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Ex. 1: Determine whether the following potentials in R3 are dilation-analytic,
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More precisely, determine for which α > 0 these potentials belong to Fα.

Ex. 2: Consider H0 = −d2/dx2 on L2(R) and a rank one perturbation
Hε = H0 + ε|ψ〉〈ψ|. Here ψ ∈ C∞c (R) is such that

∫
ψ 6= 0 and ε ∈ R \ {0}.

1. Derive the resolvent formula

(Hε − k2)−1 = (H0 − k2)−1 − ε
|(H0 − k2)−1ψ〉〈(H0 − k2)−1ψ|

1 + ε〈ψ, (H0 − k2)−1ψ〉

for k ∈ C.

2. Prove that for any f, g ∈ C∞c (R), the functions k 7→ 〈f, (H0 − k2)−1g〉
and k 7→ 〈f, (Hε − k2)−1g〉 are meromorphic, and find the eigenvalues
and resonances of Hε in the weak-coupling limit ε→ 0.


