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Abstract

Let A be an abelian variety over a number field k£ and F' a finite cyclic
extension of k of p-power degree for an odd prime p. Under certain technical
hypotheses, we obtain a reinterpretation of the equivariant Tamagawa number
conjecture (‘eTNC’) for A, F'//k and p in terms of explicit p-adic congruences
involving values of derivatives of the Hasse-Weil L-functions of twists of A,
normalised by completely explicit twisted regulators. This reinterpretation
makes the e TNC amenable to numerical verification and furthermore leads to
explicit predictions which refine well-known conjectures of Mazur and Tate.

1 Introduction

Let A be an abelian variety of dimension d defined over a number field k. We
write A’ for the dual abelian variety. Let F/k be a finite Galois extension with
group G := Gal(F/k). We let Ap denote the base change of A and consider the
motive My := h'(Ap)(1) as a motive over k with a natural action of the semi-simple
Q-algebra Q[G].

We will study the equivariant Tamagawa number conjecture as formulated by
Burns and Flach in [9] for the pair (Mp,Z[G]). This conjecture asserts the validity
of an equality in the relative algebraic K-group Ky(Z[G],R[G]). If p is a prime, we
refer to the image of this equality in Ky(Z,[G], C,[G]) as the ‘¢TNC, for (Mg, Z|G])’.
If p does not divide the order of G the ring Z,[G] is regular and one can use the
techniques described in [8, §1.7] to give an explicit interpretation of this projection.
In this manuscript, we will focus on primes p dividing the order of G where such an
explicit interpretation is in general very difficult.

In [11], a close analysis of the finite support cohomology of Bloch and Kato for
the base change of the p-adic Tate module of the dual abelian variety A! is carried out
under certain technical hypotheses on A and F. A consequence of this analysis is an
explicit reinterpretation of the eTINC, in terms of a natural ‘equivariant regulator’
(see |11, Th. 4.1]). The main results of the present manuscript are based on the



explicit computation of this equivariant regulator in the special case where F'/k is
cyclic of degree p™ for an odd prime p. Under certain additional hypotheses on the
structure of Tate-Shafarevich groups of A over the intermediate fields of F/k we
obtain a completely explicit interpretation of the eTNC, (see Theorem 2.9). Whilst
this is of independent theoretical interest, it also makes the eI'NC, amenable to
numerical verifications.

One of the main motivations behind our study of the equivariant Tamagawa
number conjecture for the pair (Mg, Z[G]) is the hope that it may provide a coherent
overview of and a systematic approach to the study of explicit properties of leading
terms and values at s = 1 of Hasse-Weil L-functions. In order to describe our current
steps in this direction, we first recall the general philosophy of ‘refined conjectures of
the Birch and Swinnerton-Dyer type’ that originates in the work of Mazur and Tate
in [20]. These conjectures concern, for elliptic curves A defined over Q and certain
abelian groups G, the properties of ‘modular elements’ 64 ¢ belonging a priori to the
rational group ring Q[G] and constructed from the modular symbols associated to
A, therefore interpolating the values at s = 1 of the twisted Hasse-Weil L-functions
associated to A and G. More precisely, the aim is to explicitly predict the precise
power r (possibly infinite) of the augmentation ideal I of the integral group ring
Z|G] with the property that 64 belongs to I" but not to I"™') and furthemore
to explicitly describe the image of 64 ¢ in the quotient I"/I"*! (whenever such an
integer r exists). In the process of studying the modular element 64 ¢, Mazur and
Tate also predict that it should belong to the Fitting ideal over Z[G| of their ‘integral
Selmer group’ S(A/F') (and refer to such a statement as a ‘weak main conjecture’)
and explicitly ask for a ‘strong main conjecture’ predicting an explicit generator of
the Fitting ideal of an explicitly described natural modification of S(A/F) (see |20,
Remark after Conj. 3|).

However, it is well-known that in many cases of interest the modular element
04, vanishes, thus rendering any such properties trivial, and it would therefore be
desirable to carry out an analogous study for elements interpolating leading terms
rather than values at s = 1 of the relevant Hasse-Weil L-functions, normalised by
appropriate explicit regulators. Although the aim to study such elements already
underlies the results of [11], one of the main advantages of confining ourselves to the
special case in which the given extension of number fields F'/k is cyclic of prime-
power degree is that we are led to defining completely explicit ‘twisted regulators’
from our computation of the aforementioned equivariant regulator of [11]. Further-
more, we arrive at very explicit statements without having to restrict ourselves to
situations in which the relevant Mordell-Weil groups are projective when considered
as Galois modules. In particular, we derive predictions of the following nature for
such an element £ that interpolates leading terms at s = 1 of twisted Hasse-Weil
L-functions normalised by our twisted regulators from the assumed validity of the
eINC, for (Mp,Z|G)):

e a formula for the precise power h € Zx( of the augmentation ideal I, of the
integral group ring Z,[G| with the property that £ belongs to ]g’p but not to
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Ig;l (expressed in terms of the ranks of the Mordell-Weil groups of A over the
intermediate fields of F//k), and a formula for the image of £ in the quotient
18/ IEE (see Corollary 2.11);

o the statement that the element £ of Z,[G] (resp. a straightforward modifica-
tion of £) annihilates the p-primary Tate-Shafarevich group of A* (resp. A)
over F' as a Galois module (see Theorem 2.12 and Corollary 2.14);

e and the explicit description of a natural quotient of (the Pontryagin dual of)
the p-primary Selmer group of A over F' whose Fitting ideal is generated by
L (see Theorem 2.12).

The structure of the paper is as follows. In Section 2 we present our main results
and in Section 4 we supply the proofs. In order to prepare for the proofs we recall
in Section 3 the relevant material from [11]. In the final Section 5 we present some
numerical computations.

We would like to thank David Burns and Christian Wuthrich for some helpful
discussions concerning this project.

1.1 Notations and setting

We mostly adapt the notations from [11].

For a finite group I' we write I for the set of irreducible E-valued characters of
I', where E denotes either C or C, (we will throughout our arguments have fixed an
isomorphism of fields j : C — C,, and use it to implicitly identify both sets, with the
intended meaning of r always clear from the context). We let 11 denote the trivial
character of I and write ) for the contragrediant character of each ¢ € [. We write

ey = % S )yt

yer

for the idempotent associated with ¢ € I and also set Trp := Z'\{EF v.

For any abelian group M we let M, denote its torsion subgroup and M the
torsion-free quotient M/M;,. We also set M, := Z, ®z M and, if M is finitely
generated, we set rk(M) := dimgy(Q @z M).

For any Z,[I']-module M we write M" for the Pontryagin dual Homgz, (M, Q,/Z,)
and M* for the linear dual Homy, (M, Z,), each endowed with the natural contra-
gredient action of I'. Explicitly, for a homomorphism f and elements m € M and
v €T, one has (vf)(m) = f(y~'m).

For any Galois extension of fields we abbreviate Gal(L/K) to G k. We fix an
algebraic closure K¢ of K and abbreviate Gk x to Gk. For each non-archimedian
place v of a number field we write x, for the residue field.

Throughout this paper, we will consider the following situation. We have fixed
an odd prime p and a Galois extension F/k of number fields with group G' = G pyx.



Except in Section 3, the extension F'/k will always be cyclic of degree p™. We give
ourselves an abelian variety A of dimension d defined over k. For each intermediate
field L of F'/k we write S;, SEand SE for the set of non-archimedean places of L that
are p-adic, which ramify in F//L and at which A/L has bad reduction respectively.
Similarly, we write S SL and Sk for the sets of archimedean, real and complex
places of L respectively. If L = k we simply write S, S;, S, Sso, Sr and Sc.
Finally, we write A(L) for the Mordell-Weil group and II1,(Ay) for the p-primary

Tate-Shafarevich group of A over L.

2 Statement of the main results

Recall that A is an abelian variety of dimension d defined over the number field k.
Furthermore, F'/k is cyclic of degree p™ where p is an odd prime.
We assume throughout this section that A/k and F/k are such that

(@) p 1 1AFE)wor| - [A(F)iorl,
(b) p1l,es, co(As k), where c,(A, k) denotes the Tamagawa number of A at v,

¢) A has good reduction at all p-adic places,

)
)
(c)
(d) p is unramified in F/Q,
e) No place of bad reduction is ramified in F/k, i.e. Sy NS, =0,
)
)
)

(
() P11 Loes, [A(R0)];

g) HII(Ap) is finite,

(
(h »(Apr) = 0 for all non-trivial subgroups H of G.
Remarks 2.1. a) Our assumptions (a) - (g) recover the hypotheses (a) - (i) of [11].

b) We emphasize that in (h) we allow I1,(Ar) to be non-trivial.

An understanding of the G-module structure of the relevant Mordell-Weil groups
is key to our approach. We hence begin by applying a result of Yakovlev [22] in order
to obtain such explicit descriptions. This approach is inspired by work of Burns, who
obtained a similar result in |7, Prop. 7.2.6(i)]. For a non-negative integer m and a
Z,|G]-module M we write M <" for the direct sum of m copies of M. Furthermore,
we set [m] :={1,...,m}.

Proposition 2.2. There ezist isomorphisms of Z,|G]-modules of the form

A(F), = @ 2,[G /)< = A(F),,

J<G

for a set of non-negative integers {my : J < G}.
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Proposition 2.2 has the following immediate consequence for the ranks of the
relevant Mordell-Weil groups.

Corollary 2.3. For any subgroup H of G we have
PK(A(F™)) = rk(A'(FH)) =
= Y |G/ J|my+|G/H| > my < |G/H[rk(A(k)).

J>H J<H

Proposition 2.2 combines with Roiter’s Lemma (see [12, (31.6)]) to imply the
existence of points F;; € A(F) and P, € A(F) for J < G and j € [m,] with
the property that

AF)y = DB <o Djcpn, LolG/ TN Pirgy,  LplG/ I\ Py = LG/ T, 1)
ANE)y = D e Ojcim,) Lo G/ TPy, Lp|G/ NP5 = Ly[G )],

Furthermore, our choice of points as in (1) guarantees that one also has

Q ez A(F) = @JSG @je[mJ] Q[G/J]P(J,j)v @[G/J]P(J,j) =Q[G/J], (2)
Q @z AYF) = D < Bjepm, QG/ NP, QGNP = QG J].

We now fix sets
P = {Puy € AF): J < G.jelml). P'= (Pl € A(F): ] <C.jelml).

such that (2) holds. For 0 < t < n we write H; for the (unique) subgroup of G
of order p"~" and set Py ;) := Py, ;). P(tw.) = P(thJ). We also put m; := my, and
eq, = ﬁTrHt = ﬁ > gem, 9- We writte (, )p for the Néron-Tate height pairing
A(F) x AY(F) — R defined relative to the field F' and define a matrix with entries
in C[G] by setting

1
A > 7 Py, Bl e(Ten,) :

|H,
T7€G/H, (uvk)’(thj)

where (u, k) is the row index with 0 < u < n, k € [m,], and (¢,7) is the column
index with 0 <t < n, j € [my] (we always order sets of the form {(¢,7): 0 <t <
n,j € [my} lexicographically). We note that, since each point P, belongs to
A(F™), the action of G/H, on P,y is well-defined.

For any matrix A = (a(u,k),(t,j)) ) indexed as above we define

R(P,P") =

(u,k), (¢,

Ato = (a(u,k),(t,j)>(u,k%(t,j),u,tzto’

with the convention A, = 1 whenever no entries a, ), ;) with u,t >ty exist. If A

is a matrix with coefficients a;; in C[G] or C,[G], then for any ¢ € G we write ¥(A)
for the matrix with coefficients 1(a;;). We also set Ry, (P, P') = R(P,P')s,.
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Definition 2.4. For each character ¢ € G we define ty € {0,...,n} by the equality
ker(¢) = Hy, and call

A (P, P') = det (v (Rtw(P,Pt))) )
the “lower v-minor’ of R(P,P?).

Remark 2.5. [t is easy to see that the element ), A (P, P')ey € C[G] de-
pends upon the choice of points P and P* satisfying (2) only modulo Q[G]*. Sim-
ilarly, for any given isomorphism of fieds j : C — C,, it is clear that the element
> vea Iy (P, Ph))ey € Cy[G] depends upon the choice of points P and P* satisfying
(1) only modulo Z,|G]*.

For any order A in Q[G] that contains Z[G] we let C(A, A) denote the integrality
part of the equivariant Tamagawa number conjecture (‘¢ TNC’ for brevity) for the
pair (h'(Ar)(1),A) as formulated by Burns and Flach in [9, Conj. 4(iv)|. Similarly,
we let C(A,Q[G]) denote the rationality part as ormulated in [9, Conj. 4(iii) or
Conj. 5]. We recall that, under the assumed validity of hypothesis (g), C(A, A) takes
the form of an equality in the relative K-group Ky(A, R[G]). For each embedding
j: R — C, we denote by C,, ;(A, A) the image of this conjectural equality under the
induced map Ky(A, R[G]) — Ko(A,, C,[G]). We then say that C,(A, A) is valid if
Cp;(A, A) is valid for every isomorphism j: C — C,,.

The eTNC is an equality between analytic and algebraic invariants associated
with A/k and F/k. In the following we describe and define the analytic part. We
first recall the definition of periods and Galois Gauss sums of [11, Sec. 3.3]. We fix
Néron models A* for A* over Oy, and Al for A} over O, for each v in S, and then
fix a k-basis {wp fpefq of the space of invariant differentials H°(A?, QY,) which gives
Oy, -bases of H° (.Afj, Q}%) for each such v and is also such that each w; extends to
an element of H°(A’, QL,).

For each v in S we fix a Z-basis {7y, }aepa) of Hi(0,(A")(C),Z). For each vin Sg

we let ¢ denote complex conjugation and fix a Z-basis {7, }ae(q of H1 (0, (A")(C), Z) =t

For each v in Sk, resp. Sc, we then define periods by setting

det(/ wb) det(/ wb,c</ wb)>
’Ylta (l,b 'Y'u,a ’Y'u,a CL,b

where in the first matrix (a,b) runs over [d] x [d] and in the second matrix (a,b)
runs over [2d] x [d].

In our special case all characters are one-dimensional and, moreover, |G| is odd.
Therefore the definitions of [11] simplify and we set

QAlk) =[] Qu(a/k),

VESso
Weo (k) = el

Q,(A/k) = , resp. Q,(A/k) =

)




For each place v in S, we write I, C G for the inertia group of v and Fr, for the
natural Frobenius in G/I,,. We define the ‘non-ramified characteristic’ u, by

o —Qﬂ(FI‘;l), /l/)|iv - 17
i {1, Pz, # 1.

and

u(®) == [ w(w).

UGST

For each character ¢ € G we then define the modified Galois-Gauss sum by setting

7(Q, indZ(¥)) := u(y)r(Q,ind2(¥)) € (Q°)*,

where each individual Galois-Gauss sum 7(Q, -) is as defined by Martinet in [19].
For each v € G we set

o L (A0 )(Q indE ()
v (A Rwa (k)

e C*,

where here for each finite set 3 of places of k we write LE(A, 1), 1) for the leading
term in the Taylor expansion at s = 1 of the ¥-truncated -twisted Hasse-Weil- L-
function of A. Without any further mention we will always assume that the functions
Lx(A,, s) have analytic continuation to s = 1 (as conjectured in |9, Conj. 4 (i)]) and
recall that they are then expected to have a zero of order r,, := dimc(Vy ®z A(F))%,
where V,, denotes any C[G]-module of character ¢ (this is the rank conjecture |9,
Conj. 4 (ii)]).
We finally define

L5 =L gy, = Z Ly p/rp€e € ClG]™
e

and note that the element £* defined in [11, Th. 4.1] specialises precisely to our
definition.

Theorem 2.6. C(A, Q|[G]) is valid if and only if
Ly (P, P~ e Qv)
for all ¥ € G and furthermore, for any v € Gal(Q(v)/Q),
LA (PP = (LA (P PHTY,

for any, or equivalently every, choice of points P and P such that (2) holds.



Remarks 2.7. (i) From the definitions of u(v), ws(k) and the definition of local
Euler factors it is immediately clear that in the statement of Theorem 2.6 we can
replace L, by
L* (A4, )7(Q, ind ()

QA/k) '

(ii) The explicit conditions on elements of the form /J;Z)\w(P, P~ given in The-
orem 2.6 generalise and refine the predictions given by Fearnley and Kisilevsky in
[15, 16]. For details see [2, Ex. 5.2]. In particular, we note that the numerical
computations performed by Fearnley and Kisilevsky can be interpreted via Theorem
2.6 as supporting evidence for conjecture C(A, Q[G]).

E;Z =

We fix a generator o of G and define ¥ to be the diagonal matrix indexed by
pairs (t,7), (s,4) with ¢” — 1 at the diagonal entry associated to (t,7) and zeros

elsewhere. For any matrix A = (a(u,k),(t,j))(u ¥).(65) indexed by tuples (u, k) and (¢, j)

as above we define
to .__
A= (“(“v’“%(t’j))(u,k>,(t,j>,u,tsm’

once again with the convention A% = 1 whenever no entries A(uk),(t,5) With u, t < g

exist. We recall that for each character ¢ € G we defined ty such that ker(y) = H;, .
We define the the 'upper y-minor’ of ¥ by

by = det (v (Z"71)).

It is easy to see that for another choice of generator of GG, say 7, one has

3 fﬁg ey € L,[G)".
YeG

Under our current hypotheses on the data (A, F/k,p) and the additional hy-
pothesis that III,(Ar) = 0, and for any intermediate field L of F/k, we shall say
that BSD,(L) holds if, for any choice of Z-bases {Q;} and {R;} of A(L) and A*(L)
respectively and of isomorphism j : C — C,, one has that

. L*(A/Lal) : (M)d X
= =

Qi Rj>L) ) Hvesgo Q,(A/L)

Here d; denotes the discriminant of the field L and each period Q,(A/L) is as
defined above but relative to the field L rather than k. It will become apparent
in the proof of Theorem 2.8 below that the validity of BSD,(L) is equivalent to
the validity of the p-part of the e TNC for the pair (h'(AL)(1),Z). We recall that
hypotheses (a), (b) and (h) justify the fact that no orders of torsion subgroups of
Mordell-Weil groups, Tamagawa numbers or orders of Tate-Shafarevich groups occur
in this formulation, and furthermore note that, by explicitly computing integrals,




the periods Q,(A/L) can be related to those obtained by integrating measures as
occurring in the classical formulation of the Birch and Swinnerton-Dyer conjecture
— see, for example, Gross [18, p. 224].

For the remainder of this section, we assume that C(A, Q[G]) is valid. It is then
easy to see that, for any order A in Q[G] that contains Z[G], the validity of C, ;(A, A)
is independent of the choice of isomorphism j : C — C,, and so we fix such a j for
the remainder of this section. In fact, all relevant elements of C[G] appearing in
the statements of our results will actually belong to Q[G] (as a consequence of an
easy application of Theorem 2.6) and so we will consider them simoultaneously as
elements of Q,[G] C C,[G] in the natural way without any explicit mention of j.

Let M denote the maximal Z-order in Q[G]. For any ¢ € @, let O, be the
valuation ring of Q,(¢)). Let py be the (unique) prime ideal of O, above p. We
write vy, for the normalised valuation defined by p,.

Theorem 2.8. Let P and P* be any choice of points such that (1) holds. We assume
that I11,,(Ap) = 0. Then the following are equivalent.

(1) Co(A, M) is valid.
(11) BSD,(L) is valid for all intermediate fields L of F/k.
(iii) For each ¢ € G one has

ty—1

£*
(4 o § : s
Upw (W) = b¢ where b¢ = P ms.

(i)

ZL% e M*
A A1) P
et w(P,Ph)dy

To describe the full range of implications of the validity of C,(A,Z[G]) requires
yet more work and some further notations.

For each finite extension L/k and natural number n we write Sel®")(A}) for the
Selmer group associated to the isogeny [p"]. We define the p-primary Selmer group
by

Sel,(Ar) == lim Sel(pn)(AL).

We recall that one then obtains a canonical short exact sequence
0 — Q,/Z, @z A(F) — Sel,(Ap) — HII,(Ar) — 0

of Z,|G]-modules, from which upon taking Pontryagin duals one derives a canonical
short exact sequence

0 — ML, (Ap)" — Sel,(Ap)" — A(F); — 0. (3)
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We will throughout use this canonical short exact sequence to fix identifications of
(Sel,(Ar)Y),o, with I, (Ar)" and of (Sel,(Ar)Y),, with A(F)3.

In [11] a suitable integral model RI'(k, T, r(A)) of the finite support cohomology
of Bloch and Kato for the base change through F'/k of the p-adic Tate module of
Al is defined and then used in order to define an ‘equivariant regulator’ which is
essential to the explicit reformulation of C,(A,Z[G]) (see [11, Th. 4.1]). We will
recall this reformulation and the relevant definitions in Section 3.

By [11, Lem. 3.1], RI'¢(k,T, r(A)) is under our current hypotheses a perfect
complex of Z,[G]-modules which is acyclic outside degrees 1 and 2 and whose coho-
mology groups in degrees 1 and 2 canonically identify with A*(F), and Sel,(Ap)"
respectively. RI'f(k, T, r(A)) therefore uniquely determines a perfect element 04
of Ext%p[G}(Selp(AF)V,At(F)p). We will use Proposition 2.2 to fix an explicit 2-
syzygy of the form

OHM$FO—>F1HA(F);—>O, (4)
in which we set
M = P 7,|G/H,|]
()
and both F” and F' are finitely generated free Z,[G]-modules and then use the
exact sequence (4) to compute Ext%p[c](A(F);, A'(F),) via the explicit isomorphism

EXt%p[G] (A(F);aAt(F)p) = HomZp[G](M’ At(F)p)/L* (HomZp[G}(FOvAt(F)p)) .

If we now assume that IIT,(Ar) vanishes, we may identify Sel,(Ar)" and A(F)7,
so that 04 p, uniquely determines an element of the above quotient. We will
prove (see Lemmas 4.3 and 4.4 below) that we may choose a representative ® €
Homgy, ¢)(M, A'(F),) of 64, with the following properties:

(P1) @ is bijective,

(P2) @ restricts to send an element x(, ;) of the (n, j)-th direct summand Z,[G] to
) Pl gy
For a fixed choice of points P and P* such that (1) holds and of ® € Homg, (M, A (F'),)

as above, we fix a canonical Z,[G/H,|-basis element e ;) of each direct summand

Z,|G/H,| of M and fix any elements ® ;) 4 of Z,[G] with the property that
Dleei) = Y PPy (5)
(t.4)
We thus obtain an invertible matrix (CID(t,j),(s,i))(tj) (1) with entries in Z,[G], which
by abuse of notation we shall also denote by ®. The matrix ® is of the form

0
(i) poen |
0 (6)
0 ... 0 | In,
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with I,,,, denoting the identity m,, X m,, matrix.
Recall the definition of ¢, in Definition 2.4. We define the ’lower -minor’ of ®
by setting
£y(P) := det (w (@tw)) .
We note firstly that, since the chosen points P(ttjj) satisfy (1), each element e,(®)

(and, indeed, even the matrix (@tw)) is independent of our particular choice of
elements P ;) (s.i) € Zp|G] with the property that (5) holds.

Theorem 2.9. Let P and P' be any choice of points such that (1) holds. Assume
that I,(Ap) = 0. Let ® € Homy, j¢)(M, AY(F),) be any representative of 04, such
that (P1) and (P2) hold. Then C,(A,Z[G]) is valid if and only if

£y
2 Ap(P,Pt) - ep(®) - 0y

e

ey € Zp|G]™. (7)

Remark 2.10. Theorem 2.9 can be reformulated in terms of explicit congruences.

Via Theorem 2.9, we now obtain completely explicit predictions concerning con-
gruences in the augmentation filtration of the integral group ring Z,[G] for leading
terms at s = 1 of the relevant Hasse-Weil- L-functions of A normalised by our explicit
regulators. We recall that such predictions constitute a refinement and generalisa-
tion of the congruences for modular symbols that are conjectured by Mazur and
Tate in [20].

In order to state such conjectural congruences, we require the following notation:
if the inequality rk(A(F7)) < |G/J[tk(A(k)) of Corollary 2.3 is strict for some
subgroup J of G, we may and will denote by H = H,;, the smallest non-trivial
subgroup of G with the property that my # 0. Hence t; is the maximal index with
the properties my, # 0 and ¢ty < n. We then define

c ,
Z@ det(w(RZbP,Pf)))eW if tk(A(F7)) = |G/J|tk(A(k)) for every J,
£="% o -
Z W%, otherwise.

Yla#l
We also let I, denote the kernel of the augmentaion map Z,[G] — Z,.

Corollary 2.11. Let P and P* be any choice of points such that (1) holds. Assume
that II,(Ap) = 0. Let ® € Homy, (M, AY(F),) be any representative of 04, such
that (P1) and (P2) hold. If C,(A,Z[G]) is valid, then

(i) L belongs to the ideal I}, , of Zp|G], where h:=73", _ my.
(ii) € :=det (1¢(®)) € Z).

s, L AR/
(i) v = ()" o amerny € Lo
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(v) £="2 T, (7 —1)"" (mod IZ)).

The theory of organising matrices developed by Burns and the second named
author in [10] allows one to derive the containment £ € I , of Corollary 2.11(i) from
the assumed validity of conjecture C,(A, Z[G]) in situations in which II1,(Af) is non-
trivial. In this greater level of generality, it furthermore leads to explicit statements
concerning annihilation of Tate-Shafarevich groups and (generalised) ‘strong main
conjectures’ of the kind that Mazur and Tate explicitly ask for in [20, Remark after
Conj. 3]. Namely, we obtain the following result:

Theorem 2.12. Let P and P! be any choice of points such that (1) holds. If
Cyp(A, Z[G)) is valid, then

(i) L belongs to the ideal If; , of Zyp|G], where h:= 3", m,.
(ii) L annihilates the Z,|G]-module 1,(A%L).

(iii) There exists a (finitely generated) free Z,|G]-submodule 11 of Sel,(Ar)" of
(mazimal) rank m,, with the property that L generates the Fitting ideal of the
quotient Sel,(Ar)Y /1L

Remark 2.13. It will become clear in the course of the proof that, provided that there
exist sets of points P and P* such that (1) holds from which one may construct the
element L, Theorem 2.12 remains valid even if hypothesis (h) fails to hold. This
fact is relevant because, as we will see in Section 5, it allows us to obtain numerical
supporting evidence for C,(A, Z|G]) (via verifying the explicit assertions of Theorem
2.12) in a wider range of situations.

Let #: Z,|G] — Z,|G] denote the involution induced by g — g~'. Recalling
that the Cassels-Tate pairing induces a canonical isomorphism between III,(Ar)"
and III,(A%), we immediately obtain the following corollary:

Corollary 2.14. Under the assumptions of Theorem 2.12 one has that the element
L# of 1}, , annihilates the Z,[G)-module II1,(Ar).

3 An explicit reformulation of conjecture C,(A, Z|G))

3.1 K-theory and refined Euler characteristics

Let R be either Z or Z, and, for the moment, let G' be any finite group. We write K
for the quotient field of R end let E be a field extension of K. Let A be an R-order
in K[G]. We recall that there is a canonical exact sequence of algebraic K-groups

K (A) — Ky (EB[G]) 2% Ko(AEG)) — Ko(d) — Ko(EG)  (8)
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where Ky(A,E[G]) is the relative algebraic K-group as defined by Swan in [21,
p. 215).

For any ring ¥ we write ((2) for its center. We let nrgi): K4 (E[G]) — ((E[G])*
denote the (injective) homomorphism induced by the reduced norm map. If A is a
Z-order in Q[G] we write

o+ C((RIG])" — Ko(A,R[G]),
bap = C(C[G])" — Ko(Ay, Cy[G])

for the extended boundary homomorphisms as defined in [9, Sec. 4.2]. Recall that

1 1
6G O NIR[G] = aA,R? 5G7P o NIc, G = aApv(Cp'

By the general construction described in [9, Prop. 2.5] (and [5, Lem. 5.1]) each pair
(C*,\) consisting of a complex C* € DP(A,) and an isomorphism \: H*(C*) —
H°4(C*) gives rise to a refined Euler characteristic xg,(C*®,\) € Ko(A,, C,[G]). For
an explicit example of the computation of x¢,(C®, A) in a special case, which is also
relevant for the computations in this paper, we refer the reader to [3, Sec. 3.

It is well known that 6}\@@? is onto and that nrc,[g is an isomorphism. We
therefore deduce from (8) that

Ko(Ay, CylGY) ~ C(CP[GDX/HFCP[G} (K1(Ap)) - 9)

Since A, is semilocal, we can replace Ki(A,) by AY in (9). Moreover, it follows
from (9) that for an element £ € ((C,[G])* one has that d¢,(£) = 0 if and only if
§ € nre(q) (A;). Finally, if G is abelian, we have that

Ko(Ap, C[G]) = C,[GT* /A,

and hence dg,(§) = 0 if and only if £ € AY.

In this context we also recall [2, Lem. 2.5]. We naturally interpret Ky(A, Q[G])
and Koy(A,, Q,[G]) as subgroups of Ky(A,R[G]) and Ky(A,, C,[G]) respectively, and
recall that if £ € ((R[G])*, then

6c(§) € Ko(A,Q[G]) = £ € ((Q[G])"
while if £ € ((C,[G])*, then
5G,p(£) € KO(Apa@p[G]) — 5 € C(QP[G])X-

We finally recall that, for any isomorphism j : C = C, , there is an induced
composite homomorphism of abelian groups

JGs - K0<A7R[G]) - KO(A>(C[GD = KO(Aan[G]) - KO(Apa(Cp[G])

(where the first and third arrows are induced by the inclusions R[G| C C[G] and
A C A, respectively). We also write j, : ((C[G])* — ((C,[G])* for the obvious map
induced by j, and note that it is straightforward to check that one has

Jax ©0G = 0Gp O Jx-
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3.2 Relevant results from [11]

For a finite group I' we write D(Z,[I']) for the derived category of complexes of
left Z,[I']-modules. We also write DP(Z,[I']) for the full triangulated subcategory of
D(Z,[I']) comprising complexes that are perfect (that is, isomorphic in D(Z,[I']) to
a bounded complex of finitely generated projective Z,[I']-modules).

We write T,(A) for the p-adic Tate module of the dual abelian variety A* (sic!).
With k() denoting the set of k-embeddings I — k¢ and Yk, = [y, () Zp we
set

Ty r(A) = Yepp @z, T (A),

where GG acts on the first factor in the obvious way and Gy acts diagonally.

For a given isomorphism j : C — C,, conjecture C, ;(A,Z[G]) is formulated in
terms of an element R (h'(Ar)(1), Z[G]) of Ko(Z,|G],C,[G]) that is constructed
(unconditionally under the assumed validity of hypothesis (g)) via the formalism of
virtual objects from the compactly supported étale cohomology complex C3% =

RT. (Ok,s [H,TP,F(AD of T, r(A) on Spec (Okﬁ [%D (where we have set S :=

S, U S,) and the various canonical comparison morphisms between the relevant
realisations and cohomology spaces associated to the motive h'(Ar)(1) (for more
details see [9]).

Motivated by work of Bloch and Kato, and in order to isolate the main arithmetic
difficulties involved in making R (h'(AF)(1), Z[G]) explicit, one defines (local and
global) finite support cohomology complexes RI'¢(k,, T, r(A)) (for all v € SUS,)
and RI'¢(k,T, p(A)) (see |11, Sec. 3.2]) which fit in a canonical exact triangle in
D(Z,|G]) (see [11, (13)]) of the form

loc,e c,e fe loc,e
C1A,F [_ 1] OA,F C1A,F CA,F

with
clet = @ RU(ky Tpr(A) & @ RUy(ky, Ty r(A))

VESwo veESUS,

and
Cng ‘= RU4(k, T, p(A)).

However, if p divides |G| it is not clear that it is always possible to define com-
plexes RT¢(k,, T, r(A)) so that C{’;”} and C’fﬁg’ are perfect. For that reason one has
to introduce additional hypotheses (see e.g. [11, Lemma 3.1]) that do not occur in
the formulation of conjecture C, ;(A, Z[G]) using compactly supported cohomology.

On the other hand, under the assumptions of [11]| the complex RT;(k, T, r(A))
is perfect and acyclic outside degrees one and two. Moreover, there are canonical
identifications of Hj(k, T, r(A)) and Hj(k, T, r(A)) with A*(F), and Sel,(Ap)" re-
spectively (see [11, Lemma 3.1]). Hence the C-linear extension of the Néron-Tate
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height pairing of A defined relative to the field F' induces a canonical trivialisation

Aﬂ}ﬂ‘: C, ®2z, HI(C’Q’},) ~ C, @z, A'(F),
= C, ®c,; (C®gz At(F)) = C, ®c,; Homc ((C ®gz A(F), C)
~ C, ®z, Homg, (A(F),,Z,) = C, ®z, H%OQ}).

To recall the statement of [11, Prop. 3.2| we let )\Zi‘}j be the trivialisation of
C’if}' defined in loc.cit.. By unwinding the definition of RQ;(h'(A,r)(1), Z[G])
and relating the general formalism of virtual objects to the explicit refined Euler
characteristics we work with, the equality

RO (W (47r) (1), ZIG]) = xXap (C45 ONF) ™) =xe (CFF X))
+ Y dap(Lo(A F/E))

veSUS)

in Ko(Z,|G],C,[G]) is obtained, where the L, (A, F//k) are the ‘local Euler factors’
defined in the statement of [11, Prop. 3.2].

In |11, Th. 3.3], XG,,,(C’XC;,/\X%J' ) is subsequently explicitly computed (under
their running hypothesis (a) - (i)). Consequently, it is finally proved in [11, Th. 4.1]
that

s (TR (A) (1), ZIG])) = by (7 (L)) + X (CL X)), (10)

where TQ(h*(A,r)(1), Z|G]) is the element defined in [9, Conj. 4], or equivalently
that conjecture C, (A, Z[G]) is valid if and only if

. * ,® NT, —
6 (3L ) = =Xaw (Ch3 ONF) ). (11)
In order to prove our results stated in Section 2 we must therefore compute
the refined Euler characteristic x¢, (C{{;”}, (Aii}j)*) in terms of the heights of the

chosen sets of points P and P*.

4 The proofs

4.1 The proof of Proposition 2.2

In this subsection we will prove Proposition 2.2. The existence of global points P ;)
and P(tt’ ;) such that (1) holds is then an immediate consequence of Roiter’s lemma
(see [12, (31.6)]). Our proof is modelled along the lines of proof of [11, Th. 2.6].
To ease notation we set H! := Hl(C‘f;}) = AYF), and H? := HQ(Cf"?'F) =
Sel,(Ap)Y. We recall that, for any intermediate field L of F'/k, we may and will use
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the relevant canonical short exact sequence of the form (3) to identify (Sel,(AL)" )tor
with II,(AL)" and (Sel,(Az)Y )y with A(L);.
By Lemma 4.1 below we know that (H?); is torsionfree for all 1 # J < G. The
second arrow in the natural exact sequence
2 2 2
(H3,), — (H?), — (HF), — 0

tor

is therefore bijective and hence the modules (H?), ~ (Hg), are both torsion-free.
By the definition of Tate cohomology, we have that the finite groups f[’l(J, H?)
and H~'(J, H) identify with (finite) submodules of (H2), ~ (H2), and therefore
both vanish.

Furthermore, since the complex Cf;”'F is perfect and acyclic outside degrees 1 and
2, for each subgroup J of G the group H'(J, H') is isomorphic to H~'(J, H%) and
hence also vanishes. In addition, since G is cyclic, the Tate cohomology of each J
is periodic of order 2 and so H~'(J, H') also vanishes.

We next note that, since G is a p-group, hypothesis (a) implies that A'(F), = H'
is torsion-free.

We now apply the main result [22, Th. 2.4] of Yakovlev to see that both
AY(F), = H" and A(F); = H} are Z,[G]-permutation modules, that is, that there
exist isomorphisms of the form

AF), =~ P LG, AF), = P Z,[G/ I~
J<a J<a
for some sets of non-negative integers {r;} and {s;}. But the Néron-Tate height
pairing induces an isomorphism of C,[G]-modules between C,®z, A (F'), and C,®z,
A(F); and so by rank considerations we find that r; = s; = m; for every J.
Finally, it is easy to see that the Z,-linear dual of a permutation module is again
a permutation module of the same shape. Therefore the canonical isomorphism

A(F)s* ~ A(F), shows that one also has that
A(F), = @ Lp|G/J]=™7.
J<G

]
To complete the proof of Proposition 2.2 we finally require the following result:

Lemma 4.1. For each 1 # J < G the module of J-coinvariants (Sel,(Ap)Y); is
L, -torsionfree.

Proof. Under the validity of our hypotheses, Greenberg proves in [17, Prop. 5.6] that
the natural restriction homomorphism resh’ : Sel,(Aps) — Sel,(Ar)’ is bijective
for every J. It follows that there is a canonical composite isomorphism of the form

(Sel,(Ar)")),; = (Selp(AF)J))v = Sel,(Aps)".
The result follows now from hypothesis (h) since we identify (Sel,(Ags)"), , with
LHP(AFJ). D
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4.2 The proof of Theorem 2.9

Recall that in addition to our running hypothesis (a) - (h) we also assume that
II,(Ar) = 0. In particular, we identify Sel,(Ar)" with A(F); via the canonical
map in (3).

We fix an isomorphism of fields j : C — C,. From (11) and the discussion in
§3.1 it is clear that it will be enough to show that

~Xaw (CL QN ) = 6y | 32 50w(PP))eu(@)dsey (12)
e

(we recall that, since we have assumed the validity of C(A, Q[G]), one actually has
that the validity of C, (A, Z[G]) is equivalent to the validity of C,(A, Z[G])).

We begin by defining, for every pair (s,%), an element P("‘SJ) € A(F); by setting,
for every pair (¢, ) and element 7 of G,

1

0, otherwise.

, ifs=ti=jand 7 € Hy

P(i,i) (TP,5) = { (13)

Lemma 4.2. A(F); = @, ;) Zy|G/H;| P, ;y with each summand Z,|G /H,| P}, ;) iso-
morphic to Z,|G/Hy).

Proof. It v € G, then

(”YP(Z,i)) (TP(t,j)) = P(i,i) (’Y_lTP(t,j)) =1
<~ s=t,i=jandy=7(mod Hy). (14)

Hence we have WP(*M.) = P(*;Z.) for v € H,. Moreover, it easily follows that the maps
VP 5 with v € G/H, form a Z,-basis of A(F); (actually the Z,-dual basis of 7Fj
with 7 € G/H,). O

We now proceed to fix an explicit 2-syzygy of the form (4). For this purpose, we
first recall that H; = (o7'). For each pair (¢, ) corresponding to the subgroup H, of
G and j € [my] we hence have a 2-extension

t
oP —1 Tt,§

0 — Z,[G/Hi| == Z,[G] — L,|G] = L,|G/H|| P ;, — 0.

In this sequence we let ¢; denote the (well-defined) map which sends the image of an
element = € Z,[G] under the natural surjection Z,[G] — Z,|G/H;] to the element
Try,x of Z,[G], while m; ; sends the element 1 of Z,[G] to the element F; ;) € A(F);
defined in (13). Lemma 4.2 then implies that, summing over all pairs (¢, j) we obtain
a 2-extension

0— M F* -2 FU T A(F): — 0.
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with

F'=F'=X = Pzlad),
()
M = Pz,c/H).

(t.5)

We now recall that we have a canonical isomorphism
Exty o (A(F)y, A'(F),) ~ Homg, ¢ (M, AY(F),) /t.(Homg, ¢ (F°, A'(F),))

under which an element ¢ of Homy, (M, A'(F'),) corresponds to the element e(¢)
of Ext%p[G](A(F);, AY(F'),) which has the bottom row of the commutative diagram
with exact rows

S}

™

0 — M — X X A(F); —— 0
| | H H 1)
0 —— A(F), —— X(§) —— F' —T A(F); —— 0,

as a representative. In this diagram X(¢) is defined as the push-out of ¢ and
¢. We now proceed to prove that, when considering perfect elements e(¢) of
Ext%p[G](A(F )5 AY(F),), one may without loss of generality restrict attention to
a special class of elements ¢ of Homg, ;¢ (M, AY(F),).

Lemma 4.3. For all subgroups J of G one has
(i) Ext, 16(Z,[G]. Z,[G/J]) = 0,
(i) Extz,c)(Zy|G/J), Z,[G]) = 0

Proof. Part (i) is clear. Concerning (ii), we first note that since Z,[G/J| is Z,-
torsion-free, there is an isomorphism of the form

EXt%p[G](Zp[G/J]a Z,|G]) = H*(G, Homg, (Z,(G/J], Z,[G))).

Since the Tate cohomology of G is periodic of order 2, the latter group is in turn
isomorphic to H°(G, Homg, (Z,[G/J], Z,|G])). An explicit computation now shows
that the latter group vanishes, as required to complete the proof of the lemma. [J

Lemma 4.3 now implies that we can without loss of generality restrict attention
to those elements ¢ of Homy, (¢ (M, A*(F'),) which satisfy (P2) and, in addition, by
the argument of [3, Lemma 4.3], which are furthermore injective.

Lemma 4.4. Suppose that ¢ € Homy, (M, A'(F),) has all of the properties de-
scribed in the previous paragraph. Then the element e(¢) of Ext%p[G](A(F);, AYF),)
15 perfect if and only if ¢ is an isomorphism.
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Proof. The fact that ¢ restricts to send an element z(,; of the (n,j)-th direct
(

summand Z,[G] to z(,; F, ; immediately implies that cok(¢) = cok(¢') where
¢ @ Ly|G/H] — @ Zp|G/Hy| Py )

is the map obtained by restriction of ¢. Since ¢ is injective, the commutative
diagram (15) implies that the 2-extension €(¢) is perfect if and only cok(¢) = cok(¢’)
is cohomologically trivial. Note that H,_; clearly acts trivially on cok(¢’). So, if
cok(¢') is cohomologically trivial, then

cok(¢)/pcok(¢) = H°(H,_1, cok(¢/)) = 0.
[t then follows that cok(¢’) must itself vanish, as required. O

We henceforth fix ® € Homyg,¢(M, A*(F),) representing the element 04 g, €
Ext7 (Sel,(Ap)¥, A'(F),) which is specified by RTs(k, T, #(A)). Recall that by
our current assumption II,(Ar) = 0 we identify Sel,(Ar)" and A(F);. By Lemma
4.3 and 4.4 we may and will assume that ® is an isomorphism and furthermore that
the matrix defined in (5) is of the form (6).

Having justified our choice of homomorphism ®, we now proceed to compute

the term —xg, <C’£’7°F, (Aii}j)*) that occurs in (12) via a generalisation of the
computations done in [3, Sec. 4]. For brevity, given any Z,[G]-module N, resp.
Zy|G]-homomorphism h, we set N¢, := C, ®z, N, resp. h¢, := C, ®z, h.

For any choice of respective splittings

S1 . X(Cp — M(Cp D lm(@)(cp
and
Sg ! X(Cp — ker(ﬂ')(cp ) A(F)(*Cp

of the short exact sequences induced by scalar extension of
0— M- X -2 im(0) =0

and
0 — ker(m) — X - A(F)* — 0

p
respectively, we write ()\IXTF’j o ®¢ , 0,51, 59) for the composite C,|G]-automorphism
of X¢, given by

X(cp i> M(cp D im(@)@p
((I)vaid) t .
— A (F)Cp D lm(@)(c

(WL sid)

—  A(F)g, ©im(0)c,
= A(F)g, @ ker(r)c,

P

— X(Cp'
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We also write X* for the perfect complex of Z,[G] modules X -2, X with the
first term placed in degree 1 and the modules H'(X*) and H?(X*) identified with
M and A(F')} respectively via the top row of diagram (15). An explicit computation
then shows that, independently of the choice of splittings s; and s,, one has that

—XG,p (Cﬁ’,}ﬁ ()‘i?jrl) =~ XGp (X', (I)a © (AIX:%]')A)
:5G7p (deth[G](<A§’7TF"] o @(Cp, @7 S1, 82>)> .

The proof of equality (12), and hence of Theorem 2.9, will thus be achieved by
the following explicit computation.

Proposition 4.5. There exist splittings s; and sy as above with the property that
dete, (A4 © Pc,, ©,51,92)) = 3 e F (AP, PH))e(®)dyes.

Proof. Let {w(s; :s=0,...,n,i € [m,]} be the standard basis of X. For each pair
(s,) we write W, = W, for the kernel of the canonical map

Cp[G] - CP[G/H8]7

so that W, = (0" — 1)C,[G] = (1 — epn,)C,[G]. We then have a commutative
diagram

0—— C,[G/H,] = - —BC[G/HPG ;) —0

C,lG] C,[G]
N
(16)

with furthermore €, ;) W(s,i) equal to im(©)c, = ker(m)c,. We now fix the required
splittings s; and sy by summing over all pairs (s, ) the splittings of the short exact
sequences in (16) given by

C,[G] — C,[G/H) & W,, 1+ (|;s‘,o—ps - 1) (17)

GGl — CP[G/Hs}P(Z,i) OWs, 1= (P(z,i)a 1 - 6H5> (18)
respectively. Note that for the inverse map in (18) we have (F7;,0) — ey, and
(0,07 —1) = o?" — 1.

After these preparations we proceed to compute the matrix ANT(®) which rep-
resents ()\iTp’j o &¢,, 0,51, 59) with respect to the fixed C,[G]-basis {w,;)} of Xc,.
From (17) and (5) it follows easily that the composite of s, and (¢, , id) maps wys)
to

and

S

1
\H | Z @(t,j),(s,i)P(ttJ), ( Lo =1, )
()
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in AYF)¢, ®im(0)c, = (@(m) CP[G/Ht]P&VjJ ® <@(t’j) Wt> with the only nonzero
component in @ ;W; at the (s,i)-spot. By Lemma 4.6 below this is further mapped
by (A}, id) to

1 _ . ;
m Z (I)(t,j),(s,i) Z Z ](<7’P(u7k)7 P(tm-))F)TeHu P(u,k:)v ( .. ,(Tp - 1, .. )
U (t,g) (u.k) \T€G/H,

Rearranging the summation and applying the map s, as described in (18) we obtain

1 , .
> | H|Z‘I><t,j),<s,i> Y (T Pum, Phg)e)ren, | wr + (07 = Dwgs,).
(u,k) () T€G/Hy

We now fix a character ¢ € G. We have that

1 .
¥ —,H|Zq’<t,j>,<s¢> > i Puwy, Pl r)Ten,
1 (tg) T€G/Hy

w7 o L 2 JUT Py Pl ) rd(7), > ty,
(t,9) T7€G/H,
0, u < ty,

while ¢ (a?" — 1) is equal to 0 if and only if s > .
We immediately obtain that
det (¢ (AY1(®))) = J(A (P, P)) - £u(®) - 0y,
as required. O

We finally provide the relevant Lemma used in the course of the above proof.

Lemma 4.6.

)‘E,Tﬁj (P(tt,j)) = Z Z j(<7_P(u,k)a P(tt7j)>F)7—eHu P{Z,k)-
(wk) \T€G/H.,
Proof. We recall that X} 7 is induced by (, )p: A(F) x AY(F) — C. For P! €
AY(F) we explicitly have Ay 7 (P') = j(( ,P')r). Let f € A(F); denote the map
defined by the right hand side of the equation in Lemma (4.6). From (14) we
immdiately see that ey, I, ) = I, - For each pair (v,) and v € G/H, we hence
obtain

FOPun) = > > i Pury Biy)r) (TPoum) (VPwn)

(u,k) TEG/Hy
= J((vPwiy Py ¥)

= (WH(PL)) 0 Puy).
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4.3 The proof of Theorem 2.6

Since the validity of Theorem 2.6 does not rely in any crucial manner on the fact that
the extension F'/k is cyclic or even abelian, we elect to use notations throughout this
proof that would be appropriate to studying conjecture C'(A, Q[G]) for any finite
Galois extension F'/k of group G.

We set M = h'(Ar)(1) and recall that C'(A, Q[G]) is formulated in [9, Conj. 5]
as an equality of the form

[E(M), Doc] + S(nrgly (AL* (M, 0))) = 0

in m(V(Q[G],R[G])). For the readers convenience we briefly recall the notation
used in [9]:

e For any unital associative ring we let V(R) denote the (Picard) category of
virtual objects over R. We also write (X,Y) — X -Y for the product and 1
for the unit object in V(R). If Py denotes the Picard category with unique
object 1p, and Autp,(1p,) = 0, then

V(Q[G],R[G]) := V(Q[G]) xv ey Po

is the fibre product associated to the canonical functors V(Q|G]) — V(R[G])
and Py — V(R[G]).

o The leading term L*(M,0) at s = 0 of the Q[G]-equivariant motivic L-function
of M is explicitly given by >° .y, exL*(A,X,1), and A € ((Q[G])* is any
element with the property that AL*(M,0) belongs to im(nrgis)). The map

§ : K1(R[G]) — mo(V(Q[G], R[G]))

is obtained by composing the map 5 : m (V(R[G])) — m(V(Q[G], R[G])) aris-
ing from the Mayer-Vietoris exact sequence of the fibre product with the iso-
morphism g : K1 (R[G]) — 7 (V(R[G])) which sends an element of K;(R[G])
represented by an automorphism ¢ of a finitely generated R[G]-module P
to [¢]ria) - id([P]ﬁ[lG]). Here [—]gjg) denotes the universal determinant func-
tor on the category of finitely generated R[G]-modules and isomorphisms of
such.There exists furthermore an analogous isomorphism ¢g for the category
of finitely generated Q[G]-modules.

o We set

2(M) = [Q @z A'(F)lglg - [Q @z ACF) g - | [T [H°(F, Hu(M))]gigy

veSE

- [Har(M)/ Flqia)-
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We refer the reader to [9, (29)] for a more detailed definition of Z(M). In order
to define Vo, we first let once again AY7 : R @z A'(F) — R ®z A(F)* denote
the canonical isomorphism induced by the Néron-Tate height pairing and

aar:Reg @ HY(F,, Hy(M)) — R®q¢ Har(M)/F°

veSE

denote the canonical period isomorphism described by Deligne in [13] (see also
19, (16)]). We finally define 9 to be the canonical isomorphism in V(R[G])
fI‘OIIl R[G] ®Q[G] E(A) to 1R[G] that iS induced by [()\]X?];)*l]ﬂ{[g} and [O‘;LIF]R[G]'

In order to state certain useful preliminary results, we now note that the Q[G]-
modules X := Q®z AY(F) and Y := Q@ A(F)*, vesp. Z := @, cgr H°(Fy, H,(M))
and W := Hyr(M)/F?°, are isomorphic (as a consequence, for instance, of [1, p. 110])
and hence, since Q[G] is semisimple, there exist Q[G]-modules M and N with the
property that both X @ M =2Y & M and Z & N =W & N are free Q[G]-modules.
In the sequel we (choose bases and so) fix identifications of X @ M, Y & M, Z & N
and W @ N with direct sums of copies of Q[G] and hence regard M @ idgeyum
and ayp @ idrgyny as elements of K;(R[G]). In order to prove Theorem 2.6 we
require the following results, which are straightforward to deduce from the proof
of Lemma 4.6 and the proof of [11, Lemma 3.5] respectively and are furthermore
clearly independent of our choice of fixed identifications.

Lemma 4.7. III'R ()\NT @ ldR@)QM)/ erlr )‘X(Pa Pt) € C(@[G])X

. Weo (k (A/k)
Lemma 4.8. nrr(c)(aa,r @ idregn)/ 2o cne )%W € ((Q[G])*.

To proceed with the proof of Theorem 2.6, we first consider the following com-
mutative diagram with exact rows:

Ki(QG) —— K([RG) —2— K(QG),R[G)

LQJ/ LRJ, CJ/ (19)
m(V(QIG]) — m(V(RIG]) —— m(V(QIG],RIG))).
Here ¢ sends an element [P, g, Q] to
[Plaier - [Qlgiep: [9]rier - 1d([R ®q Qlgie))]-

The commutativity of this diagram is easy to check given the explicit nature of all
maps involved, and it is also straightforward to prove that c is bijective (see for
example the proof of [9, Prop. 2.5]). We hence have that C'(A, Q[G]) is valid if and
only if in Ky(Q[G], R[G]) one has

0 =c([E(M), Voc] + d(nrgi (AL*(M,0))))
—[Z,aap, W] = [X, A0, Y]+ 0" (nrg ey (AL*(M, 0))).
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It hence follows from the exactness of the top row of (19) that C'(A, Q[G]) is valid
if and only if

—[aar @ idregn] — NiF @ idrega] + iy (AL*(M, 0)) € im(K1(Q[G))).

It is now straightforward to check that the latter condition is equivalent to the
containment

L*(M,0)/ (nrgje) (aa,r @ idrggn )nreie) (A4 - ® idregm)) € C(Q[G])*.

By Lemmas 4.7 and 4.8, combined with the fact that the Euler factors involved in the

truncation of each of the leading terms L§ (A, ), 1) live by definition in ((Q[G])*,
it is hence clear that the validity of C'(A, Q[G]) is equivalent to the containment

*

L
ZM(P—%% € ¢(QIG])™.

el

By [2, Lem. 2.9] this containment is equivalent to the explicit condition described
in Theorem 2.6.

4.4 The proof of Theorem 2.8

We assume now that C(A, Q[G]) is valid and proceed to prove the explicit inter-
pretation of C,(A, M) claimed in Theorem 2.8 in any such situation. We begin by
noting that, for any fixed isomorphism of fields 7 : C — C,, the respective maps
Ja,« restrict to give the vertical arrows in a natural commutative diagram with exact
rows of the form

Ko(Z|G), QG)or —— Ko(Z[G],Q[G]) —— Ko(M,Q[G])
jG,*l jG,*l jG,*l (20)
KO(ZP[G]7QP[G])tOY - KO(ZP[G]an[G]) S KO(Mpva[G])-

We note that the exactness of the rows follows from [9, Lemma 11]. We now proceed
to prove several useful results.

Lemma 4.9. C,(A, M) holds if and only if jo.(TQ(R'(Ap)(1),Z[G])) belongs to
K()(ZP [G]7 Qp [G])tor~

Proof. The equality TQ(h*(Ap)(1), M) = p(TQ(h*(Ar)(1),Z[G])) proved in |9,
Th. 4.1] combines with the commutativity of the right-hand square of diagram (20)
to imply that

Jax (TR (Ap) (1), M) = iy (jo (TR (Ap)(1), ZIG)))).

The exactness of the bottom row of diagram (20) thus completes the proof. m
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L3,
(P, Pt))ew(é)dw

Lemma 4.10. C,(A, M) holds if and only if 3, ce 5 o ey € M.

Proof. Lemma 4.9 combines with equalities (10) and (12) to imply that C,(A, M)
holds if and only if

£*

Ho | 06 g 7 (A (P, Pt))ew( )3,

=0.

We next note that the respective maps d¢,, induce vertical (bijective) arrows in
a commutative diagram of the form

QG /2,|G]* —— Q[G]*/M]

l |

KO(ZP[G]a Qp[G]) L) KO(Mpv QP[G])

This completes the proof of the Lemma. O
Lemma 4.11. ¢4(®) € Z,[¢y]*.

Proof. The map ® @ M,: M ®z, 1) M, — A'(F), ®z,(c) M, is an isomorphism of
M,,-modules. Since M, contains the Q,[G]-rational idempotents,

QR Zyplp): M ®z,(q) Zplth] — AYF), ®z,1c) Lp[V]

is an isomorphism of Z,[¢)]-modules. It is easy to see that ® ® Z,[¢] is represented
by ¥ (®y,). 0

We now proceed to give the proof of Theorem 2.8.

The equivalence of (i) and (iv) follows directly upon combining Lemmas 4.10
and 4.11.

Furthermore it is straightforward to compute the valuation of each element oy.
One has v, (0y) = by with by defined as in Theorem 2.8, and hence (iii) and (iv)
are clearly equivalent.

In order to prove the equivalence of (i) and (ii), we will use (a special case
of) a general fact which we now describe. If H is any subgroup of G, we write

0% Ko(Z,|G), Q,|G]) — Ko(Z,[H],Q,[H]) for the natural restriction map and
0. Ko(Z,[H],QyH]) — Ko(Z,,Q,) for the natural map induced by sending an
element [P ¢, Q] of Ko(Z,[H],Q,[H]) to the element [PH ¢ Q"] of Ko(Z,, Q,).
By [6, Thm. 4.1] one then has that
Ko(Z,[G], QpG])sor = ﬂ ker( QO OpH) (21)
H<G
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The functoriality properties of the element TQ(h'(Ap)(1), Z|G]) with respect to
the maps p% and ¢l! proved in |9, Prop. 4.1] then imply that, for any subgroup H
of G, one has that

(@' © i) (e (TR (AF) (1), Z[G)))) = jou (TR (Apn)(1),Z)),

and so Lemma 4.9 combines with (21) to imply that C,(A, M) holds if and only if, for
every intermediate field L of F'/k, the element jg, , . (T2(h*(AL)(1),Z)) vanishes,
that is, if and only if the p-part of the e TNC holds for the pair (h'(AL)(1),Z).
Noting that it is easy to check that the set of data (A/L,L/L,p) satisfies all the
hypotheses of Theorem 2.9 for any such field L (see for instance [11, Lem. 2.10]
for a proof of a more general assertion), all that is left to do in order to prove the
equivalence of (i) and (ii) is to apply Theorem 2.9. Indeed, any choice of Z-bases
{Q:} and {R;} of A(L) and A*(L) respectively satisfy condition (1) for the set of data
T (QindE(1e, ;)

Woo (L) = Vldwl-

(A/L,L/L,p), while an explicit computation proves that

4.5 The proof of Corollary 2.11

For brevity we set

Ay = Ap(P,PY), ey i=ep(®), u:= Z

By Theorem 2.9 the validity of C,(A,Z[G]) is equivalent to the containment u €
Z,|G)*, which we assume holds throughout the proof. We also let ¢: Z,[G] — Z,
denote the augmentation map.

We begin by noting that claim (ii) is just the ¢» = 14 special case of Lemma 4.11,
and proceed now to deduce claim (iii) from it. One clearly has that £ /(M1 €1501.) =
e(u) € Z, with 01, equal by definition to 1, while an explicit computation shows

“(Q.ind®
that %w = (=1)I¥1\/]dg|. Claim (ii) therefore indeed implies that

v=L /[ e =) e, =¢u)-e (22)

belongs to Z, as required.

In order to prove the remaining claims, we first note that, if tk(A(F7)) =
|G/ J|rk(A(k)) for every subgroup J of G, then h = 0 by Proposition 2.2 while
® can be chosen to be the identity matrix by property (P2) and each element ¢, is
simply equal to 1 by convention. In any such case, claim (i) therefore reduces to the
trivial statement £ = u € Z,[G] while claim (iv) simply reads u = v(mod I ,) and
follows directly from (22). We therefore may and will henceforth assume that the
inequality tk(A(F7)) < |G/J|tk(A(k)) of Corollary 2.3 is strict for some subgroup
J of G. We recall that H = H,, denotes the smallest non-trivial subgroup of G with
the property that my # 0.
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In order to prove claim (i), we note first that for each 1) € G we have
Yy #1 < ker(y) C Hy, and ker(y) # Hy, <= ty > to.

From the definitions of €, and ¢,, one immediately deduces that for each ¢ € G such
that ¥|g # 1 one has

to

€y = 1, 5¢:§::H(Jpj—1)mj.

Jj=0

Since dey = 0 for each 1) such that ¢|g = 1 we deduce that £ = du € 0Z,[G] C I} ,,
as required.

Finally, claim (iv) follows from (22) because u is clearly congruent to e(u) = v/e
modulo /g, and therefore £ = du is congruent to 62 modulo Ig;l, as required.

4.6 The proof of Theorem 2.12
We begin by defining a (free) Z,[G]-submodule

P .= @ Z,|GIP, ;)
J€[mn]

of A(F'); and then fix, as we may, an injective lift x: P — Sel,(Ar)" of the

inclusion P C A(F); through the canonical projection of (3). We also fix, as we
may, a representative of the perfect complex Cf{,.F of the form C' — C? in which
both C' and C? are finitely generated, cohomologically-trivial Z,[G]-modules. We
then obtain a commutative diagram with exact rows and columns of the form

0 0 0 0
0 = @, LGP, ;) = @, Z,[GIP, ;) = im(k) = im(k) — 0
0— AF), — C! — C? = Sel,(Ap)Y —0  (23)
0 — N — D! — D?* — cok(k) —0

0 0 0 0

in which we have set



The Z,[G]-modules D' and D? are finitely generated and cohomologically-trivial,
and hence the central arrow of the bottom row of this diagram defines an object D*®
of DP(Z,|G]) which is acyclic outside of degrees 1 and 2 and has identifications of
H'(D*) with N and of H?(D®) with cok(x). We analogously define an object B® of
DP(Z,|G]) represented by the perfect complex of Z,[G]-modules

@Z LN im(k).

Following [10, Sec. 2.1.4] we next define an idempotent ey := >y €y in Q,[G]

by letting T n be the subset of G comprising characters ¢ with the property that
ey (Cp®z, N) = 0. For any object C'* of DP(Z,[G]) we then obtain an object exyC*® :=
enZy,|G] ®Hip[c} C* of DP(enZy|G]). In particular, the exact triangle represented by
diagram (23) induces an exact triangle in DP(enZ,[G]) of the form

enB* — enC% — enD* — exB*[1]. (24)

But enD*® ®cyz,(61€ ~C,[G] is acyclic and an immediate application of the additivity
criterion of [5, Cor. 6.6] to triangle (24) implies that one has

~XexZy(GlenCylc) (END®,0) = = Xeyzyialencyic) (ENCH 5 en(NA ) ™)
+ Xenzy[GlenCylc) (en B, N) (25)

where )\ denotes the canonical isomorphism

en(Cp ®z, im(x)) =en(C, @z, Sel,(Ar)")

en (ANT9)—
TALT en(C, ®z, AYF),) = en(C, @s, @Z [Pl i)
If we now write ¢ : @, Z,|G] 7, ;) — @, Z,[G]F, ; for the canonical isomorphism

that maps an element P(t 4 to the element P*7 o then one finds that

XenZyp[GlenC,olG)(eNB®, N') =0eyz,1c1encyic) (detey e, ja) (N 0 en(Cp ®z, (k0 ¢))))
— Senzpi@lencyic( Y FOu(PP))ew), (26)

YeY N

where the last equality follows from Lemma 4.6.
The assumed validity of C,(A, Z[G]) therefore combines via (11) with equalities
(25) and (26) to imply that, in the terminology of [10, §2.3.2], the element

3o D2 LiAu(P P ey) = (L)
YeTly
of exC,[G] is a characteristic element for ey D®. The result [10, Lem. 2.6] therefore

implies that there exists a characteristic element £’ for D® in C,[G] with the property
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that exL' = j.(£). Since D* is clearly an admissible complex of Z,[G]-modules (in
the terminology of [10, §2.1.1]), the results of [10, Cor. 3.3] therefore imply that the
element j,(L£) belongs to the ideal I, , of Z,[G], with h = dimg, (Q, ®z, cok(k)q),
and furthermore generates Fitty, () (cok(x)). To proceed with the proof, we first note
that it is straightforward to verify that h = h. We have hence proved that j,(£)
belongs to I, ,, as stated in claim (i) of Theorem 2.12. Furthermore, IT := im(x)
is clearly a finitely generated, free Z,[G]-submodule of Sel,(Ar)¥ of maximal rank
My, and so the fact that the element j, (L) generates Fittz o(cok(x)) proves claim
(iii) of Theorem 2.12. To complete the proof, it is enough to note that, since im(x)
is torsion-free, the canonical composite homomorphism

UL,(Ar)Y = (Sel,(Ar)Y)ior C Sel,(Ap)Y — cok(k)
is injective and hence that one has that
Fittz, ¢ (cok(k)) € Anng, (I, (AF)").

Recalling finally that the Cassels-Tate pairing induces a canonical isomorphism be-
tween 1IT,(Ap)Y and IIT,(A%) completes the proof of claim (ii) and thus of Theorem
2.12.

5 Examples

In this section we gather some evidence, mostly numerical, in support of conjecture
Cp(A,Z|G]). Our aim is to verify statements that would not follow in an straight-
forward manner from the validity of the Birch and Swinnerton-Dyer conjecture for
all intermediate fields of F'/k. Because of the equivalence of statements (i) and (ii)
in Theorem 2.8 we therefore choose not to focus on presenting evidence for conjec-
ture C,(A, M) (although we also used our MAGMA programs to produce numerical
evidence for C,(A, M) by veritying statement (iii) of Theorem 2.8).

Throughout this section A will always denote an elliptic curve.

5.1 Verifications of conjecture C,(A, Z[G])

For the verification of C,(A, Z|G]) using Theorem 2.9 it is necessary to have explicit
knowledge of a map ® that represents the extension class d4 g,. Whenever A(F), is
not projective as a Z,|G]-module we are currently not able to numerically compute ®,
so we only deal with examples in which A(F'), is projective. To our best knowledge
there are currently three instances of theoretical evidence (in situations in which our
fixed cyclic extension F'/k is not trivial):

e In [4], it is shown that for each elliptic curve A/Q with L(A/Q, 1) # 0 there
are infinitely many primes p and for each such prime p infinitely many (cyclic)
p-extensions F'//Q such that C,(A, Z[Gal(F/Q)]) holds. All of these examples
satisfy our hypotheses and are such that A(F'), vanishes.
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e In [11, Th. 5.1], C,(A, Z[Gal(F'/Q)]) is proved for certain elliptic curves A/Q,
where F' denotes the Hilbert p-classfield of an imaginary quadratic field k.
This result combines with the functoriality properties of the eTNC to imply
the validity of C,(A, Z[Gal(F'/k)]). In these examples one has that A(F'), is a
free Z,[Gal(F'/k)]-module of rank one.

e In [11, Cor. 5.5], certain Ss-extensions F/K are considered. Let k and L
denote the quadratic and cubic subfield of F'/K respectively. Under certain
additional assumptions it is then shown that the validity of the Birch and
Swinnerton-Dyer conjecture for A over the fields k£, K and L implies the valid-
ity of C,(A,Z[Gal(F/K)]). Again by functoriality arguments, the validity of
C,(A, Z]|Gal(F/k)]) follows. We note that the assumptions are such that one
again has that A(F), is a free Z,[Gal(F'/k)]-module of rank one.

In the rest of this section we are concerned with numerical evidence. In [2,
Sec. 6] there is a list of examples of elliptic curves A/Q and dihedral extensions
F/Q of order 2p for which C,(A4,Z[Gal(F/Q)] is numerically verified. Here the
quadratic subfield k is real and A(F'), vanishes. Again by functoriality arguments
we obtain examples where C,(A, Z,[Gal(F/k)]) is numerically verified. There are
two further analogous numerical verifications in dihedral examples in |11, Sec. 5.3],
one of degree 10 and one of degree 14, both of them with the property that A(F),
is a free Z,[Gal(F/k)]-module of rank one.

In the following we fix an odd prime p and let ¢ denote a prime such that
q = 1(mod p). We let F' denote the unique subfield of Q(¢,)/Q of degree p and
take k to be Q. For p € {3,5,7} and g < 50 we went through the list of semistable
elliptic curves of rank one and conductor N < 200 and checked numerically whether
L(A/Q,x,1) =0 and L'(A/Q, x,1) # 0 for a non-trivial character x of G, and in
addition, whether our hypotheses are satisfied. This resulted in a list of 50 examples
(27 for p = 3, 20 for p = 5 and 3 for p = 7). In each of these examples we could find
a point R such that A(F), = Z,[G]R and numerically verify conjecture C,(A, Z[G]).

We now describe in detail an example with [F' : Q] = 7. Let A be the elliptic
curve

E:y? +ay+y=a*+2>— 202

This is the curve 79al in Cremona’s notation. It is known that A(Q) is free of
rank one generated by P, = (0,0) and that III(Ag) = 0. Moreover it satisfies the
hypotheses used throughout the paper.

We take p = 7 and let F' be the unique subfield of Q((s9) of degree 7. Explicitly,
F' is the splitting field of

flz) =a" +2°%—122° — Ta* + 282° + 142® — 9z + 1
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and we let a denote a root of f. Using the MAGMA command Points it is easy to
find a point R of infinite order in A(F) \ A(Q),

1
R= (1—7(31a6 +23a° — 373a* — 135a° + 814a” + 372a — 86),

1
ﬁ(—35046 — 83a° + 3800 + 771a® — 811a? — 1321a + 232)) :

By Proposition 2.2 we know that A(F), is a permutation module, hence A(F), ~
Z,|G]. Furthermore, [11, Cor. 2.5] now implies that III,(Ar) = 0.

We set Q1 := Trpjg(R) = (2, —32) and easily verify that Q1 = —4P;. We checked
numerically that Z,[G]R = A(F),.

Computing numerical approximations to the leading terms using Dokchitser’s
MAGMA implementation of [14] we obtain the following vector for (L% /A (P, Pt))xeé

(—0.077586206896551724152,
—0.49999999999999999992 + 2.1906431337674115362¢,
—0.49999999999999999996 + 0.626980168831351918861,
—0.49999999999999999998 — 0.240787309403764322021,
—0.49999999999999999992 — 2.1906431337674115362¢,
—0.49999999999999999996 — 0.626980168831351918861,
—0.49999999999999999998 + 0.240787309403764322021)

This is very close to

(=9/116, 3+ G+ ¢ —E -G =G —-1,-G = - ¢ -1,
G- -G-1L,8+G+@E+E+G)

It is now easy to verify the rationality conjecture C(A,Q[G]) by the criterion of
Theorem 2.6. Moreover, the valuations of —9/116 and ¢ + (2 + (; at p, are 0, so
that by Theorem 2.8 we deduce the validity of C,(A, M). Finally, one easily checks
that —9/116 = (3 + (2 + ¢7(mod (1 — (7)), so that the element in (7) is actually a
unit in Z,[G], thus (numerically) proving C,(A4, Z[G]).

5.2 Evidence in support of conjecture C,(A, Z[G])

In this subsection we collect evidence for statements that we have shown to follow
from the validity of C,(A, Z[G]) and focus on situations in which A(F), is not Z,[G]-
projective. In particular, we aim to verify claim (i) of Theorem 2.12. Since we can
neither compute the module IIT,,(Ar) nor a map ¢ as required, we are not able to
verify any other claim of either Corollary 2.11 or Theorem 2.12.

Again we want to focus on evidence which goes beyond implications of the Birch
and Swinnerton-Dyer conjecture for A over all intermediate fields of F//k. We assume

31



the notation of Theorem 2.12, so in particular set h = >, _ m;. If & = Q and
m,, = 0, then the element L is essentially the Mazur-Tate modular element (see [20])
and the validity of the Birch and Swinnerton-Dyer conjecture would imply that it
belongs to I, in the type of situations under consideration. Hence, if m,, = 0, we
only searched for examples where h > 1.

If F/k is cyclic of order p, then I{;, = (0 — 1)" M, for all h > 1. Letting u and
0 denote the elements defined in the proof of Corollary 2.11 we hence note that, if
Cp(A, M) is valid, then u € M* and the proof of Corollary 2.11 clearly shows that
L = du is contained in 6 M, = I ,. We therefore further restricted our search for
interesting examples to cases where [F : k] = p" with n > 2.

Restricted by the complexity of the computations and the above considerations
we are therefore lead to consider the following types of examples:

(i) A(F), ~ Zy* @ Z,|G/H]™ @ Z,[G]™, [F:Q]=3?%
(mg, m1,ms) = (1,1,0),

(il) A(F), ~ Zm © Z,[G/H\™ @ Z,[G]™, [F:Q] =3,

(mg, m1, mg) = (myg,0,0), me > 2.

We note that, whenever II1,(Ap) is trivial, the validity of C,(A,Z[G]) implies
by Corollary 2.11 that h is the exact order of vanishing, i.e., that £ € I, \ ]g;l.
However, this need not be true if I1I,(Ar) is non-trivial. In such cases, by Theorem
2.12 (iii), Cp(A,Z[G]) does predict that £ generates the Fitting ideal of Sel,(Ar)"
since m,, = 0 immediately implies IT = 0.

Let ¢ denote a prime such that ¢ = 1(mod 3%). We let F denote the unique
subfield of Q((,)/Q of degree 9 and take k to be Q.

We checked two examples of type (i), namely those given by the pairs (E,q) €
{(681c1,19), (1070a1,19)}. In both cases we were able to find a points Py and P,
such that A(F), = Z,Py & Z,|G/H]P,, where H denotes the subgroup of order 3.
Each time we numerically found that III,(Ar) = 0 (predicted by the Birch and
Swinnerton-Dyer conjecture for A over F') and verified that h is the precise order of
vanishing, as predicted by Corollary 2.11.

Concerning examples of type (ii) went through the list of semistable elliptic
curves of rank 2 and conductor N < 750 and produced by numerically checking
L-values and derivatives a list of 12 examples satisfying the necessary hypotheses.
In each of these examples we had h = mg = 2 and could numerically verify the
containment £ € I3 . Whenever III,,(Ap) was trivial we also checked that £ ¢ I3 .

We finally present one example in detail. Let A be the elliptic curve

E:y*+y=2a>+22 - 2.

This is the curve 389al in Cremona’s notation. It is known that A(Q) is free of rank
two generated by P, = (0,0) and P, = (—1,1) and that III(Ag) = 0. Moreover it
satisfies the hypotheses required to apply Theorem 2.12 (see Remark 2.13).
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Computing numerical approximations to the leading terms we find that the order
of vanishing at each non-trivial character is 0. The rank part of the Birch and
Swinnerton-Dyer conjecture therefore predicts that rk(A(F)) = 2. We checked
that (P, Ps)z is 3-saturated in A(F') and therefore (conjecturally) conclude that
A(F>p = <P1, P2>Zp ~ Z}%

The Birch and Swinnerton-Dyer conjecture predicts that |IIL,(Ap)| = 81. We
therefore cannot test for the precise order of vanishing.

Computing leading terms, periods and regulators we find the following numerical

approximations to (L} /A, (P, Pt))xe@

(—1.243243,1.500000 + 2.5980767, 1.500000 — 2.5980761,
0.358440 + 2.032818z, 0.286988 — 0.104455z, —3.645429 + 3.0588784,
0.358440 — 2.032818i, 0.286988 + 0.104455¢, —3.645429 — 3.058878i).

The actual computation was done with a precision of 30 decimal digits.
This is very close to

<_46/377 3C3 + 37 _3C37
265 — ¢ +2Co,  —Co — 26 +205 -2, G +2C + 26+ ¢,
—205 + Gy — 2G5 — 203+ G — 2, —C —2C5 +2C — 20, 2¢5 — 26 — (o — 2).

It is now easy to verify the rationality conjecture C(A, Q[G]) by the criterion of
Theorem 2.6. We finally find that

L=—0+202—0°+20° —20°% - 25" + 20°

and easily check that £ € I3 .
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