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Mathematical Quantum Mechanics

Problem Sheet 12

Hand-in deadline: 01/26/2017 before noon in the designated MQM box (1st
floor, next to the library).

Ex. 1: Prove the easy direction of the HVZ theorem, i.e. (in the notation
used in the lecture) [2,00) C Oess(Ha,2).

Ex. 2: Let V : R* = R be a bounded potential, and assume that
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We set Hy := —A and H := —A + V. Prove the following assertions.
1. For any E > 0 the operator K := VY2(Hy+ E)7'|V|'/2 € &2(L*(R?))
and

i Kl =0
Here V1/2 .= V/|V|'/2.
2. For E sufficiently large, we have —E € p(H) N p(Hy) and

(4 B)" — (Ho+ B) = S (Ho + B) V"2 Kp"VY2(Hy 4+ B)

n=0
3. Prove that gess(—A + V) = 0ess(—A).

4. For E > 0 denote by Ng(V) the total number of eigenvalues (bound
states) of H = Hy— V that are less or equal to —E. Denote by Bg(V)
the total number of eigenvalues of Kg that are less or equal to —1.
Prove that for £ < 0 we have

Ng(V) = Bg(V).

5. Prove that
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In particular, if |V||g < 4, then H has no bound states.

No(V) < IV %




