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Ex. 1: Prove the easy direction of the HVZ theorem, i.e. (in the notation
used in the lecture) [Σ,∞) ⊂ σess(H2,Z).

Ex. 2: Let V : R3 → R be a bounded potential, and assume that

‖V ‖2R :=

∫
R3

∫
R3

|V (x)||V (y)|
|x− y|2

dxdy <∞.

We set H0 := −∆ and H := −∆ + V . Prove the following assertions.

1. For any E > 0 the operator KE := V 1/2(H0+E)−1|V |1/2 ∈ S2(L2(R3))
and

lim
E→∞

‖KE‖S2(L2(R3)) = 0.

Here V 1/2 := V/|V |1/2.

2. For E sufficiently large, we have −E ∈ ρ(H) ∩ ρ(H0) and

(H + E)−1 − (H0 + E)−1 =
∞∑
n=0

(H0 + E)−1|V |1/2[−KE]nV 1/2(H0 + E)−1

3. Prove that σess(−∆ + V ) = σess(−∆).

4. For E ≥ 0 denote by NE(V ) the total number of eigenvalues (bound
states) of H = H0−V that are less or equal to −E. Denote by BE(V )
the total number of eigenvalues of KE that are less or equal to −1.
Prove that for E < 0 we have

NE(V ) = BE(V ).

5. Prove that

N0(V ) ≤ 1

16π2
‖V ‖2R.

In particular, if ‖V ‖R < 4π, then H has no bound states.


