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Homework Sheet 12
(Released 14.7.2025 – Discussed 18.7.2025)

E12.1 Let d ∈ R. Recall that the Hardy–Littlewood maximal function

Mf (x) = sup
r>0
|B(x, r)|−1

∫
B(x,r)

|f(y)|dy

satisfies the weak type estimate

|{x : Mf (x) > λ}| ≤ Cdλ−1‖f‖L1(Rd), ∀ 0 < λ <∞.

Prove that we have the strong type estimate

‖Mf‖Lp(Rd) ≤ Cd,p‖f‖Lp(Rd), ∀ 1 < p <∞.

Hint: You can use the layer-cake representation ‖f‖pLp = p
∫∞

0 |{x : |f(x)| > t}|tp−1dt.

E12.2 Let f be a normalized vector in the Hilbert space H. For every λ ∈ R define the

Bogoliubov transformation Uλ on the bosonic Fock space F(H):

Uλ = exp

(
λ

2
(a∗(f)2 − a(f)2)

)
(a) Prove that

U∗λa(f)Uλ = cosh(λ)a(f) + sinh(λ)a∗(f).

(b) Let A = a∗(f)a(f) + a(f)a∗(f). Prove the operator inequality

U∗λAUλ ≤ e2|λ|A.

E12.3 Let u0 be a normalized vector on a Hilbert space H. Recall from the direct sum

H = spanu0 ⊕H+ with H+ = {u0}⊥, we have the isometry of bosonic Fock spaces

F(H) ≈ F0 ⊗F+, F0 = F(span{u0}), F+ = F(H+).

Consider the unitary map UN : HNs → F
≤N
+ =

⊕N
n=0(H+)ns defined by

U∗N (⊕Nn=0ϕn) =
N∑
n=0

u
⊗(N−n)
0 ⊗s ϕn =

N∑
n=0

(a∗(u0))N−n√
(N − n)!

ϕn.

Let f⊥u0 and let N is the number operator on Fock space. Prove that

UN (a(u0)∗a(f))U∗N =
√
N −Na(f).

E12.4 Consider the torus Λ = [0, 1]d and 0 ≤ ŵ ∈ `1(Λ∗). Prove that

EBog =
∑

06=p∈Λ∗

(√
|p|4 + 2|p|2ŵ(p)− |p|2 − ŵ(p)

)
∈ (−∞, 0].
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Mathematisches Institut LMU Mathematical Quantum Mechanics

Phan Thành Nam & Dong Hao Ou Yang Summer 2025

Homework Sheet 11
(Released 7.7.2025 – Discussed 11.7.2025)

E11.1 In this exercise we discuss Bach’s proof of Lieb’s variational principle. Let T be a

self-adjoint non-negative operator on L2(Rd) and let W : Rd → R be a non-negative even

function. For 0 ≤ γ ≤ 1 trace class on L2(Rd), consider the Hartree–Fock functional

EHF(γ) = Tr(Tγ) +
1

2

∫∫
Rd×Rd

W (x− y)[ργ(x)ργ(y)− |γ(x, y)|2]dxdy.

(a) Assume that γ =
∑

i λi|ui〉〈ui| with {ui} orthonormal and 0 ≤ λi ≤ 1. For every

given pair i 6= j, we consider two trial states

γ1 =
∑
k 6=i,j

λk|uk〉〈uk|+ (λi − δ)|ui〉〈ui|+ (λj + δ)|uj〉〈uj |,

γ2 =
∑
k 6=i,j

λk|uk〉〈uk|+ (λi + δ)|ui〉〈ui|+ (λj − δ)|uj〉〈uj |,

where 0 ≤ δ ≤ min{λi, λj , 1− λi, 1− λj}. Prove that

EHF(γ1) + EHF(γ2)

2
≤ EHF(γ).

(b) Prove that if γ is a finite-rank operator and Tr γ = N , we can find a rank-N

projection γ̃ such that EHF(γ̃) ≤ EHF(γ).

(c) Deduce that EHF(N) = inf{EHF(γ) : 0 ≤ γ ≤ 1,Tr γ = N} for all N ∈ N. Note that

originally, EHF(N) is defined by taking the infimum over all rank-N projections.

E11.2 (a) Prove that for every trace class operator 0 ≤ γ ≤ 1 on H = L2(Rd), we have

Tr(−∆γ) ≥ C
∫
Rd
ργ(x)1+ 2

ddx

with a constant Cd > 0 independent of γ.

Hint: You may use E4.5 if γ is a projection. How about the general case?

(b) Let V− ∈ L1+d/2(Rd) and consider the non-interacting Hamiltonian

HN =
N∑
i=1

(h2(−∆i) + V (xi)), h = N−1/d,

on the fermionic space HNa . Prove that HN ≥ −CN for all N ∈ N. Here the constant C

may depend on V , but it is independent of N .

(c) Prove that if a normalized state ΨN ∈ HNa satisfies that 〈Ψ, HNΨ〉 ≤ O(N), then∫
Rd
ρΨN (x)1+2/ddx ≤ O(N1+2/d).
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Mathematisches Institut LMU Mathematical Quantum Mechanics

Phan Thành Nam & Dong Hao Ou Yang Summer 2025

Homework Sheet 10
(Released 2.7.2025 – Discussed 4.7.2025)

In this homework we consider the Hartree–Fock theory for a trapped Fermi gas. Let

V : Rd → R with V (x) → ∞ as |x| → ∞. Let w : Rd → [0,∞) be an even function.

Assume that

w(x) + |V−(x)| ≤ ε(−∆) + Cε on L2(Rd), ∀ε > 0.

Consider the Hartree–Fock functional

EHF(γ) = Tr((−∆ + V )γ) +
1

2

∫∫
Rd×Rd

(ργ(x)ργ(y)− |γ(x, y)|2)w(x− y)dxdy

where 0 ≤ γ ≤ 1, ργ(x) = γ(x, x).

E9.1 Prove that for all 0 ≤ γ ≤ 1 and a.e. x, y ∈ Rd we have

|γ(x, y)|2 ≤ ργ(x)ργ(y).

Deduce that EHF(γ) ≥ 1
2 Tr((−∆ + V+)γ)− C Tr γ.

E9.2 Let {γn}n≥1 be a sequence of operators on L2(Rd) such that Tr((−∆ +V+)γn) ≤ C.

Prove that up to a subsequence, we have γN → γ in trace class. Moreover, if γn is a

rank-N projection for all n, then γ is also a rank-N projection.

E9.3 Prove that for every N ∈ N, the Hartree–Fock variational problem

EHF(N) = inf{EHF(γ) : 0 ≤ γ = γ2 ≤ 1,Tr γ = N}

has a minimizer.

E9.4 Prove that the Hartree–Fock minimizer in the previous problem can be written

as γ =
∑N

i=1 |ui〉〈ui| where the orthonormal functions ui are the eigenfunctions of the

N-lowest eigenvalues of the mean-field operator

HHF
γ = −∆ + V + ργ ∗ w −Xγ

where Xγ is the operator with kernel Xγ(x, y) = γ(x, y)w(x− y).
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Homework Sheet 9
(Released 20.6.2025 – Discussed 27.6.2025)

In this homework we consider the Hartree theory for a trapped Bose gas. Let h = −∆+V

on L2(Rd) with V ≥ 0 and V (x) → ∞ as |x| → ∞. Let w : Rd → R be an even function

such that

|w(x)| ≤ ε(−∆) + Cε on L2(Rd), ∀ε > 0.

Consider the Hartree functional

EH(u) = 〈u, hu〉L2(Rd) +
1

2

∫∫
Rd×Rd

|u(x)|2|u(x)|2w(x− y)dxdy.

E9.1 Prove that for all u ∈ H1(Rd) and ‖u‖L2 = 1 we have

EH(u) ≥ 1

2
〈u, hu〉L2(Rd) − C.

E9.2 Prove that the following variational problem has (at least) a minimizer u0:

eH = inf{EH(u) : u ∈ H1(Rd), ‖u‖L2 = 1}.

Hint: You can show that for every minimizing sequence {un}, up to a subsequence as

n→∞, then un → u0 weakly in H1(Rd) and strongly in L2(Rd).

E9.3 Assume that eH has a unique minimizer u0 (up to a phase). For every ε > 0, consider

the perturbed variational problem

eH
ε = inf{EH(u) + ε|〈u0, u〉|2 : u ∈ H1(Rd), ‖u‖L2 = 1}.

Prove that

lim
ε→0+

eH
ε − eH

ε
= 1.

Hint: You can show that if uε is a minimizer for eH
ε , then uε → u0 in L2(Rd) when ε→ 0.

E9.4 Assume that w is sufficiently regular and the Fourier transform ŵ(k) > 0 for almost

every k (for example, w is a Gaussian function). Prove that eH has a unique minimizer.

Hint: You may use the diamagnetic inequality |∇u(x)| ≥ |∇|u|(x)|.

Note: If ŵ ≥ 0, then we can still show that eH has a unique minimizer. But it requires a

more complicated argument, using the fact that any minimizer u0 of eH can be chosen up

a phase such that u0 > 0. The latter can be deduced from the Hartree equation

(−∆ + V (x) + w ∗ |u0|2(x)− µ)u0(x) = 0, µ ∈ R.
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Phan Thành Nam & Dong Hao Ou Yang Summer 2025

Homework Sheet 8
(Released 13.6.2025 – Discussed 20.6.2025)

E8.1 Let Γ be a state on the fermionic space HNa . Prove that the following statements

are equivalent:

(a) γ
(1)
Γ is a projection, namely (γ

(1)
Γ )2 = γ

(1)
Γ .

(b) Γ is a Slater determinant, namely Γ = |u1 ∧ u2 ∧ ... ∧ uN 〉〈u1 ∧ u2 ∧ ... ∧ uN |, with

{uj}Nj=1 an orthonormal family in H.

Hint: We have proved that (b) implies (a) in E6.2.

E8.2 Let Γ be a state on the bosonic space HNs . Prove that the following statements are

equivalent:

(a) γ
(1)
Γ = N |u〉〈u| for a normalized vector u ∈ H.

(b) γ
(2)
Γ = N(N − 1)|u⊗2〉〈u⊗2| for a normalized vector u ∈ H.

(c) Γ = |u⊗N 〉〈u⊗N | for a normalized vector u ∈ H.

Hint: We have proved that (c) implies (a) and (b) in E6.2 and E7.2.

E8.3 Consider the bosonic Fock space F(H) with H = H1 ⊕ H2. Define the operator

U : F(H1)⊗F(H2)→ F(H) by

U(ΦN ⊗ΨM ) =

√
(N +M)!

N !M !
PN+M (ΦN ⊗ΨM )

for all ΦN ∈ (H1)Ns , ΨM ∈ (H2)Ms , and all M,N ≥ 0. Here PN+M is the bosonic

symmetrization operator with N +M variables, which is defined in E1.2.

(a) Prove that U is a unitary transformation.

(b) Prove that a∗(f)U(ΦN ⊗ΨM ) = U((a∗(f)ΦN )⊗ΨM ) for all f ∈ H1.

E8.4 Let A be a trace class operator on X = X1 ⊗ X2. Define the partial trace A1 =

TrX2(A) as an operator on X1 satisfying that for all bounded operators B on X1:

TrX1 [A1B] = TrX [A(B ⊗ 1X2)].

(a) Prove that if A ≥ 0, then A1 ≥ 0.

(b) Consider the case X1 = X2 = L2(Rd) and X = L2(R2d). Prove that if A has the

integral kernel A(x1, x2; y1, y2) with x = (x1, x2) ∈ Rd × Rd, y = (y1, y2) ∈ Rd × Rd, then

A1 has the integral kernel

A1(x1; y1) =

∫
Rd
A(x1, z; y1, z)dz.
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Homework Sheet 7
(Released 7.6.2025 – Discussed 13.6.2025)

E7.1 Let Γ be a state on Fock space F(H) such that Tr[N 2Γ] <∞.

(a) Prove that the two-body density matrix γ
(2)
Γ is a non-negative trace class operator

on H2 = H⊗H and

TrH2 [γ
(2)
Γ ] = TrF(H)[N (N − 1)Γ].

(b) Prove that Exγ
(2)
Γ = ±γ(2)

Γ , where + is for bosons and − is for fermions. Recall that

Ex is the exchange operator on H2, which satisfies Ex(f ⊗ g) = g ⊗ f .

E7.2 Consider the pure state Γ = |ψ〉〈ψ| with ψ ∈ HNa/s.
(a) Prove that if ψ = u⊗N ∈ HNa with a normalized function u ∈ H, then

γ
(2)
Γ = N(N − 1)|u⊗2〉〈u⊗2|.

(b) Prove that if ψ = u1 ∧ u2 ∧ ... ∧ uN ∈ HNa with {uj}Nj=1 ⊂ H orthonormal, then

γ
(2)
Γ = γ

(1)
Γ ⊗ γ(1)

Γ − Exγ
(1)
Γ ⊗ γ(1)

Γ .

E7.3 Let A be a self-adjoint bounded operator on HNs (in particular ExijA = A for all

i 6= j). Prove that if 〈u⊗N , Au⊗N 〉 = 0 for all u ∈ H, then A = 0. Hint: u 7→ u+ tv.

E7.4 Prove that on the bosonic Fock space F(H), we have

a(v)2a∗(v)2 = a∗(v)2a(v)2 + 4‖v‖2a∗(v)a(v) + 2‖v‖4, ∀v ∈ H.

We used this to compare the Wick and anti-Wick quantizations in the proof of quantum

de Finetti theorem.
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Homework Sheet 6
(Released 1.6.2025 – Discussed 6.6.2025)

E6.1 LetH = L2(Rd) and let Ψ be a normalized function inHNa/s. Prove that the one-body

density matrix γ(1) of Γ = |Ψ〉〈Ψ| is a trace class operator on L2(Rd) with kernel

γ(1)(x; y) = N

∫
Rd(N−1)

Ψ(x, x2, ..., xN )Ψ(y, x2, ..., xN )dx2...dxN .

Hint: You need to show that for all f, g ∈ L2(Rd),

〈f, γ(1)g〉 = N

∫
f(x)Ψ(x, x2, ..., xN )g(y)Ψ(y, x2, ..., xN )dxdydx2...dxN .

E6.2 (a) Compute the one-body density matrix of the Hartree state u⊗N ∈ HNs , with u a

normalized vector in the Hilbert space H.

(b) Compute the one-body density matrix of the Slater determinant u1 ∧u2 ∧ ...∧uN ∈
HNa , with {uj}Nj=1 an orthonormal family in H.

E6.3 Let A be a self-adjoint operator on a Hilbert space H with the min-max values

−∞ < µ1 ≤ µ2 ≤ ... Prove that

N∑
i=1

µi = inf

{
N∑
i=1

〈ui, Aui〉 | {ui}Ni=1 orthonormal in H

}
= inf {Tr(Aγ) | 0 ≤ γ ≤ 1 on H,Tr γ = N} .

Hint: You may use induction similarly to the proof of the min-max principle. We have

used this result to deduce the ground state energy of non-interacting fermionic systems.

E6.4 Let A be a non-negative trace class operator on a Hilbert space H.

(a) Prove that on the fermionic Fock space F(H) we have

dΓ(A) ≤ TrA.

(b) Prove that dΓ(A) is an unbounded operator on the bosonic Fock space if A 6= 0.
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Homework Sheet 5
(Released 23.5.2025 – Discussed 30.5.2025)

In this homework, we will give two different descriptions of the Fock space F+(C).

E5.1 Consider the bosonic Fock space F+(H) with a one-dimensional spaceH = Span(f) '
C, where ‖f‖ = 1.

(a) Prove that the vectors |n〉 = (0, ..., f⊗n, 0, ...), with n = 0, 1, 2, ..., form an orthonor-

mal basis for F+(H). Here |0〉 = (1, 0, 0, ...) is the vacuum. Deduce that F+(H) can be

naturally identified with `2(N).

(b) Define the creation and annihilation operators a∗ = a∗(f), a = a(f) by

a∗|n〉 =
√
n+ 1|n+ 1〉 for all n ≥ 0, a|n〉 =

√
n|n− 1〉 for all n ≥ 1.

Prove that they satisfy the canonical commutation relation [a(f), a∗(f)] = 1.

E5.2 Define the operators a and a∗ on L2(R) by

a =
1√
2

(
x+

d

dx

)
, a∗ =

1√
2

(
x− d

dx

)
.

Define the functions {fn}n≥0 ⊂ L2(R) by

f0(x) = π−1/4e−|x|
2/2, fn+1 =

a∗fn√
n+ 1

, ∀n ≥ 0.

(a) Prove the canonical commutation relation [a, a∗] = 1.

(b) Prove that af0 = 0 and afn+1 =
√
n+ 1fn for all n ≥ 0.

(c) Prove that {fn}n≥0 is an orthonormal basis for L2(R).

Note: Problem E5.2 allows us to think of L2(R) as the Fock space F+(C). In the proof

you may use the fact that Span{p(x)e−x
2/2 | p(x) a polynomial} is dense in L2(R).
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Homework Sheet 4
(Released 16.5.2025 – Discussed 23.5.2025)

E4.1 Use Chemin–Xu method to prove the Sobolev inequality

‖u‖Lp(R2) ≤ C‖u‖H1(R2)

for all 2 ≤ p <∞. Here C = Cp is independent of u.

E4.2 Let d ≥ 1 and 2 < p < 2∗ (with 2∗ = 2d/(d − 2) if d ≥ 3 and 2∗ = ∞ if d = 1, 2).

Use the sub-critical Sobolev inequality

‖u‖Lp(Rd) ≤ C‖u‖H1(Rd)

and a scaling argument to prove the interpolation inequality

‖u‖Lp(Rd) ≤ C̃‖∇u‖θL2‖u‖1−θL2

where θ ∈ (0, 1) determined by 2d/p = θ(d− 2) + (1− θ)d.

E4.3 Let X be a Hilbert space and let {un}∞n=1 be a bounded sequence in X.

(a) Prove that if
∑

n≥1 |un〉〈un| ≤ C, then un ⇀ 0 weakly in X.

(b) Prove that if un ⇀ 0 weakly in X, then up to a subsequence,
∑

n |un〉〈un| ≤ C.

We used this property to prove Sobolev’s compact embedding theorem.

E4.4 Let U ⊂ Rd be a bounded set. Let A be a self-adjoint operator on L2(U) with

quadratic form

〈f,Af〉 =

∫
U
|∇f(x)|2dx.

Prove that A has compact resolvent.

Hint: You may use the min-max principle and Sobolev’s compact embedding.

E4.5 Use Chemin–Xu–Rumin method to prove the following extension of the Lieb–Thirring

inequality: For all d ≥ 1 and d/2 > α ≥ 0, if {|2πk|αûn(k)}Nn=1 is an orthonormal family

in L2(Rd), then
N∑
n=1

∫
Rd
|∇un|2 ≥ C

∫
Rd
ρ

1+ 2
d−2α

N

where ρN (x) =
∑N

n=1 |un(x)|2 and C = Cd,α > 0 is independent of N .

The case α = 0 corresponds to the standard Lieb–Thirring inequality, while the case

α = 1 is called Lieb’s inequality (which is equivalent to the Cwikel–Lieb–Rozenblum (CLR)

inequality). In all cases, this is an extension of the bound in E4.2 for p = 2(1 + 2
d−2α).
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Homework Sheet 3
(Released 11.5.2025 – Discussed 16.5.2025)

E3.1 Let X and Y be two Hilbert spaces with orthonormal bases {xi}i≥1 and {yj}j≥1.

Prove that {xi ⊗ yj}i,j≥1 is an orthonormal basis for the tensor product space X ⊗ Y .

E3.2 Let (X,µ) and (Y, ν) be two measure spaces with σ-finite measures. Prove that the

tensor product space L2(X,µ)⊗ L2(Y, ν) can be identified with L2(X × Y, µ× ν).

E3.3 Let (X,µ) be a measure space and let H be a Hilbert space. Show that the tensor

product space L2(X,µ) ⊗ H can be identified with the Hilbert space L2(X,µ;H) – the

space of H-valued L2-functions on X – via the map

(f ⊗ u)(x) = f(x)u.

E3.4 Let H be a Hilbert space with an orthonormal basis {un}n≥1.

(a) Prove that {P+(ui1⊗ ...⊗uiN )}i1,...,iN≥1 is an orthogonal basis for the bosonic space

HNs .

(b) Prove that {P−(ui1 ⊗ ...⊗ uiN )}1≤i1<···<iN is an orthogonal basis for the fermionic

space HNa .

E3.5 Let h be a self-adjoint operator on a Hilbert space H with the first two min-max

values µ1 < µ2. Let N ≥ 2. Let HN = h1 + ... + hN be the non-interacting Hamiltonian

on the tensor product space HN , and let Hb
N be its restriction on the bosonic space HNs .

(a) Prove that the first and the second min-max values of HN are the same as those of

Hb
N .

(b) What about the third min-max values of HN and Hb
N?
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Homework Sheet 2
(Released 2.5.2025 – Discussed 9.5.2025)

E2.1 Let H be a self-adjoint operator on a Hilbert space H. Assume that H is bounded

from below and µ∞ = inf σess(H) is finite.

(a) Prove that for every N ∈ N, there exists an orthonormal family {un}Nn=1 such that

max
1≤n≤N

〈un, Hun〉 ≤ µ∞.

(b) Prove that there exists an orthonormal family {un}∞n=1 such that 〈un, Hun〉 → µ∞.

E2.2 Let A ≥ 0 be a self-adjoint compact operator on a Hilbert space H. Prove that the

following statements are equivalent:

(a) A is trace class;

(b)
∑

n≥1〈un, Aun〉 is finite for some orthonormal basis {un}n≥1 for H.

Prove also that in this case, TrA =
∑

n≥1〈un, Aun〉 for every orthonormal basis {un}n≥1.

Note: If A ≥ 0 is self-adjoint and
∑

n≥1〈un, Aun〉 < ∞ for some orthonormal basis

{un}n≥1, then we can still deduce that A is trace class. But the proof is more difficult.

E2.3 Let H be a self-adjoint operator on a Hilbert space H which is bounded from below,

namely H ≥ −C. Let Γ be a (mixed) state, namely Γ ≥ 0 and Tr Γ = 1. Prove that

Tr[Γ1/2HΓ1/2] = Tr[(H + C)1/2Γ(H + C)1/2]− C

where the both sides make sense as a number in [−C,∞]. We denote this by Tr[HΓ].

E2.4 Let Γ be a (mixed) state on a Hilbert space H. Let S(Γ) = −Tr[Γ log Γ].

(a) Prove that S(Γ) = 0 if and only if Γ is a pure state (i.e. a rank-1 operator).

(b) Prove that if Γ is a rank-N operator (namely dim ΓH = N), then

0 ≤ Γ(Γ) ≤ N logN.

Deduce that if S(Γ) =∞, then Γ is an infinite-rank operator.

(c) Give an example where Γ is infinite-rank but S(Γ) <∞.

E2.5 Let H be a self-adjoint operator on a Hilbert space H such that Tr(e−H/T ) =∞ for

some temperature T > 0. Prove that

FT := inf{Tr[HΓ] + T Tr[Γ log Γ] : Γ ≥ 0,Tr Γ = 1} = −∞.

Hint: If H has compact resolvent, you may construct a sequence of trial states Γ using

eigenfunctions of H. If H has essential spectrum, then E2.1 is helpful.



12

Mathematisches Institut LMU Mathematical Quantum Mechanics
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Homework Sheet 1
(Released 25.4.2025 – Discussed 2.5.2025)

E1.1 Let f ∈ L2(R). Prove that if both f and f̂ are compactly supported, then f = 0.

This is an illustration for the uncertainty principle.

E1.2 Let Ω be a measurable subset of Rd. Let N ≥ 2. Consider the two operators P± on

HN = L2(ΩN ) defined by

(P+Ψ)(x1, ..., xN ) = (N !)−1
∑
σ∈SN

Ψ(xσ(1), ..., xσ(N)), xj ∈ Ω

(P−Ψ)(x1, ..., xN ) = (N !)−1
∑
σ∈SN

(−1)σΨ(xσ(1), ..., xσ(N)).

Here SN is the permutation group of {1, 2, ..., N} and (−1)σ is the sign of σ ∈ SN .

(a) Prove that P+ and P− are two orthogonal projections on HN (i.e. P = P ∗, P 2 = P ).

(b) Prove that the subspaces HNs = P+HN and HNa = P−HN satisfy HNs ∩HNa = {0}.
The symmetric space HNs corresponds to bosons, while the antisymmetric space HNa

corresponds to fermions.

E1.3 Let Ω be a measurable subset of Rd. Let u1, u2, ..., uN be orthonormal functions in

L2(Ω). Consider the Slater determinant

(u1 ∧ · · · ∧ uN )(x1, . . . , xN ) = (N !)−1/2 det


u1(x1) · · · uN (x1)

u1(x2) · · · uN (x2)
...

u1(xN ) · · · uN (xN )

 .

Prove that u1 ∧ · · · ∧ uN is a normalized vector in the antisymmetric space HNa .

E1.4 Let Ω be a measurable subset of Rd. Let w : Rd → R be a regular even function.

(a) Consider the Hamiltonian HN =
∑

j=1(−∆xj ) +
∑

j<k w(xj − xk) and a function

u ∈ H1(Ω), ‖u‖L2(Ω) = 1. Compute the expectation

E(u) = N−1〈u⊗N , HNu
⊗N 〉, u⊗N (x1, ..., xN ) = u(x1)...u(xN ).

(b) Prove that if u0 is a minimizer for E(u) under the constraint ‖u‖L2(Ω) = 1, then

−∆u0 + (N − 1)(w ∗ |u0|)u0 = µu0

in the distributional sense D′(Ω), with a parameter µ ∈ R.


