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Ex. 1: Let d = 3. Prove that for all ψ ∈ D(−∆) ∩ D(|x|), the following
inequality holds,

Re 〈ψ, |x|(−∆)ψ〉 ≥ 0.

Proceed as follows:

(a) For x ∈ R3 and ε > 0 set ρε(x) := (|x|2) + ε2)1/2. Prove that for
ψ ∈ D(−∆) ∩ D(|x|), the following identity holds,

Re 〈ψ, ρε(−∆)ψ〉 =

∫
R3

|∇(ρεψ)(x)|2

ρε(x)
dx+

3

2
ε2

∫
R3

|ψ(x)|2

ρε(x)3
dx.

(b) By taking the limit ε→ 0, prove that

Re 〈ψ, ρε(−∆)ψ〉 =

∫
R3

|∇(|x|ψ(x)|2

|x|
dx.

Ex. 2: (a) Show that the number of electrons that can be bound to a nucleus
of charge Z in Thomas-Fermi theory satisfies N < 2Z, using the following
argument: Multiply the Thomas-Fermi equation by ρ(x)|x| and integrate.

(b) Using the same argument as above, show that the number of electrons
that can be bound to a nucleus of charge Z in Hartree-Fock theory satisfies
N < 2Z + 1.

Ex. 3: Prove that the Hartree-Fock functional EHF : F → C is continuous.
Here,

F = {γ ∈ S1(h) : (1−∆)1/2γ(1−∆)1/2 ∈ S1(h)},

endowed with the norm

‖γ‖F := tr |(1−∆)1/2γ(1−∆)1/2|, γ ∈ F.


