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SOSE 2017 Mathematical Statistical Physics 13.06.2017

Problem Sheet 6

Hand-in deadline: 28.06.2017 before 12:15 in the designated MSP box (1st
floor, next to the library).

Ex. 1 [Structural stability]: Consider two self-adjoint operators H,V on
the Hilbert space H, such that V € £(#H) and exp(—H) is trace-class. Let 1{,
, t € R, be the automorphism of the observable algebra A = L(H) defined

by
T"t/(A) _ eit(H+V)Aefit(H+V).

Let wgy, B € (0,00) be the Gibbs state associated with H + V.
The goal of this exercise is to derive a rigorous expansion of wgy with
respect to V,

wav(A) = wgo(A +Z”n BV < n2, (1)
using the interaction picture propagator

UV( ) (H+V)efitH'

1. Prove that exp(—f(H + V)) is a trace-class operator so that wgy is
well-defined

2. Check the following basic relations:

eit(H—i—V) _ UV (t)eitH,

v (A ) Uy (t)7(A)Uv (1)~
Uy ()™ =Uv(t) = 75(Uv(- t))
Uv(t+8) Uy (s)75 (Uv (1));
Uy (t) = iUy (t)75(V), Uy (0)=1.

3. Use the fact that Dyson’s expansion

H=1+3 () / PV (V) dsy - dsp (2)
k=1 0<s1<... <5, <1
is uniformly convergent on compact sets of C to show that
wg,o(AUy (i)
wgy(A) = = - ) 3
5] @
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4. Use Golden-Thomson’s inequality
Tr (eA+B) < Tr (eAeB)
and Duhamel’s formula to show that for any a € C,

we.o(Uav (i) — 1] < el —1. (4)

5. Use (3) and (4) to prove that a — wg o1 (A) is analytic at 0 with

log 2
BIVIF

wpav(A) =) a'va(4),  al < ()

6. Use (2,3,5) to conclude that
VO(A) = wﬁ,D(A)a

r(A) = —5/0 [W@O (ATiﬂS(V)) — wgo(A)wgo (TiﬁS(V)))] ds.

Ex. 2 [Absence of symmetry breaking in 1D]: Consider a one-dimensional
quantum spin chain. For each = € Z, let H, ~ C" for a fixed n > 2, and let
Az be the usual quasi-local algebra built upon Ay, = L£(H,), namely:

Apr = @zeaAiay, Aloe = U A, Az = Ao,

ACZ:|A|<oo
Let (Ay)men be the sequence A, = [—=m, m] N Z. Consider:

e unitary elements U, € Ay, and the associated map

an(A) = (Reealy) A(®yerly), A€ Ax;
e the local Hamiltonian Hy € Ay, given by a two-body interaction

HA = Z J<:U7y)q)x,y>

z,yEN

where ®,, € Apyugy and ||®,, || < 1; we shall assume that the asso-
ciated dynamics ¢ exists on Ayz.

1. Prove that there exists an automorphism « of Az such that

lim ay, (A) = a(A), Ae Ay

m—0o0
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2. Prove that if a(®, ) = ®,, for all (z,y) € Z xZ, then « is a symmetry
of the dynamics

3. Finally, assume that there exists C' < co such that

sup Y |J(x, )|z —y| = C.

T€Z yer

Prove that if w is a (7, 5)-KMS state for a 5 € (0, 00), then wo a = w.



