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For this sheet, you may recall the following three facts:
(F1) For Ao € R, the Dirac measure at X\, denoted vy, is defined by

1 ifheM

0 otherwise

VAO(M) = {

for any Borel set M. This implies [, f(A)dvx,(A) = f(Ao) for any continuous
function f.

(F2) A finite measure is uniquely determined by its moments: If [ N\"du(\) =
J A"di(N) for all n € N and they are all finite, then' p = fi.

(F3) The projection-valued measure P4 associated to A = A* is unique.

Ex. 1: Consider the parity operator 11 : L*(RY) — L*(RY), o (z) — ¢(—x).
(i) Show that II is self-adjoint.

(ii) Compute its projection-valued measure P

(iii) Show that A € supp(P") if and only if IT — A : L*(RY) — L*(R?) does
not have a bounded inverse.

Ex. 2: Let A be a self-adjoint operator in a Hilbert space H. Let A\g be an
eigenvalue and ¢ € D(A) a corresponding eigenvector, namely Ay = A\gt).

(i) Compute fy.
(ii) Show that

Ran P4 ({\}) = Ker(A — \o).

Hint: Verify first that Ran PA({\o}) C Ker(A—Xg). For the converse, use (i).

Tn fact, one needs the following additional condition. Denote My = [ A*du()); the
series Y, Mr* /k! must have a positive radius of convergence.
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Ex. 3: Let H = L*([0,1]), a € C, |a| = 1, and consider, for any ¢ € R:
(Ua(t)) f(x) = a*7Uf((x —t)), where z = [2] + (2) is the decomposition in
the integer part and the rest of z.

(i) Show that ¢ — U(t) is a strongly continuous one-parameter unitary group.

(ii) What is the generator of U,?

Ex. 4: Let H = L*([0,1]), and let A be the self-adjoint operator A = —dd—;,
D(A) = {f € #*([0,1]) : f(0) = f(1) = 0}.

(i) Prove that for every f € D(A), we have

€ 1
Hﬂiéﬂﬂw+§ww

for every € > 0.

(ii) Let ¢ € L*([0, 1]). Prove that the multiplication operator M, is relatively
bounded with respect to A with A-bound zero.

Jean-Claude Cuenin



