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CHAPTER 1

Proof theory of arithmetic

The goal of this chapter is to present some in a sense “most complex”
proofs that can be done in first-order arithmetic.
The main tool for proving theorems in arithmetic is clearly the induction
schema
A(0) = Vi (A(x) = A(Sz)) — YV, A(x).
Here A(x) is an arbitrary formula. An equivalent form of this schema is
“course-of-values” or cumulative induction

Vo (Vy<zA(y) = A(x)) = Vo A(z).

Both schemes refer to the standard ordering of the natural numbers. Now
it is tempting to try to strengthen arithmetic by allowing more general
induction schemas, e.g., with respect to the lexicographical ordering of NxN.
More generally, we might pick an arbitrary well-ordering < over N and use
the schema of transfinite induction:

Vo (Vy<zA(y) = A(z)) — Vo A(x).

This can be read as follows. Suppose the property A(z) is “progressive”,
i.e., from the validity of A(y) for all y < 2 we can always conclude that A(x)
holds. Then A(x) holds for all x.

One might wonder for which well-orderings this schema of transfinite
induction is actually derivable in arithmetic. We will prove here a classic
result of Gentzen (1943) which in a sense answers this question completely.
However, in order to state the result we have to be more explicit about the
well-orderings used. This is done in the next section.

1.1. Ordinals below ¢

We want to discuss the derivability of initial cases of transfinite induction
in arithmetical systems. In order to do that we shall need some knowledge
and notations for ordinals. We do not want to assume set theory here; hence
we introduce a certain initial segment of the ordinals (the ordinals < g¢) in
a formal, combinatorial way, i.e., via ordinal notations. Our treatment is
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2 1. PROOF THEORY OF ARITHMETIC

based on the Cantor normal form for ordinals; cf. Bachmann (1955). We
also introduce some elementary relations and operations for such ordinal
notations, which will be used later. For brevity we from now on use the
word “ordinal” instead of “ordinal notation”.

1.1.1. Basic definitions. We define the two notions

e « is an ordinal
o o < f3 for ordinals «, 8

simultaneously by induction:

(1) If app,...,p are ordinals, m > —1 and a,;, > -+ > «ap (where
a >  means a > ( or a = f3), then

wam+...+wa0

is an ordinal. Note that the empty sum denoted by 0 is allowed.
(2) If w¥ + -+ 4+ w? and wP" + - -+ + w0 are ordinals, then

wam_‘_‘,,+wa0<wﬂn+”‘+w50

iff there is an ¢ > 0 such that am—; < Bpn—iy ¥m—it1 = Bn—itls -5
Q= By, or else m < n and oy, = B, -+, @9 = Bp_m.
For proofs by induction on ordinals it is convenient to introduce the notion
of level of an ordinal « by the stipulations (a) if « is the empty sum 0,
lev(a) = 0, and (b) if @ = w* + ...+ wW* with a,, > ...> ap, then
lev(a) = lev(ay,) + 1.
For ordinals of level k41 we have wy, < o < wgy1, where wp = 0, w; = w,
W41 = Wk,
We shall use the notation 1 for w®, k for w® + - -+ + w® with k copies of
w? and w®k for w® + - - - 4+ w® again with k copies of w®.
It is easy to see (by induction on the levels) that < is a linear order with
0 being the smallest element.
We define addition for ordinals by

wam+'..+wa0 +w,8n++wﬁo ::wam—f—‘--—i—wai +w,8n++wﬁo
where ¢ is minimal such that «; > 3.
It is easy to see that + is an associative operation which is strictly mono-
tonic in the second argument and weakly monotonic in the first argument.
Note that + is not commutative: 1 +w = w # w + 1.

There is also a commutative version on addition. The natural (or Hes-
senberg) sum of two ordinals is defined by

(wam++wa0)#(wﬂn++wﬁo) = w77n+n+,_,+w707
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where Vi, - - -, Y0 18 a decreasing permutation of oy, ..., ag, Bn, ..., Bo. It
is easy to see that # is associative, commutative and strictly monotonic in
both arguments.

We will also need to know how ordinals of the form [ + w® can be
approximated from below. First note that

§<a— B+wk< B+ w
Furthermore, for any v < 8 + w® we can find a § < a and a k such that
v < B+ k.

1.1.2. Enumerating ordinals. In order to work with ordinals in a
purely arithmetical system we set up some effective bijection between our
ordinals < g9 and non-negative integers (i.e., a Gédel numbering). For its
definition it is useful to refer to ordinals in the form

Wk + -+ W™k with oy, > -+ > ap and k; #0 (m > —1).

(By convention, m = —1 corresponds to the empty sum.)
For every ordinal o we define its Godel number "« inductively by

T by + - + w0k = (H p’_()éij) -1,
i<m
where p,, is the n-th prime number starting with pg := 2. For every non-
negative integer x we define its corresponding ordinal notation o(z) induc-

tively by
0((sz‘i) B 1) = Zwo(i)qz‘,

i<l i<l
where the sum is to be understood as the natural sum.

LEMMA. (a) o("a’) = «a,
(b) To(x)? = =.

PROOF. This can be proved easily by induction. O

Hence we have a simple bijection between ordinals and non-negative
integers. Using this bijection we can transfer our relations and operations
on ordinals to computable relations and operations on non-negative integers.
We use the following abbreviations.

x <y :=o(x) <o(y),
T o(z)

w ="w ,

x®y :="o(z)+o(y)",
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zk  :="To(z)k™,

Wk =i

We leave it to the reader to verify that <, Ayw®, Ay (x @ y), Ay x(zk)
and A;"wy " are all elementary.

1.2. Provability of initial cases of transfinite induction

We now derive initial cases of the principle of transfinite induction in
arithmetic, i.e., of

Vo (Vy<a Py = Px) = Voo P

for some number a and a predicate symbol P, where < is the standard order
of order type ¢ defined in the preceding section. One can show that our
results here are optimal in the sense that for the full system of ordinals < gg
the principle

Vz(Vy<a Py — Pz) — V,Px

of transfinite induction is underivable. All these results are due to Gentzen
(1943).

1.2.1. Arithmetical systems. By an arithmetical system Z we mean
a theory based on minimal logic in the V—-language (including equality
axioms), with the following properties. The language of Z consists of a fixed
(possibly countably infinite) supply of function and relation constants which
are assumed to denote fixed functions and relations on the non-negative
integers for which a computation procedure is known. Among the function
constants there must be a constant S for the successor function and 0 for
(the O-place function) zero. Among the relation constants there must be
a constant = for equality and < for the ordering of type €¢ of the natural
numbers, as introduced in section 1.1. In order to formulate the general
principle of transfinite induction we also assume that a unary relation symbol
P is present, which acts like a free set variable.

Terms are built up from object variables x, y, z by means of f(t1,...,tm),
where f is a function constant. We identify closed terms which have the
same value; this is a convenient way to express in our formal systems the as-
sumption that for each function constant a computation procedure is known.
Terms of the form S(S(...S0...)) are called numerals. We use the notation
S™0 or m or (only in this chapter) even n for them. Formulas are built up
from atomic formulas R(t1,...,ty), with R a relation constant or a relation
symbol, by means of A — B and VY, A.
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The azioms of Z include compatibility of equality
=y — Ax) = Aly),

the Peano axioms, i.e., the universal closures of

(1.1) Sx=Sy —>z=uy,
(1.2) Sa =0 — A,
(1.3) A(0) — Vi (A(x) = A(Sz)) — V. A(x),

with A(z) an arbitrary formula. We express our assumption that for every
relation constant R a decision procedure is known by adding the axiom R7
whenever R7i is true. Concerning < we require as axioms irreflexivity and
transitivity for <

r<x— A,
T<Yy—>yY<z2—>Tr<=z

and also — following Schiitte — the universal closures of

(1.4) r<0— A,

(1.5) 2=y@wW’ = (z<y—A) = (z=y— A) = A,
(1.6) r®0=u,

(1.7) @ (y®2)=(20y) Dz,

(1.8) 0bz=u,

(1.9) w0 =0,

(1.10) w*(Sy) = Wy & Ww?,

(1.11) 2=y Bw = 2 <y ©wEYIm(z, y, 2),

(1.12) 2 <y ®uw? = e(z,y,2) < Sz,

where @, Az y(w”y), e and m denote the appropriate function constants and
A is any formula. (The reader should check that e, m can be taken to be
elementary.) These axioms are formal counterparts to the properties of the
ordinal notations observed in the preceding section.

1.2.2. Gentzen’s proof.

THEOREM (Provable initial cases of transfinite induction in Z). Trans-
finite induction up to wy, i.e., for arbitrary A(z) the formula

Va(Vy<eA(y) = A2)) = Yo, Ala),

1s derivable in 7.



6 1. PROOF THEORY OF ARITHMETIC
PROOF. To every formula A(z) we assign a formula A" (z) (with respect
to a fixed variable z) by
AT (2) = Vy(Vasy A(2) = Vacyawr A(2)).
We first show
If A(z) is progressive, then AT (z) is progressive,

where “B(z) is progressive” means V,(Vy~,B(y) — B(x)). So assume that
A(x) is progressive and

(1.13) Yy A ().
We have to show AT (z). So assume further
(1.14) Va<yA(2)

and z < y ® w”. We have to show A(z).

Case x = 0. Then z < y ® w’. By (1.5) it suffices to derive A(z) from
z <y as well as from z = y. If z < y, then A(z) follows from (1.14), and if
z =y, then A(z) follows from (1.14) and the progressiveness of A(x).

Case Sz. From z < y ® w5 we obtain z < y @ w*@¥*)m(x,y,2) by
(1.11) and e(z,y,2) < Sz by (1.12). From (1.13) we obtain A™*(e(z,y,2)).
By the definition of AT (z) we get

vu<y®we(z,y,z)vA(u) — \v/u_<(y®we(z,y,z)v)®we(z,y,z)A(u)
and hence, using (1.7) and (1.10)

vu-<y@we<w’yvz)vA(u) - vu—<y€9we(wvyvz)(Sv)/l(u)‘
Also from (1.14) and (1.9), (1.6) we obtain

Vu<y@we(w’y’z)0‘4(u)'

Using an appropriate instance of the induction schema we can conclude

Vu<y@we s m(a,y,2) A1)

and hence A(z).
We now show, by induction on n, how for an arbitrary formula A(z) we
can obtain a derivation of

Vo (Vy=<2 A(y) = A(2)) = Vo, Alz).

So assume the left hand side, i.e., assume that A(zx) is progressive.

Case 0. Then z < w° and hence z < 0@ w? by (1.8). By (1.5) it suffices
to derive A(z) from x < 0 as well as from z = 0. Now z < 0 — A(zx) holds
by (1.4), and A(0) then follows from the progressiveness of A(x).
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Case n + 1. Since A(x) is progressive, by what we have shown above
AT (z) is also progressive. Applying the induction hypothesis to AT (z) yields
Vae<w, AT(x), and hence AT (w,,) by the progressiveness of A" (z). Now the
definition of A*(z) (together with (1.4) and (1.8)) yields V,<uwn A(z). O

Note that in the induction step of this proof we have derived transfinite
induction up to w41 for A(z) from transfinite induction up to w, for a
formula of level higher than the level of A(x). The level of a formula A is
defined by

lev(Rt) =0,
lev(A — B) := max(lev(A) + 1,1ev(B)),
lev(VzA) = max(1,lev(A)).






CHAPTER 2
Computability in higher types

In this chapter we will develop a somewhat general view of computability
theory, where not only numbers and functions appear as arguments, but also
functionals of any finite type.

2.1. Abstract computability via information systems

There are two principles on which our notion of computability will be
based: finite support and monotonicity.

It is a fundamental property of computation that evaluation must be
finite. So in any evaluation of ®(y) the argument ¢ can be called upon only
finitely many times, and hence the value — if defined — must be determined
by some finite subfunction of . This is the principle of finite support.

Let us carry this discussion somewhat further and look at the situation
one type higher up. Let H be a partial functional of type-3, mapping type-2
functionals ® to natural numbers. Suppose ® is given and H(P) evaluates
to a defined value. Again, evaluation must be finite. Hence the argument ®
can only be called on finitely many functions . Furthermore each such ¢
must be presented to ® in a finite form (explicitly say, as a set of ordered
pairs). In other words, H and also any type-2 argument ® supplied to it
must satisfy the finite support principle, and this must continue to apply as
we move up through the types.

To describe this principle more precisely, we need to introduce the notion
of a “finite approximation” ®g of a functional ®. By this we mean a finite
set X of pairs (¢p, n) such that (i) g is a finite function, (ii) ®(pq) is defined
with value n, and (iii) if (g, n) and (¢f,n’) belong to X where ¢y and ¢f,
are “consistent”, then n = n’. The essential idea here is that ® should be
viewed as the union of all its finite approximations. Using this notion of a
finite approximation we can now formulate the

Principle of finite support. If H(®) is defined with value
n, then there is a finite approximation ®y of ® such that
H(Po) is defined with value n.

9



10 2. COMPUTABILITY IN HIGHER TYPES

The monotonicity principle formalizes the simple idea that once H(®) is
evaluated, then the same value will be obtained no matter how the argument
® is extended. This requires the notion of “extension”. @ extends ® if for
any piece of data (g, n) in ® there exists another (¢, n) in ®’ such that ¢
extends ¢, (note the contravariance!). The second basic principle is then

Monotonicity principle. If H(®) is defined with value n
and @' extends @, then also H(P’) is defined with value
n.

An immediate consequence of finite support and monotonicity is that
the behaviour of any functional is indeed determined by its set of finite
approximations. For if ®, ®' have the same finite approximations and H(®)
is defined with value n, then by finite support, H(®) is defined with value n
for some finite approximation @y, and then by monotonicity H(®’) is defined
with value n. Thus H(®) = H(P'), for all H.

This observation now allows us to formulate a notion of abstract com-
putability:

Effectivity principle. An object is computable just in case
its set of finite approximations is (primitive) recursively
enumerable (or equivalently, 2{-definable).

This is an “externally induced” notion of computability, and it is of definite
interest to ask whether one can find an “internal” notion of computability
coinciding with it. This can be done by means of a fixed point operator
introduced into this framework by Platek; and the result mentioned is due
to Plotkin (1978).

The general theory of computability concerns partial functions and par-
tial operations on them. However, we are primarily interested in total ob-
jects, so once the theory of partial objects is developed, we can look for
ways to extract the total ones. Then one can prove Kreisel’s density theo-
rem, wich says that the total functionals are dense in the space of all partial
“continuous” functionals.

2.1.1. Information systems. The basic idea of information systems
is to provide an axiomatic setting to describe approximations of abstract
objects (like functions or functionals) by concrete, finite ones. We do not
attempt to analyze the notion of “concreteness” or finiteness here, but rather
take an arbitrary countable set A of “bits of data” or “tokens” as a basic
notion to be explained axiomatically. In order to use such data to build
approximations of abstract objects, we need a notion of “consistency”, which
determines when the elements of a finite set of tokens are consistent with
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each other. We also need an “entailment relation” between consistent sets
U of data and single tokens a, which intuitively expresses the fact that the
information contained in U is sufficient to compute the bit of information a.
The axioms below are a minor modification of Scott’s (1982), due to Larsen
and Winskel (1991).

DEFINITION. An information system is a structure (A, Con, ) where A
is a countable set (the tokens), Con is a non-empty set of finite subsets of A
(the consistent sets) and I is a subset of Con x A (the entailment relation),
which satisfy

UCV eCon— U € Con,

{a} € Con,

Uk a—UU{a} € Con,
a€eUe€Con— Ut a,

UV eCon—=Vyey(Uka) > VEb—=UFED.

The elements of Con are called formal neighborhoods. We use U, V, W
to denote finite sets, and write

UFV for Ue€ ConAVeev(UF a),
atb for {a,b} € Con (a,b are consistent),
UtVv for Van,beV(a T ).
DEFINITION. The ideals (also called objects) of an information system
A = (A, Con, ) are defined to be those subsets x of A which satisfy
UCx—Ue€Con (xis consistent),
x2UFa—acx (zis deductively closed).

For example the deductive closure U :== {a € A|U F a} of U € Con is an
ideal. The set of all ideals of A is denoted by |A|.

ExaMPLES. Every countable set A can be turned into a flat information
system by letting the set of tokens be A, Con := {§} U{{a} |a € A} and
U I a mean a € U. In this case the ideals are just the elements of Con. For
A = N we have the following picture of the Con-sets.

{0} {1} {2}

0
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A rather important example is the following, which concerns approxi-
mations of functions from a countable set A into a countable set B. The
tokens are the pairs (a,b) with a € A and b € B, and

Con := {{(al,bl) | 1< /{} | V,-7j<k(ai =a; — b; = bj) },

Ut (a,b) := (a,b) € U.
It is not difficult to verify that this defines an information system whose
ideals are (the graphs of) all partial functions from A to B.

2.1.2. Function spaces. We now define the “function space” A — B
between two information systems A and B.

DEFINITION. Let A = (A4, Cony,t4) and B = (B, Cong,Fp) be infor-
mation systems. Define A — B = (C, Con, ) by

C :=Cony x B,

{(Ui,by) | i €1} € Con:=V,c/(|JUj € Cong — {b; | j € J} € Conp).
jeJ
For the definition of the entailment relation - it is helpful to first define the
notion of an application of W := { (U;,b;) | i € I } € Con to U € Conpy:
{(Uibi) |1 € T}YU :={b; |UFaU}.

From the definition of Con we know that this set is in Cong. Now define
Wt (U,b) by WU kg b.

Clearly application is monotone in the second argument, in the sense
that U k4 U’ implies (WU’ C WU, hence also) WU tg WU’. In fact,
application is also monotone in the first argument, i.e.,

W= W' implies WU Fg W'U.
To see this let W = { (U;,b;) | i € I} and W' = {(U},0}) | j € J}. By
definition WU = {b; | U -4 Uj }. Now fix j such that U 4 Uj; we must
show WU Fp b;. By assumption W = (U7, ), hence WU I-p b’;. Because
of WU 2O WU J’ the claim follows.

LEMMA. If A and B are information systems, then so is A — B defined
as above.

PrROOF. Let A = (A,Cong,tF4) and B = (B,Conpg,Fp). The first,
second and fourth property of the definition are clearly satisfied. For the
third, suppose

{(U1,b1),...,(Un,bp)} = (U,b), e, {bj|UFaU;}bFpb.
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We have to show that {(U1,b1),...,(Un,bn),(U,b)} € Con. So let I C
{1,...,n} and suppose
UU| Ui € Cona.
el
We must show that {b} U{b; | i € I} € Conp. Let J C {1,...,n} consist
of those j with U 4 U;. Then also

vulJUiu|JUj € Cona.
iel jeJ
Since
UUi @] U Uj € Cony,
icl jeJ
from the consistency of {(Uy,b1),...,(Un,bn)} we can conclude that
{bj|iel}U{bj|jeJ} € Cong.
But {b; | j € J } Fp b by assumption. Hence
{biliel}U{b;j|jeJ}uU{b} e Cong.
For the final property, suppose
WEW and W' (U,b).

We have to show W + (U,b), i.e., WU 5 b. We obtain WU 5 W'U by
monotonicity in the first argument, and WU + b by definition. U

We shall now give two alternative characterizations of the function space:
firstly as “approximable maps”, and secondly as continuous maps w.r.t. the
so-called Scott topology.

The basic idea for approximable maps is the desire to study “information
respecting” maps from A into B. Such a map is given by a relation r between
Cony and B, where (U, b) intuitively means that whenever we are given
the information U € Con4, then we know that at least the token b appears
in the value.

DEFINITION. Let A = (A, Cong,tF4) and B = (B, Cong,Fp) be infor-
mation systems. A relation r C Conyg X B is an approximable map if it
satisfies the following:

(a) if r(U,by1),...,r(U,by), then {by,...,b,} € Conp;

(b) if r(U,b1),...,7(U,by) and {b1,...,b,} Fp b, then r(U,b);

(c) if r(U',b) and U k4 U’, then r(U,b).

We write r: A — B to mean that r is an approximable map from A to B.
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THEOREM. Let A and B be information systems. Then the ideals of
A — B are exactly the approximable maps from A to B.

PROOF. Let A = (A,Cong,Fa) and B = (B,Conpg,Fp). If r € |[A —
B| then r C Cony x B is consistent and deductively closed. We have to
show that r satisfies the axioms for approximable maps.

(a) Let r(U,b1),...,7(U,by). We must show that {b1,...,b,} € Cong.
But this clearly follows from the consistency of r.

(b) Let »(U,b1),...,7(U,by,) and {b1,...,b,} Fp b. We must show that
r(U,b). But

{(U,b1),...,(Uby)} = (U,b)

by the definition of the entailment relation - in A — B. Hence (U, b) since
r is deductively closed.
(¢) Let U4 U" and r(U’,b). We must show that (U, b). But

{U0)} - (U,D)

since {(U’,b)}U = {b} (which follows from U 4 U’). Hence r(U,b), again
since r is deductively closed.

For the other direction suppose that r: A — B is an approximable map.
We must show that r € |[A — Bj.

Consistency of 7. Let r(Uy1,b1),...,7(Up,by) and U = | J{U; |i € I} €
Cony for some I C {1,...,n}. We must show {b; | i € I} € Conp. From
(Ui, b;) and U 4 U; we obtain r(U, b;) by axiom (c) for all # € I, and hence
{bi|i eI} e Cong by axiom (a).

Deductive closure of r. Let r(U1,b1), ..., 7(Up, by) and

W = {(U1,b1), ...,(Un,ba)} F (U, D).

We must show (U, b). By definition of - for A — B we have WU Fp b,
which is {b; | U 4 U; } Fp b. Further by our assumption r(U;, b;) we know
r(U, b;) by axiom (c) for all ¢ with U 4 U;. Hence r(U, b) by axiom (b). O

DEFINITION. Suppose A = (A, Con,t) is an information system and
U € Con. Define Oy C |A| by

Oy ={zec|A||UCCzx}.

Note that, since the ideals z € |A[ are deductively closed, z € Oy
implies U C x.

LEMMA. The system of all Oy with U € Con forms the basis of a topo-
logy on |A|, called the Scott topology.
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PROOF. Suppose U,V € Con and z € Oy N Oy. We have to find
W € Con such that x € Oy C Oy N Oy. Choose W =UUV. O

LEMMA. Let A be an information system and O C |A|. Then the fol-
lowing are equivalent.
(a) O is open in the Scott topology.
(b) O satisfies
(i) Ifr € O and x C y, then y € O (Alezandrov condition).
(i) Ifx € O, then U € O for some U C x (Scott condition).
(c) O =Ugeo Ov-
Hence open sets O may be seen as those determined by a (possibly

infinite) system of finitely observable properties, namely all U such that
UeO.

PROOF. (a) — (b). If O is open, then O is the union of some Oy’s, U €
Con. Since each Oy is upwards closed, also O is; this proves the Alexandrov
condition. For the Scott condition assume z € @. Then z € Oy C O for
some U € Con. Note that U € Oy, hence U € O, and U C z since z € Oy.

(b) — (c). Assume that O C |A| satisfies the Alexandrov and Scott
conditions. Let x € O. By the Scott condition, U € O for some U C z, so
x € Oy for this U. Conversely, let x € Oy for some U € O. Then U C .
Now z € O follows from U € O by the Alexandrov condition.

(¢) = (a). The Op’s are the basic open sets of the Scott topology. [

We now give some simple characterizations of the continuous functions
f:|A| — |B|. Call f monotone if x C y implies f(z) C f(y).

LEMMA. Let A and B be information systems and f: |A| — |B|. Then
the following are equivalent.

(a) f is continuous w.r.t. the Scott topology.

(b) f is monotone and satisfies the “principle of finite support” PFS: If
be f(z), thenbe f(U) for some U C x.

(¢c) f is monotone and commutes with directed unions: for every directed
D C|A]| (i.e., for any x,y € D there is a z € D such that z,y C z)

(U= fa.

zeD zeD

Note that in (c) the set { f(z) | x € D} is directed by monotonicity of
f; hence its union is indeed an ideal in |A|. Note also that from PFS and
monotonicity of f it follows immediately that if V' C f(x), then V C f(U)
for some U C zx.
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Hence continuous maps f: |A| — |B] are those that can be completely
described from the point of view of finite approximations of the abstract
objects x € |A| and f(x) € |B|: Whenever we are given a finite approxi-
mation V' to the value f(z), then there is a finite approximation U to the
argument x such that already f(U) contains the information in V'; note that
by monotonicity f(U) C f(x).

PRrROOF. (a) — (b). Let f be continuous. Then for any basic open set
Oy C |B] (so V € Cong) the set f71[Oy] = {z | V C f(x)} is open in
|A|. To prove monotonicity assume x C y; we must show f(x) C f(y). So
let b € f(x), i.e., {b} C f(x). The open set f_l[O{b}] ={z|{b} C f(2)}
satisfies the Alexandrov condition, so from x C y we can infer {b} C f(y),
ie, b€ f(y). Toprove PFS assume b € f(z). Theopenset { z | {b} C f(2) }
satisfies the Scott condition, so for some U C = we have {b} C f(U).

(b) — (a). Assume that f satisfies monotonicity and PFS. We must show
that f is continuous, i.e., that for any fixed V € Conp the set f~1[Oy] =
{x |V C f(x)} is open. We prove

{2 |V C f(z)} = J{Ov|UeConyandVC f(U)}.

Let V C f(z). Then by PFSV C f(U) for some U € Cony such that U C z,
and U C x implies z € Op. Conversely, let x € Oy for some U € Cony such
that V C f(U). Then U C x, hence V C f(x) by monotonicity.

For (b) <> (c) assume that f is monotone. Let f satisfy PFS, and
D C |A| be directed. f(U,ep ) 2 Uyep f(2) follows from monotonicity.
For the reverse inclusion let b € f({J,cp «). Then by PFS b € f(U) for some
U C U,ep ©- From the directedness and the fact that U is finite we obtain
U C z for some z € D. From b € f(U) and monotonicity infer b € f(z).
Conversely, let f commute with directed unions, and assume b € f(z). Then

be f)=f(JT) = D),
UCx UCx

hence b € f(U) for some U C . O

Clearly the identity and constant functions are continuous, and also the
composition g o f of continuous functions f: |[A| — |B| and g: |B| — |C]|.

THEOREM. Let A and B = (B,Conp,tFp) be information systems.
Then the ideals of A — B are in a natural bijective correspondence with
the continuous functions from |A| to |B]|, as follows.
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(a) With any approzimable map r: A — B we can associate a continuous
function |r|: |A] — |B| by

Ir|(2) :={be B|r(U,b) for some U C z}.
We call |r|(z) the application of r to z.

(b) Conversely, with any continuous function f: |A| — |B| we can associate
an approrimable map f: A — B by

F(Ub) = (b e f(U)).
These assignments are inverse to each other, i.e., f = |f] and r = \/7'\]

PROOF. Let r be an ideal of A — B; then by the theorem just proved
r is an approximable map. We first show that |r| is well-defined. So let
z € |A|.

|r|(2) is consistent: let by, ..., b, € |r|(z). Then there are Uy,...,U, C z
such that r(U;,b;). Hence U := Uy U---UU, C z and r(U,b;) by ax-
iom (c) of approximable maps. Now from axiom (a) we can conclude that
{bl, Ce ,bn} € Congp.

|r|(2) is deductively closed: let by,...,b, € |r|(z) and {b1,...,b,} FB b.
We must show b € |r|(z). As before we find U C z such that r(U, b;). Now
from axiom (b) we can conclude r(U, b) and hence b € |r|(2).

Continuity of |r| follows immediately from part (b) of the lemma above,
since by definition |r| is monotone and satisfies PFS.

Now let f: |A| — | B| be continuous. It is easy to verify that f is indeed
an approximable map. Furthermore

belfl(z) < f(Ub)  for some U C z
< be f(U) for some U C 2
< b€ f(z) by monotonicity and PFS.
Finally, for any approximable map r: A — B we have
r(U,b) <> 3y,cpr(V,b) by axiom (c) for approximable maps
< be|r|(U)

—

< (U, b),
sor:\/r\|. (]

Moreover, one can easily check that

ros:={(Uc)|Iv(U,V)CsAn(V,c)er)}
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is an approximable map (where (U, V) := {(U,b) | b€ V' }), and
ros|=Irlols|, fog=Ffogy.
We usually write r(z) for |r|(z), and similarly f(U,b) for f(U,b). It
should always be clear from the context where the mods and hats should be
inserted.

2.1.3. Algebras and types. We now consider concrete information
systems, our basis for continuous functionals.

Types will be built from base types by the formation of function types,
p — o. As domains for the base types we choose non-flat and possibly
infinitary free algebras, given by their constructors. The main reason for
taking non-flat base domains is that we want the constructors to be injective
and with disjoint ranges. This generally is not the case for flat domains.

We inductively define type forms

p,o = alp = ol pe((pi)v<n = Eick

with «, £ type variables and k£ > 1 (since we want our algebras to be inhab-
ited). Note that (p,)y<n — 0 means pg — ... = pn,—1 — 0, associated to
the right.

Let FV(p) denote the set of type variables free in p. We define SP(«, p)
“a occurs at most strictly positive in p” by induction on p.

a ¢ FV(p) SP(a,o0) SP(a, piy) for all i < k, v < n;
SP(a, B)
SP(a,p — o) SP(a, pe((piv)v<n; = &)i<k)
Now we can define Ty(p) “p is a type”, again by induction on p.
Ty(p) Ty(o
v ) Ty)
Ty(p — o)
Ty(piv) and SP(&, p;y) for alli < k, v <n; £ ¢ FV(po,) for all v < ng
TY(UE((piu)sz — €)z<k)

We call
L= Mﬁ((piu)u<ni — €)z<k
an algebra. Sometimes it is helpful to display the type parameters and write
u(@, ), where &, 5 are all type variables except £ free in some p;,, and &
are the ones occuring only strictly positive. If we write the i-th component
of ¢ in the form (p,(€))y<n — &, then we call
(Po(£))van — ¢

the i-th constructor type of ¢.
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In (py(&))ven — & we call p,(§) a parameter argument type if £ does
not occur in it, and a recursive argument type otherwise. A recursive argu-
ment type p,(£) is nested if it has an occurrence of £ in a strictly positive
parameter position of another (previously defined) algebra, and unnested
otherwise. An algebra ¢ is called nested if it has a constructor with at least
one nested recursive argument type, and unnested otherwise.

Every type p should have a total inhabitant, i.e., a closed term of this
type built solely from constructors, variables and assumed total inhabitants
of some of its (type) variables. To ensure this we have required that for
every algebra pug((piv)v<n; — §)i<k the initial (poy)v<n, — & has no recursive
argument types. Note that it might not be necessary to actually use assumed
total inhabitants for all variables of a type. An example is the list type L(«),
which has the Nil constructor as a total inhabitant. However, for the type
L(a)" (:= pe(a = §,a = & — £)) we need to assume a total inhabitant of
.

Here are some examples of algebras.

U :=pef  (unit),
B = (&€ (booleans),
N = pe(&, =€) (natural numbers, unary),
P = pe(, = &E—=8) (positive numbers, binary),
D = pe(, =€ —=¢) (binary trees, or derivations),
O = pe(€.€ > &(N—€) &)  (ordinals),
To:=N, Tpp:=pe&(Th =€) —=§) (trees).
Examples of algebras strictly positive in their type parameters are
L(a) = pe(Ca—€—6)  (lists),
axfi=pla—B—=E) (product),
a+Bi=pela— 6B (sum).
An example of a nested algebra is
T := pe(L(§) — &) (finitely branching trees).

Note that T has a total inhabitant since L(a)) has one (given by the Nil
constructor).

Let p be a type; we write p(d) for p to indicate its dependence on
the type parameters @. We can substitute types & for @, to obtain p(& ).
Examples are L(B), the type of lists of booleans, and N x N, the type of
pairs of natural numbers.
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Note that often there are many equivalent ways to define a particular
type. For instance, we could take U+ U to be the type of booleans, L(U) to
be the type of natural numbers, and L(B) to be the type of positive binary
numbers.

For every constructor type of an algebra we provide a (typed) constructor
symbol C;. In some cases they have standard names, for instance

B, B  for the two constructors of the type B of booleans,
0N, SN=N for the type N of (unary) natural numbers,

17, SE~P SP=P  for the type P of (binary) positive numbers,
Nil¥?) | Cons? L) =L0)  for the type L(p) of lists,

(Inlye)? 7%, (Inr,,)? 7+ for the sum type p + o,

Branch: L(T) — T for the type T of finitely branching trees.

An algebra form ¢ is structure-finitary if all its argument types p;, are
not of arrow form. It is finitary if in addition it has no type variables. In
the examples above U, B, N, P and D are all finitary, but O and T,
are not. L(p), p X 0 and p + o are structure-finitary, and finitary if their
parameter types are. The nested algebra T above is finitary.

An algebra is explicit if all its constructor types have parameter argu-
ment types only (i.e., no recursive argument types). In the examples above
U, B, p x 0 and p + o are explicit, but N, P, L(p), D, O, T,,11 and T are
not.

We will also need the notion of the level of a type, which is defined by

lev(t) := 0, lev(p — o) := max{lev(c), 1+ lev(p)}.
Base types are types of level 0, and a higher type has level at least 1.

2.1.4. Partial continuous functionals. For every type p we define
the information system C, = (C,, Con,,tF,). The ideals x € |C,| are the
partial continuous functionals of type p. Since we will have C,,, = C, —
C, the partial continuous functionals of type p — ¢ will correspond to the
continuous functions from |C,| to |Cy| w.r.t. the Scott topology. It will not
be possible to define C|, by recursion on the type p, since we allow algebras
with constructors having function arguments (like O and Sup). Instead, we
shall use recursion on the “height” of the notions involved, defined below.

DEFINITION (Information system of type p). We simultaneously define
C,, Cyss, Con, and Con,_,-.
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(a) The tokens a € C, are the type correct constructor expressions Caj . ..a}

where a] is an extended token, i.e., a token or the special symbol * which
carries no information.

(b) The tokens in C,_,, are the pairs (U,b) with U € Con, and b € C,.

(c) A finite set U of tokens in C, is consistent (i.e., € Con,) if all its elements
start with the same constructor C, say of arity m — ... — 7, = ¢, and
all U; € Con,, for i = 1,...,n, where U; consists of all (proper) tokens
at the i-th argument position of some token in U = {Ca%, ..., Ca? }.

(d) {(Ui,b;) | i € I} € Conyye is defined to mean V(. ., U; € Con, —
{bj|jeJ}eCong).

Building on this definition, we define U -, a for U € Con, and a € C,,.

(e) {Ca_*i‘, ..., Cai,} F, C'a* is defined to mean C = C/, m > 1 and U; - af,
with U; as in (c) above (and U F * taken to be true).

(f) W F,56 (U,b) is defined to mean WU +, b, where application WU
of W = {(U;,b;) | i € I} € Con,,, to U € Con, is defined to be
{b; | U F, U; }; recall that U - V abbreviates Y,y (U F a).

jeJ

If we define the height of the syntactic expressions involved by
|Cal...a)|:=1+max{|a]||i1=1,...,n}, |*|:=0,
|(U,b)| := max{1 + |U|,1+ |b|},

H{a;|iel} :=max{1+|a;||iel},
|U I a| == max{1+|U|,1+ |a|},

these are definitions by recursion on the height.
It is easy to see that (C,, Con,,F,) is an information system. Observe
that all the notions involved are computable: a € C,, U € Con, and U I, a.

DEFINITION (Partial continuous functionals). For every type plet C, be
the information system (C), Cony,F,). The set |C,| of ideals in C, is the set
of partial continuous functionals of type p. A partial continuous functional
x € |Cp| is computable if it is recursively enumerable when viewed as a set
of tokens.

Notice that C,, = C, — C, as defined generally for information
systems.

For example, the tokens for the algebra N are shown in Figure 1. For
tokens a,b we have {a} F b if and only if there is a path from a (up) to
b (down). As another (more typical) example, consider the algebra D of
derivations with a nullary constructor 0 and a binary C. Then {COx, Cx0}
is consistent, and {CO0x, Cx0} F CO00.
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S(5(S0))

S(S0) S(S(S))

S0

0 e Sx

FIGURE 1. Tokens and entailment for N

2.1.5. Constructors as continuous functions. Let ¢ be an algebra.
Every constructor C generates the following ideal in the function space:

re = {(U,Ca*) | U+ a*}.

Here (U, a) abbreviates (Uy, (Us, ... (Up,a)...)).
According to the general definition of a continuous function associated
to an ideal in a function space the continuous map |r¢/| satisfies

rel(@) = { Ca* | 34U +a*) }.

An immediate consequence is that the (continuous maps corresponding to)
constructors are injective and their ranges are disjoint, which is what we
wanted to achieve by associating non-flat rather than flat information sys-
tems with algebras.

LEMMA (Constructors are injective and have disjoint ranges). Let ¢ be
an algebra and C be a constructor of v. Then
rel(Z) € [rel(§) < Z < 7.

If Cy1,Cy are distinct constructors of v, then |rc, |(Z) # |rc,|(¥), since the
two ideals are non-empty and disjoint.

Proor. Immediate from the definitions. O

REMARK. Notice that neither property holds for flat information sys-
tems, since for them, by monotonicity, constructors need to be strict (i.e.,
if one argument is the empty ideal, then the value is as well). But then we
have

|TC|(®,ZJ) =0 = |Tc|(l',@),
re,[(0) =0 = |re,|(0)

where in the first case we have one binary and, in the second, two unary
constructors.
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2.1.6. Total and cototal ideals in a finitary algebra. In the infor-
mation system C, associated with an algebra ¢, the “total” and “cototal”
ideals are of special interest. Here we give an explicit definition for fini-
tary algebras. For general algebras totality can be defined inductively and
cototality coinductively (cf. 3.2.4).

Recall that a token in ¢ is a constructor tree P possibly containing the
special symbol x. Because of the possibility of parameter arguments we need
to distinguish between “structure-” and “fully” total and cototal ideals.
For the definition it is easiest to refer to a constructor tree P(x) with a
distinguished occurrence of *. This occurrence is called non-parametric if
the path from it to the root does not pass through a parameter argument
of a constructor. For a constructor tree P(x), an arbitrary P(Ca*) is called
one-step extension of P(x), written P(Ca*) =1 P(x).

DEFINITION. Let ¢ be an algebra, and C, its associated information
system. An ideal z € |C,] is cototal if every constructor tree P(x) € = has a
>—1-predecessor P(Cx) € x; it is called total if it is cototal and the relation
>1 on z is well-founded. It is called structure-cototal (structure-total) if the
same holds with >; defined w.r.t. P(x) with a non-parametric distinguished
occurrence of *.

If there are no parameter arguments, we shall simply speak of total
and cototal ideals. For example, for the algebra N every total ideal is
the deductive closure of a token S(S...(S0)...), and the set of all tokens
S(S...(S*)...) is a cototal ideal. For the algebra L(IN) of lists of natural
numbers the total ideals are the finite lists and the cototal ones the finite
or infinite lists. For the algebra D of derivations the total ideals can be
viewed as the finite derivations, and the cototal ones as the finite or infinite
“locally correct” derivations of Mints (1978); arbitrary ideals can be viewed
as “partial” or “incomplete” derivations, with “holes”.

REMARK. From a categorical perspective (as in Hagino (1987); Rutten
(2000)) finite lists of natural numbers can be seen as making up the initial
algebra of the functor TX = 1+ (N x X), and infinite lists (or streams)
of natural numbers as making up the terminal coalgebra of the functor
TX =N x X. In the present setting both finite and infinite lists of natural
numbers appear as cototal ideals in the algebra L(IN), with the finite ones
the total ideals. However, to properly deal with computability we need

to accommodate partiality, and hence there are more ideals in the algebra
L(N).
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2.2. Denotational and operational semantics

For every type p, we have defined what a partial continuous functional of
type p is: an ideal consisting of tokens at this type. These tokens or rather
the formal neighborhoods formed from them are syntactic in nature; they are
reminiscent to Kreisel’s “formal neighborhoods” (Kreisel, 1959; Martin-Lof,
1983; Coquand and Spiwack, 2006). However — in contrast to Martin-Lof
(1983) — we do not have to deal separately with a notion of consistency for
formal neighborhoods: this concept is built into information systems.

Let us now turn our attention to a formal (functional programming)
language, in the style of Plotkin’s PCF (1977), and see how we can provide a
denotational semantics (that is, a “meaning”) for the terms of this language.
A closed term M of type p will denote a partial continuous functional of this
type, that is, a consistent and deductively closed set of tokens of type p. We
will define this set inductively.

It will turn out that these sets are recursively enumerable. In this sense
every closed term M of type p denotes a computable partial continuous
functional of type p. However, it is not a good idea to define a computable
functional in this way, by providing a recursive enumeration of its tokens.
We rather want to be able to use recursion equations for such definitions.
Therefore we extend the term language by constants D defined by certain
“computation rules”, as in (Berger et al., 2003; Berger, 2005). Our semantics
will cover these as well. The resulting term system can be seen as a common
extension of Godel’s T (1958) and Plotkin’s PCF; we call it TT.

2.2.1. Structural recursion operators and Godel’s T. We begin
with a discussion of particularly important examples of such constants D,
the (structural) higher type recursion operators R] introduced by Hilbert
(1925) and Godel (1958). They are used to construct maps from the algebra
¢ to 7, by recursion on the structure of . For instance, Ry has type N —
T — (N — 7 — 7) = 7. The first argument is the recursion argument, the
second one gives the base value, and the third one gives the step function,
mapping the recursion argument and the previous value to the next value.
For example, Rﬁnm)\n,p(Sp) defines addition m + n by recursion on n. For
An,p(Sp) we often write A_,(Sp) since the bound variable n is not used.

Generally, we define the type of the recursion operator R for the algebra

v = pe((piv(§))v<n; = &)i<k and result type 7 to be

t = ((piv (L X T))v<n; = T)ick — T
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Here ¢ is the type of the recursion argument, and each (pi, (¢ X 7))p<p, — 7 is
called a step type. Usage of « X 7 rather than 7 in the step types can be seen
as a “strengthening”, since then one has more data available to construct
the value of type 7. Moreover, for unnested recursive argument types ¢ — 7
we avoid the product type in & — ¢ X 7 and take the two argument types
& — v and & — 7 instead (“duplication”).

For some algebras we spell out the type of their recursion operators:

Rg:B—7—>717—r7,

RN N7 (N—=7—7)>T,

Rp:Po17—> P77 P>7—>7)>T,

Rp:D—w7—-D—-7—->D—>7—>7) =T,

Ro:0—-7—-0O0—=7—>7)>(N—-0)>(N—=7)—>71)—>T,

Ri(: L(p) > 7= (p—=L(p) > 7—71) =T,

o pto—=(p—>71)—>(0c—=>T1)—=T,

R;XUIPXO'%(p—)O'—)T)—)T,

Ry T (L(Tx71)—>71)—>T

There is an important variant of recursion, where no recursive calls oc-
cur. This variant is called the cases operator; it distinguishes cases according

to the outer constructor form. For the algebra ¢ = ¢ ((pin (§))v<n; — &)ick
and result type 7 the type of the cases operator C; is

L— ((piu(b))u<ni - T)i<k — T
The simplest example (for type B) is if-then-else. Another example is
CNN=>7—-(N->71)—>T

It can be used to define the predecessor function on N, i.e., PO := 0 and
P(Sn) := n, by the term

Pm = CNmO(\,n).

REMARK. When computing the value of a cases term, we do not want
to (eagerly) evaluate all arguments, but rather compute the test argument
first and depending on the result (lazily) evaluate at most one of the other
arguments. This phenomenon is well known in functional languages; for
instance, in SCHEME the if-construct is called a special form (as opposed
to an operator). Therefore instead of taking the cases operator applied to a
full list of arguments, one rather uses a case-construct to build this term;
it differs from the former only in that it employs lazy evaluation. Hence the
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predecessor function is written in the form [case m of 0 | \,n]. If there are
exactly two cases, we also write A, [if m then 0 else \,n| instead.

We shall also need map operators. Let p(@) be a type and & strictly

positive type parameters. We define

F—T

ap(@): P0) = (6 = T) = p(T)

(where (6 — 7) — p(7) means (o1 = 71) = ... = (0, = ) = p(T)). If
none of @ appears free in p(a&) let

O'—)’T

)xf = .

Otherwise we use an outer recursion on p(a) and if p(&) is ¢«(@) an inner
2\ 3 ~ ; O—T F—=T T
one on z. In case p(@) is (&) we abbreviate ar(@) by M7 or MY,
The immediate cases for the outer recursion are

MEaf = fix, MG hfe = MST (ha) .
It remains to consider +(7(&)). In case (@) is not & let
K*)LT @ (L‘f MTK‘(O‘)*HT(T) (MO’*}T(&) . f)z<\7?\

with Mf\’f” %) =) M" :z:f In case (@) is @ we use recursion on
(1

x and deﬁne for a constructor C;: (p,(7,t(d)))v<n — (5)
MITT(CiE) f

to be the result of applying C; of type (p,(7,¢(T)))v<n — t(T) (the same
constructor as C; with only the type changed) to, for each v < n,

Tt M F).

Note that the final function argument provides the recursive call w.r.t. the
recursion on .

AGTi (a

EXAMPLE.
MG, Nilf77 := Nil,
MG,y (@7 M) [T o= (f) 2 (MU ]).

DEFINITION. Terms of Gddel’s T for nested algebras are inductively de-
fined from typed variables z¥ and constants for constructors Cj, recursion

operators R] and map operators M’;f): by abstraction A;» M? and applica-
tion MPI NP,
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2.2.2. Conversion. We define a conversion relation —, between terms
of type p by
(2.1) (AzM (z))N — M(N),
(2.2) Apg(Mz)— M if x ¢ FV(M) (M not an abstraction),
(2.3) RY(CIN)M = MM T NA (2, R M)y <

where (p,(¢))y<n — ¢ is the type of the i-th constructor C;.
In the special case p,(«) = o we can avoid the product type and instead
of the pair

METTN N (2, R e M) e, (Ni, RIN,M)

take its two components N}, and RLTNZ,M as separate arguments of M;.

The rule (2.1) is called S-conversion, and (2.2) n-conversion; their left
hand sides are called S-redexes or n-redexes, respectively. The left hand side
of (2.3) is called R-redez; it is a special case of a redex associated with a
constant D defined by “computation rules” (cf. 2.2.3), and hence also called
a D-redez.

2.2.3. A common extension T of Gédel’s T and Plotkin’s PCF.
Terms of TT are built from (typed) variables and (typed) constants (con-
structors C or defined constants D, see below) by (type-correct) application
and abstraction:

M, N := xP ‘ Cr ‘ DP ‘ ()\MMU)P—W ‘ (Mp_mNp)J,

DEFINITION (Computation rule). Every defined constant D comes with
a system of computation rules, consisting of finitely many equations

(2.4) DP(§)=M; (i=1,...,n)

with free variables of f’z(y_;) and M; among i;, where the arguments on the
left hand side must be “constructor patterns”, i.e., lists of applicative terms
built from constructors and distinct variables. To ensure consistency of the
defining equations, we require that for ¢ # j P, and 13] have disjoint free
variables, and either ]5; and ]3] are non-unifiable (i.e., there is no substitution
which identifies them), or else for the most general unifier ¥ of P; and P}
we have M; = M;9. Notice that the substitution ¥ assigns to the variables
¥; in M; constructor patterns ﬁk(Z ) (k=1,7). A further requirement on a
system of computation rules Dé(gj}) = M; is that the lengths of all 131(171)
are the same; this number is called the arity of D, denoted by ar(D). A
substitution instance of a left hand side of (2.4) is called a D-redex.
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More formally, constructor patterns are defined inductively by (we write

—

P(&) to indicate all variables in P ):
(

) x is a constructor pattern.

) The empty list () is a constructor pattern.

(c) If P(#) and Q(¥) are constructor patterns whose variables & and i are
disjoint, then (ﬁ, Q)(Z,7) is a constructor pattern.

(d) If Cis a constructor and P a constructor pattern, then so is CIB, provided

it is of ground type.

REMARK. The requirement of disjoint variables in constructor patterns
P, and ]5; used in computation rules of a defined constant D is needed to
ensure that applying the most general unifier produces constructor patterns
again. However, for readability we take this as an implicit convention, and
write computation rules with possibly non-disjoint variables.

Examples of constants D defined by computation rules are abundant. In
particular, the map and (structural) recursion operators can be viewed as
defined by computation rules, which in this case are called conversion rules;
cf. 2.2.2.

The boolean connectives andb, impb and orb are defined by

tt andb y = v, . t orb y = tt,
ff impb y = tt,

z andb tt = z, ] x orb it = tt,
tt impb y = v,

ff andb y = ff, . ff orb y =y,
r impb &t = tt,

x andb ff = ff, x orb ff = z.

Notice that when two such rules overlap, their right hand sides are equal
under any unifier of the left hand sides.
Decidable equality =,: « — ¢+ — B for a finitary algebra ¢ can be defined
easily by computation rules. For example,
(0 =N 0) = tt, (Sm =N 0) = ff,
(0 =N Sn) = ff, (Sm =N Sn) = (m =N n).
For the algebra D of binary trees with constructors L (leaf) and C (construct
a new tree from two given ones) we have
(L =D L) =1, (Cm =D L) = ff,
(L =D Cn) = ff, (Calag =D Cblbg) = (a1 =D b1 andb a2 =p bg).
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2.2.4. Ideals as denotation of terms. How can we use computation
rules to define an ideal z in a function space? The general idea is to in-
ductively define the set of tokens (U,b) that make up z. It is convenient
to define the value [AzM], where M is a term with free variables among
Z. Since this value is a token set, we can define inductively the relation
(U,b) € [\zM].

For a constructor pattern P(Z) and a list V of the same length and
types as & we define a list ]3(17) of formal neighborhoods of the same length
and types as P(&), by induction on P(Z). x(V) is the singleton list V,
and for () we take the empty list. (P,Q)(V,W) is covered by the induction
hypothesis. Finally

(CP)(V) := { Cb* | b € Py(V}) if Py(V;) # 0, and b} = % otherwise }.
We use the following notation. (U,b) means (Uy,...(Up,b)...), and
(U, V) C [A\gM] means (U,b) € [A\zM] for all (finitely many) b € V.

DEFINITION (Inductive, of a € [AzM]). Case Az, M with & free in M,
but not y.
((j7 W? a’) € [[)‘f,ZM]]
(U,V,W,a) € [\sy,zM]
Case A\zM with Z the free variables in M.

Uta (U,V,a) € [A\sM] (U,V) C [AzN]

().

—(V), = A).
For every constructor C and defined constant D:
UF (V,a) € \sM] UF PV)
(©). D] (D).

(U, Cad*) € [C] (U,a) € [D]

with one rule (D) for every defining equation DP(Z) = M.

This “denotational semantics” has good properties; however, we do not
carry out the proofs here (cf. Schwichtenberg and Wainer (2012)). First of
all, one can prove that [AzM] is an ideal . Moreover, our definition above
of the denotation of a term is reasonable in the sense that it is not changed
by an application of the standard (/- and 7-) conversions or a computation
rule. For the #-conversion part of this proof it is helpful to first introduce a
more standard notation, which involves variable environments.

S

DEFINITION. [[M]]g = {b]| (U,d) € [\aM] }, [[M]]gg = UpcalM] yY

81

)
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We have a useful monotonicity property, which follows from the deduc-
tive closure of [AzM ]

LEMMA (Substitution). [[M(Z)]];Z’ENH

= [M(N)]E.

LEMMA (Preservation of values, 8). [(A,M (y))N]Z = [M(N)]Z.
LEMMA (Preservation of values, n). [\, (My)]% = [M]Z if y ¢ FV(M).
Then it follows that values are preserved under computation rules:

LEMMA. For every computation rule Dﬁ(gj’) = M of a defined constant
D, \g(DPy)]z = [AgM]z-



CHAPTER 3

Extracting computational content from proofs

3.1. A theory of computable functionals

3.1.1. Brouwer-Heyting-Kolmogorov and Godel. The Brouwer-
Heyting-Kolmogorov interpretation (BHK-interpretation for short) of intui-
tionistic (and minimal) logic explains what it means to prove a logically
compound statement in terms of what it means to prove its components;
the explanations use the notions of construction and constructive proof as
unexplained primitive notions. For prime formulas the notion of proof is
supposed to be given. The clauses of the BHK-interpretation are:

(i) p proves A A B if and only if p is a pair (pg,p1) and py proves A, p;
proves B;

(ii) p proves A — B if and only if p is a construction transforming any
proof g of A into a proof p(q) of B;

(iii) L is a proposition without proof;

(iv) p proves VyepA(x) if and only if p is a construction such that for all
d € D, p(d) proves A(d);

(v) pproves 3, pA(z) if and only if p is of the form (d, ¢) with d an element
of D, and ¢ a proof of A(d).

The problem with the BHK-interpretation clearly is its reliance on the
unexplained notions of construction and constructive proof. Gédel was con-
cerned with this problem for more than 30 years. In 1941 he gave a lecture at
Yale university with the title “In what sense is intuitionistic logic construc-
tive?”. According to Kreisel, Godel “wanted to establish that intuitionistic
proofs of existential theorems provide explicit realizers” (Feferman et al.,
1986, 1990, 1995, 2002, 2002, Vol II, p.219). Godel published his “Dialec-
tica interpretation” in (1958), and revised this work over and over again;
its state in 1972 has been published in the same volume. Troelstra, in his
introductory note to the latter two papers writes (loc. cit., pp.220/221):

Godel argues that, since the finististic methods considered
are not sufficient to carry out Hilbert’s program, one has

31
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to admit at least some abstract notions in a consistency
proof; ...However, Godel did not want to go as far as
admitting Heyting’s abstract notion of constructive proof;
hence he tried to replace the notion of constructive proof
by something more definite, less abstract (that is, more
nearly finitistic), his principal candidate being a notion of
“computable functional of finite type” which is to be ac-
cepted as sufficiently well understood to justify the axioms
and rules of his system T, an essentially logic-free theory
of functionals of finite type.

We intend to utilize the notion of a computable functional of finite type
as an ideal in an information system, as explained in the previous chapter.
However, Godel noted that his proof interpretation is largely independent of
a precise definition of computable functional; one only needs to know that
certain basic functionals are computable (including primitive recursion oper-
ators in finite types), and that they are closed under composition. Building
on Godel (1958), we assign to every formula A a new one 3; A5 (x) with A;(z)
J-free. Then from a derivation of A we want to extract a “realizing term” r
such that A;(r). Of course its meaning should in some sense be related to
the meaning of the original formula A. However, Godel explicitly states in
(1958, p.286) that his Dialectica interpretation is not the one intended by
the BHK-interpretation.

3.1.2. Formulas and predicates. When we want to make proposi-
tions about computable functionals and their domains of partial continuous
functionals, it is perfectly natural to take, as initial propositions, ones formed
inductively or coinductively. However, for simplicity we omit the treatment
of coinductive definitions and deal with inductive definitions only. For ex-
ample, in the algebra N we can inductively define totality by the clauses

TNO, Vn(TNTL — TN(Sn))
Its least-fixed-point scheme will now be taken in the form
Vo (Tyn — A(0) = Vo (Tnn — A(n) — A(Sn)) — A(n)).

The reason for writing it in this way is that it fits more conveniently with
the logical elimination rules, which will be useful in the proof of the sound-
ness theorem. It expresses that every “competitor” {n | A(n)} satisfying
the same clauses contains Tny. This is the usual induction schema for natu-
ral numbers, which clearly only holds for “total” numbers (i.e., total ideals
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in the information system for N). Notice that we have used a “strength-
ened” form of the “step formula”, namely V,,(Tyn — A(n) — A(Sn)) rather
than V,,(A(n) — A(Sn)). In applications of the least-fixed-point axiom this
simplifies the proof of the “induction step”, since we have the additional
hypothesis T'(n) available. Totality for an arbitrary algebra can be defined
similarly. Consider for example the non-finitary algebra O (cf. 2.1.3), with
constructors 0, successor S of type O — O and supremum Sup of type
(N — O) — O. Its clauses are

To0, Vo(Toxr — To(Sz)), V¢(VnernTo(fn) = To(Sup(f))),
and its least-fixed-point scheme is
Vo (Tox — A(0) —
Vo(Toxr — A(z) — A(Sz)) —
Vi(VnerTo(fn) = YnerA(fn) — A(Sup(f))) —
A(z)).
Generally, an inductively defined predicate [ is given by k clauses, which
are of the form
Ki = Va((Ay(D)pen — IF) (i < ).

Our formulas will be defined by the operations of implication A — B
and universal quantification V.» A from inductively defined predicates p <K ,
where X is a “predicate variable”, and the K; are “clauses”. Every predicate
has an arity, which is a possibly empty list of types.

DEFINITION (Formulas and predicates). By simultaneous induction we
define formula forms

A,B:=Pr|A— B|VY,A
and predicate forms
P,Q =X [{Z] A} | px (Ve (Ai)y<n, = XTi))ick
with X a predicate variable, £ > 1 and Z; all free variables in (A, )y<n, —
X7 (it is not necessary to allow object parameters in inductively defined
predicates, since they can be taken as extra arguments). Let C' denote both
formula and predicate forms. Let FPV(C') denote the set of free predicate

variables in C. We define SP(Y,C) “Y occurs at most strictly positive in
C” by induction on C.

SP(Y, P) Y ¢ FPV(4) SP(Y, B) SP(Y, A)
SP(Y, PF) SP(Y,A — B) SP(Y,V,A)




34 3. EXTRACTING COMPUTATIONAL CONTENT FROM PROOFS

SP(Y, A) SP(Y, A;,) for all i<k, v<n;
SP(Y,{Z|A})  SP(Y,ux(Va,((Ai)v<n, = X73))ick)
Now we can define F(A4) “A is a formula” and Pred(P) “P is a predicate”,
again by simultaneous induction.

SP(Y, X)

Pred(P) F(A) F(B) F(A)
F(Pr) F(A — B) F(V,A)
Pred(X) F(4)

Pred({# | A})
F(A;) and SP(X, Ay)) for all i<k, v<n; X ¢ FPV(A,) for all v<ng
Pred(px (Vz, ((Ai)v<n; = XT5))i<k)

We call

I:= NX(vfi((Aiu)l/<ni - X'Fz))z<k
an inductive (or inductively defined) predicate. Sometimes it is helpful to
display the predicate parameters and write I (}7, Z ), where Y, Z are all pre-
dicate variables free in some A;, except X, and Y are the ones occuring
only strictly positive. If we write the i-th component of I in the form
Vz((Ay(X))y<n — X7), then we call

(3.1) K; :=Vz(A,(I))y<n — IT)

the i-th clause (or introduction axiom) of I, denoted I;'.

Here A — B means Ayg — -+ = A,_1 — B, associated to the right.
The terms 7 are those introduced in section 2.2, i.e., typed terms built from
variables and constants by abstraction and application, and (importantly)
those with a common reduct are identified. In Vz((A,(X))y<n — X7) we
call A,(X) a parameter premise if X does not occur in it, and a recursive
premise otherwise. A recursive premise A, (X) is nested if it has an occur-
rence of X in a strictly positive parameter position of another (previously
defined) inductive predicate, and unnested otherwise. An inductive predi-
cate I is called nested if it has a clause with at least one nested recursive
premise, and unnested otherwise.

A predicate of the form {& | C'} is called a comprehension term. We
identify {Z | C(Z) }7 with C(#). The letter I will be used for predicates
of the form px(Ko,...,Kr_1); they are called inductively defined predi-
cates. An inductively defined predicate is finitary if its clauses have recursive
premises of the form X5 only.

DEFINITION (Theory of computable functionals, TCF). TCF is the sys-
tem in minimal logic for — and V, whose formulas are those in F above, and
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whose axioms are the following. For each inductively defined predicate, there
are “closure” or introduction axioms, together with a “least-fixed-point” or
elimination axiom. In more detail, consider an inductively defined predicate
I:=px(Ky,...,Ki_1). For each of the k clauses we have the introduction
axiom (3.1). Moreover, we have an elimination axiom I :

(32) VeI = (Ve (AT A X))yen, = X7))ick — XT)
where I A X abbreviates { & | IZ A XZ } with A defined (inductively) below.

Here X can be thought of as a “competitor” predicate.

3.1.3. Examples of inductive predicates. We first deal with the
concept of an equality. A word of warning is in order here: we need to
distinguish four separate but closely related equalities.

(i) Firstly, defined function constants D are introduced by computation
rules, written [ = r, but intended as left-to-right rewrites.

(ii) Secondly, we have Leibniz equality Eq inductively defined below.

(iii) Thirdly, pointwise equality between partial continuous functionals will
be defined inductively as well.

(iv) Fourthly, if [ and r have a finitary algebra as their type, [ = r can be
read as a boolean term, where = is the decidable equality defined in
2.2.3 as a boolean-valued binary function.

Leibniz equality. We define Leibniz equality by
Eq(p) := px (Ve X (2", 27)).
The introduction axiom is
VaEq(a?, )
and the elimination axiom
Vey(Eq(z,y) = Vo Xz — Xay),

where Eq(z,y) abbreviates Eq(p)(x”, y”).

LEMMA (Compatibility of Eq). V, 4 (Eq(z,y) = A(z) — A(y)).

PRroor. Exercise. O

Using compatibility of Eq one easily proves symmetry and transitivity.
Define falsity by F := Eq(ff, tt). Then we have

THEOREM (Ex-falso-quodlibet). For every formula A without predicate
parameters we can derive F — A.
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PROOF. We first show that F — Eq(z”,y”). To see this, we first obtain
Eq(Rgffzy, Rgffzy) from the introduction axiom. Then from Eq(ff, tt) we
get BEq(Rttzy, REffey) by compatibility. Now Rttey converts to x and
RpBFny converts to y. Hence Eq(z”,y”), since we identify terms with a
common reduct.

The claim can now be proved by induction on A € F. Case I5. Let
K; be the nullary clause, with final conclusion It. By induction hypothesis
from F we can derive all parameter premises. Hence It. From F we also
obtain Eq(s;,t;), by the remark above. Hence I3 by compatibility. The
cases A — B and V,A are obvious. O

A crucial use of the equality predicate Eq is that it allows us to lift a
boolean term B to a formula, using atom(rB) := Eq(rB,tt). This opens
up a convenient way to deal with equality on finitary algebras. The com-
putation rules ensure that, for instance, the boolean term Sr =N Ss, or
more precisely =n(Sr, Ss), is identified with » =n s. We can now turn this
boolean term into the formula Eq(Sr =n Ss, tt), which again is abbreviated
by Sr =n Ss, but this time with the understanding that it is a formula.
Then (importantly) the two formulas Sr =n Ss and r =N s are identified
because the latter is a reduct of the first. Consequently there is no need to
prove the implication Sr =N Ss — r =N s explicitly.

Existence, conjunction and disjunction. One of the main points of TCF
is that it allows the logical connectives existence, conjunction and disjunc-
tion to be inductively defined as predicates. This was first discovered by
Martin-Lof (1971).

Ex(Y) = pux (Vy(Yzf — X)),
And(Y1,Y2) :i= ux(Y1 — Ya — X),
Or(Y1,Ys) =pux(Y1 —» X, Yo = X).
We will use the abbreviations
3, A =Ex({z" ]| A}),
AN B = And({| A},{| BY),
AV B = Or({| A}.{| BY).
The introduction axioms are
VoY — 3, Yx),
Y1 =Yy = Y1 A Yo,
Y1 - Y1 VY, Yo > Y1 VYs.
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The elimination axioms are
3Yr -V, (Y - X) = X,
YiNYo -1 =Y, — X) = X,
ivo—- (1= X)—= (Y2 = X) = X.

We give some more familiar examples of inductively defined predicates.
The even numbers. The introduction axioms are

Even(0), V. (Even(n) — Even(S(Sn)))
and the elimination axiom is
Vn(Even(n) — X0 — V,(Even(n) - Xn — X (S(Sn))) — Xn).

Transitive closure. Let < be a predicate variable representing a binary
relation. The transitive closure TC< of < is inductively defined as follows.
The introduction axioms are

Vaoy(z <y — TCL(z,y)),
Vauy(x <y = TCL(y,2z) = TC<(x, 2))
and the elimination axiom is
Vaoy(TCx(2,y) = Vaylex <y = Xay) —
Voyz(x <y —=TC(y,2) = Xyz = Xaz) =
Xzy).

3.2. Realizability interpretation

At this point we come to the crucial step of identifying “computational
content” in proofs, which can then be extracted. Recall that the BHK-
interpretation (described in 3.1.1) left open what a proof of a prime formula
is. However, in TCF we can be more definite, since a closed prime formula
must be of the form I7 with I an inductive predicate. The obvious idea is
to view a proof of I as a “generation tree”, witnessing how the arguments
7 were put into I. For example, let Even be defined by the clauses Even(0)
and V,(Even(n) — Even(S(Sn))). A generation tree for Even(6) should
consist of a single branch with nodes Even(0), Even(2), Even(4) and Even(6).
More formally, such a generation tree can seen as an ideal in an algebra ¢
associated naturally with I.

Consider the more general situation when parameters are involved, i.e.,
when we have a proof (in TCF) of a closed formula V(A — I7). Tt is of
obvious interest which of the variables # and assumptions A are actually used
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in the “solution” provided by the proof (in the sense of Kolmogorov (1932)).
To be able to express dependence on and independence of such parameters
we split each of our (only!) logical connectives —,V into two variants, a
“computational” one V¢, —¢ and a “non-computational” one V"¢, —"¢. This
distinction (for the universal quantifier) is due to Berger (1993, 2005). Then
a proof of V;‘%CVZCY(E —0¢ B ¢ [77) provides a construction of an ideal in 7

independent of & and assumed proofs of A. One can view this “decoration”
of —,V as turning our (minimal) logic into a “computational logic”, which
is able to express dependence on and independence of parameters. The rules
for —"¢, V"¢ are similar to the ones for —¢, V¢; they will be given in 3.2.2.
Now the clauses of inductive predicates can and should be decorated as
well. Without loss of generality we can assume that they have the form

VEVE(A =™ B —° X7).
This will lead to a different (i.e., simplified) algebra ¢; associated with the
inductive predicate I.
Of special importance is the case when we only have —"¢, V"¢, and there
is only one clause. Such inductive predicates are called “uniform one-clause

defined”, and their associated algebra is the unit algebra U. Examples are
Leibniz equality, existence and conjunction when defined with —"¢ vV"¢:

Eq(p) = px (V3 X (2, 2P)),
ExU(Y) = px (V2(YaP =™ X)),
AndU(YI,Yg) = /Lx(Yl —ne Y2 —he X)

From now on we only use this uniform one-clause definition of Leibniz equa-
lity Eq, and use the abbreviations

#A  =ExU{=z"|A}).
ANYB:=AndU({| A},{| B}).

Prime formulas I+ with t; = U only have a trivial generation tree, and
in this sense are without computational content. Clearly this is also the
case for formulas with such an I+ as conclusion. These formulas are called
non-computational (n.c.) or Harrop formulas. Moreover, a Harrop formula
in a premise can be ignored when we are interested in the computational
content of a proof of this formula: its only contribution would be of unit
type. Therefore when defining the type of a formula in 3.2.5 we will use a
“cleaned” form of such a type, not involving the unit type.

The next thing to do is to properly accomodate the BHK-interpretation
and define what it means that a term t “realizes” the formula A, written
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tr A. In the prime formula case I+ this will involve a predicate “t realizes
177, which will be defined inductively as well, following the clauses of I. But
since this is a “meta” statement already containing the term ¢ representing a
generation tree, we are not interested in the generation tree for such realizing
formulas and consider them as non-computational.

Finally we will define in 3.2.6 the “extracted term” et(M) of a proof M
of a formula A, and prove the soundness theorem et(M) r A.

REMARK. We have encountered two situations where inductive defini-
tions do not have computational content: uniform one-clause defined pre-
dicates, and realizability predicates. There is a third occasion when this
can happen and is in fact rather useful, namely when the all clauses have
“Invariant” premises A only; a formula A is called invariant if 3,(z r A) is
equivalent to A. We write p5¢ (Ko, ..., Kr_1) whenever an inductive predi-
cate is n.c. The soundness theorem continues to hold if we restrict usage of
the least-fixed-point (or elimination) axiom for such n.c. inductive predicates
to Harrop formulas.

3.2.1. An informal explanation. The ideas that we develop here are
illustrated by the following simple situation. The computational content
of an implication Pn —¢ P(Sn) is that demanded of an implication by the
BHK interpretation, namely a function from evidence for Pn to evidence for
P(Sn). The universal quantifier V,, is non-computational if it merely supplies
n as an “input”, whereas to say that a universal quantifier is computational
means that a construction of input n is also supplied. Thus a realization of

V¢ (Pn —°¢ P(Sn))
will be a unary function f such that if r “realizes” Pn, then fr realizes
P(Sn), for every n. On the other hand, a realization of

Vs (Pn —° P(Sn))
will be a binary function g which, given a number n and a realization r of

Pn, produces a realization g(n,r) of P(Sn). Therefore an induction with
basis and step of the form

PO, Vol (Pn —° P(Sn))
will be realized by iterates f() (ro), whereas a computational induction
Po, Ve (Pn —¢ P(Sn))

will be realized by the primitive recusively defined h(n,ry) where h(0,rq) =
ro and h(Sn, 7o) = g(n, h(n,ro)).
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Finally, a word about the non-computational implication: a realizer of
A —" B will depend solely on the existence of a realizer of A, but will
be completely independent of which one it is. An example would be an
induction

PO, YS(Pn —™ P(Sn))

where the realizer h(n, r¢) is given by h(0,79) = 79, h(Sn,ro) = g(n), without
recursive calls. The point is that in this case g does not depend on a realizer
for Pn, only upon the number n itself.

3.2.2. Decorating — and V. We adapt the definition in 3.1.2 of pre-
dicates and formulas to the newly introduced decorated connectives —¢, V¢
and —"°, V"°. Let — denote either —° or —"°, and similarly V either V¢ or
V™. Then the definition in 3.1.2 can be read as it stands.

We also need to adapt our definition of TCF to the decorated connec-
tives —¢, —"¢ and V¢, V"°. The introduction and elimination rules for —¢
and V¢ remain as before, and also the elimination rules for —"¢ and Vv"°.
However, the introduction rules for —"¢ and V"¢ must be restricted: the
abstracted (assumption or object) variable must be “non-computational”,
in the following sense. Simultaneously with a derivation M we define the
sets CV(M) and CA(M) of computational object and assumption variables
of M, as follows. Let M4 be a derivation. If A is non-computational (n.c.),
i.e., the type 7(A) of A (defined below in 3.2.5) is the “nulltype” symbol o,
then CV(M4) := CA(M?) := (). Otherwise

CV(ct) =0 (¢* an axiom),

CV(u?) =0,

CV((Aa MPYAZBY .= CV(( A\ a MBYAZ™B) .= CV (M),
A=BNAYBY .— V(M) U CV(N),

ATEENAE) = v (M),

Ao MAY2A) = CV (A M) 4) .= V(M) \ {z},

S

and similarly
CA(cM):=0 (¢ an axiom),

CA(u?) = {u},
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CA((AaMP)A7 ) = CA((\a MP)A"F) = CA(MA) \ {u},
CA((MAZBNA)B) .= CA(M) U CA(N),
((
((

Q

A(MAZBNYYBY .= CA(M),
CA((AMN7A) := CA((N M=) .= CA(M),
CA((M =A@ R)AM)) .= CA((M=A@ AW .= CA(M).
The introduction rules for —"¢ and V"¢ then are
(i) If M® is a derivation and u?® ¢ CA(M) then (\,aMP)4="B is a
derivation.

(i) If M4 is a derivation, z is not free in any formula of a free assumption
variable of M and x ¢ CV (M), then (\,M*4)""4 is a derivation.

An alternative way to formulate these rules is simultaneously with the notion
of the “extracted term” et(M) of a derivation M. This will be done in 3.2.6.

3.2.3. Decorating inductive definitions. Now we can and should
decorate inductive definitions. The introduction axioms are
(3.3) Ky o= Y (A (1)) =/ IF)
and the elimination axiom is
(34)  VEUIZ ¢ (VL (A (I A X))yan, =" X75))ick = XT)

where I AY X abbreviates { & | I# AY X%} with AY defined below.

Let us decorate the inductively defined predicates in 3.1.3, that is, take
computational aspects into account. For 3, A and V we obtain 39, 3!, 3, 34,
A AL AT AT vV VT VY with d for “double”, 1 for “left”, r for “right”
and u for “uniform”. They are defined by their introduction axioms, which
involve both —¢, V¢ and —"¢, V"¢,

Vo (A —°¢ HiA), EI;IA =V (A = P) =P,
Ve (A —ne 3 A, LA V(A =8¢ P) =° P
V(A = T A), FA V(A ¢ P) ¢ P,

VIC(A =" 38A), WA SO VI(A " P) 5° P,

and similar for A:

A—°B = AN B, AN B =€ (A =° B = P) =° P,
A —=¢ B =" AN B, AN B = (A ¢ B =" P) 5° P,
A—="B—=°AN B, AN B = (A—-"B—=°P) ‘P

A =" B =" AA"B, AN'B = (A =" B=>"P)>°P
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and for V:
A—=°AviB, B-—°AVIB,
A—=CAVIB, B ™ AV'B,
A—=""AV'B, B —°AV'B,
A—-"AV'B, B—-""AV"B
with elimination schemes
AVY B 5¢ (A = P) =° (B —»° P) =° P,
AV'B - (A ¢ P) =° (B =" P) »° P,
AV' B =¢ (A =" P) =»° (B —=°P)—>°P,
AVY B = (A =" P) - (B =" P) —»°P.
Let < be a predicate variable representing a binary relation. A compu-

tational variant of the inductively defined transitive closure TC~ of < has
introduction axioms

Vi <y =" TC(z,y)),
V%yvgc(x <y =" TCs(y,2z) = TC<(z,2)),
and the elimination scheme is
Vi (TC<(z,y) =° Vg (v <y =" Pay) —°
Ve Vil(x <y =" TC<(y, 2) = Pyz = Prz) =°

T,y "z

Pzy).

Consider the accessible part of a binary relation <. A computational
variant Acc~ is determined by the introduction axioms

VS (F —" Acc<(x)),
Vo (Vy<aAce<(y) —¢ Acc<(z)),

y<x

C
where Vi _

Vi(Accx(z) =° Vo (F =" Pz) —°
Vit (Vy<pAce<(y) = V<,
Px).

A stands for Vi (y < 2 —"¢ A). The elimination scheme is

Py —°¢ Px) —°
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3.2.4. Totality and induction. In 2.1.6 we have defined what the
total and structure-total ideals of a finitary algebra are. We now inductively
define general totality predicates. Let us first look at some examples. The
clauses defining totality for the algebra N are

TNO, VEC(TNTI —¢ TN(Sn))
The least-fixed-point axiom is
Vol(Tnn —°¢ X0 = Vo' (Twn = Xn —° X(Sn)) = Xn).

Clearly the partial continuous functionals with T interpreted as the total
ideals for IN provide a model of TCF extended by these axioms.

For the algebra D of derivations totality is inductively defined by the
clauses

Tpo®, V3, (Ipz = Tpy —¢ Tp(CP P Pay)),

with least-fixed-point axiom
Vi(Tpx —° X0P —¢
Vi (Tpr = Tpy —° Xz —=° Xy —° X(CP7DP=Dyyyy ¢
Xx).

Again, the partial continuous functionals with Tp interpreted as the total
ideals for D (i.e., the finite derivations) provide a model.
Generally we define
(i) RT, called relative totality, and its special cases
(ii) T}, called (absolute) totality and
(iii) ST, called structural totality.
The least-fixed-point axiom for ST, will provide us with the induction axiom
for the algebra ¢.
The definition of RT, is relative to an assigment of predicate variables
Y of arity (a) to type variables a.

DEFINITION (Relative totality RT). Let ¢ = pe(ko, ..., kp—1) € Alg(d)
with k; = (pu(@,€))y<n — & Then RT, := ux(Ko,...,Ki_1), with

Ki :=V2((RT,, (Y, X)) )yen —° X(Ci))

and

RT, -, (Y, X) = { f | V¥ (RTo& —° RT, (Y, X)(fZ)) }.
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For important special cases of the parameter predicates Y we introduce
a separate notation. Suppose we want to argue about total ideals only. Note
that this only makes sense when when no type variables occur. However, to
allow a certain amount of abstract reasing (involving type variables to be
substituted later by concrete closed types), we introduce special predicate
variables T, which under a substitution o — p with p closed turn into the
inductively defined predicate T,. Using this convention we define totality
for an arbitrary algebra by specializing Y of arity (p) to 7).

DEFINITION (Absolute totality 7). Let ¢ = pe¢(ko, ..., kp—1) € Alg(d)
with &; = (pu(&,€))v<n — & Then T, := ux(Ko,...,Ki_1), with

Ki = V5 ((Tp, (X)z)yan = X(CiT))
and
To; (X) =T,
Te(X) = X,
Top(X) = { [ | V3 (To7 =° Tp(X)(fT)) }.

Another important special case occurs when we substitute the predicate
variables Y by truth predicates. The resulting totality predicate is called
structural totality.

DEFINITION (Structural totality ST). Let ¢ = pe(ko, ..., kr—1) € Alg(d)
with k; = (pu(&@,€))v<n — & Then ST, := ux (Ko, ..., Ki_1), with

Ki = V3 ((STp, (X)y)yn = X(Cil))
and
STo;(X):={z| T} (omitted whenever possible),
STe¢(X) := X,
SToop(X) :={ f|VE(STo&d = ST,(X)(fZ)) }.
For example, the main clause for the predicate STy ,) expressing struc-
tural totality of lists of elements of type « is
21(STo(X)x = STe(X) 1l = X(x 2 1))
T N—— N——
T; omit X
where x :: [ is shorthand for Cons(z,1). It leads to the introduction axiom
V;i(STL(a)l —¢ STL(Q)(I' b l))

with no assumptions on .
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The least-fixed-point axiom for STy, is according to (3.4)

VIC(ST (1) —° X (Nil) = V25 ((ST A X)) —° X (@ =: 1)) »¢ XI10),
Written differently (with “duplication”) we obtain the induction axiom

VRC(ST(1) —° X(Nil) — V25(ST(I) —° X1 —° X(z = 1)) = X1

denoted Ind; x.

Note that in all these definitions we allow usage of totality predicates for
previously introduced algebras ¢/. An example is totality T for the algebra
T of finitely branching trees. It is defined by the single clause

Vas RTyr)(Tr)(as) —° Tr(Branch(as))).
Clearly all three notions of totality coincide for algebras without type

parameters. Abbreviating V3°(Tz —¢ A) by V{_; A we obtain from the
elimination axioms computational induction schemes, for example

Indy p: Viep (Pt —° P —¢ PpP),
Ind,, p: Y cr (PO —=° V. cr(Pn —¢ P(Sn)) —¢ PnM).

The types of these formulas (as defined in 3.2.5) will be the types of the
recursion operators of the respective algebras.

3.2.5. The type of a formula, realizability and witnesses. For
every formula or predicate C' we define 7(C') (a type or the “nulltype” symbol
o). In case 7(C) = o proofs of C' have no computational content; such C
are called non-computational (n.c.) (or Harrop); the other ones are called
computationally relevant (c.r.). The definition can be conveniently written
if we extend the use of p — ¢ to the nulltype symbol o:

(p—=0):=0, (0—o0):=0, (0—o0):=o.

DEFINITION (Type 7(C) of a formula or predicate C, and ¢y). Assume

a global injective assignment of a type variable £ to every predicate variable
X.

7(P7) := 7(P),
T(A —° B) :=(1(4) —» 7(B)), 7(A—-"°B):=171(B),
T(VeeA) = (p = 7(A)), 7(VinA) = 7(A),
T(X) = ¢,
T{Z| A}) = 7(4),
(
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T(ux (VEVS, (A =7 Bi ¢ X7))ick) i= ue(7(5i) = 7(B3) = iz
We call vf = pe(7() — 7(B;) — )ik the algebra associated with the
inductive predicate I := pux (VAVS (A; = By —° X7}))ick-

Hence

if I is c.r.
rrry =g
o if Iisn.c.

We now define realizability. It will be convenient to introduce a special
“nullterm” symbol € to be used as a “realizer” for n.c. formulas. We extend
term application to the nullterm symbol by

et:=¢, te:=1t, cc:=c¢.

DEFINITION (¢ realizes A). Let A be a formula and ¢ either a term of
type 7(A) if the latter is a type, or the nullterm symbol ¢ for n.c. A. We
assume an injective global assignment, giving for every predicate variable X
of arity g a predicate variable X* of arity (7(X), o).

tr X7:= X"tr,
tr(A—=°B):=V(zrr A =" tzr B),
tr(A—="B):=V(xr A =" tr B),
tr VoA =V (ter A),
trVyCA =V (tr A),
(i (V255 (AiJums " (Bi)um, —° X72))icp)3 = I3

I" = {w7 z ‘ (/j’r)l(c(v;”f,g’i,ﬁi((auwuil/ r AiV)V<Tli —h (vill r Bil/)l/<mi —1e

X(Cifji0)75) )ik )W }.
In case Aisn.c., Va(x r A =" B(x)) means e r A —"° B(¢e). For a general
n.c. inductively defined predicate (with restricted elimination scheme) we

define € r IS to be I§. For the special n.c. inductively defined predicates I,
Eq, 3" and A" introduced above realizability is defined by

er I't§ = I"ts,
er Eq(t,s) :=Eq(t,s),
er 3;A =,y A),

er (AN"B) =3 (zr A) A" F(y r B).
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NoTE. Call two formulas A and A’ computationally equivalent if each
of them computationally implies the other, and in addition the identity
realizes each of the two derivations of A’ —° A and of A —° A’. It is an
easy exercise to verify that for n.c. A, the formulas A —-° B and A —-"° B
are computationally equivalent, and hence can be identified. In the sequel
we shall simply write A — B for either of them. Similarly, for n.c. A the two
formulas V5 A and V3°A are n.c., and both € r V; A and € r V°A are defined
to be V2°(e r A). Hence they can be identified as well, and we shall simply
write VA for either of them. Since the formula ¢t r A is n.c., under this
convention the —,V-cases in the definition of realizability can be written

tr(A—°B) :=Vy(zr A — txr B),
tr (A—-"B):=Vy(xrA — tr B),
trV,A = Vz(txr A),

trV,°A =Vi(tr A).

Here are some examples. Consider the totality predicate T" for N induc-
tively defined by the clauses

T0, Vol (Tn —° T(Sn)).
More precisely T := ux (Ko, K1) with Ky := X0, K := V2¢(Xn —°¢ X (Sn)).
These clauses have types ko := 7(Ko) = 7(X0) = § and k1 = 7(K;) =
T(V(Xn —° X(Sn))) = & — & Therefore the algebra of witnesses is
vp = pe(&, € — &), that is, N again. The witnessing predicate T is defined
by the clauses
7700, Vo (T"mn — T"(Sm, Sn))

and it has as its elimination scheme

VeV (T mn — Q(0,0) —°¢

Vem (TTmn — Qmn —¢ Q(Sm, Sn)) —¢

Qmn.

As an example involving parameters, consider the formula 394 with a
c.r. formula A, and view 3¢A as inductively defined by the clause

Ve (A —°39A).

More precisely, Ex4(Y) := ux(Kp) with Ko := V$(Ya? —°¢ X). Then 344
abbreviates Ex4({z” | A}). The single clause has type ko = 7(Kp) =
T(Ve(YaP —° X)) = p — a — £ Therefore the algebra of witnesses is
L= 1304 = pe(p = a — §), that is, p x a. We write (z,u) for the values
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of the (only) constructor of ¢, i.e., the pairing operator. The witnessing
predicate (3¢ A)* is defined by the clause K3 ((32A4)*,{2r | A}) ==
Veu(ur A— (3LA) (x,u))
and its elimination scheme is
Vfu((ElgA)rw = Viu(ur A= Q(z,u)) =° Qu).

DEFINITION (Leibniz equality Eq and 3%, A"). The introduction axioms
are

Vi’Eq(x, x), VEC(A =" TF0A), A =" B " AA" B,
and the elimination schemes are
Vi (Ed(z,y) — Yy Prz —° Pry),
A = V(A" P) =P,
AN'B — (A =" B =" P)—=°P.
An important property of the realizing formulas ¢ r A is that they are
tnoariant.
PROPOSITION. er (t r A) is the same formula as t r A.

PRrOOF. By induction on the simultaneous inductive definition of for-
mulas and predicates in 3.1.2.

Case t r IS. By definition the formulas € r (t r I§), ¢ r I"t5, I"t5 and
tr I5 are identical.

Case I"t§. By definition € r (¢ r I"t§’) and € r I"ts are identical.

Case Eq(t,s). By definition € r (¢ r (Eq(¢,s))) and € r (Eq(¢,s)) are
identical.

Case 33 A. The following formulas are identical.

er (er3tA),
er 3, (yr A),
(er 3y r A)),
(e (yr A)),
3;3y(yr A) by induction hypothesis,
er A
Case A A" B. The following formulas are identical.
er (er (AA" B)),
er (Fp(rr A) A" F(yr B)),
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er Jp(zr A)A"er I (yr B)),
Fzler(zr A) A" I (er (yr B)),
Jz(zr A)A" I (y r B) by induction hypothesis,
er (AA" B).
Case A —° B. The following formulas are identical.
r(tr (A—°B)),
erVy(zrA — txr B),
Veer(zrA) — er (txr B)),
Veo(xr A — tzr B) by induction hypothesis,
tr (A—°DB).
Case A —"° B. The following formulas are identical.
er (tr (A—-"° B)),
erVy(zrrA — tr B),
Veaer(zrA) — er (tr B)),
Ve(xr A — tr B) by induction hypothesis,
tr (A—-"B).
Case V5 A. The following formulas are identical.
er (trV,A),
erVy(trr A),
V(e r (tz r A)),
V. (tz r A) by induction hypothesis,
trVSA.
Case V3°A. The following formulas are identical.
er (trVi°A),
erVy(tr A),
Ve(er (tr A)),
V.(tr A) by induction hypothesis,
tr VA

This completes the proof.
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3.2.6. Extracted terms. For a derivation M of a formula A we define
its extracted term et(M), of type 7(A). This definition is relative to a fixed
assignment of object variables to assumption variables: to every assumption
variable u® for a formula A we assign an object variable x, of type 7(A).

DEFINITION (Extracted term et(M) of a derivation M ). For derivations
M4 with A n.c. let et(M?4) := e. Otherwise

7(A) (4)

w uniquely associated with uA),

(zu

Here A -4 et(M) means just et(M) if A is n.c.

It remains to define extracted terms for the axioms. Consider a (cr.)
inductively defined predicate I. For its introduction axioms (3.3) and eli-
mination axiom (3.4) define et(I;") := C; and et(I~) := R, where both the
constructor C; and the recursion operator R refer to the algebra ¢; associ-
ated with 1.

Now consider the special non-computational inductively defined predi-
cates. Since they are n.c., we only need to define extracted terms for their
elimination axioms. For the witnessing predicate I™ we define et((I*)”) := R
(referring to the algebra ¢; again), and for Leibniz equality Eq, the n.c. ex-
istential quantifier 3% A and conjunction A A" B we take identities of the
appropriate type.

REMARK. If derivations M are defined simultaneously with their ex-

tracted terms et(M ), we can formulate the introduction rules for —"¢ and
Ve by

(i) If MPB is a derivation and z, 4 ¢ FV(et(M)), then (A aMB)A4=7"8B is
a derivation.



3.2. REALIZABILITY INTERPRETATION 51

(ii) If M4 is a derivation, z is not free in any formula of a free assumption
variable of M and x ¢ FV(et(M)), then (A\,M4)""4 is a derivation.

3.2.7. Soundness. One can prove that every theorem in TCF 4+ Axy
has a realizer: the extracted term of its proof. Here (Axy¢i) is an arbitrary
set of non-computational invariant formulas viewed as axioms.

THEOREM (Soundness). Let M be a derivation of A from assumptions
u;: C; (i <n). Then we can derive et(M) r A from assumptions x,, r C;
(with x,,, := € in case C; is n.c.).

For the proof is (by induction on M) we have to refer to the literature.
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