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Exercise 1. (i) Let 1 < p < oo. Prove Hardy’s inequality in dimension d = 1: For all
f € C((0,00)) with f >0,

/OOO (i /:f(s) ds)pdx < (pfly/o‘” fepda, "

Hint: Define F(z) = fox f(s)ds, integrate by parts and use Holder’s inequality.

(ii) Prove that equality in holds only if f =0 a.e..

Hint: Recall that equality in Holder’s inequality [, gh < ||gllpl|h|lg holds if and only

if there ezists A € R such that g(x)? = Ah(x)? for a.e. x. Use this to derive that any

optimizer f must satisfy f(z) = cz?.

(iii) Prove that the constant ¢, = (%)p is sharp, i.e. is wrong if ¢, is replaced by
any ¢ < cp.

Hint: Use test functions of the form cx™ found in (i), with 0 < X\ < 1/p, truncated
to an interval (a,b).

(Compare Exercise 1.5 on p. 19 in [LP].)

Exercise 2. (i) Let d € N and 1 < p < oo with p # d. Prove Hardy’s inequality in
dimension d > 1. For all f € C*(R?\ {0}),

|f(z)P P
/Rd a4 ‘p—d

Prove that if p € [1,d), (2)) holds even for all f € C>(R%).

Hint: Pass to radial coordinates and arque as in Exercise ]

[ Ivi@r ds )

(ii) Let 1 < p < 0o, and ¢ € [1,p] with ¢ # d. Prove that for all f € C>(R4\ {0}),
p
[, | »
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Hint: Apply to fr/.
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(Compare Exercise 3.13 on p. 59 in [LP].)



Exercise 3. Let d > 3 and p € [1,d).

(i) Using Hardy’s inequality , give an alternative proof of the Gagliardo-Nirenberg-
Sobolev inequality proved in the lecture: There is C' > 0 such that for all f € C°(R?),

( [ 1@ d) <c / V@)l (3)

Hint: You may assume the fact that due to rearrangement inequalities, it suffices to
prove for f which are non-negative and radial-decreasing. For such f, justify the
inequality [nq f(x)?da > Cly|?f(y)? for any y € R and ¢ > 1.

(ii) Let j,m € No with 7 < m. Let § € [j/m, 1] and p,q,r € [1,00) such that the relation
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is satisfied. On Exercise Sheet 7, Exercise 4, it was proved that

o5 flly < C X2 NOZFIIGNfI~" for all f € S(RY), (5)
1Bl=m

provided that m = 2k for some k£ € Ny. Use this result and the inequality to prove (/5]
in case that m = 2k + 1 for some k € Ny, under the additional assumption that ¢ < d.

(Compare Exercise 3.9 (iv) on p. 59 in [LP].)

Exercise 4. Let 0 < b < 1. Recall the definition, for f € S(R?), say, of

) — 2 1/2
(01)) = rle ) and @)= ([ TR 0)

(i) Prove that there exists cqp > 0 such that ||DPf||a = cgp||Df|2 for all f € S(RY).

(ii) Prove that for all f,g € S(R?),
D'(fg)(x) < || fllD g(x) + |g(2)[ D" f(2)

and
ID*(f9)ll2 < [[fD°gll2 + [[9D°f |2 -

(Compare Exercise 3.10 (i), (ii) on p. 59 in [LP].)
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