CHAPTER 2

Model Theory

Model theory is an established branch of mathematical logic. It uses
tools from logic to study questions in algebra. In model theory it is common
to disregard the distinction between strong and weak existential quantifiers;
we shall do the same in the present chapter. Also, the restriction to coun-
table languages that we have maintained until now is given up. Moreover
one makes free use of other concepts and axioms from set theory like the
aziom of choice (for the weak existential quantifier), most often in the form
of Zorn’s lemma.

2.1. Ultraproducts
2.1.1. Filters and ultrafilters. Let M # () be a set. F C P(M) is
called filter on M if
(a) M € Fand 0) ¢ F;
(b) if X € Fand X CY C M, then Y € F;
(¢c) X,Y € Fentails X NY € F.

F is called ultrafilter if for all X € P(M)
XeForM\XE€F.

The intuition here is that the elements X of a filter F' are considered to be
“big”. For instance, for M infinite the set FF ={X C M | M \ X finite } is
a filter (called Fréchet-filter).

LEMMA. Suppose F is an ultrafilter and X UY € F. Then X € F or
Y eF.

ProoF. If both X and Y are not in F, then M \ X and M \ Y are in
F, hence also (M \ X)N (M \Y), which is M \ (X UY). This contradicts
the assumption X UY € F. O

Let M # () be aset and S C P(M). S has the finite intersection property
ifXiN---NX, #0foral Xy,...,X, € Sand all n € N,
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50 2. MODEL THEORY

LEMMA. If S has the finite intersection property, then there exists a
filter F' on M such that FF 2 S.

Proor. F:={X | XD X;N---NX, for some Xy,..., X, €85} O

THEOREM (Ultrafilter). Let M # () be a set and F a filter on M. Then
there is an ultrafilter U on M such that U O F'.

PRrROOF. By Zorn’s lemma there is a maximal filter U with F' C U. We
claim that U is an ultrafilter. So let X C M and assume X ¢ U and
M\ X ¢ U. Since U is maximal, UU{X} cannot have the finite intersection
property; hence there is a Y € U such that Y N X = (). Similary we obtain
Z € U such that ZN (M \ X) = (). But then YNZ = (), a contradiction. O

2.1.2. Products and ultraproducts. Let I # () be a set and D; # ()
sets for ¢ € I. Let

HDi :={a| «ais a function, dom(a) = I and «(i) € D; for all i € T }.
el
Observe that, by the axiom of choice, [],.; D; # 0. We write o € [[,c; D;
as (a(i) |1 €1).
Now let I # () be a set, F a filter on I and M; models for i € I. Then
the F'-product M = HlFeI M, is defined by

(a) M| :=Tl,e; IMi| (note that [M| # ().
(b) for an n-ary relation symbol R and ai,...,a, € |[M]| let

RM(aq,...,an) = ({i e I| RMi(a1(i),...,an(i)} € F).
(¢) for an n-ary function symbol f and a,...,q, € M| let
Mlar, .. o) = (M), ... an(i)) |ieT).

For an ultrafilter U we call M = HteI M; the U -ultraproduct of the M;.
The properties of ultrafilters correspond in a certain sense to the defini-
tion of the relation j=. For example, for an ultrafilter U we have

M (AV B)[n] ¢ M |= Al] or M = Bl
XuYeUXeUorYeU

and

M|z —A[n] < M [~ Aln]
X¢U+ M\XeU.
This is the background of the following theorem.
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THEOREM (Fundamental theorem on ultraproducts, Los (1955)). Let

M = H?el M; be a U-ultraproduct, A a formula and n an assignment in
M| . Then

ME Al < {iel|M;kE A} eU,
where n; is the assignment induced by n;(x) := n(x)(i) fori e I.
PRrOOF. We first prove a similar property for terms.
(2.1) M) = (M) i e I).

The proof is by induction on ¢. For a variable the claim follows from the
definition. Case f(t1,...,t,). For simplicity assume n = 1; so we consider
ft. We obtain

(M) = £ )
= fM(tMi[] |i e I) by induction hypothesis
= (Y™l |ieT).
Case R(t1,...,t,). For simplicity assume n = 1; so consider Rt. We obtain
M = Rt[n) « RM (M [n))
o {ie I | RM M)} e U
o {ieI|RM M) yeU by (2.1)
—{iel| M; ERtn)}el.
Case A — B.
M= (A — B)[n]
+ if M = A[n], then M | Bin)|
—if{iel | M;EAm]}eU,then{iel | M; =B} eU
by induction hypothesis
o{iel | MEAnY¢Uor{iel| M;E B} eU
o{iel | M E-Am)eUor{iel | M;=B[n|}eU
for U is an ultrafilter
—{iel | M;E=-Alnp)or M; =Bn|}eU
for U is an ultrafilter
<fiel |[MiE(A—= B)nl}tel.
The case A A B is easy.
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Case V A.
M | (Vo A)[n]
© Vaeim (M = Alnz])
S Vaem({i €I M; EA()2D]} € U) by induction hypothesis
0 Li e T [ Yoy (Mi E Al(m:)2]) } €U see below
o{iel | M;E (V:A)ml}el.
It remains to prove the equivalence marked (x). Let
X :={iel|Voeipm, (M= Al(ni)z]) }
Yo :={iel| Ml Alm:)2D]} for a € | M.

<. Let o € IM] and X € U. Clearly X C Y, hence also Y, € U. —. Let
Y, € U for all a. Assume X ¢ U. Since U is an ultrafilter,

INX = {iel|3aeim|(Mi = Allm)z]) } € U.
By the axiom of choice there is an ag € | M| such that

@) some a € |M;| such that M; = A[(n;)] ifiel\X,
ap(i) =
0 an arbitrary € | M| otherwise.

Then Yy, N (I \ X) = 0, contradicting Yy, I\ X € U. O

If we choose M; = N constant, then M = []\_; A satisfies the same
closed formulas as N (such models will be called elementary equivalent; the

notation is M = N). [[5.; N is called an ultrapower of N.

2.1.3. General compactness and completeness. Recall that the
underlying language may be uncountable.

COROLLARY (General compactness theorem). Let T" be a set of formulas.
If every finite subset of ' is satisfiable, then so is I.

PrROOF. Let I := {i¢ C T" | i finite}. For ¢ € I let M; be a model
of i under the assignment 7;. For A € T'let Z4, :={i el | Aeci} =
{i C T |ifiniteand A€i}. Then F := {Z4 | A € T'} has the finite
intersection property (for {A1,..., An} € Za,N---NZ4,). By the Ultrafilter
Theorem in 2.1.1 there is an ultrafilter U on I such that F* C U. We consider
the ultraproduct M := Hfje ;1 M; and the product assigment 7 defined by
n(x)(i) := n;i(z), and show M = TI'[n]. So let A € I'. By Los’s theorem it
suffices to show

Xa={iel|[M;EAn]}eUl.
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But this follows from Z4 C X4 and Z4 € F CU. O

If £’ is a sublanguage of £, M’ an £’-model and M an L-model, then
M is called an ezpansion of M’ (and M’ a reduct of M) if |M'| = |M|,
M = fM for all function symbols and RM' = RM for all relation symbols
in the language £'. The (uniquely determined) £'-reduct of M is denoted
by M[L'. If M is an expansion of M’ and 1 an assignment in |M’|, then
clearly tM'[n] = tM[n] for every £'-term t and M’ = A[n] if and only if
M = A[n], for every L'-formula A.

COROLLARY (General completeness theorem). Let I' U {A} be a set of
formulas. Assume that for all models M and assignments 7,

M =T = M= Anl.
Then T' . A.

PRrOOF. By assumption 'U{—A} is not satisfiable. Hence by the general
compactness theorem there is a finite subset IV C T" such that already I'" U
{—A} is not satisfiable. Let £ be the underlying (possibly uncountable)
language, and £’ the countable sublanguage containing only function and
relation symbols from I'V. By the remark above IV U {=A} is not satisfiable

w.r.t. £ as well. By the completeness theorem for countable languages we
obtain IV . A, hence I" . A. O

2.2. Complete theories and elementary equivalence

We assume in this section that our underlying language £ contains a
binary relation symbol =.

2.2.1. Equality axioms. The set Eq, of L-equality axioms consists of
(the universal closures of)
x=ux (reflexivity),
r=y—y=2x (symmetry),
r=y—y=z—x=z (transitivity),
T1=Y1 = =T =Yn — f(x1,.. ., 20) = f(Y1,---,Yn)s
T1=Y1 = = Tp =Yn — R(x1,...,2) = R(Yy1,...,Yn),
for all n-ary function symbols f and relation symbols R of the language L.

LEMMA (Equality). (a) Eqy Ft =s— r(t) =r(s).
(b) Eqp Ft=s— (A(t) « A(s)).
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PROOF. (a). Induction on r. (b). Induction on A. O

An £-model M satisfies the equality axioms if and only if =M is a con-
gruence relation (i.e., an equivalence relation compatible with the functions
and relations of M). In this section we assume that all £-models M con-
sidered satisfy the equality axioms. The coincidence lemma then also holds
with =M instead of =:

LEMMA (Coincidence). Let n and & be assignments in |M| such that
dom(n) = dom(¢) and n(x) =M &(x) for all x € dom(n). Then
(a) tMn] =M tM[¢€] if vars(t) C dom(n) and
(b) M = Afg] & M = A[€] if FV(4) C dom(y).

PROOF. Induction on t and A, respectively. O

2.2.2. Cardinality of models. Let M/:M be the quotient model,
whose carrier set consists of congruence classes. We call a model M infinite
(countable, of cardinality n)f |M/=M| is infinite (countable, of cardinality
n). For every set I' of formulas let L(I') be the set of all function and
relation symbols occurring in I'. By an aziom system I" we mean a set of
closed formulas such that Eqpy C I'. A model of an axiom system I' is an
L-model M such that L(T') C £ and M =T For sets I' of closed formulas

we write
Modg(T") := {M | M is an L-model and M =T UEq, }.
Clearly I' is satisfiable if and only if I' has an £-model.

THEOREM. If an axiom system has arbitrarily large finite models, then
it has an infinite model.

Proor. Let T' be such an axiom system. Suppose xzg,z1,Z2,... are
distinct variables and

I":=TU{x #x;|4,j €N such that i < j }.

By assumption every finite subset of I' is satisfiable, hence by the general
compactness theorem so is I'V. Then we have M and 7 such that M = I"[n]
and therefore n(z;) #M n(x;) for i < j. Hence M is infinite. O

2.2.3. Complete theories, elementary equivalence. ca Let £ be
the set of all closed L-formulas. By a theory T we mean an axiom system
closed under k-, that is, Eqy ) € 1" and

T={AcL(T)|Tr.A}
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A theory T is called complete if for every formula A € L(T), T k. A or
Tk, —A.

For every L-model M (satisfying the equality axioms) the set of all
closed L-formulas A such that M = A clearly is a theory; it is called the
theory of M and denoted by Th(M).

Two L-models M and M’ are called elementarily equivalent (written
M = M) if Th(M) = Th(M’). Two L-models M and M’ are called
isomorphic (written M = M) if there is a map 7: |M| — |M’| inducing a
bijection between |M/=M]| and |M’/=M'|, that is,

Yapem(a = b < m(a) =" (b)),
va’e\/\/l'\E'ae|/vl|(7T(a) =M a/)a
such that for all ay,...,a, € |M]|
m(fM(ay, ... an)) =M M (w(ar), ... 7 (an)),
RM(ay,...,an) < RM (n(a1), ..., 7(ay))

for all n-ary function symbols f and relation symbols R of the language L.
We collect some simple properties of the notions of the theory of a model
M and of elementary equivalence.

LEMMA. (a) Th(M) is complete.
(b) If T is an axiom system such that L(T') C L, then

{A€L|TUEq. . A} = |{ Th(M) | M € Mod.(T) }.

(c) M=M < M E Th(M).
(d) If L is countable, then for every L-model M there is a countable L-model
M’ such that M = M.

PROOF. (a). Let M be an £-model and A € L. Then M | A or
M = =A, hence Th(M) F. A or Th(M) . -A.
(b). For all A € £ we have

IN'uEq, e A < for all L-models M, M =T - M = A)
« for all £L-models M, (M € Mod,(I') - A € Th(M))

< Ae({Th(M) | M € Modg(T) }.

(c). For — assume M = M’ and A € Th(M’). Then M’ = A, hence
M E A. For < assume M |= Th(M'). Then clearly Th(M’) C Th(M).
For the converse inclusion let A € Th(M). If A ¢ Th(M’), then —A €
Th(M') by (a) and hence M | —A, contradicting A € Th(M).
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(d). Let £ be countable and M an £-model. Then Th(M) is satisfiable
and therefore by the theorem of Lowenheim and Skolem possesses a satisfy-
ing £L-model M’ with the countable carrier set Terz. By (¢), M= M'. O

THEOREM (Characterization of complete theories). Let T' be a theory
and L = L(T). Then the following are equivalent.

(a) T is complete.
(b) For every model M € Mod,(T), Th(M) =T.
(¢) Any two models M, M' € Mod,(T) are elementarily equivalent.

ProoOF. (a) — (b). Let T be complete and M € Mod,(T'). Then
M =T, hence T' C Th(M). For the converse assume A € Th(M). Then
—A ¢ Th(M), hence =A ¢ T and therefore A € T.

(b) — (c) is clear.

(c) = (a). Let A € £ and T I/, A. Then there is a model Mg of
T U{-A}. Now let M € Mod,(T) be arbitrary. By (c) we have M = M,
hence M |= —A. Therefore T -, = A. O

2.2.4. Elementary equivalence and isomorphism.

LEMMA. Let 7 be an isomorphism between M and M’'. Then for all
terms t and formulas A and for every sufficiently big assignment n in | M|

(a) w(tM ) =M tM[w o n) and
(b) M | Alp] < M’ |= Alw o). In particular,

MM > M=M.

PROOF. (a). Induction on ¢. For simplicity we only consider the case of
a unary function symbol.

m(@Mn)) = n(n(z)) = ™ [x o
m((f)Mn]) = 7 (FME )
=M M (M)
MMM [ o))
= (f)yM'[r o).

(b). Induction on A. For simplicity we only consider the case of a unary
relation symbol P and the case V. A.

M E (Pr)[n] < PM (M)
& PM(x(rM[n)]))
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o pM (TM, [ o))
o M E (P o],

M Ve Aln] € Vaeipm (M = Alng])
© Vaem (M’ = Al o nf])
& Vaeiag (M Al(m o )7 @)
& Ve (M Al o) ])
Ad /\/l/ }: \V/IA[ﬂ' o 17].

For part “—” of the next-to-last equivalence we have used the Coincidence
Lemma from 2.2. O

The converse, i.e., that M = M’ implies M = M’, does not hold for
infinite models. This proves the impossibility to characterize models by first
order axioms.

THEOREM. For every infinite model M there is an elementarily equi-
valent model Mg not isomorphic to M.

ProOOF. Let =M be the equality on D := |[M]|, and let P(D) denote
the power set of D. For every a € P(D) choose a new constant ¢,. In the
language L' := LU { ¢y | @ € P(D)} we consider the axiom system

I''=Th(M)U{cqa #cpg|a,B€P(D)and a# [ }UEq,.

Every finite subset of I' is satisfiable by an appropriate expansion of M.
Hence by the general compactness theorem also I' is satisfiable, say by Mj,.
Let Mg := M}[L. We may assume that =0 is the equality on |Mo|. My
is not isomorphic to M, for otherwise we would have an injection of P (D)
into D and therefore a contradiction. U

2.3. Applications

2.3.1. Non-standard models. By what we just proved it is impos-
sible to characterize an infinite model by a first order axiom system up to
isomorphism. However, if we extend first order logic by also allowing quan-
tification over sets X, we can formulate the following Peano azioms

Yn(Sn # 0),
Vnm(Sn = Sm — n =m),
Vx(0e X = Vpne X = SneX)—Vy(neX)).
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One can show easily that (N,0,S) is up to isomorphism the unique model
of the Peano axioms. A model which is elementarily equivalent, but not
isomorphic to N := (N, 0,S), is called a non-standard model of N'. In such
non-standard models the principle of complete induction does not hold for
all subsets of |N].

THEOREM. There are countable non-standard models of the natural num-
bers.

PROOF. Let x be a variable and T' := Th(N)U{x # n | n € N}, where
0:=0and n+ 1 := Sn. Clearly every finite subset of I' is satisfiable, hence
by compactness also I". By the theorem of Lowenheim and Skolem we then
have a countable or finite M and an assignment 7 such that M = I'[5]. Since
M = Th(N) we know that M cannot be finite. Moreover n(x) #M n™ for
all n € N, hence M % N. O

2.3.2. Archimedian ordered fields. We now consider some easy ap-
plications to well-known axiom systems. The axioms of field theory are (the
equality axioms and)

r+y+2z) =(x+y)+z, z-(y-2)=(x-y)-z,

04z =z, 1-z=u,
(—z)+2=0, r#0—zlx=1,
T+y=y+uw, r-Yy=y-,

and also
(r+y)-z=( 2)+(y-2),
1#£0.

Fields are the models of this axiom system.

In the theory of ordered fields one has in addition a binary relation
symbol < and as axioms

x £,
r<y—y<z—z<z,
r<yVz=yVy<uz,
r<y—xr+z<y—+z,
0<z—=0<y—0<zx- 9.

Ordered fields are the models of this extended axiom system. An ordered
field is called archimedian ordered if for every element a of the field there is
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a natural number n such that a is less than the n-fold multiple of the 1 in
the field.

THEOREM. For every archimedian ordered field there is an elementarily
equivalent ordered field that is not archimedian ordered.

PROOF. Let K be an archimedian ordered field, x a variable and
''=Th(K)U{n<z|neN}
Clearly every finite subset of I' is satisfiable, hence by the general compact-
ness theorem also I'. Therefore we have M and n such that M = I'[n].
Because of M = Th(K) we obtain M = K and hence M is an ordered

field. Moreover 1™ - n <M p(z) for all n € N, hence M is not archimedian
ordered. 0



