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To be discussed on Wednesday, 04.5.2016.

Ex. 1: Let f ∈ S ′(Rn), g ∈ S(Rn). Prove that

∂αx (f ∗ g) = (∂αx f) ∗ g = f ∗ (∂αx g), F [f ∗ g] = F [f ]F [g] (in S ′(Rn))

for all α ∈ Nn
0 .

Ex. 2: Let f ∈ C∞0 (R) be such that supp f ⊆ BR(0). Prove that f̂ is

holomorphic in C. Moreover, |f̂(ξ)| ≤ C eR| Im ξ|. Conclude that supp f̂

cannot be compact unless f̂ ≡ 0.

Ex. 3: (a) Let s > n/2. Prove that Hs(Rn) ↪→ C0
b (Rn) (continuous embed-

ding1).

(b) Prove that δ0 ∈ H−s(Rn) for any s > n/2. Hint: Use duality.

(c) Let s > n/2. Prove that Hs(Rn) is an algebra under pointwise addition
and multiplication.

(d) Let f ∈ C∞(C), f(0) = 0, and let u ∈ Hs(Rn) with s > n/2. Prove that
f ◦ u ∈ Hs(Rn).

Ex. 4: Let pj ∈ S
mj

1,0 (Rn × Rn), mj ∈ R, j = 1, 2, and let p(x, ξ) =

p1(x, ξ)p2(x, ξ) for all x, ξ ∈ Rn. Prove that p ∈ Sm1+m2
1,0 (Rn × Rn) and

that for every k ∈ N there exists Ck (depending only on k and n) such that

|p|(m1+m1)
k ≤ Ck|p|(m1)

k |p|(m2)
k .

Ex. 5: Let p : Rn ×Rn → C be a smooth function which is homogeneous of
degree m ∈ R for |ξ| ≥ 1, in the sense that

p(x, rξ) = rmp(x, ξ) for |ξ| ≥ 1, r ≥ 1.

1i.e. Hs(Rn) ⊆ C0
b (Rn) and ‖f‖C0

b (Rn) ≤ Cs‖f‖Hs(Rn) for all f ∈ C0
b (Rn). Here we use

the notation Hs(Rn) := Hs,2(Rn).
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Moreover, assume that ∂αξ p(·, ξ) ∈ C∞b (Rn) for all α ∈ Nn
0 . Prove that

p ∈ Sm1,0(Rn × Rn).

Ex. 6: (a) Prove that a ∈ Sm1,0(Rn×Rn) if and only if 〈ξ〉−ma ∈ S0
1,0(Rn×Rn).

(b) Let a ∈ S0
1,0(Rn×Rn) and f ∈ C∞(C). Prove that f ◦a ∈ S0

1,0(Rn×Rn).
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