iσzBzT ]χ0 =
 sin

(
θ
2

)
exp(iBzT )

cos
(
θ
2

)
exp (iϕ− iBzT )

 , t > T

(2.49)

In this non-dimensionalization, it is immediately evident how large or small the variables are.
To recover the units, the width of the Gaussian wave packet for a neutron is set to 50nm,
i.e. a = 1

2σ2 = 2 · 1014m−2, which leads to the following corresponding relations from equation
(2.43):

• x = 1 corresponds to 7.0710678119 · 10−8m

• k = 1 corresponds to 1.414213562 · 107m−1

• t = 1 corresponds to 7.941273265 · 10−8s

• B = 1 corresponds to −0.137436653 T

In the following subsections, it will be assumed that the center of the initial wave function is
placed at the origin, r⃗c = 0, and the wave function propagates along x-axis with k⃗0 = (5, 0, 0)T.
Also, the spin polarization is chosen to θ = π

2 and ϕ = 0.

2.4.2 Probability Density
The probability density given by equation (2.46) has a Gaussian profile with a time-dependent
magnitude and width. The behavior of the magnitude and width can be analyzed with the
following equation:

|γt| =
√

2
1 + 4t2 (2.50)
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Figure 2.1: The Probability density is illustrated for x and t=4, 5, 6, 7, while variables y, z are
fixed to zero. This figure demonstrates how the magnitude, width, and center position of the
probability density evolve over time.

Figure 2.1 illustrates the evolution of ρΨt(x). The width of the wave packet increases as time
progresses, which can be confirmed as follows:

1√
2 |γt|

=
√

1 + 4t2
4 (2.51)

Simultaneously, the center of the probability density moves along the direction of the wave
vector k⃗0. Additionally, the magnitude decreases with time, which is verified by:

( 2
π

|γt|
) 3

2
=
(

4
π(1 + 4t2)

) 3
2

(2.52)

2.4.3 Probability Current Density
Unlike the probability density ρΨt(x), the probability current density J Ψt(r⃗) depends on both
the magnetic field and the spin of the particle. This dependency is evident in the spin probability
current density J Ψt

spin, which is expressed as:

J Ψt
spin(r⃗) = −4

√
2√
π3

|γt|5 exp
[
−2|γt|2r̃2

t

]
⃗̃rt × χ∗

t σ⃗χt (2.53)

For a single Gaussian wave packet, the convective probability current density J Ψt
conv

J Ψt
conv(r⃗) =

( 2
π

) 3
2

|γt|3 exp
[
−|γt|2r̃2

t

] ( 4t
1 − 4t2

⃗̃rt + k⃗0

)
(2.54)

alone cannot stimulate backflow in the absence of interaction [MM20]. This is evident from the
term in the last parentheses, where k⃗0 is constant, and each component of ⃗̃rt does not influence
the other components. In other words, the first component of J Ψt

conv depends on x, the second
on y, and the third on z. Therefore, variation of one component of ⃗̃r cannot change the sign of
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the components of J Ψt
conv that depends on the other components of ⃗̃r.

However, when considering the spin probability current density J Ψt
spin, each component of J Ψt

spin

can depend on multiple spatial variable due to the cross-product term. This implies, for exam-
ple, that the quantum flux on a flat surface perpendicular to x-axis can be negative because of
variation of y and z.

Initially, the convective probability current density J Ψt
conv is oriented along x-axis, determined

by the wave vector k⃗0. The spin term modifies this direction as shown in Figure 2.2.

Figure 2.2: Initial probability current density J Ψ0 for different value of z, θ = π
2 and ϕ = 0.

The magnitude of the probability current density is represented by the length and color of the
arrows.

For z = 0, the spin term contributes only to the third component of the quantum flux J Ψt ,
which cannot be depicted in Figure 2.2. Thus, only the convective flux is effectively visualized.
However, when z changes, the flux direction varies. In Figure 2.2, the probability flux is oriented
upwards for z = −2 and downwards for z = 2. In reality, the probability current streamlines
form a spiral structure when the third component is visualized together in a three-dimensional
plotting.

The probability current density J Ψt evolves over time, with the magnetic field being switched
off at some moment. For comparison, the magnetic field will first be constant indefinitely. Next,
the same initial probability flux will evolve, but the magnetic field will be turned off at t = 0.3.
This allows the influence of the magnetic field on the probability flux to be studied in greater
detail.
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Figure 2.3: Time evolution of the probability current density J Ψt for z = 2 and θ = π
2 and

ϕ = 0, with a constant magnetic field that remains active indefinitely.

Figure 2.3 illustrates the probability current density for z = 2, not for z = 0 because the spin
probability current density for z = 0 contributes only to the third component of the probability
flux, which cannot be visualized in xy-plane. Over time, the probability current density flows
predominantly in x-direction due to the convective flux. Simultaneously, the arrows oscillate
slightly upwards and downwards periodically due to the spin flux. This oscillation persists
with constant frequency as long as the magnetic field remains active, although its amplitude
decreases over time, resulting in a damped oscillation. This behavior will be quantitatively
analyzed in detail in Subsection 2.4.4.

Next, the magnetic field is turned off at t = 0.3, while the initial probability current density is
prepared identically to the previous case.

Figure 2.4: Time evolution of the probability current density J Ψt for z = 2, θ = π
2 and ϕ = 0,

with the constant magnetic field switched off at t = 0.3.

In this scenario, the oscillation ceases at t = 0.3, as confirmed by comparing Figure 2.3 and
2.4. At t = 0.3, the arrows in both figures point upwards. However, t = 0.6, the arrows in
Figure 2.3 point downwards, whereas they point upwards in Figure 2.4. This discrepancy arises
because the magnetic field was switched off at t = 0.3, halting the oscillatory motion.

Interestingly, at t = 0.9, the probability current density appears identical in both cases. This is
due to the damping effect described by the prefactor |γt|5 in equation 2.53, which is independent
of the magnetic field. Hence, the damping continues to suppress the spin flux even after the
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magnetic field is turned off. This indicates that the probability current density J Ψt converges to
the convective probability current density J Ψ

conv, which may lead to suppression of the backflow
effect.

Figure 2.5: Time evolution of J Ψ for y = 0, θ = π
2 and ϕ = 0, with a strong constant magnetic

field that remains active indefinitely.

Figure 2.5 shows that the backflow effect is found on the surface around x = −2 at t = 0.2
during the evolution of J Ψt in the strong constant magnetic field. If the damping did not exist,
this backflow effect should occur periodically because of the constant frequency of oscillatory
motion. However, the backflow effect seems not to occur for later times, as confirmed at
t = 0.6 and t = 0.9. Still, we cannot determine that the backflow effect will not occur after
some moment in time. Therefore, the suppression of the backflow effect will be studied in the
following subsection in detail.

2.4.4 Relative Magnitudes of Convective and Spin Fluxes
The goal of this subsection is to quantitatively demonstrate how the magnitude of the spin
probability current density J Ψt

spin decreases faster than the magnitude of the convective proba-
bility current density J Ψt

conv.

To begin, the probability current density will be evaluated at the center of the Gaussian wave
packet, where it has the most significant value. The probability of finding a neutral particle is
highest around the center. Assuming the wave packet starts propagating from the origin with
a wave vector k⃗0 = (k0x, 0, 0)T, the evaluation will be performed at x = k0xt. Additionally, the
spin state is assumed to be aligned with the x-direction, which corresponds to θ = π

2 , ϕ = 0.

The ratio of the magnitude of the convective flux to the magnitude of the spin flux is given as:

ΦΨt ..= ∥J Ψt
conv∥

∥J Ψt
spin∥

=

∥∥∥Im [
2γt⃗̃rt − i⃗k0

]∥∥∥
∥(γ∗

t + γt)⃗̃rt × χ∗
t σ⃗χt∥

. (2.55)

The numerator is calculated as follows:∥∥∥Im [
2γt⃗̃rt − i⃗k0

]∥∥∥ =
∥∥∥∥ −4t

1 + 4t2
⃗̃rt − k⃗0

∥∥∥∥
=
∥∥∥∥ 4t

1 + 4t2 (0, y, z)T + (k0x, 0, 0)T
∥∥∥∥

=
√
k2

0x +
( 4yt

1 + 4t2
)2

+
( 4zt

1 + 4t2
)2

(2.56)
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The denominator is computed as:

∥(γ∗
t + γt)⃗̃rt × χ∗

t σ⃗χt∥ = 2
1 + 4t2 ∥⃗̃rt × χ∗

t σ⃗χt∥

= 2
1 + 4t2

∥∥∥∥∥∥∥
 z sin(2Bzt)
z cos(2Bzt)

−y cos(2Bzt)


∥∥∥∥∥∥∥

= 2
1 + 4t2

√
z2 + y2 cos2(2Bzt) (2.57)

The second line of the equation (2.57) is obtained by applying the given conditions, θ = π
2 , ϕ = 0,

into the following equation:

⃗̃rt × χ∗
t σ⃗χt =

 ỹ cos(θ) + z̃ sin(θ) sin(2Bzt− ϕ)
z̃ sin(θ) cos(2Bzt− ϕ) − x̃ cos(θ)

−x̃ sin(θ) sin(2Bzt− ϕ) − ỹ sin(θ) cos(2Bzt− ϕ)


Substituting these results into the ratio yields:

∥J Ψt
conv∥

∥J Ψt
spin∥

=

√
k2

0x(1 + 4t2)2 + (4ty)2 + (4tz)2

2
√
z2 + y2 cos2(2Bzt)

(2.58)

= t2

2

√√√√k2
0x(4 + 1

t2
)2 + (4y

t
)2 + (4z

t
)2

z2 + y2 cos2(2Bzt)

≥ t2

2

√√√√k2
0x(4 + 1

t2
)2 + (4y

t
)2 + (4z

t
)2

z2 + y2 (2.59)

At later times (t → ∞), the square root term in the numerator can be approximated by:

lim
t→∞

√√√√k2
0x(4 + 1

t2
)2 + (4y

t
)2 + (4z

t
)2

z2 + y2 = 4k0x√
z2 + y2 (2.60)

Thus, the ratio ΦΨt at later times is simplified to:

ΦΨt = ∥J Ψt
conv∥

∥J Ψt
spin∥

≈ 2t2k0x√
z2 + y2 cos2(2Bzt)

≥ 2t2k0x√
z2 + y2 (y, z) ∈ R2 \ {(0, 0)} (2.61)

Note that the lower bound of the ratio is given by:

ΦΨt
lower

..= 2t2k0x√
z2 + y2 (y, z) ∈ R2 \ {(0, 0)} (2.62)

This implies that the ratio grows quadratically with time t for any fixed y, z ̸= 0. In other
words, the spin flux decreases quadratically faster than the convective flux.
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Figure 2.6: The ratio of the magnitude of the convective flux to the spin flux (y = 1, z = 1)
under a permanent constant magnetic field.

As argued previously, the ratio ΦΨt in Figure 2.6 is bounded below. The ratio ΦΨt oscillates
because of the cosine function in the denominator. Nevertheless, it is bounded below by ΦΨt

lower,
which increases quadratically. Therefore, the ratio ΦΨt grows at least quadratically.

Additionally, it is interesting to examine how the ratio ΦΨt behaves near the center in y- and
z- directions. To analyze this, the ratio is evaluated at multiple units of width away from the
center. One unit of width, σt, is given by:

σt = 1√
2(γ∗

t + γt)
=

√
1 + 4t2

2 (2.63)

By substituting y = nσ, z = nσ into equation (2.59), the ratio becomes:

ΦΨt =

√
k2

0x(1 + 4t2)2 + 2(4tnσ)2

2nσt
√

1 + cos2(2Bzt)
(2.64)

=

√√√√√(k0x

n

)2
(4t2 + 1) + 8t2

1 + cos2(2Bzt)
(2.65)

For large t, the term 4t2√
1+4t2 approximates to 2t. Therefore, at later times, the ratio ΦΨt

approximates to:

ΦΨt ≈
t

√
4
(
k0x

n

)2
+ 8√

1 + cos2(2Bzt)
≥ t

√√√√2
(
k0x

n

)2

+ 4 (2.66)

This indicates that the ratio is bounded below, and this lower bound grows linearly with time.
Consequently, the ratio ΦΨt also increases linearly with time, even far away from the center.
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Figure 2.7: The ratio of the magnitude of the convective flux to the magnitude of the spin flux
at 4

√
2σ away from the center, i.e., at y = 4σ, z = 4σ.

It is also noteworthy that the growth of ΦΨt is extremely rapid. For instance, in real time units
(see subsection 2.4.1), t = 10 in non-dimensionalized time corresponds to 8·10−7s approximately,
yet the ratio already reaches nearly 25. This rapid growth implies that detecting the spin
probability current density J Ψt

spin in experiments would be exceedingly difficult.

The outcome of this analysis is that the backflow effect is strongly suppressed in the far field.
Suppose a backflow detector, modeled as a flat surface, is placed perpendicular to the wave
vector k⃗0 in the far field. In such a scenario, the spin flux J Ψt

spin diminishes so rapidly that
the detector would measure only the convective flux J Ψt

conv. As a result, backflow would be
practically undetectable in this setting.



CHAPTER 3
CHAPTER 03

In this chapter, the dynamics of a neutral particle under the influence of a sharply localized
magnetic barrier will be addressed. As in Chapter 2, the Hamiltonian and the Pauli equation
will be defined. Subsequently, the time-dependent wave function for the Pauli equation will be
derived using the propagator for this problem, which is derived via the Laplace transform in
Appendix B.1. Finally, the dynamics of the neutral particle will be discussed.

3.1 Hamiltonian and Pauli Equation
The magnetic field is varying along the x-axis, with its direction along the z-axis. By placing
the magnetic barrier at x = 0, we represented it using the Dirac-delta distribution δ(x) with a
strength λ. Here, λ determines the intensity of the magnetic barrier. However, it differs from the
field intensity B because λ has the dimension of energy multiplied by length. This distinction
arises from the Dirac-delta distribution, which has the inverse dimension of its argument.

As outlined in Subsection 2.2.1, the Hamiltonian Ĥ is given by:

Ĥ = − ℏ2

2m∇2 + λσzδ(x). (3.1)

The parameter λ is analogous to µBz of Subsection 2.2.1. Using this Hamiltonian, the Pauli
equation is expressed, in accordance with equation 2.19, as:

ĤΨt(r⃗) =
[
− ℏ2

2m∇2 + λσzδ(x)
]

Ψt(r⃗) = iℏ
∂

∂t
Ψt(r⃗). (3.2)

The initial wave function is assumed to be a Gaussian wave packet, as in Chapter 2:

Ψ0(r⃗) =
(2a
π

) 3
4

exp
[
−a(r⃗ − r⃗c)2 + ik⃗0 · r⃗

]
χ0, (3.3)

where χ0 is the initial spin wave function represented as a Bloch vector. Initially, the particle is
located far away to the left of the barrier. In this region, the initial wave function approximately
satisfies the free Pauli equation (3.2).

3.2 Time-Dependent Solution to the Pauli Equation
To begin, we express the wave function Ψt as follows:

Ψt(r⃗) =
[

Ψup
t (r⃗)

Ψdown
t (r⃗)

]
(3.4)
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Then this equation is inserted into equation (3.2), resulting in:

iℏ
∂

∂t
Ψup
t (r⃗) =

[
− ℏ2

2m∇2 + λδ(x)
]

Ψup
t (r⃗) (3.5)

iℏ
∂

∂t
Ψdown
t (r⃗) =

[
− ℏ2

2m∇2 − λδ(x)
]

Ψdown
t (r⃗) (3.6)

The solution can be expressed as follows:

Ψup/down
t (r⃗) =

∫
R3

K∆(r⃗, t, r⃗ ′, 0)Ψup/down
0 (r⃗ ′)d3r′ (3.7)

where K∆ is a suitable propagator, determined below. This suggests that Ψup
t is derived at

first, then Ψdown
t can be obtained by changing the sign of λ. Thereafter, the time-dependent

wave function for the Pauli equation (3.2) can be obtained by substituting λ with λσz.

As before, we start with separating Gaussian wave function as follows for simplicity:

Ψup
0 (r⃗) = ξ0(x)η0(y)ζ0(z)χup0 (3.8)

ξ0, η0, and ζ0 are the same as in equation (2.12), and χup0 = cos
(
θ
2

)
is the upper component

of the Bloch vector. Correspondingly, the propagator is also applied separately for the x-,y-,
and z-coordinates. Since the magnetic barrier depends only on x, the propagators for η0, ζ0 are
free-particle propagator K0. However, the propagator for ξ0 is specific to the delta potential
(see Appendix B.1 for its derivation):

Kδ(x, t, x′, 0) = −mλ

2ℏ2 exp
[
mλ

ℏ2 (|x| + |x′|) + imλ2

2ℏ3 t

]
erfc

[√
m

2iℏt

(
|x| + |x′| + iλt

ℏ

)]

+
√

m

2πiℏt exp
[
im(x− x′)2

2ℏt

]
(3.9)

Using this, the propagator K∆(r⃗, t, r⃗′,′ , 0) can also be separated as follows:

K∆(r⃗, t, r⃗ ′, 0) = Kδ(x, t, x′, 0)K0(y, t, y′, 0)K0(z, t, z′, 0) (3.10)

Then, equation (3.7) can be written as:

Ψt(r⃗) = χup0

∞∫
−∞

Kδ(x, t, x′, 0)ξ0(x′)dx′
∞∫

−∞

K0(y, t, y′, 0)η0(y′)dy′
∞∫

−∞

K0(z, t, z′, 0)ζ0(z′)dz′

(3.11)

The last two integral, i.e., the time-dependent wave functions ηt and ζt were already derived in
Chapter 2:

ηt(y) =
(2a
π

) 1
4 √

γt exp
[
−aγtỹ2

t + i

(
k0yy −

ℏk2
0y

2m t

)]
(3.12)

ζt(z) =
(2a
π

) 1
4 √

γt exp
[
−aγtz̃2

t + i

(
k0zz −

ℏk2
0,z

2m t

)]
(3.13)
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It remained only the wave function ξt(x) to be derived:

ξt(x) =
∫
dx′Kδ(x, t, x′, 0)ξ0(x′) (3.14)

The integration is complicated by the presence of the term |x′| in the propagator Kδ(x, t, x′, 0).
To address this, the integration must be split into two regions: x′ < 0 and x′ ≥ 0.

This problem can be simplified if |x′| is transformed into x′ or −x′. To achieve this, an as-
sumption is required that the initial wave function ξ0(x′) is located far to the left of the barrier,
such that the initial wave function ξ0(x′) ≈ 0 for x′ ≥ 0 [AD04]. Consequently, the integral
for x′ ≥ 0 vanishes, and the integration for x′ < 0 can be extended over x′ ∈ R. Under this
assumption, |x′| is replaced with −x′ and the propagator K(x, t, x′, 0) becomes

Kδ(x, t, x′, 0) = −mλ

2ℏ2 exp
[
mλ

ℏ2 (|x| − x′) + imλ2

2ℏ3 t

]
erfc

[√
m

2iℏt

(
|x| − x′ + iλt

ℏ

)]

+
√

m

2πiℏt exp
[
im(x− x′)2

2ℏt

]
. (3.15)

Now, the integration can proceed without splitting the integration range:

ξt(x) =
∞∫

−∞

dx′K(x, t, x′, 0)ξ0(x)χup0

=
∞∫

−∞

dx′
√

m

2πiℏt exp
[
im(x− x′)2

2ℏt

]
ξ0(x)

−
∞∫

−∞

dx′mλ

2ℏ2 exp
[
mλ

ℏ2 (|x| − x′) + imλ2

2ℏ3 t

]
erfc

[√
m

2iℏt

(
|x| − x′ + iλt

ℏ

)]
ξ0(x) (3.16)

The first term on the right-hand side corresponds to a free propagating particle and its solution
was obtained in Chapter 2. The second term can be evaluated using the integral formula (see
Appendix C.3)

∞∫
−∞

exp
[
−fx2 + gx

]
erfc [px+ q] dx =

√
π

f
exp

[
g2

4f

]
erfc

q√ f

f + p2 + pg

2
√
f(f + p2)

 . (3.17)

By comparing equation (3.16) with equation (3.17), the coefficients f, g, p, and q can be iden-
tified as:

f = a, g = 2axc − mλ

ℏ2 + ik0x, p = −
√

m

2iℏt , q =
√

m

2iℏt

(
|x| + iλt

ℏ

)
. (3.18)

Substituting these into equation (3.17) yields the time-dependent wave function ξt(x)χt:

ξt(x) =
(2a
π

) 1
4 √

γt exp
[
−aγtx̃2

t + i

(
k0xx− ℏk2

0x
2m t

)]

− mλ

2ℏ2

(2π
a

) 1
4

exp
[
mλ

ℏ2 (|x| − xc) + m2λ2

4aγtℏ4 + ik0x

(
− mλ

2aℏ2 + xc

)
− k2

0x
4a

]

· erfc
[
√
aγt (|x| − xc) + λm

2√
aγtℏ2 −

ik0x
√
γt

2
√
a

]
(3.19)
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Note that ξt includes λ, while ηt, ζt does not. It will be hard to distinguish ξt for Ψup
t and Ψdown

t ,
since they differ by the sign of λ. Therefore, we now mark ξt with up/down.

By combining ξupt with ηt, ζt and χupt , the time-dependent wave function Ψup
t (r⃗) is reconstructed:

Ψup
t (r⃗) = ξupt (x)ηt(y)ζt(z)χupt

=
(2a
π

) 3
4 √

γt exp
[
−aγt(x̃2

t + ỹ2) + i

(
k0xx+ k0yy −

ℏ(k2
0x + k2

0y)
2m t

)]

·
(

√
γt exp

[
−aγtx̃2

t + i

(
k0xx− ℏk2

0x
2m t

)]

− mλ

2ℏ2

√
π

a
exp

[
mλ

ℏ2 (|x| − xc) + m2λ2

4aγtℏ4 + ik0x

(
− mλ

2aℏ2 + xc

)
− k2

0x
4a

]

· erfc
[
√
aγt (|x| − xc) + λm

2√
aγtℏ2 −

ik0x
√
γt

2
√
a

])
χup0 (3.20)

As described above, the spin-down component Ψdown
t (r⃗) of the wave function can be obtained

by changing the sign of λ:

Ψdown
t (r⃗) = ξdownt (x)ηt(y)ζt(z)χdownt

=
(2a
π

) 3
4 √

γt exp
[
−aγt(x̃2

t + ỹ2) + i

(
k0xx+ k0yy −

ℏ(k2
0x + k2

0y)
2m t

)]

·
(

√
γt exp

[
−aγtx̃2

t + i

(
k0xx− ℏk2

0x
2m t

)]

+ mλ

2ℏ2

√
π

a
exp

[
−mλ
ℏ2 (|x| − xc) + m2λ2

4aγtℏ4 + ik0x

(
mλ

2aℏ2 + xc

)
− k2

0x
4a

]

· erfc
[
√
aγt (|x| − xc) − λm

2√
aγtℏ2 −

ik0x
√
γt

2
√
a

])
χdown0 . (3.21)

Similar to χup0 , the initial spin wave function for spin-down component corresponds to the
second component of the Bloch vector

χdown0 = sin
(
θ

2

)
exp[iϕ]. (3.22)

The complementary error function is an entire function. Hence, the spin-up and spin-down
wave functions can be combined into a single equation using the Pauli matrix σz:

Ψt(r⃗) = ξt(x)ηt(y)ζt(z)χt

=
(2a
π

) 3
4 √

γt exp
[
−aγt(x̃2

t + ỹ2) + i

(
k0xx+ k0yy −

ℏ2(k2
0x + k2

0y)
2mℏ

t

)]

·
(

√
γt exp

[
−aγtx̃2

t + i

(
k0xx− ℏ2k2

0x
2mℏ

t

)]

− mλσz
2ℏ2

√
π

a
exp

[
mλσz
ℏ2 (|x| − xc) + m2λ2

4aγtℏ4 + ik0x

(
−mλσz

2aℏ2 + xc

)
− k2

0x
4a

]

· erfc
[
√
aγt (|x| − xc) + λσzm

2√
aγtℏ2 −

ik0x
√
γt

2
√
a

])
χ0 (3.23)
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Note that χt cannot be space-spin factorized, because there is one term that involve σz and x.

Now we need to show that this is a solution to the Pauli equation (3.2) in the sense that it is
a weak solution because of the discontinuity of the Hamiltonian (see equation (3.1)). This is
shown in Appendix B.2.

3.3 Probability Density ρψ and Probability Current Den-
sity J ψ

The goal of this chapter is to identify the presence of backflow and determine if they are stable
enough for detection. Note that placing a detector near the barrier is not desirable, as it would
disturb the incident wave function. In other words, backflow must be observed far from the
barrier and after a considerable duration to ensure a meaningful detection setup. To achieve this
goal, the probability density ρΨt and the probability current density J Ψt need to be calculated
and plotted in the far field. However, the time-dependent wave function is complex. Therefore,
the non-dimensionalization is applied before proceeding with the calculations.

3.3.1 Non-Dimensionalization Convention
As mentioned in Chapter 2, the non-dimensionalization is necessary to simplify the calculations.
Additionally, it helps prevent overflow issues during the computer-based computation of the
probability density and probability flux.

The variables are substituted as follows, with the overline notation dropped for simplicity in
all related equations:

√
ar⃗ = r⃗,

k⃗√
a

= k⃗,
mλ

2ℏ2√a
= λ,

ℏat
m

= t,
Ψt(r⃗)
a

3
4

= Ψt(r⃗) (3.24)

After applying these substitutions, the wave functions take the following forms:

ξt(x) =
( 2
π

) 1
4 √

γt exp
[
−γtx̃2

t + i

(
k0xx− k2

0xt

2

)]

− (2π)
1
4 λσz exp

[
2λσz (|x| − xc) + λ2

γt
− ik0x (λσz − xc) − k2

0x
4

]

× erfc
[
√
γt (|x| − xc) + λσz√

γt
−
ik0x

√
γt

2

]
(3.25)

ηt(y) =
( 2
π

) 1
4 √

γt exp
[
−γtỹ2

t + i

(
k0yy −

k2
0yt

2

)]
(3.26)

ζt(z) =
( 2
π

) 1
4 √

γt exp
[
−γtz̃2

t + i

(
k0zz − k2

0zt

2

)]
(3.27)

(3.28)
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where

γt = 1
1 + 2it ,

˜⃗r = r⃗ − r⃗c − k⃗0t =

x− xc − k0xt
y − yc − k0yt
z − zc − k0zt

 =

x̃ỹ
z̃

 (3.29)

As in chapter 2, it is helpful to illustrate the correspondence between the non-dimensionalized
and physical real units. For the same setup with a = 2 · 1014m−2, the unit conversions are as
follows:

• x = 1 corresponds to 7.0710678119 · 10−8m

• k = 1 corresponds to 1.414213562 · 107m−1

• t = 1 corresponds to 7.941273265 · 10−8s

• λ = 1 corresponds to 1.878022471 · 10−34J · m

3.3.2 Probability Density
The probability current density is given by:

ρΨt(r⃗) = Ψ∗
t (r⃗)Ψt(r⃗)

= [Ψup
t (r⃗)]∗Ψup

t (r⃗)︸ ︷︷ ︸
ρ

Ψt
up

+ [Ψdown
t (r⃗)]∗Ψdown

t (r⃗)︸ ︷︷ ︸
ρ

Ψt
down

(3.30)

It is sufficient to calculate only the spin-up component of the probability density ρΨt . The
spin-down component can be obtained by changing the sign of λ and replacing χup0 with χdown0 .
For the spin-up component, the probability density is expressed as:

ρΨt
up(r⃗) =

( 2
π

)
γ∗
t γt exp

[
−(γ∗

t + γt)(ỹ2
t + z̃2

t )
]

·


√

2
π

√
γ∗
t γt exp

[
−(γ∗
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]

+
√
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0x
2

] ∥∥∥∥∥erfc
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√
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2 ) + λ
√
γt

]∥∥∥∥∥
2
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√
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[
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t + 2λ(|x| − xc) − k2
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t

+ ik0x

(
x− xc + λ− k0xt

2

)]

· erfc
[√

γ∗
t

(
|x| − xc + ik0x

2
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+ λ√

γ∗
t

]]}
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(
θ

2

)
(3.31)

Similarly, the spin-down component is given by:

ρΨt
down(r⃗) =

( 2
π

)
γ∗
t γt exp
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−(γ∗

t + γt)(ỹ2
t + z̃2

t )
]

·


√

2
π

√
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]
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√
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[√
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2
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(3.32)
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Now, the probability density can be analyzed. Initially, the probability density is centered at
x⃗c = (−10, 0, 0)T, with parameters λ = 5 and k⃗0 = (10, 0, 0)T.

Figure 3.1: Time evolution of the probability density. The vertical red line at the origin
represents the magnetic barrier.

Figure 3.1 shows the dynamics of the probability density. Initially, the wave function propa-
gates as a free particle. Upon reaching the magnetic barrier at t = 0.75, the wave function
begins to interact with the magnetic barrier, creating a interference pattern, which results from
the interference between the incident and reflected wave packets. By t = 1.4, the reflected and
transmitted wave packet become distinguishable. At t = 2, the interference pattern disappears.

Note that the transmitted and reflected probability density have equal magnitudes. This bal-
ance can be modified by varying the parameters such as k⃗0. Changing k⃗0 affects the relative
magnitudes of reflection and transmission, which will be examined further in the following fig-
ure.

Figure 3.2 demonstrates how the magnitudes of the reflected and transmitted probability den-
sities change with varying k0x. It is also evident that wave functions with different wave vectors
reach the magnetic barrier at different times. This can be observed by initializing the wave
function at r⃗c = (−200, 0, 0)T, as the wave vector determines the propagation speed of the wave
function. A larger wave vector corresponds to faster propagation. For instance, the second row
of the figure shows that the collision time reduces from t = 24 to t = 14.5 as k0x increases from
7 to 13.

In the last row of Figure 3.2, it can be seen that the magnitude of transmission increases as
k0x increases. This can be interpreted: A wave vector with higher energy is more likely to
pass through the magnetic barrier, if it propagates faster. Conversely, the magnitude of reflec-
tion decreases with increasing k0x. This behavior is due to the unitarity of the time evolution
operator, which ensures the conservation of the total probability, which is one.
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Figure 3.2: Probability density for various value of k0x. For each value, the time evolution of the
probability density is illustrated vertically. The red line at the origin represents the magnetic
barrier.

Additionally it is widely known that the relative magnitudes of the reflected and transmitted
probability densities remain the same if the ratio λ

k0x
is constant. It implies that it is valuable

to explore the relationship between reflection, transmission and the parameter λ in detail.

To investigate this relationship, the probability density is integrated over x < 0 and x ≥ 0
for various value of λ, with k0x fixed at 10. The integral for x < 0 corresponds to the area
under the reflected probability density, and vice versa. These integrals yields the reflection
coefficient and transmission coefficient, respectively. The calculated values are then compared
to the well-known formulas [AD04]:

R(λ, k0x) = λ2

λ2 + k2
0x/4

, T (λ, k0x) = k2
0x/4

λ2 + k2
0x/4

(3.33)
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Here, R(λ, k0x) represents the reflection coefficient, and T (λ, k0x) represents transmission coef-
ficient.

Figure 3.3: Numerical results for the reflection and transmission coefficients for the obtained
Gaussian wave packet. Red dots are the calculated values, while the blue line is equation (3.33).

The results of numerical integration agree with equation (3.33). The reflection coefficient
increases as the strength of magnetic barrier grows. Similarly, the transmission coefficients
decreases. This can be explained intuitively: a stronger barrier is more likely to reflect the
wave function than to allow it to be transmitted.

This relationship between the reflection and transmission coefficients can be illustrated more
clearly by comparing them directly.

Figure 3.4: Reflection vs. Transmission. Red dots represent the numerically calculated values,
while the blue line is equation (3.33).

Figure 3.4 shows how the reflection coefficient increases relative to the transmission coefficient.
It is apparent that the ratio grows quadratically.
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3.3.3 Probability Current Density
In this subsection, the occurence of the backflow effect will be discussed. To this end, the prob-
ability current density J Ψt must first be calculated. As shown in equation 1.3, the probability
current density consists of the convective component J Ψt

conv and the spin component J Ψt
spin. Both

components involve spatial derivatives of the wave function. The derivatives for the Gaussian
wave packet of a free particle were derived in Chapter 2 (see equation (2.41)):

∂

∂y
ηt(y) = ηt(y) (−2γtỹt + ik0y) (3.34)

∂

∂z
ζt(z) = ζt(z) (−2γtz̃t + ik0z) (3.35)

The derivative of ξt(x), however, must still be computed given that ξt is no longer a Gaussian
wave function. Since ξt(x) can be represented as (ξupt (x), ξdownt (x))T, its derivative with regards
to x is (∂xξupt (x), ∂xξdownt (x))T. Similar to the previous subsection, the upper component is
calculated first, and the lower component is obtained by replacing λ with −λ. The derivative
of ξt(x) can then be expressed as a single equation with the Pauli matrix σz.

The derivative of ξt(x) with respect to x is (the derivative of complementary error function can
be found in Appendix C.1):

∂

∂x
ξt(x) = (−2γtx̃t + ik0x)

( 2
π

) 1
4 √

γt exp
[
−γtx̃2

t + i

(
k0xx− k2

0xt

2

)]

+ 2λσz sgn[x]
( 2
π

) 1
4 √

γt exp
[
−γt(|x| − xc − k0xt)2 + i

(
k0x|x| − k2

0xt

2

)]

− (2π) 1
4 2λ2 sgn[x] exp

[
2λσz (|x| − xc) + λ2

γt
− ik0x (λσz − xc) − k2

0x
4

]

· erfc
[
√
γt (|x| − xc) + λσz√

γt
−
ik0x

√
γt

2

]
. (3.36)

Now, the convective flux and the spin flux can be calculated as follows: The spatial arguments
of the wave function are omitted for clarity. The convective flux is given by

J Ψt
conv = Im Ψ∗

t∇Ψt

= Im
[
(Ψup

t ,Ψdown
t ) · (∇Ψup

t ,∇Ψdown
t )T

]
= Im

[
(Ψup

t )∗∇Ψup
t + (Ψdown

t )∗∇Ψdown
t

]

= Im

∥ηtζt∥2
[
(ξupt )∗∂xξ

up
t + (ξdownt )∗∂xξ

down
t

]
ρΨt (−2γtỹt + ik0y)
ρΨt (−2γtz̃t + ik0z)

 , (3.37)

The spin flux is given by:

J Ψt
spin = 1

2∇ × (Ψ∗
t σ⃗Ψt) = 1

2

∂x∂y
∂z

×

Ψ∗
tσxΨt

Ψ∗
tσyΨt

Ψ∗
tσzΨt

 (3.38)

= 1
2

∂x∂y
∂z

×


2 Re

[
(Ψdown

t )∗Ψup
t

]
−2 Im

[
(Ψdown

t )∗Ψup
t

]
(Ψup

t )∗Ψup
t − (Ψdown

t )∗Ψdown
t
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= 1
2∥ηtζt∥2




−2(γ∗
t + γt)ỹt

[
∥ξupt ∥2 cos2( θ2) − ∥ξdownt ∥2 sin2( θ2)

]
−2(γ∗

t + γt)z̃t sin(θ) Re
[
(ξdownt )∗ξupt exp(−iϕ)

]
− sin(θ) exp(−iϕ)

(
Im

[
ξupt (∂xξdownt )∗ + ξdownt (∂xξupt )∗

])


+


−2(γ∗

t + γt)z̃t sin(θ) Im
[
(ξdownt )∗ξupt exp(−iϕ)

]
2 Re

[
∂x(ξupt )∗ξupt cos2( θ2) − ∂x(ξdownt )∗ξdownt sin2( θ2)

]
−2(γ∗

t + γt)ỹt sin(θ) Re
[
(ξdownt )∗ξupt exp(−iϕ)

]

 (3.39)

The spin flux could not be simplified further because the wave function is not space-spin
factorized as in Chapter 2 (see equation (2.41)). Still, this spin flux can be simplified with the
following assumption: The initial spin wave function is oriented in the z-direction (θ = 0, ϕ = 0).
Then, the spin flux is given by:

J Ψt
spin = ∥ηtζt∥2


− 2

1+4t2 ỹt∥ξ
up
t ∥2

Re [∂x(ξupt )∗ξupt ]
0

 (3.40)

This choice also simplifies the analysis of backflow because of the reasons: First, the sign of the
first and second component of J Ψt does not change by varying z. Second, x, y cannot change
the sign of the third component of J Ψt . How these lead to the simplification of the analysis
will be clear in Subsection 3.3.4. Now, the probability current density can be analyzed, with
r⃗c = (−10, 0, 0)T, k⃗0 = (10, 0, 0)T and λ = 5.

Figure 3.5: x− y components of the initial probability current density for different values of z.

Figure 3.5 illustrates that the spin flux does not vanish at z = 0 due to the orientation of
the initial spin wave function, which is different from the case examined in Subsection 2.4.3.
Also, the flux looks independent of z because the first and second components of J Ψt is the
symmetric in z except for ∥ζ(z)∥2 and ρΨt that determine only the magnitude of the arrows
(see equation (3.39) and (3.37)). Additionally, the third component of the spin flux disappears,
leaving only convective flux.
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Figure 3.6: Time evolution of x − y component of the probability current density for z = 0.
The red line represents the magnetic barrier.

The initial probability current density begins to evolve as time progresses. Figure 3.6 illus-
trates that, at first, it propagates like a free particle. At t = 0.9, the probability flux starts to
rotate counterclockwise at the magnetic barrier. However, at t = 1.0, the rotation direction of
the probability flux in front of the magnetic barrier is mixed due to the strong interference of
the reflected and incident fluxes. As time advances further, part of the probability density is
reflected at the magnetic barrier, while partly transmitted through it.

Figure 3.7 shows that the probability flux rotates clockwise at the magnetic barrier. Although
the probability flux exhibits mixed rotational motion in front of the magnetic field in both
cases, it highlights that the direction of rotation at the magnetic barrier depends on the sign
of λ. This can be verified by comparing the flux direction in both figures at t = 1.0 at the
magnetic field.

Recall that λ incorporates both the magnetic dipole moment of the neutral particle and the
intensity of the magnetic field. When the direction of the magnetic barrier is fixed to the
positive z-direction, the magnetic dipole moment of the particle determines whether the prob-
ability current density points upward or downward at the magnetic barrier. For example, the
probability current density for a neutron will rotate clockwise at the magnetic barrier because
λ is negative due to its negative magnetic dipole moment [BD65, p.241].
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Figure 3.7: Time evolution of x− y component of the probability current density at z = 0 for
λ = −5. The red line represents the magnetic barrier.

For either sign of λ, the probability current density resumes propagating like a free particle
after the collision.

3.3.4 Backflow and Stability
In this subsection, the existence of backflow will be examined, followed by a discussion on its
stability.

To identify backflow, it is necessary to specify on which surface backflow occurs. However, there
are uncountably many possible surfaces to choose from. Thus, some well-motivated restrictions
must be imposed. Equation (3.37) and (3.39), along with the condition θ = ϕ = 0, suggest
that surfaces should be chosen perpendicular to the x- or y-axis, as the third component of
probability current density consists solely of free-propagating convective flux. This implies that
backflow does not occur on surfaces perpendicular to z-axis. This will be further clarified later.

Additionally, we cannot predetermine where backflow is supposed to appear. Placing a surface
at random positions and checking for the backflow effect would be inefficient. Instead, it is more
effective to investigate the components of the probability current density individually over a
broad range of x, y, z, t.

Before proceeding with that investigation, it is useful to specify how backflow should be identi-
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fied. Consider a surface perpendicular to the x-axis at x = x. This surface is denoted as Sx(x).
The generalized definition for an arbitrary surface perpendicular to p-axis is given by:

Sp : R → {flat surface S ⊂ R3}
a 7→ Sp(a) = {(x, y, z) ∈ R3|p = a, p = x, y, z}

(3.41)

Then, Sp(a) represents a flat surface perpendicular to p-axis at p = a. On Sx, the sign of the
first component of the probability flux determines the occurrence of the backflow effect. The
second and third components only contribute to directions parallel to the surface.

The backflow effect on Sx(x) is confirmed if the sign of the first component of the probability
flux changes on the surface. Similarly, backflow on Sy is determined by the sign of the second
component of the probability current density. However, on Sz, the third component of J Ψt ,
composed only of the convective flux, ensures that backflow cannot occur because variation of
x, y cannot change the sign of the thrid component of J Ψt (see equation (3.37) and (3.40)).
Thus, surfaces Sz are excluded from further consideration.

To locate backflow, the first and second components are analyzed over a large domain with fixed
z-value. However, plotting these components for the three parameters (x, y, t) simultaneously is
impractical. To address this, at least one parameter must be kept fixed for ease of visualization.
Additionally, each component is normalized by its norm respectively, as its magnitude is too
small to discern changes in the sign clearly:

[
J Ψt

]i
norm

=


1 for

[
J Ψt

]i
< 0

0 for
[
J Ψt

]i
= 0

−1 for
[
J Ψt

]i
> 0

(3.42)

[
J Ψt

]i
denotes i-th component of J Ψt .

Then, the procedure of finding backflow is summarized as follows: First, we check by plotting
if the sign of normalized first and second component of J Ψt changes over its domain (x, y, t).
The change of sign is a candidate of backflow. Second, we specify the position of the candidate
given that it is found. Third, we put a flat surface at this specified position. This flat surface
is Sx for the first component, and Sy for the second component. If the flux changes its sign on
this surface, this candidate is identified as backflow.

To begin, we investigate
[
J Ψt

]1
norm

with z = 0 at first.
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Figure 3.8: Normalized first component of the probability current density for t = 20.047 at
z = 0.

Figure 3.8 depicts several peaks within −450 < x < −300 and −100 < y < 100, identified by
manipulating t.

These peaks are potential candidates for the backflow effect. However, a peak cannot represent
a backflow if it is aligned parallel to the y-axis, as this implies no change in the sign of the
first component across the surface. To analyze the structure in more detail, the region around
x = −440 is magnified.

Figure 3.9: Normalized first component of the probability current density zoomed around
x = −440 for t = 20.047 and z = 0.

On the left side of Figure 3.9, an additional peak is revealed, indicating that the previously
observed peaks are actually narrower than depicted in Figure 3.8. This happened because of the
resolution of the plotting software. Further magnification on the right side reveals structural
details.

Normalization of the first component reveals a "cliff" where sign changes. An interesting ob-
servation is that this cliff does not extend parallel to the y-axis. This confirms that the peak
represents backflow, since the normalized first component decreases from 1 to −1 along the
y-axis on surfaces that intersect the cliff.
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A more detailed investigation can be conducted by evaluating the first component of the
probability current density on surfaces placed at intervals of 0.0001 along the x-axis, from
x = −440.1425 to x = −440.1415. The backflow effect was ultimately found on a surface
around x = −440.1418.

Figure 3.10: The normalized first component of the probability current density at x =
−440.1418 for t = 20.047.

The probability current density is now evaluated on Sx(−440.1418). Figure 3.10 illustrates the
first component of the probability current density, showing that it changes sign on portions of
Sx(−440.1418). This confirms the presence of backflow on this surface. Notably, the surface
is positioned farther from the magnetic barrier than the center of the initial Gaussian wave
packet. Although, this does not correspond to far-field conditions, it suggests that backflow
can occur not only near the magnetic barrier, but also farther away.

By applying the same analysis to the other candidates, it is confirmed that all identified peaks
qualify as a backflow due to their similar structure. However, the stability of backflow over
time must also be examined.

The left side of Figure 3.11 shows that backflow emerges around t = 20, at which the center of
the Gaussian wave packet reaches the magnetic barrier. At this point, interference between the
reflected and incident wave functions is, in a sence, maximal, producing backflow at multiple
locations. This behavior is confirmed by the figure on the right panel.

Post collision, however, backflow situations no longer appear at z = 0. They emerge briefly
around t = 20 and disappear instantaneously. Furthermore, when considering the corresponding
real-scale value of x (see Subsection 3.3.1), the width of the backflow bundle is found to be
less than 700nm. This narrow width makes detection impractical. Consequently, attempting
to detect the backflow effect on Sx(x) for some x ∈ R may hardly be feasible.
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Figure 3.11: Occurrence of the backflow effect with respect to x and t (left) and the position
of backflow situations at t = 20.047 (right).

Next, backflow will be investigated on Sy(y) for some y ∈ R. Similar to the surfaces Sx,
the backflow effect is identified through analogous procedures. By varying t, it is observed
that peaks appear and disappear persistently. However, all observed peaks are automatically
qualified as a backflow, as they extend in the y-direction. For example, a peak is specified at
y = y around x = x. To see if this peak represents a backflow, we vary x at y = y, because
we are investigating the normalized second component of J Ψt . On the variation of x, we can
always find backflow around x = x. If peaks had extended in x-direction, we would have
necessarily investigated if the cliff of the peaks extends parallel to x-axis, as in the case of the
normalized first component of J Ψt .

Figure 3.12: Normalized second component of the probability current density at t = 85100 and
z = 0. A peak is identified over a large area (left), which is zoomed around x = −1350 (right).

In Figure 3.12, a peak is detected at t = 85100. The magnified view on the right panel reveals
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that the peak has a real-scale width of approximately 1.8µm.

Backflow can be identified for any y ∈ [−1200, 0]. However, values around y = 0 are not
practical for detection. A detector placed in this region would likely disturb the wave function
before it reaches the magnetic barrier. This interaction alters the wave function evolution,
making it no longer well-described by the solution obtained in this chapter.

Figure 3.13: Normalized second component of the probability current density on Sy(−1150) at
t = 85100.

Figure 3.13 confirms the presence of backflow on Sy(−1150) at t = 85100. Consistent with
Figure 3.12, the backflow is evident from the change in the direction of the normalized second
components of the probability current density as a function of x.

In comparison with the backflow effect on Sx, that on Sy is observed for t ≫ 20, indicating
that they are relatively more stable over time. Still, it is not sufficient for practical detection
because backflow appears and disappears. Moreover, their positions are extremely unstable.
Backflow moves in the x-direction as time progresses.

To analyze this behavior and stability of backflow in more detail, the second component of
the probability current density must also be examined over an interval of time. This can be
performed by visualizing regions where the normalized second component is positive, with t.

Figure 3.14 demonstrates that backflow persists over a long timespan. In the left panel, it can
be seen that backflow regions move in the negative x-direnction. The spikes observed show why
backflow appears and disappears. This indicates that the backflow identified in Figure 3.12 is
one of these spikes. On the right panel, the spikes are shown to originate near y = 0.
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Figure 3.14: Domains of positive values of second component of the probability current density.
The occurrence of backflow on Sy over t is confirmed. The right panel provides a zoomed view
for −400 < y < 0.

Additionally, it is important to note that the center of the wave function is located at x = k0x ·t.
It means that the backflow effect generated is at the tail of the wave function. This poses a
significant challenge for detecting the backflow effect, as particles are rarely found in the tails
of the wave packet.

Further analysis reveals that almost the entire region with positive y-values is occupied by the
area of positive second component values. This suggests that the backflow effect occurs more
frequently for negative y-values because, on Sy that intersect this area, the sign of the second
component changes more frequently

Although backflow consistently appears, their domains are unstable and shift with time. When
a surface Sy is placed, the backflow effect is observed to move in the negative x-direction.

In conclusion, the delta magnetic potential enhances backflow compared to the scenario in
Chapter 2. However, this backflow remains relatively unstable both with regards to position
and time.
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CHAPTER 4
CONCLUSION

4.1 Results of the Analysis
In the introduction, it was stated that backflow is identified as occurring, but is unstable in
both time and position. In Chapter 2, the effect of a simple time varying magnetic field on
the dynamics of a neutral spin-1

2 particle was examined where the field is abruptly removed
at a predetermined time. The result showed that backflow is suppressed because the spin flux
decays much faster than the convective flux. Consequently, backflows cannot practically be
detected in this scenario.

In chapter 3, a delta-magnetic barrier was introduced to amplify backflow through the inter-
ference of the incident and reflected components of the wave function. As a result, backflow is
induced on surfaces perpendicular to the x-axis at the moment of impact of the wave packet.
Furthermore, backflow could be identified on surfaces perpendicular to the y-axis, even after
the time of impact. However, it was found that the backflow is unstable both in time and
position, presenting a significant experimental challenge for detecting it.

In conclusion, the detection of backflow will be extremely difficult in the analyzed experimental
setups due to their instability.

4.2 Outlook
The spin-flux was observed to decay in open space in Chapter 2, spreading out across the do-
main. This behavior is a characteristic of the Gaussian wave packet. This observation suggests
that the wavefunction must be confined within some barriers to prevent the spin flux from
dispersing throughout space. In such a configuration, the spin flux may be expected to be more
strong, potentially making backflow stand out more. [DD19]
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APPENDIX A
DERIVATION FOR CHAPTER 2

A.1 Propagator for Free Particle
To find the time-dependent wavefunction for a free particle with a Gaussian wave packet, the
propagator for a free particle must first be determined. As shown in Subsection 1.4.3, the
propagator can be derived by applying the Laplace transform to the Schrödinger equation:

iℏsϕs(x) − iℏψ0(x) = − ℏ2

2m∂2
xϕs(x)

The homogeneous solutions u1
s(x), u2

s(x) to this differential equation are straightforward:
u1
s(x) = exp

[
i
√

2ims
ℏ x

]
u2
s(x) = exp

[
−i
√

2ims
ℏ x

] (A.1)

Substituting u1
s(x) and u2

s(x) into equations (1.19) and (1.20) gives the particular solution:

ϕps(x) =
√

m

2iℏs

exp
i
√

2ims
ℏ

x

 x∫
−∞

exp
−i

√
2ims
ℏ

x′

ψ0(x′)dx′

− exp
−i

√
2ims
ℏ

x

 x∫
−∞

exp
i
√

2ims
ℏ

x′

ψ0(x′)dx′

 , (A.2)

where the Wronskian of u1
s(x) and u2

s(x) is given by:

W [u1
s(x′), u2

s(x′)] = −2i
√

2ims
ℏ

(A.3)

To determine the coefficient αs and βs of the complementary solution, boundary conditions
are applied. For a free particle, the wavefunction must converge to zero as x → ±∞, since it
represents a Gaussian wave packet. Consequently, the Laplace-transformed wavefunction ϕs(x)
also converges to zero as x → ±∞. This implies that the general solution, comprising the
particular and complementary solutions, vanishes as x diverges in either direction.

In the first condition (x → −∞), the general solution equals the complementary solution, as
the particular solution vanishes, leading to:

lim
x→−∞

ϕcs(x) = αs lim
x→−∞

exp
i
√

2ims
ℏ

x

+ βs lim
x→−∞

exp
−i

√
2ims
ℏ

x

 (A.4)

!= 0



50 Derivation for Chapter 2

The first term in this equation diverges:

lim
x→−∞

exp
i
√

2ims
ℏ

x

 = lim
x→−∞

exp
[
(i− 1)

√
ms

ℏ
x
]

= ∞ (A.5)

Therefore, it must be that αs = 0.

In the case of second condition (x → ∞), the particular solution does not vanish. However,
using αs = 0, the coefficient βs can be determined as follows:

lim
x→∞

βs = lim
x→∞

exp
i
√

2ims
ℏ

x

ϕs(x) − lim
x→∞

exp
i
√

2ims
ℏ

x

ϕps(x) (A.6)

= − lim
x→∞

exp
i
√

2ims
ℏ

x

ϕps(x) (A.7)

= − lim
x→∞

√
m

2iℏs

exp
2i

√
2ims
ℏ

x

 x∫
−∞

exp
−i

√
2ims
ℏ

x′

ψ0(x′)dx′

−
x∫

−∞

exp
i
√

2ims
ℏ

x′

ψ0(x′)dx′

 (A.8)

=
√

m

2iℏs

∞∫
−∞

exp
i
√

2ims
ℏ

x′

ψ0(x′)dx′ (A.9)

= βs (A.10)

The first term on the right-hand side in equation (A.6) vanishes because both the exponential
function and the general solution ϕs(x) converge to zero. The first term in equation (A.8) also
converges to zero due to the vanishing exponential function.

By substituting αs and βs, the general solution ϕs(x) becomes: ϕs(x) is:

ϕs(x) =
√

m

2iℏs

exp
i
√

2ims
ℏ

x

 x∫
−∞

exp
−i

√
2ims
ℏ

x′

ψ0(x′)dx′

− exp
−i

√
2ims
ℏ

x

 x∫
−∞

exp
i
√

2ims
ℏ

x′

ψ0(x′)dx′


+
√

m

2iℏs exp
−i

√
2ims
ℏ

x

 ∞∫
−∞

exp
i
√

2ims
ℏ

x′

ψ0(x′)dx′ (A.11)

=
√

m

2iℏs

 x∫
−∞

exp
i
√

2ims
ℏ

(x− x′)
ψ0(x)′dx′

−
x∫

−∞

exp
i
√

2ims
ℏ

(x′ − x)
ψ0(x′)dx′ +

∞∫
−∞

exp
i
√

2ims
ℏ

(x′ − x)
ψ0(x′)dx′


(A.12)
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=
√

m

2iℏs

 x∫
−∞

exp
i
√

2ims
ℏ

(x− x′)
ψ0(x′)dx′ +

∞∫
x

exp
i
√

2ims
ℏ

(x′ − x)
ψ0(x′)dx′


(A.13)

=
√

m

2iℏs

 x∫
−∞

exp
i
√

2ims
ℏ

∥x− x′∥

ψ0(x′)dx′ +
∞∫
x

exp
i
√

2ims
ℏ

∥x− x′∥

ψ0(x′)dx′


(A.14)

=
√

m

2iℏs

∞∫
−∞

exp
i
√

2ims
ℏ

∥x− x′∥

ψ0(x′)dx′ (A.15)

In equation (A.13), x−x′ and x′ −x in the argument of exponential function are both positive
over the respective ranges of integration, which allows to substitute them with ∥x− x∥.

Additionally, it was revealed that, in equation (A.12), the last term corresponds to a second
homogeneous solution multiplied by some constant value, which indicates that the particular
solution ϕps(x) includes a homogeneous solution. This included homogeneous solution, however,
compensates βsu2

s(x), making the complementary solution vanishes.

Equation (A.15) is the Laplace-transformed wavefunction, therefore, the inverse Laplace trans-
form must be applied to obtain the time-dependet wavefunction ψt(x). To achieve this, the
following formula is used [Pro+54]:

L−1
[

1√
s

exp
(
i
√

2ias
)]

=
exp

(
ia
2t

)
√
πt

, a > 0 (A.16)

The inverse Laplace transform of ϕs(x) is then:

ψt(x) = L−1[ϕs(x)] (A.17)

= L−1

√ m

2iℏs

∞∫
−∞

exp
i
√

2ims
ℏ

∥x− x′∥ψ0(x′)dx′

 (A.18)

=
√

m

2πiℏt

∞∫
−∞

exp
[
im(x− x′)2

2ℏt

]
ψ0(x′)dx′ (A.19)

Comparing with equation (1.16), the one-dimensional propagator for a free particleK0(x, t, x′, 0)
is obtained as:

K0(x, t, x′, 0) =
√

m

2πiℏt exp
[
im(x− x′)2

2ℏt

]
(A.20)

For a three-dimensional case, this propagator can applied to the initial wavefunction by treating
the x, y, and z coordinates separately, provided that the wavefunction ψ0(r⃗) is separable in the
x, y, and z components.
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A.2 Time-Dependent Wavefunction for a Free Particle
The time-dependent wavefunction can be obtained by integrating the initial wavefunction ξ0(x′)
over x′, together with the propagator K0(x, t, x′, 0). The calculation proceeds as follows:

ξt(x) =
∞∫

−∞

K0(x, t, x′, 0)ξ0(x′)dx′

=
(2a
π

) 1
4
√

m

2πiℏt

∞∫
−∞

exp
[
im(x− x′)2

2ℏt − a(x′ − xc)2 + ik0xx
′
]
dx′ (A.21)

To evaluate this integral, the argument of the exponential function must be expressed as a
perfect square term. This can be done by completing the square.(2a

π

) 1
4
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m

2πiℏt

∞∫
−∞
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[
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This integral is calculated using the Gaussian integral formula:

=
(2a
π

) 1
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 (A.23)

This equation can be simplified further as follows:
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Hence, the time-dependent wavefunction for a free particle is

ξt(x) =
(2a
π

) 1
4
√

m

m+ 2iℏat exp
 −ma
m+ 2iℏat

(
x− xc − ℏk0xt

m

)2

+ i

(
k0xx− ℏ2k2

0xt

2mℏ

) (A.25)

This expression shows how an initial Gaussian wave packet centered at xc evolves over time
with a wave vector k0x.

A.3 Wavefunction as a Solution to the Schrödinger Equa-
tion

The time-dependent wavefunction for a free particle was found in Subsection 2.1.3:

ψt(r⃗) =
(2a
π

) 3
4
γ

3
2
t exp

−aγt

r⃗ − r⃗c − ℏk⃗0t

m

2
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2

2mℏ
t


 (A.26)

To show that this wavefunction ψt(r⃗) is a solution to the Schrödinger equation for a free
particle, the wavefunction ψt(r⃗) is inserted into the Schrödinger equation. If the time- and
spatial derivatives are the same, this wavefunction is a solution to the Schrödinger equation.
Assume that

ψt(r⃗) =
(2a
π

) 3
4
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3
2
t exp

−aγt⃗̃r 2
t + i
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t

 (A.27)

where ⃗̃rt = r⃗ − r⃗c − ℏk⃗0t

m
.

The left-hand side of the Schrödinger equation is evaluated at first. The coefficient
(

2a
π

) 3
4 will

be ignored because it is a constant coefficient for both sides:
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(A.28)

The right-hand side of the Schrödunger-equation is
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2m∇2ψt(r⃗)

= γ
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(A.29)

Equations (A.28) and (A.29) are the same. As a result, the given time-dependent wavefunction
ψt(r⃗) is a time-dependent solution to the Schrödinger equation for a free particle.
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APPENDIX B
DERIVATION FOR CHAPTER 3

B.1 Propagator for a Delta-Potential
In this section, the one-dimentional propagator Kσz

δ (x, t, x′, 0) for delta potential is derived. In
Chapter 3, the Hamiltonian is given as:

Ĥ = − ℏ2

2m∇2 + λσzδ(x) (B.1)

To simplify the derivation of the propagator, the Pauli matrix σz is omitted because the Pauli
equation can be decoupled into spin-up part and spin-down components:

Ψt(x) =
(

Ψup
t (x)

Ψdown
t (x)

)
(B.2)

These components satisfy the following equations:
iℏ ∂

∂t
Ψup
t (x) = − ℏ2

2m∇2Ψup
t (x) + λδ(x)Ψup

t (x)

iℏ ∂
∂t

Ψdown
t (x) = − ℏ2

2m∇2Ψdown
t (x) − λδ(x)Ψdown

t (x)
(B.3)

Then, the propagator Kδ(x, t, x′, 0) for the spin-up component is derived, as the propagator
for the spin-down component can be obtained by simply changing the sign of λ. This will
be applied in the Section 3.2. As a last step, λ is replaced by λσz to recover the propagator
Kσz
δ (x, t, x′, 0), which is a 2 × 2 matrix.

To derive the propagatorKδ(x, t, x′, 0) for a delta-potential, the Laplace-transformed Schrödinger
equation is solved at first [Cam09]. Subsequently, The kernal of the integral operator is obtained
by applying the inverse Laplace transform, which provides the propagator for a delta-potential.

B.1.1 Solution to the Laplace-transformed Schrödinger Equation
The Laplace-transformed Schrödinger equation is (see 1.17):

iℏsϕs(x) − iℏψ0(x) = − ℏ2

2m∂2
xϕs(x) + λδ(x)ϕs(x) (B.4)

Since this equation includes the Dirac delta distribution δ(x), the solution for this differential
equation is not smooth at x = 0. Therefore, this equation must be solved separately for x < 0
and x > 0.

The homogeneous differential equation, which omits the non-homogeneous term, is:

iℏsϕs(x) = − ℏ2

2m∂2
xϕs(x) + λδ(x)ϕs(x) (B.5)
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For x ̸= 0, this homogeneous differential equation is equivalent to that of a free particle. The
homogeneous solution is:

ϕhs (x) =


αs exp

[
i
√

2ims
ℏ x

]
+ βs exp

[
−i
√

2ims
ℏ x

]
, x < 0

µs exp
[
i
√

2ims
ℏ x

]
+ νs exp

[
−i
√

2ims
ℏ x

]
, x > 0

(B.6)

The particular solution ϕps(x) for non-homogeneous differential equation for x > 0 and x < 0 is
(see equation (A.2)):

ϕps(x) =
√

m

2iℏs

 x∫
−∞

exp
i
√

2ims
ℏ

(x− x′)
ψ0(x′)dx′

−
x∫

−∞

exp
i
√

2ims
ℏ

(x′ − x)
ψ0(x′)dx′

 , x ̸= 0 (B.7)

This particular solution includes homogeneous solution implicitly (see Appendix A.1). This
can be shown by rewriting the second term:

x∫
−∞

exp
i
√

2ims
ℏ

(x′ − x)
ψ0(x′)dx′

=
∞∫

−∞

exp
i
√

2ims
ℏ

(x′ − x)
ψ0(x′)dx′ −

∞∫
x

exp
i
√

2ims
ℏ

(x′ − x)
ψ0(x′)dx′ (B.8)

The first term represents an exponential function of x multiplied by a coefficient. This first
term is excluded from the particular solution and included into the homogeneous solution.

Additionally, x−x′ in the first term and x′ −x in the second term of equation (B.7) are always
positive in the respective ranges of integration. Therefore, they can be substituted with |x−x′|.
Then, the homogeneous solution ϕhs (x) and particular solution ϕs(x) are

ϕhs (x) =


αs exp

[
i
√

2ims
ℏ x

]
+ β̃s exp

[
−i
√

2ims
ℏ x

]
, x < 0

µs exp
[
i
√

2ims
ℏ x

]
+ ν̃s exp

[
−i
√

2ims
ℏ x

]
, x > 0

(B.9)

ϕps(x) =
√

m

2iℏs

∞∫
−∞

exp
i
√

2ims
ℏ

|x− x′|

ψ0(x′)dx′, x ̸= 0 (B.10)

where

β̃s = βs −
∞∫

−∞

exp
i
√

2ims
ℏ

x′

ψ0(x′)dx′

ν̃s = νs −
∞∫

−∞

exp
i
√

2ims
ℏ

x′

ψ0(x′)dx′

(B.11)

The coefficients αs, βs, µs, and νs are now determined by satisfying three boundary conditions.
First, the solution ϕs(x) = ϕhs (x) + ϕps(x) must converge to zero as x → ±∞:

lim
x→∞

ϕs(x) = 0, lim
x→−∞

ϕs(x) = 0 (B.12)
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From these two conditions, it follows that:

αs = 0
ν̃s = 0

(B.13)

Additionally, the homogeneous solution can be combined into a single equation by replacing
−x and x with |x|, and by renaming the coefficient β̃s as µs. The general solution ϕs(x) is then
given by:

ϕs(x) = µs exp
i
√

2ims
ℏ

|x|

+
√

m

2iℏs

∞∫
−∞

exp
i
√

2ims
ℏ

|x− x′|

ψ0(x′)dx′, x ̸= 0 (B.14)

At this point, only the coefficient µs remains to be determined. This is achieved by applying
a third condition, which is derived by integrating the Schrödinger equation over the interval
[−ϵ, ϵ] with respect to x, and taking the limit as ϵ → 0:

lim
ϵ→0

ϵ∫
−ϵ

iℏsϕs(x)dx = lim
ϵ→0

ϵ∫
−ϵ

[
− ℏ2

2m∂2
xϕs(x) + λδ(x)ϕs(x)

]
dx (B.15)

The left-hand side of this equation vanishes because the integration domain has zero measure.
The second term of the right-hand side can be computed using the property of the Dirac delta
distribution:

b∫
a

f(x)δ(x− c)dx = f(c) for a < c < b (B.16)

The third boundary condition, obtained from equation (B.15), is:

lim
ϵ→0

[∂xϕs(ϵ) − ∂xϕs(−ϵ)] = 2mλ
ℏ2 ϕs(0) (B.17)

By applying this condition to equation (B.14), the coefficient µs is determined:

µs =
√

m

2iℏs
λ

iℏ
ϕs(0) (B.18)

However, the value of ϕs(0) in this expression is the Laplace-transformed wavefunction at x = 0,
which can be calculated by evaluating equation (B.14) at x = 0:

ϕs(0) =

√
m

2iℏs

1 −
√

m
2iℏs

λ
iℏ

∞∫
−∞

exp
i
√

2ims
ℏ

|x′|

ψ0(x′)dx′ (B.19)

Substituting this result into the time-dependent solution (B.14), the final expression for ϕs(x)
is:

ϕs(x) = − λ

2ℏ2
1√
s

m
√
s+

√
im
2ℏ

λ
ℏ

∞∫
−∞

exp
i
√

2ims
ℏ

(|x| + |x′|)
ψ0(x′)dx′

+
√

m

2iℏs

∞∫
−∞

exp
i
√

2ims
ℏ

|x− x′|

ψ0(x′)dx′ (B.20)
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B.1.2 Inverse Laplace Transform of the Solution

To obtain the propagator K(x, t, x′, 0) for a delta potential, the inverse Laplace transform must
be applied to the following equation:

ψt(x) = L−1

− λ

2ℏ2
1√
s

m
√
s+

√
im
2ℏ

λ
ℏ

∞∫
−∞

exp
i
√

2ims
ℏ

(|x| + |x′|)
ψ0(x′)dx′

+
√

m

2iℏs

∞∫
−∞

exp
i
√

2ims
ℏ

|x− x′|

ψ0(x′)dx′

 (B.21)

= L−1


∞∫

−∞

L[K(x, t, x′, 0)]ψ0(x′)dx′

 (B.22)

By comparing these two equations, the Laplace transform of the propagator is given by:

L[K(x, t, x′, 0)] = − λ

2ℏ2
1√
s

m
√
s+

√
im
2ℏ

λ
ℏ

exp
i
√

2ims
ℏ

(|x| + |x′|)


+
√

m

2iℏs exp
i
√

2ims
ℏ

|x− x′|

 (B.23)

Using equation (A.16) and the following inverse Laplace transform (see C.1)

L−1
[

exp(−a
√
s)√

s(
√
s+ b)

]
= exp

(
ab+ b2t

)
erfc

(
b
√
t+ a

2
√
t

)
, (B.24)

the propagator Kδ(x, t, x′, 0) can be obtained as follows:

Kδ(x, t, x′, 0) = −mλ

2ℏ2 exp
[
mλ

ℏ2 (|x| + |x′|) + imλ2

2ℏ3 t

]
erfc

[√
m

2iℏt

(
|x| + |x′| + iλt

ℏ

)]

+
√

m

2πiℏt exp
[
im(x− x′)2

2ℏt

]
(B.25)

Note that the second term of the propagator Kδ(x, t, x′, 0) corresponds to the propagator K0
for a free particle (see equation (A.20)). Since, σz is diagonal, we can recover the propagator
Kσz
δ (x, t, x′, 0) by replacing λ with λσz:

Kσz
δ (x, t, x′, 0) = −mλσz

2ℏ2 exp
[
mλσz
ℏ2 (|x| + |x′|) + imλ2

2ℏ3 t

]
erfc

[√
m

2iℏt

(
|x| + |x′| + iλσzt

ℏ

)]

+
√

m

2πiℏt exp
[
im(x− x′)2

2ℏt

]
(B.26)
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B.2 Wave function as a Weak Solution
The Pauli equation for a delta-magnetic potential is discontinuous at x = 0 due to the delta
distribution δ(x). Thus, it must be proved that Ψt, which is given by

Ψt(r⃗) = ξt(x)ηt(y)ζt(z)χt

=
(2a
π

) 3
4 √

γt exp
[
−aγt(x̃2

t + ỹ2) + i

(
k0xx+ k0yy −

ℏ2(k2
0x + k2

0y)
2mℏ

t

)]

·
(

√
γt exp

[
−aγtx̃2

t + i

(
k0xx− ℏ2k2

0x
2mℏ

t

)]

− mλσz
2ℏ2

√
π

a
exp

[
mλσz
ℏ2 (|x| − xc) + m2λ2

4aγtℏ4 + ik0x

(
−mλσz

2aℏ2 + xc

)
− k2

0x
4a

]

· erfc
[
√
aγt (|x| − xc) + λσzm

2√
aγtℏ2 −

ik0x
√
γt

2
√
a

])
χ0, (B.27)

is a weak solution. To verify this, a smooth, compactly supported test function ϕ(x) is employed,
which must satisfy (see theorem 1.4.6):

∞∫
−∞

Ĥξξt(x)ϕ(x)dx =
∞∫

−∞

(
− ℏ2

2mξt(x)∂
2ϕ(x)
∂x2 + λσzδ(x)ξt(x)ϕ(x)

)
dx (B.28)

As shown in Chapter 2, the right-hand side of this equation is integrated by parts after intro-
ducing ϵ > 0 and taking the limits ϵ → 0, resulting in:

∞∫
−∞

ĤξΨt(r⃗)ϕ(t)dt = lim
ϵ→0

−ϵ∫
−∞

(
− ℏ2

2mϕ(x)∂
2ξt(x)
∂x2 + λσzδ(x)ξt(x)ϕ(x)

)
dx

+ lim
ϵ→0

∞∫
ϵ

(
− ℏ2

2mϕ(x)∂
2ξt(x)
∂x2 + λσzδ(x)ξt(x)ϕ(x)

)
dx (B.29)

The boundary term from the partial integration vanish because the test function ϕ(t) is com-
pactly supported.

By comparing with the time derivative iℏ ∂
∂t
ξt(x):

∞∫
−∞

ĤξΨt(r⃗)ϕ(t)dt = lim
ϵ→0

−ϵ∫
−∞

ϕ(x)
(
iℏ
∂ξt(x)
∂t

− λσzδ(x)ξt(x) + λσzδ(x)ξt(x)
)
dx

+ lim
ϵ→0

∞∫
ϵ

ϕ(x)
(
iℏ
∂ξt(x)
∂t

− λσzδ(x)ξt(x) + λσzδ(x)ξt(x)
)
dx (B.30)

where

ξt(x) =
(2a
π

) 1
4 √

γt exp
−aγt

(
|x| − xc − ℏk0xt

m

)2

+ i

(
k0x|x| − ℏ2k2

0x
2mℏ

t

)
− mλσz

2ℏ2

(2π
a

) 1
4

exp
[
mλσz
ℏ2 (|x| − xc) + m2λ2

4aγtℏ4 + ik0x

(
−mλσz

2aℏ2 + xc

)
− k2

0x
4a

]

· erfc
[
√
aγt (|x| − xc) + λσzm

2√
aγtℏ2 −

ik0x
√
γt

2
√
a

]
. (B.31)



60 Derivation for Chapter 3

In the terms involving the delta distribution, |x| can be replaced with x, because |x| = x for
x = 0, and this terms are zero for x ̸= 0 due to the delta distribution. From this, it follows that

δ(x)ξt(x) = δ(x)ξt(x) (B.32)

Thus, only time derivative remains on the right-hand side of equation (B.30):

∞∫
−∞

ĤξΨt(r⃗)ϕ(t)dt = iℏ lim
ϵ→0

−ϵ∫
−∞

ϕ(x)∂ξt(x)
∂t

dx+ iℏ lim
ϵ→0

∞∫
ϵ

ϕ(x)∂ξt(x)
∂t

dx (B.33)

Since the left and right limits of the time derivative of ξt(x) and ∂tξt(0) are equal, the limit can
be removed:

iℏ lim
ϵ→0

−ϵ∫
−∞

ϕ(x)∂ξt(x)
∂t

dx+ iℏ lim
ϵ→0

∞∫
ϵ

ϕ(x)∂ξt(x)
∂t

dx = iℏ
∞∫

−∞

ϕ(x)∂ξt(x)
∂t

dx (B.34)

With the definition of the Schrödinger equation, the time derivative of ξt(x) can be substituted
with Ĥξ, resulting in:

iℏ
∞∫

−∞

ϕ(x)∂ξt(x)
∂t

dx =
∞∫

−∞

ϕ(x)Ĥξξt(x)dx (B.35)

Consequently, equation (B.27) is a weak solution to the Schrödinger equation for a delta-
magnetic potential.
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APPENDIX C
DERIVATION OF FORMULA

C.1 Laplace Transformation with Complementary Error
Function

In deriving the propagator for a delta-potential, the following inverse Laplace transform was
used [Zil18, p.769]:

L−1
[

exp(−a
√
s)√

s(
√
s+ b)

]
= exp

(
ab+ b2t

)
erfc

(
b
√
t+ a

2
√
t

)
, a > 0 (C.1)

To demonstrate this formula, it is sufficient to compute the Laplace transform of the right-hand
side and compare it to the left-hand side. The Laplace transform of the right-hand side is

∞∫
0

exp
(
ab+ b2t

)
erfc

(
b
√
t+ a

2
√
t

)
exp [−st] dt (C.2)

Since the first term in the argument of the exponential function, ab + b2t, is independent of t,
it can be ignored. Let the time-dependent portion of the expression be defined as a function of
s and a:

I(s, a) =
∞∫

0

exp
[
(b2 − s)t

]
erfc

(
b
√
t+ a

2
√
t

)
dt (C.3)

This function can be partially differentiated with respect to a:

∂I(s, a)
∂a

= −exp[−ab]√
π

∞∫
0

exp
[
−st− a2

4t

]
√
t

dt (C.4)

where the derivative of the complementary error function is used:

d

dz
erfc [z] = d

dz

1 − 2√
π

z∫
0

exp
[
−x2

]
dx


= −

(
2√
π

)
exp

[
−z2

]
. (C.5)

Since the integration range is positive real numbers, the substitution t = x2 can be applied:

∂I(s, a)
∂a

= − 2√
π

exp[−ab]
∞∫

0

exp
[
−sx2 − a2

4x2

]
dx

= − 2√
π

exp
[
−ab−

√
sa
] ∞∫

0

exp
[
−
(√

sx− a

2x

)2
]
dx (C.6)
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Using the Cauchy-Schlömilch transformation [Amd+10]:
∞∫

0

exp
[
−
(
mx− n

x

)2
]
dx = 1

m

∞∫
0

exp[−x2]dx for m > 0 ∧ n > 0, (C.7)

the integral can be calculated:

∂I(s, a)
∂a

= − 2√
π

exp
[
−ab−

√
sa
] 1√

s

∞∫
0

exp
[
−x2

]
dx

= −exp[−(b+
√
s)a]√

s
(C.8)

Integrating this equation with respect to a gives:

I(s, a) = exp[−(b+
√
s)a]√

s(b+
√
s) + C (C.9)

The integration constant C can be chosen to be zero. As a result, the Laplace transformation
of equation C.1 becomes:

L
[
exp

(
ab+ b2t

)
erfc

(
b
√
t+ a

2
√
t

)]
= exp[ab] I(s, a)

= exp(−a
√
s)√

s(
√
s+ b) (C.10)

However, this Laplace transform is not complete because, in Chapter 3, the coefficient that
corresponds to a is a complex number. To validate this Laplace transform for the complex
domain, the given Cauchy-Schlömilch transformation, which assumes a is a real number (see
equation (C.7)), must be extended to the complex domain. It will be shown in Appendix C.2
that the condition can be generalized to

0 < m ∈ R and Re[n] ≥ | Im[n] | for n ∈ C. (C.11)

With this extended Cauchy-Schlömilch transformation, the inverse Laplace transformation in
equation (C.1) is validated, and it can be utilized in the derivation of the propagator in Ap-
pendix B.1.

C.2 Extension of Cauchy-Schlömilch Transformation
To extend the Cauchy-Schlömilch transformation to complex domain, equation (C.7) is derived
using contour integration. The integral to be evaluated is:

I =
∞∫

0

exp
[
−
(
mx− n

x

)2
]
dx, 0 < m ∈ R, n ∈ C (C.12)

Using the substitution x = n
mt

[bla19], the integral is transformed into

I = lim
λ→∞

λ(a+ib)∫
0

n

mt2
exp

[
−
(
mt− n

t

)2
]
dt. (C.13)
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To explcitly show the integration range, n is expressed as a+ib, where a = Re[n] and b = Im[n].
The goal is to verify the following equality using contour integration:

lim
λ→∞

λ(a+ib)∫
0

n

mt2
exp

[
−
(
mt− n

t

)2
]
dt =

∞∫
0

n

mt2
exp

[
−
(
mt− n

t

)2
]
dt. (C.14)

For this equality to hold, Re[n] = a must be a positive real number. Next, a path Γ = γ1+γ2+γ3
is defined as follows:

γ1 : {z = x |x ∈ (0, R] ⊂ R}

γ2 :
{
z = R exp[iϕ] |ϕ ∈ [0, α], α = tan−1

(
Im[n]
Re[n]

)}

γ3 : {z = x exp[iα] |x ∈ [R, 0)}

(C.15)

The singularity at z = 0 + 0i is excluded from the path. This does not affect the integral since
the measure of a single point is zero. Furthermore, the zero in the integration range is implicitly
defined as a limit.

Since the closed path Γ does enclose any poles, the contour integration along Γ evaluates to
zero. This implies that the integrals along γ1 and γ3 are equivalent if the integral along γ2
vanishes as R → ∞. The limit of the integral along γ2 as R → ∞ is given by:

lim
R→∞

α∫
0

n exp[−2iϕ]
mR2 exp

−
(
mReiϕ − ne−iϕ

R

)2
 dt

= lim
R→∞

α∫
0

n exp[−2iϕ]
mR2 exp

[
−m2R2e2iϕ − n2e−2iϕ

R2 +mn

]
dt

≤ lim
R→∞

∥∥∥∥∥∥
α∫

0

n exp[−2iϕ]
mR2 exp

[
−m2R2e2iϕ − n2e−2iϕ

R2 +mn

]
dt

∥∥∥∥∥∥
≤ lim

R→∞

α∫
0

∥∥∥∥∥n exp[−2iϕ]
mR2 exp

[
−m2R2e2iϕ − n2e−2iϕ

R2 +mn

]∥∥∥∥∥ dt
= lim

R→∞

α∫
0

∥n∥
mR2

∥∥∥∥∥exp
[
−m2R2e2iϕ − n2e−2iϕ

R2 +mn

]∥∥∥∥∥ dt (C.16)

Expanding the exponential term using eix = cosx + i sin x and noting ∥eix∥ = 1, this reduces
to

lim
R→∞

α∫
0

a2 + b2

mR2 exp
[
−m2R2 cos(2ϕ) − (a2 − b2) cos(2ϕ) + 2ab sin(2ϕ)

R2 +ma

]
dt (C.17)

In this expression, the second term in the argument of the exponential function vanishes as
R → ∞, and the third term is constant. Thus, the convergence of the integral depends on
cos(2ϕ) in the first term. If cos(2ϕ) is positive, i.e., ϕ ∈ [−π/4, π/4], the limit of the integral is
zero. In this interval of ϕ, the following inequality for n holds:

Re[n] ≥ | Im[b] | > 0 (C.18)



64 Derivation of Formula

Therefore, the condition for equation (C.14) can be expressed as follows:

lim
λ→∞

λ(Re[n]+i Im[n])∫
0

n

mt2
exp

[
−
(
mt− n

t

)2
]
dt =

∞∫
0

n

mt2
exp

[
−
(
mt− n

t

)2
]
dt (C.19)

for Re[n] ≥ | Im[b] | > 0

Next, the substituted form of equation (C.13) is added to its original form:

2I =
∞∫

0

exp
[
−
(
mx− n

x

)2
]
dx+

∞∫
0

n

mt2
exp

[
−
(
mt− n

t

)2
]
dt

= 1
m

∞∫
0

(
m+ n

x2

)
exp

[
−
(
mx− n

x

)2
]
dx

= 1
m

lim
λ→∞

∞∫
−λ(a+ib)

exp
[
−y2

]
dy (C.20)

In the last step, the following substitution was applied:

mx− n

x
= y, dy =

(
m+ n

x2

)
dx. (C.21)

Finally, the following equality must be demonstrated using contour integration:

lim
λ→∞

∞∫
−λ(a+ib)

exp
[
−y2

]
dy =

∞∫
−∞

exp
[
−y2

]
dy (C.22)

A closed path Γ = γ1 + γ2 + γ3 is defined as:

γ1 : {z = xR |x ∈ [−a, a] ⊂ R}

γ2 : {z = −R(a+ ix) |x ∈ [0, b]}

γ3 :
{
z = aR(x− 1) + ibR

(x− 2)
2 |x ∈ [0, 2]

} (C.23)

Since the integrand exp[−z2] is analytic in C, the contour integral along Γ evaluates to zero.
Consequently, the behavior of the integral along γ2 as R → ∞ must be analyzed. This limit is
given by:

lim
R→∞

∫
γ2

exp
[
−z2

]
dz = lim

R→∞

b∫
0

−iR exp
[
−R2(a+ ix)2

]
dx

≤ lim
R→∞

b∫
0

R exp
[
−R2(a2 − x2)

]
dx (C.24)

The second line is obtained by taking the norm of the right-hand side of the first line.

Note that the integral in the second line converges to zero as R → ∞ even in the worst case
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(b = a). The integral vanishes everywhere except at x = a, but the measure of a single point is
zero. Thus, the limit of the integral along γ2 is

lim
R→∞

∫
γ2

exp
[
−z2

]
dz = 0 (C.25)

Substituting this result into equation (C.20) gives:

2I = 1
m

∞∫
−∞

exp
[
−y2

]
dy

= 2
m

∞∫
0

exp
[
−y2

]
dy (C.26)

Therefore, the following identity is proven:

I =
∞∫

0

exp
[
−
(
mx− n

x

)2
]
dx = 1

m

∞∫
0

exp
[
−x2

]
dx (C.27)

for Re[n] ≥ | Im[n] | > 0

C.3 Infinite Integral with Complementary Error Func-
tion

In Chapter 3, the following integral must be evaluated to determine the time-dependent wave-
function:

I =
∞∫

−∞

exp
[
−ax2 + bx

]
erfc [mx+ n] dx (C.28)

However, direct evaluation of this integral is challenging because the complementary error
function is not an elementary function. To facilitate the calculation, the integral I is redefined
as a function of n, i.e, I = I(n). Differentiating I(n) with respect to n and completing the
square yields:

∂I(n)
∂n

= −
(

2√
π

)
exp

[
−n2 + (b− 2mn)2

4(a+m2)

] ∞∫
−∞

exp
−(a+m2)

(
x− b− 2mn

2(a+m2)

)2


︸ ︷︷ ︸
=
√

π
a+m2

= −
(

2√
a+m2

)
exp

[
−n2 + (b− 2mn)2

4(a+m2)

]
(C.29)

(C.30)

Here, the derivative of the complementary error function is used:

d

dz
erfc [z] = d

dz

1 − 2√
π

z∫
0

exp
[
−x2

]
dx


= −

(
2√
π

)
exp

[
−z2

]
. (C.31)
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To proceed, the argument of the exponential function is rewritten by completing the square
once more:

∂I(n)
∂n

= − 2√
a+m2

exp
[
b2

4a

]
exp

−

√ a

a+m2n+ mb

2
√
a(a+m2)

2
 (C.32)

The last exponential term matches the form of the derivative of the complementary error
function. Integrating this expression gives:

I(n) = − 2√
a+m2

exp
[
b2

4a

] ∞∫
z

exp

−

√ a

a+m2n+ mb

2
√
a(a+m2)

2
 dn

=
√
π

a
exp

[
b2

4a

](
− 2√

π

)√
a

a+m2

∞∫
z

exp

−

√ a

a+m2n+ mb

2
√
a(a+m2)

2
 dn

︸ ︷︷ ︸
=erfc

[√
a

a+m2 n+ mb

2
√

a(a+m2)

]
(C.33)

Recognizing the integral as a complementary error function yields:

I = I(n) =
√
π

a
exp

[
b2

4a

]
erfc

√ a

a+m2n+ mb

2
√
a(a+m2)

 . (C.34)

Thus, the integral I is successfully evaluated.
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