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Ex. 1: [The bathtub principle] Let G > 0 be fixed and let

C :=

{
g : 0 ≤ g(x) ≤ 1 for all x and

∫
Rd

g(x)dx = G

}
.

Let f : Rd → R be a measurable function such that |{x : f(x) < t}| <∞ for
all t ∈ R. Define

I := infg∈C

∫
Rd

f(x)g(x)dx.

Prove that

I =

∫
f<S

f(x)dx+ cS|{x : f(x) = S}|

where

S = sup {t : |{x : f(x) < t}| ≤ G},
c = |{x : f(x) = S}|−1

(
G− |{x : f(x) < S}|

)
,

and the minimiser is

g0(x) := χ{f<S}(x) + cχ{f=S}(x).

Ex. 2: Let Ω ⊂ Rd be open with |Ω| <∞ and let

E(ψ) :=

∫
Ω

|∇ψ(x)|2dx.

Let ψ0, . . . , ψN−1 be a collection of L2(Ω)-orthonormal functions in C∞0 (Ω).
Show that

N−1∑
j=0

E(ψj) ≥ (2π)2 d

d+ 2

(
d

|Sd−1|

)2/d

N1+2/d 1

|Ω|2/d
.

(Hint: Use the Fourier transform and the bathtub principle)
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