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Exercise 1: Let Ṫ , T1, T2 be the following operators1 on L2(Rd):

Ṫ := −∆, D(Ṫ ) := C∞c (Rd),

T1 := {Friedrichs extension of Ṫ},
T2 := F−1M|·|2F , D(T2) := {ψ ∈ L2(Rd) : | · |2Fψ ∈ L2(Rd)}.

Prove that T1 = T2.

Exercise 2: Let 0 < α < d, 0 < β < d and 0 < α + β < d. Prove that

(| · |α−d ∗ | · |β−d)(y) :=

∫
Rd

|z|α−d|y − z|β−ddz =
cd−α−βcαcβ
cα+βcd−αcd−β

|y|α+β−d,

where cα := π−α/2Γ(α/2). Hint: Use the formula

cα|k|−α =

∫ ∞
0

exp(−π|k|2λ)λα/2−1dλ.

Exercise 3: Compute the Fourier transform of R3 3 k 7→ (|k|2 − z)−1 for
z ∈ C \ R+.
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1Here, M|·|2f(p) := |p|2f(p) and F is the L2-Fourier transform (Fψ)(p) =

limR→∞(2π)−d/2
∫
|x|≤R e

−ip·xψ(x)dx, where the limit is taken in L2(Rd).


