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Let x3 = 2 and K = Q(x). The aim of these exercises is to determine OK .

Exercise 1. Show that X3 − 2 is irreducible in Q[X] and [K : Q] = 3.

Exercise 2. Let z = a + bx + cx2 ∈ K. Compute trKQ (z).

Exercise 3. Let A = OK and B ⊂ K the subring Z[x] generated by x. Show
that B ⊂ A and B is a free abelian group with basis {1, x, x2}.

Exercise 4. Show that xA is a prime ideal in A [hint: consider the decomposition
of 2A into prime ideals] and xB a prime ideal in B. What is the residue field of
xA? Show that B/xB ' A/xA. Conclude that A = B + xA and A = B + 2A.

Exercise 5. Show that 3 = (x− 1)(x+ 1)3 and x− 1 is a unit in B. Proceeding
as in (5), with 1 + x in place of x, 3 in place of 2, show that A = B + (x + 1)A
and A = B + 3A.

Exercise 6. Conclude that A = B.
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