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Exercise Sheet 10
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For the exercises below, recall the notation e®®ug := % * Uy = (6_4”2“‘5|2u0> , see
equation (4.2) in [LP].

Exercise 1. The goal of this exercise is to prove that there cannot be p, ¢,t with 1 < ¢ <
p<ocandteR\ {0} such that the map 2 : LP(R?) — L9(R?) is continuous.

(i) Prove that e® commutes with translations. That is, if 7, f is defined by (7, f)(z) :=
f(x — h) for some h € R, then 7,2 f = e'S7, f.
(ii) Prove that if f € L"(RY) with 1 <r < oo, then

lim (|f + 7S]l = 27| £l
|h| =00

(iii) More generally, let 7' : LP(R?) — L(R?) be any bounded linear operator that
commutes with translations. Deduce from (ii) that

1_1
ITfllg < T llpsq27 < llfll, ~ for all f € LP(RY),

where ||T'||,—,, denotes the operator norm of 7. Conclude that p < ¢, unless 7" is the
Zero operator.

(Compare Exercise 4.8 on p. 90 in [LP].)

Exercise 2. The goal of this exercise is to prove that if f € L?(R?), then

y itA eil P/ 0 .
(i) Prove that for all ¢ # 0, the operator U(t) : L*(R%) — L?(R?) defined by

~ T

U () := (dmit) =IO f( ),
4mt
is an isometry, i.e. [|U(t)f]la = || f]|2 for all f € L*(R?). Conclude that it suffices to
prove (1) for f € S(RY).

(ii) Prove that

| ilaf2/(at) __
eztAf<x) —Ut)f(x) = Wﬂ(;ﬁ)a
where Fi(y) = (6i|y‘2/(4t) - 1)f(y).

(iii) Justify the estimate |e/#I*/(4) — 1| < c% and use it to complete the proof of ().
(Compare Exercise 4.12 on p. 91 in [LP].)



For the following Exercises (|3)) and (4} you may use without proof the following fact, known
as Osgood’s lemma: Let U C C% open. A continuous function f : U — C is holomorphic
if and only if for every a € U and k = 1,...,d, the map z — f(a1,...,a5_1,2, Qxs1, ..., q)
is holomorphic in z = a; as a function of one complex variable.

Exercise 3. (i) Prove: If ug € C.(R?) (continuous functions with compact support),
then e®ug has an analytic extension to C? for all ¢ # 0.

Hint: Use formula (4.7) in [LP], which states that

(drrit) /2=l (40) (GitA ) () = (eilmuo) <fm> : (2)

and prove more generally that if ¢ € C*(R?), then @ has a holomorphic extension
to C1.

(ii) Prove: If ug € C.(RY), then e*®ug ¢ L'(efl*ldz) for all ¢ # 0, £ > 0, unless uy = 0.

Hint: Use (2)) again and prove more generally that if p € C.(RY), then § ¢ L*(ef*l dx),
unless ¢ = 0. To achieve this, assume by contradiction that € L'(e*1*! dx). Under
this assumption, prove that @ has a holomorphic extension to a neighborhood of R?
by expanding the Fourier inversion formula ¢(x) = [p. €™ ¢3(£) A€ into a power
series.

(Compare Exercise 4.5 on p. 89 in [LP].)

Exercise 4. Prove the Paley-Wiener theorem, which states the following:

(i) If f € C=(R%) has support in {|z| < M}, then f has a holomorphic extension to
all of C¢. Moreover,

~ eQﬂ—M‘nl

Vk € Ny Jex > 0 such that | f(£+in)| < Ck(l T

for any £, € RY, (3)

where ¢, only depends on k£ and f.

(i) Conversely, if F' = F(& + 4n) is an analytic function in C?¢ satisfying for some
M > 0, then F' is (the holomorphic extension of) the Fourier transform of some
function f € C%°(RY) with support in {|z| < M}.

Hint: Justify that f(z) := [, e*™@EFM F(E+in) A€ is in fact independent of n € RY,
by using and the residue theorem.

(Compare Exercise 1.10 on p. 21 in [LP].)
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