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Exercise Sheet 9

Exercise 1. Let d > 3 and let f € C3°(R?) be a radial function, i.e. f(x) = f(y) whenever
|z| = |y|. Prove that f satisfies

()] < Cla|*P2|Vflly  forall z € R\ {0}, (1)
for some constant C' > 0, independent of f.

(Compare Exercise 3.12 on p. 59 in [LP].)

Exercise 2. In this exercise we study compact and non-compact embeddings of Sobolev
spaces into LP-spaces. Recall that a linear operator T : X — Y between Banach spaces
X and Y is compact if and only if for every bounded sequence (x,,),en in X, the sequence
(T'z,)nen has a subsequence which converges in Y.

(i) Prove that, for every p € [2, d%], the embedding H!(R?) — LP(R?) is well-defined
and continuous.

ii) Prove that the embedding H'(R%) «— LP(R?) is not compact.
(ii) g p

We denote by
H! (R?) := {f € H'(R?) : For every rotation R € SO(d), f(y) = f(Ry) for a.e. y € R}
the subspace of H'(R?) consisting of radial functions.

(iii) Use Exercise || to prove that, for p € (2, 2% ), the embedding H,
compact.

(R?) — LP(RY) is

Hint: You may use without proof that the space of radial C3°(R?)-functions is dense

in HY ,(RY). Moreover, you may use without proof the Rellich-Kondrachov theorem

which states the following: Let p € |1, d%) and let Q C R be a bounded domain

with smooth boundary. If for a sequence of functions (ur : Q@ — R)gen, the se-
quence (fQ(uz + |Vuk|2))k€N is bounded, then there is a function u € LP(Q)) and a

subsequence (uy,)ien such that uy, — w in LP(Y). (In other words, the embedding
HY(Q) < LP(Q) is compact.)

iv) Prove that the embedding HX ,(R%) < L% R%) is not compact.
(iv) g p

rad



Exercise 3. Prove that for s € N, there exists C' > 0 such that

1£glls2 < C ([ flls2llglloc + 1 Fllocllglls.2)

for all f,g € H*(R%) N L>®(RY).

Hint: Combine the Leibniz rule with the Gagliardo-Nirenberg inequality from the previous
exercise sheets: |0 fll, < CXig1=m 102 fI0NFILE for parameters p,q,r € [1,00] and

0 € [j/m,1] related by%—%" :9(5_%)_’_(1_9)%_

(Compare equation (3.13) on p. 52 in [LP].)

_d41

Exercise 4. The Poisson kernel is defined by P(x) := cq(1 + |z|*)” 2, where ¢ > 0
is such that || P|| 1 ey = 1. Setting Py(z) = ¢t “P(x/t), we define, for any function f €
L .(RY), the Poisson mazimal function Mpf(z) := sup,sq |(P: * f)(z)|. Finally, for 1 <

p < oo, we define the Hardy space HP(RY) := {f € LL.(RY) : Mpf € LP(R?)}, equipped
with the norm || f{je = [[Mpf]l,-

(i) For 1 < p < oo, prove that HP(R?) = LP(R?) and that there exists C' > 0 such that
1£llp < 1 fllse < ClIflp for all f € LP(R).

Hint: By Proposition 2.4 in [LP], one has Mpf(z) < Mf(z) for every x € R? and
every f € L1 _(R?), where Mf is the Hardy-Littlewood mazimal function.

loc

(ii) For p = 1, prove that H!(R?) c L'(R?Y). Moreover, prove that if f € H!(R?) with
f >0, then f=0. In particular, H'(R?) #£ L'(R).
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