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Abstract

We give a predicative completion of a uniform space with pseudo-
metrics by means of the notion of a net. Since the notion of a net is a
generalization of the notion of a sequence, the completion is a general-
ization of, and parallel to the usual completion of a metric space. The
completion is given in the elementary constructive set theory ECST with
Exponentiation Axiom Exp. Since ECST + Exp is a subsystem of the
constructive and predicative Zermelo—Fraenkel set theory CZF, we do not
make use of Fullness, an axiom of CZF'.

1 Introduction

Bishop introduced a constructive notion of a uniform space with a set of pseu-
dometrics, and construct a completion of a uniform space by means of the set
of Cauchy filters in [5, Problems 4.17 and 4.19]; see also [6, Problems 4.22 and
4.24]. Note that the construction of the set of Cauchy filters is problematic from
a predicative point of view. Bishop also gave a construction of the product of
uniform spaces; see [5, Problem 4.21] and also [6, Problem 4.26].

On the other hand, Bridges and Vit [8] employed a set of entourages (with
an extra condition) to define a uniform space. Berger et al. [4] pointed out
that the notion of a uniform space with entourages has an advantage over the
one with pseudometrics, and gave a predicative completion of a uniform space
given by entourages (without any extra condition) in CZF, the constructive
and predicative Zermelo—Fraenkel set theory founded by Aczel [1].

However, the notion of a uniform space with pseudometrics has many appli-
cations in other areas of constructive mathematics such as locally convex spaces
[7, 5.4]; see also [11].

In this paper, we give a predicative completion of a uniform space with pseu-
dometrics by means of the notion of a net or Moore-Smith sequence (see [13,
Chapter 2]) in the elementary constructive set theory ECST with Exponenti-
ation Axiom Exp. Since the notion of a net is a generalization of the notion
of a sequence, the completion is a generalization of, and parallel to the usual
completion of a metric space; see [5, 4.3] and [6, 4.3].

The elementary constructive set theory ECST was introduced by Aczel and
Rathjen and is a subsystem of CZF; see their book draft [3] written by extending
their research report [2]. The set theory ECST uses intuitionistic logic and has
the set theoretic axioms: Extensionality, Pairing, Union, Replacement and



Bounded Separation:
VadbVe(z € bz € a A p(x))

for every bounded formula ¢(x); here a formula (x) is restricted, or Ay,
if all the quantifiers occurring in it are bounded, i.e. of the form Vz € ¢
or dzx € ¢;

Strong Infinity:

dal0 e aAVz(z €a—z+1€aq)
AVYy(0 e yAVz(zey—ax+1€y) —aCy),

where x + 1 is z U {z}, and 0 is the empty set 0.

In ECST, we are able to perform basic set constructions in mathematical
practice such as finite cartesian products and infinite disjoint unions. A relation
r C a X b between sets a and b is total (or is a multivalued function) if for every
x € a there exists y € b such that (x,y) € r. The class of total relations between
a and b is denoted by mv(a, ), or more formally

remv(a,b) e r CaxbAVe eady € b((z,y) €r).

A function from a to b is a total relation f C a x b such that for every x € a
there is exactly one y € b with (z,y) € f. The class of functions from a to b is
denoted by b%, or more formally

feb*e femv(a,b) AVe € aVy,z € b((z,y) € fA(z,2) € f =y =2).

The set theory CZF is obtained from ECST by replacing Replacement by
Strong Collection and adding Subset Collection and Set Induction; see [2, 3] for
details. In ECST, Subset Collection implies

Fullness:  VaVb3c(c C mv(a,b) AVr € mv(a,b)3s € c(s C 1)),

and Fullness and Strong Collection imply Subset Collection. The notable con-
sequence of Fullness is that b forms a set, that is, Exponentiation Axiom:

Exp: VaVb3acVf(f € c+ f €b®).

Note that the construction of a completion in [4] made use of Fullness. Since
the completion in this paper is a subset of the set of functions, we do not
make use of Fullness, but Exp which is a strictly weaker axiom than Fullness
in ECST. Note that we can construct infinite cartesian products, the natu-
ral numbers (and their operations) and the rationals (and their operations) in
ECST + Exp. Although the Dedekind reals was constructed in [2] with Full-
ness (see also [9]), we adapt the Cauchy reals within ECST + Exp, which is
constructed as the completion of the rationals in this paper.

In Section 2, we give our construction of a completion of a uniform space
by means of the notion of a net. Since the completion is similar to the usual
completion of a metric space, if the reader is familiar with it, then it is easy
to follow. In Section 3, we introduce the notion of a uniformly (respectively,
locally uniformly) continuous mapping, and show a universal property, which a



completion must have, for uniformly (respectively, locally uniformly) continuous
mappings. In Section 4, we give the product of uniform spaces following Bishop,
and show that the product of complete uniform spaces is complete. Finally, we
show that constructions of the completion and the product commute and, as a
corollary, we give a stronger version of the universal property which is crucial
in application [11].

There are other constructive treatments of a uniform space and its comple-
tion; for example, see [10] for uniform space in formal topology, and [12] for
localic completion of a uniform space.

2 A completion of a uniform space

Definition 1. A pseudometric d on a set X is a mapping d : X x X — R such
that

1. d(z,xz) =0,

2. d(z,y) = d(y, »),

3. d(z,y) < d(z,2) +d(z,y)
for each z,y,z € X.

Definition 2. A (metrically) uniform space is a pair (X, D) of a set X and a
family D = {d; | ¢ € I} of pseudometrics indexed by an inhabited set I such
that

VieI(di(z,y)=0)=z=y

for each z,y € X. If I is a singleton, then (X, D) is called a metric space.

Definition 3. For a set S, we write S* for the set of finite sequences of S with
the following notations:

1. |o| denotes the length of o € S*;
2. e denotes the empty sequence with |e| = 0;

o(l) denotes the [-th element of o € S*, where [ < |o];

> w

s € o denotes that s = o (1) for some [ < |o];

o

o * T denotes the concatenation of o € S* and 7 € §*;

6. s™ denotes the the constant sequence (s, ..., s) of the length n.
We define a binary relation <g on S* by
oc=3sT7E|o|<|T|AVseS(s€o—seET)

for each o,7 € S*. If S is inhabited by sg € S, then for each n, we write o™
for the sequence o * s{}; note that o™ <g 77" whenever o <g 7.

Lemma 4. Let S be a set. Then (S*,=<g) is a directed preordered set.

Proof. 1t is obvious that <g is a preorder on S*, and for each o,7 € S*, we
have 0 <g o*x7and 7 <g 0 * T. O



Remark 5. If S is a singleton {s}, then (S*, <g) is order isomorphic to (N, <)
by the mapping ¢ — |o| and its inverse n — s™.

Definition 6. Let (X, D) be a uniform space with D = {d; | i € I}, and for
each o € I*, let d, be a pseudometric on X given by
do(x,y) = max{d;(x,y) | i € o}

for each z,y € X; if 0 = ¢, then let dy(x,y) = 0. Let (A, <) be a directed
preordered set. Then a map A — x of A into X is called a net (or Moore-Smith
sequence) on (A, <) in X, and is denoted by (zx)rea, or simply (zx). A net
() converges to an element x of X with a modulus 8 : I* — A if

B(0) < A= dy(ar, ) < 2717

for each 0 € I* and A € A. We then write x), — x, and x is called a limit of
(zx). A net (z)) is a Cauchy net with a modulus o : I* — A if

a(0) S pyv = dy(x,,1,) <271°

for each o € I* and p,v € A. A uniform space (X, D) is complete if every
Cauchy net converges.

Lemma 7. Let (X, D) be a uniform space. If a net (x)) in X converges to
elements x and y of X, then z = y.

Proof. Let D = {d; | i € I}, and suppose that a net (z,) on (A, <) converges
to x € X with a modulus « : I* — A and to y € X with a modulus 5 : I'* — A.
Then for each i € I and n, there exists A € A such that a(i") < A and B(i") < A,
and hence

di(‘ra y) = dl"(xvy) < di"(‘xax/\) + din(l‘)\, y) < 27" + 27"
Therefore, letting n — oo, we have d;(z,y) = 0 foreachi € I, andsox =y. O
Definition 8. Let (X, D) be a uniform space with D = {d; | i € I'}. A regular

net in X is a Cauchy net on (I*,<;) with the modulus id;«. We write X for
the set of all regular nets in X.

Lemma 9. Let (X, D) be a uniform space with D = {d; | i € I}, and let i € I.
Then the limit

di(z,y) = lim di(zn,y;n)
n—oo
exists for each © = (x,),y = (y,) € X, and d; is a pseudometric on X.

Proof. Let ® = (,),y = (y,) € X. Then we show that (di(zin,yin))n is a
Cauchy sequence in R with a modulus n — n+1. In fact, for each m, m’ > n+1,
since

dins1 (Tim , Tymr ) < 2-(*Dand din+1 (Yim s Yym ) < 2—(n+1)
we have
di(@im, Yim) = di(Tymt s Yy ) < di(@im, Timr ) + di(Tioms s Yy
+ d’L (yim' ) yi"‘) - di(mim,/ 5 yim/)

= djns1 (Tim, Tims ) + dinr (Yo 5 Yirm)
S 2—(77,-‘1-1) + 2—(n+1) — 2—71.



It is obvious that d;(z,x) = 0 and d;(x,y) = d;(y, ) for each z,y € X. For
the triangle inequality, we have

di(z,y) = lim di(@in,yin) < lmdi(@in, 2i0) + lim di(zn,yn)

n—oo
= di(z, 2) + di(z,y)
for each = (z,),y = (y,), 2z = (2,) € X. O

Lemma 10. Let (X, D) be a uniform space with D = {d; | i € I}. Define the
inclusion map tx of X into X by

(tx(2))(0) ==

for each x € X and o € I*. Then

do‘(xv y) = CZJ(Lx(ZL'), LX(Z/))
for each o € I and x,y € X.
Proof. Straightforward. O

Lemma 11. Let (X, D) be a uniform space with D = {d; | i € I}, and let
x=(z,) € X. Then
do (e, 1x (2-)) <2717

for each o, 7 € I'* with o <j 7.

Proof. Consider o,7 € I* with ¢ <; 7. Then for each ¢ € o and n, since x is
regular, we have din (zin, Tinsr) < 27" and d - (Tinsr, ) < 2-I71and hence
d; (l’in s .TT) <d; (ZL’in s l‘in*,,.) +d; (ﬂfivL*T, £C7-)
S dz" (.I?in, xi"*‘r) + dT(xi"*T7 xr) S 2—n + 2_|T‘-
Therefore, letting n — oo, we have di(z, 1x(x,)) < 27171 for each i € o, and so
do(x,1x (2,)) < 27171 O

Definition 12. The completion of a uniform space (X, D) with D = {d; | i € I}
is the uniform space (X, D) with D = {d; | i € I} and with the equality = ¢
given by ~

x=5yeViel(d(z,y)=0)

for cach @,y € X.
Theorem 13. The completion (X,D) of a uniform space (X, D) is complete.

Proof. Let D = {d; | i € I}, and suppose that (xx)xea = ((Zx,p)pcr*)rea is a
Cauchy net on (A <) in X with a modulus a : I* — A. For each o € I*, define
anet y = (y,) on (I*,=;) in X by

Yo = Ta(pt2),p+2



for each p € I*. We show that y is a regular net. To this end, consider
o,7,v € I* with 0 <7 7,v. Then there exists A\ € A such that a(772) < X and
a(vt?) < A, and, since o <; 712,072, we have

dg(yT, yv) = JJ(LX (xa(T‘Fz)’T‘Fz)’ Lx (a?a(v+2)7v+2))
< JU(LX (xa(r+2),7+2)7 wa(7'+2)) + Cia(wa(r+2)7 w)\) + (ja(w)n wa(v+2))
+ (ia(ma(erQ)a ¢ (Ia(v+2),v+2))

<2714 CLH(SCQ(TH), ) + dyr2 (2, To(vt2)) + 2~ V™

+2|

< o= 1T 4 o= 9= vTE 4 o=lv
< 2= (71D 4 o= (lI+1) < 9=lol,

by Lemma 11. Therefore y is regular. Define §: I* — A by
Bo) = a(c™)

for each o € I*. If B(0) < A, then

do (mA7 y) < (Za(.’ll)\, ma(a+3)) + (20 (ma(a+3)a Lx (xa(a+3),a+3)) + JJ(LX (ya+1 )7 y)
< 9=10? 4 9=lo™F 4 o=lo"H] 2-lel,

by Lemma 11. Therefore (x)) converges to y with the modulus . O

3 A universal property

Definition 14. Let (X, D) and (Y, D’) be uniform spaces with D = {d; | i € I}
and D" = {d; | j € J}. Then a mapping f : X — Y is uniformly continuous
with a monotone modulus o : J* — I'* (that is, o/ <; 7/ implies a(c’) < a(7’)
for each o', 7" € J*) if

oo (z,y) < 2714 = dl (f(2), f(y)) < 271

for each ¢/ € J* and x,y € X. A uniformly continuous mapping f : X — Y is a
uniform isomorphism if it has a uniformly continuous inverse, and (X, D) and
(Y, D) are uniformly equivalent if there exists a uniform isomorphism between
X and Y.

A mapping f : X — Y is locally uniformly continuous if for each & € X
there exists a monotone modulus o : J* — I'* such that

Y,z € Un(on (@) = dyu (£(y), f(2) < 2717
for each ¢’ € J* and y, 2z € X, where
Uy(z) = {z € X | dy(z,0x(2)) < 27171}
for each o € I*.

Remark 15. For each p’ € J*, the set {0’ € J* | 0/ < p’} is finitely enumerable;
for {o' e J* | o' =y p'y={p om|me|p"n <|p|}, where |p'|™ is the finite
set of functions from {0,...,n — 1} into {0,...,|p/| — 1}. Therefore we may



replace any modulus « : J* — I* of uniform continuity by a monotone modulus
o : J* — I* given by

o' (p’) = the concatenation of {a(c’) | o’ < p'}

for each p’ € J*.

Remark 16. We introduced here the notion of a locally uniformly continuous
mapping, since it is convenient to deal with it in constructing the completions
of some important spaces. For example, the scalar multiplication (a,z) — ax of
a normed space is not uniformly continuous, but locally uniformly continuous.

Remark 17. A uniform space (X, D) with a countable set D = {d,, | n € N} of
pseudometrics is uniformly equivalent to a metric space (X, d) with a metric d
defined by

o

1 dy(z,y)

=2 1+ dp (2, y)

for each z,y € X. In fact, it is straightforward to show that idy : (X, D) —
(X,d) and idx : (X,d) — (X, D) are uniformly continuous; see [5, Problem
4.17] and [6, Problem 4.22].

Lemma 18. Let (X, D) and (Y, D’) be uniform spaces. Then every uniformly
continuous mapping f : X — Y is locally uniformly continuous.

Proof. Let D = {d; | i € I} and D" = {d} | j € J}, and let f: X — Y be a
uniformly continuous mapping with a modulus « : J* — I*. Consider ¢ € X.
For each o' € J* and 2,y € X, if 2,y € Uy(ory+1 (), then, since

da(a')(xv y) = da(a’)(LX(z)7 .’1}) + Ja(o’)(m7 LX(y))
< da(o”)+1 (LX (.13), 33) + doz(a/)Jrl ($, Lx (y))
g-1a(e) "] | g-lae) ™| _ g-la(e)]|

IN

we have d_, (f(x), f(y)) < 2719l Therefore f is locally uniformly continuous at
x with a modulus o’ — a(o’) L. O

Lemma 19. Let (X, D) and (Y, D') be uniform spaces with D = {d; | i € I} and
D" ={d}|j € J}. Then a locally uniformly continuous mapping f : (X, D) —
(Y, D’) is pointwise continuous, in the sense that for each x € X there exists
a:J* = I* such that

oo (z,y) <2719 = dl (f(2), f(y)) < 2717

for each y € X and ¢’ € J*. Especially,

’
\

zx =z = flzx) = f(@)
for each net (xy) in X.

Proof. Let x € X, and let o : J* — I* be a modulus of local uniform continuity
at vx(z). For each y € X and o’ € J*, if dy(or)(,y) < 212l then z,y €
Ua(o1)(tx(x)), and hence

di (f(x), f(y)) <2717,



Suppose that a net (ry) on (A, <) in X converges to a limit z € X with a
modulus 3 : I* — A. Then for each ¢/ € J* and A € A with 8(a(d')) =
A, since dq(or)(za,7) < 212 we have zy,z € Ua(sn)(tx(x)), and hence
d.,(f(zy), f(x)) < 2719'l. Therefore the net (f(xx))xea converges to f(z) with
a modulus S o a. O

Lemma 20. Let (X, D), (Y,D') and (Z, D") be uniform spaces. Then the com-
position go f of uniformly (respectively, locally uniformly) continuous mappings
f:(X,D) = (Y,D') and g : (Y,D') — (Z,D") is uniformly (respectively,
locally uniformly) continuous.

Proof. Let D ={d; |i €I}, D' ={d}|j€ J} and D" = {d} | k € K}. Since it
is straightforward for uniformly continuous mappings, we only show for locally
uniformly continuous mappings.

Consider = (2,)per- € X, and let o : J* — I* be a modulus of local
uniform continuity for f at @. Then for each ¢/ € J* and 7 € I'* with a(c’) =1 T,
since cza(gl)(:c,LX(xT)) < 2712 by Lemma 11, we have z, € Ua(or) (). Let
Yy = (Yp')prcs- be anet in Y given by

Yo = f(a(p))

for each p’ € J*. Then for each o', 7/',v" € J* with ¢/ <; 7,0/, since a(o’) =7
a(r"), a(v'), we have o(r1), Ta(w) € Ua(on) (), and hence

Ao (yr,90) = dop (f (Ta(en), [ (@agery)) < 2717,

Therefore y is a regular net in Y. Let § : K* — J* be a modulus of lo-
cal uniform continuity for g at y. Consider ¢” € K* and z € X with z €
Ua(g(oy)(®). Then for each n, since zyg(rr)tn) € Ua(pory)(x), we have

db(g,,)(f(xa(ﬂ((,,,)+n,)), f(z)) < 2*|ﬁ(””)|, and hence

~23(o'”)(y) f(l‘)) < J:B(o”)(y7yﬁ(a”)+") + d;?(g")(f(xa(ﬁ(a”)+"))a f(.]?))
< 218" 4 918" < 9 4 91",

by Lemma 11. Therefore, letting n — oo, we have (i’ﬁ(a,,)(y,f(x)) < 218",
and so f(z) € Up i (y), where Uj (y) ={z € Y | ' (y, ey (z)) < 27191} for
each o’ € J*. Thus for each 0" € K* and z,y € X, if 2,y € Uy(g(o))(x), then

f(@), fy) € Ué(d,,)(y), and hence d2,,(9(f(x)), g(f(y))) < 2717"]; and so go f
is locally uniformly continuous at & with a modulus avo g : K* — I*. O

Theorem 21. Let (X, D) be a uniform spaces, and let (Y,D’) be a complete
uniform space. Then for each uniformly (respectively, locally uniformly) con-
tinuous mapping f : (X, D) — (Y, D’), there exists a unique uniformly (respec-
tively, locally uniformly) continuous mapping f : (X, D) — (Y, D') which makes
the following diagram commute.

(X,D) —— (v, D)

o A

(X, D)



Proof. Let D = {d; | i € I} and D" = {d} | j € J}. Since it is similar and easier
for uniformly continuous f, we only show for locally uniformly continuous f.

We first construct f(x) € Y for each @ € X. To this end, consider x € X
with @ = (x,),cr+, and note that for each o,7 € I*, if o <; 7, then, since
Jg(m,Lx(xT)) < 27171 < 27191 by Lemma 11, we have z, € U,(x). Let a :
J* — I be a modulus of local uniform continuity for f at . Then for each
o' € J* and 1,0 € I* with a(o’) =i 7,v, since z,1, € Uyo)(x), we have
. (f(x7), f(x,)) < 27191, Therefore (f(x,)) is a Cauchy net on (I*,=<;) in Y
with modulus «, and so converges to the unique limit f(z).

To show that f : X — Y is locally uniformly continuous, consider (T,)per €
X. We now construct a modulus of local uniform continuity for f at (xp). Since
(z,) is Cauchy and X is complete, (x,) converges to € X with a modulus

B I* — I*. Note that for each y € X and i € I, since

di(@in,y) < din (@i, Tinag(in)) + din (Tinsp(in), T) + di(,y)
<27 427" din (x, y)

and similarly dl(w, y) <27 427"+ di(:cin,y) for each n, we have

di((2,), 15 (y) = lim di(zin, y) = di(z, ).

n—oo

Let a: J* — I* be a modulus of local uniform continuity for f at =, and define
a:J" — I* by
a(o’) = oz(a’)'*'1

for each o’ € J*. Then for each y = (y,) € U,+1((x,)), where

U, ((x,)) = {y € X | do((x,), ) < 2711},

and each ¢’ € J* and 7 € I'* with &(¢’) <; 7, since

da(o”)(mv L(yT)) < J&(a/)(ma l’(yT)) < J&(o")(ma y) + Ci&(a’)(yv L(yT))
< 9 1a(e) ] 4 g-lale) ™M — g-la(e)]|

we have y, € Uy (o) (). Consider y = (y,), 2 = (2,) € U~(U/)((a:p)) and o’ € J*.
Given an n, since (f(y,)) and (f(z,)) converge to f(y) and f(z), respectively,
there exist 7,0 € I'* such that

A (Fr), F) < 271771 <270 dpn(F(z0). f(2) <2710 T <o
for each 7,v € I'* with 7 <; 7 and © <7 v. Let 7 = 7 x &(0’) and v = 0 * &(o’).
Then, since y;, 2, € Uy (o) (), we have d, (f(yr), f(2z)) < 279"l and hence

dos (f(y), (2)) < do (), f () +dis (f(ye), f(20) + di (f(20), (2))

< d:7’+" (fN(y)7 f(yr) + dir’ (f(y‘r)v f(zv)) + d:f’+" (f(zv)v f(z))
<oyl 4y omm

Therefore, letting n — oo, we have d’,(f(y), f(z)) < 2719l Thus f is locally
uniformly continuous at (x,) with a modulus .



As to the uniqueness, let ¢ : X =Y be any other locally uniformly contin-
uous extension of f. Consider x 6~)~(, and let a:J* = I*and B : J* — I* be
moduli of uniform continuity for f and g, respectively, at ¢ (x). Given j € J
and n, let v = a(j™) * 5(j™). Then, since

da(im) (13 (), 15 (1x(20))) = dagn (@, ex(2,)) < 27100 < 271000

by Lemma 11, we have
di(f(x), f(x0)) = i (f(x), Fex(@0)) = djn (F(@), flex (20)) <277

Similarly, we have d}(g(x), f(z,)) = d(g(x), 9(¢x (z,))) < 27". Therefore

& (f(®), 9(®)) < dj(f(@), f(20)) + dj(f(z0), gl@)) < 27" +27"
Thus, letting n — oo, we have d;(f(w),g(w)) =0 for each j € J. O
Corollary 22. Let (X,D) be a uniform space. Then (X,D) and ():(, ﬁ) are
uniformly equivalent.

Proof. By Theorem 21, there exists a uniformly continuous mapping iaj(
()N( , ﬁ) — ()~( , b) which makes the following diagram commute.

(X, D) -5 (%, D) —E+ (X, D)

(X, D)

Since ¢ 3 : (f(,f)) — (X, D) is uniformly continuous, by Lemma 10, Lg o 121;(
(X,D) — (X, D) is uniformly continuous. Therefore we have ¢ o izl)-( =id;.
O

4 Product uniform spaces

Definition 23. Let {(Xy, D) | £ € K} be an inhabited family of uniform
spaces such that Dy = {d¥ | i € I},} for each k € K. Then the product uniform
space [[cx (Xk, Dx) is a uniform space (X, D) such that X = [],cx X and
D = {d, | (k,i) € I}, where I =3, _; I} and

i) (€ ) = di (6(R), C(k)
for each (k,i) € I and §,¢ € [[,cx Xk

Remark 24. For a family {(Xj, Dy) | & € K} of uniform spaces, where Dy =
{d¥ | i € I} for each k € K, we tacitly assume that [, Ji is inhabited.

Definition 25. Let {Sj | k € K} be a family of sets indexed by a set K, and
let S =3, cx Sk Then for each k € K and o € S}, define {k} x o € S* with
[{k} x | = o] by

({k} x 0)(l) = (k,o(1))

for each | < |o|. Note that for each k € K, if 0 <g, 7, then {k} x 0 <g {k} x 7.

10



Proposition 26. Let {(Xy, Di) | k € K} be an inhabited family of complete
uniform spaces. Then the product uniform space [ ], c i (Xk, D) is complete.

Proof. Let Dy = {d¥ | i € I} for each k € K, and let I = Y, ;- Ir. Suppose
that (£)) is a Cauchy net on (A, <) in ], ¢, Xi with a modulus o : I* — A.
Given a k € K, let (z%) be a net on (A, x) in X, defined by

zh = &(k).

Then, for each o € I} and p,v € A with a({k} x o) < g, v, we have

dk (k, ak) = dE (€,(K), & (k) = dipyxo (€, &) < 27Tl = o7lol,

Therefore (z%) is a Cauchy net with a modulus o — a({k} x ), and so converges

to the unique limit 2z, € X}, with a modulus 8 : I} — A.

Define ¢ € X by ((k) = zj, for each k € K, and consider o € I* and A € A
with a(o) < A. Then for each (k,4) € o and n, choosing p € A so that a(o) < p
and B (i") < p, we have

d(k,i) (5)\7 C) = d(k,i) (£A7 g,u) + d(k:,i) (g,ua C) < do‘(gka f,u) =+ df(gu(k)7 C(k))
<2710l 4 db (2, (k), z,) <2710l 4 27m,)

and hence, letting n — oo, we have d(j ;) (&, ¢) < 2-191. Therefore dy(&x,¢) <

2719l for each o € I* and A\ € A with (o) < A, and so (£,) converges to ¢ with
the modulus a. O

Lemma 27. Let {(Xg, Dy) | k € K} be an inhabited family of uniform spaces
such that Dy = {d¥ | i € I} for each k € K, and let I =", - I. Define the

inclusion map " of [[cx X into [[cx X, by
€)= (tx, (#"))kex

for each £ = (x*)pex € [1jer Xi- Then

do(fa C) = CZU(F(EL F(C))

for each o € I and &§,¢ € [[,cx Xk, and U: [],c o (Xi, D) — HkGK(Xk,f)k)
is uniformly continuous.

Proof. Straightforward, by Lemma 10. O

Definition 28. A set K is discrete if k = k' V -~k = k' for each k, k' € K.
Let {Sk | k € K} be a family of sets indexed by a discrete set K such that
(sk)rex € [lpex Sk, and let S =37, i Sp. Then for each k € K and o € 5%,
define o | k € S§ with |o [ k| = |o| by

s ifo(l)=(K,s) and k=K,
s, otherwise

(1 k)(1) {

for each | < |o|. Note that for each k € K, since K is discrete, o | k is well
defined and if 0 <g 7, then o [ k <g, 7 [ k.
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Lemma 29. Let {(Xg, D) | k € K} be an inhabited family of uniform spaces
indexed by a discrete set K, and let (X,D) = [],cx (X, Dr) be the prod-
uct uniform space. Then there exists a uniformly continuous injection Kk :
erK(Xk,ﬁk) — (X, D) such that Ko T=1x.

Proof. Let Dy, = {d} | i € I;} for each k € K, and let I = Y, I). Note
that [],cx Ix is inhabited. Consider & € [, X, with & = (2¥)pex =

((z})per: ek, and let [#], = (25, )rex for each p € I*, where p | k is defined

for each element p of I*. Then for each o,7,v € I* with ¢ <; 7, v, since ¥ is

regular and o [ k <7, 7 | k,v [ k, we have
A,y ([E]7, [X]0) = df(m’irk,wq’irk) < dl;rk(xf—rkvmgrk) < 27 lotkl = o=l

for each (k,i) € o, and hence d,([#,,[Z],) < 271°I. Therefore ([&],),cr- is
regular in X. For each & € [], 5 X, define x(Z) € X by

#(2) = ([E]p)per
Then for each &,4 € [[,cx X with & = (2F)pex = ((x’;,)p/g]ﬁ)keK and § =
(Y*)kerx = ((U§)prer; rer, we have
dk.iy(5(Z), K(F)) = Jim d i) (] (k,iyn s [ (r,iye ) = lim A (2 iym 1 Yy 1)
n—oo

for each (k,i) € I. Therefore x : erK(X;ﬁﬁk) — (X, D) is a uniformly
continuous injection with a modulus id;«. Since

K(T€) = ([A)]p)per- = ([(ex, (#")rexlp)per = (2")rex)per- = 1x(6)

for each ¢ € X with £ = (2¥)rex, we have ko I'= 1. O

Theorem 30. Let {(Xg, Dy) | k € K} be an inhabited family of uniform spaces
indexed by a discrete set K, and let (X, D) = [[,cx(Xk, Dr) be the product

uniform space. Then (X, D) and erK(f(k,Dk) are uniformly equivalent.

Proof. Since i (X,D) — erK(Xk,bk) is uniformly continuous, by Lemma
27, there exists a uniformly continuous mapping ¢ : (X, D) — erK(Xk, Dy)
which makes the following diagram commute, by Theorem 21.

(X, D) — > [Tyex (Xp, D) —= (X, D)

Since ko' (X, D) — (X, D) is uniformly continuous, we have ko 7'=id ¢, and
hence & is surjective. Therefore, since & is bijective, we have ©’'= k1. O

Remark 31. In particular, Theorem 30 holds for finite or countable products of
uniform spaces.
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Corollary 32. Let {(Xy,Dy) | k € K} be an inhabited family of uniform
spaces indezxed by a discrete set K, and let (Y, D') be a complete uniform space.
Then for each uniformly (respectively, locally uniformly) continuous mapping f -
[lrcx ( Xk, D) — (Y, D), there exists a unique uniformly (respectively, locally

uniformly) continuous mapping f : erK(X'k,f?k) — (Y, D) which makes the
following diagram commute.

[eer (X Di) —= (v, D)

1

erK(Xk7 Dk)

Proof. Let (X,D) = [[,cx(Xk, D). Then, by Theorem 21, there exists a
uniformly continuous mapping g : (X' , D) — (Y, D’) which makes the following
diagram commute.

ek (Xx, Dr) =" (X, D) =" (Y. D)

el AT

(X, D)

Define f : erK(f(k,f)k) — (Y,D') by f = gok, and assume that h :
erK(f(k,Dk) — (Y, D’) is a uniformly continuous mapping with ho 7' = f.
Then hot': (X, D) — (Y, D') is a uniformly continuous mapping with hoiory =
hoit= f, and hence hOL:’:g. Therefore f:gom:hOL:’on:h. O
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