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Exercise 1. Let 0 6= I ⊂ A be an ideal, where A is a Dedekind domain. Prove
that as an A-module, I is locally free of rank 1.

Deduce that if I, J ⊂ A are two (arbitrary) ideals, then the canonical map
I ⊗A J → IJ is an isomorphism.

Exercise 2. Let A be any ring. Show that if I, J ⊂ A are any two ideals such
that I + J = A, then I ∩ J = IJ . Deduce that

A/IJ
'−→ A/I × A/J.

Exercise 3. Let A be a Dedekind domain and f ∈ A. Let S denote the multi-
plicative set {fn | n ≥ 0}.

(1) Show that the set {P ∈ Spec (A) | P ∩ S 6= ∅} is finite. Denote the
cardinality of this set by r.

(2) Show that (S−1A)×/A× is a free abelian group of rank ≤ r. [Hint: use
the exact sequence 0→ A× → K× → F(A), and similarly for S−1A.]

Exercise 4. Let A be a dvr with maximal ideal m and uniformizer π. Let
P (X) ∈ A[X] be a monic polynomial. Set B = A[X]/P .

(1) Suppose that the reduction of P modulo m is irreducible. Show that B
is a dvr and π is a uniformizer of B.

(2) Let P (X) = Xn + an−1X
n−1 + · · ·+ a0. Suppose that a0 is a uniformizer

of A and a0 | ai for all i. Show that B is a dvr and the class of X is a
uniformizer of B. [Hint: use Eisenstein’s criterion.]
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