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1 BASIC TOPOLOGICAL NOTIONS IN METRIC SPACES 4

1 Introduction to Basic Topological Notions in Met-
ric Spaces

Basic topological notions include open sets, closed sets, compactness, and convergence,
all of which we already encountered in Calculus I is special situations, and all of which
we will encounter once again below, now in a more general setting. In an abstract
setting, the natural realm for such notions is the class of topological spaces. On the
other hand, the special case we are most interested in is the Euclidean space R". In a
compromise between generality and concreteness, topological notions will be presented
in the setting of metric spaces. Metric spaces are a special class of topological spaces
that, on the one hand, is sufficiently general to include a wide range of examples and to
give a flavor of abstract topological theory and thinking, but, on the other hand, shares
many important and typical properties with the Euclidean space R™ (and its subsets).

Before proceeding to the introduction of a metric space in Sec. 1.2, we first consider our
favorite example, the Euclidean space R™. Actually, it will usually be desirable to study
the spaces R" and C" simultaneously, as this often provides additional useful results
without any extra difficulty. Recall that we used the same approach in the, mostly, one-
dimensional considerations in Calculus I. As in Calculus I, we will write K in situations,
where we allow K to be R or C (cf. [Phi25, Not. 6.1]).

1.1 The Space K"

In the case K = R, we obtain the so-called Fuclidean space R™, which is of particular
interest.

Definition 1.1. Let n be a natural number, i.e. n € N = {1,2,...}. By K", we mean
the set of n-tuples (21, ..., 2,) with real or complex coordinates z; € K, ..., z, € K (cf.
[Phi25, Ex. 2.15(c)]). Thus, the set K" can be identified with the set of functions defined
on the numbers {1,...,n} with values in K. The elements of K" are referred to as points
or vectors (cf. Rem. 1.2 below). For z = (21,...,2,) € K", w = (wy,...,w,) € K", and
A € K, we define the componentwise addition

24w = (z1 +wy, ...,z + wy), (1.1a)
the componentwise scalar multiplication

Az = Az, Azn), (1.1b)
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the (Euclidean for K = R) inner product or scalar product
Z-w = zlw1+---+znwn:szwj (1.1c)
j=1

where we recall that, for a complex number w;, the complex conjugate is denoted by
j
w;), and the (Euclidean for K = R) norm, length, or absolute value

2| =z 2= \/|21|2+-~~—|—|zn|2. (1.1d)

Finally, one defines the (Euclidean for K = R) distance between z and w as

|2 —w| = /]z1 — w2+ -+ |z — w2 (1.1e)

One also finds the notation (z,w) instead of z - w for the inner product, and | z|| instead
of |z] for the above norm.

Remark 1.2. The set K" together with the componentwise addition and scalar multi-
plication as defined in Def. 1.1 constitutes a vector space over the field K (see Ex. A.2(d)
of Appendix A — App. A reviews basic notions and results from Linear Algebra). In a
slight abuse of notation, one often writes 0 instead of (0, ...,0).

Lemma 1.3. The norm on K" as defined in (1.1d) enjoys the following properties:
(a) It is positive definite, i.e.
|z| >0 and <|z| =0 & z:O> for each z € K".
(b) It is homogeneous of degree 1, i.e.
Az = |A||z| for each A € K, z € K".

(c) It satisfies the triangle inequality, i.e.

|z +w| < |z| + |w| for each (z,w) € K" x K".

Proof. (a): |z| is nonnegative, as the square root is nonnegative. If |z| = 0, then
21 = o = [zl = 0, 0. 23 = - = 20 = O,

(b): One calculates

el = (DA = (AR 1202 = A
i=1 j=1

> Izl = 1Al (1.2)
j=1
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(c): The triangle inequality is a bit harder to prove. We will see two different proofs
later. In Th. 1.85, we will prove the triangle inequality for general p-norms on K"
(the so-called Minkowski inequality). The special case p = 2 then yields the triangle
inequality for the above norm. Moreover, in Sec. 1.7 we will show that, for each general
inner product, the definition analogous to (1.1d) does always yield a general norm (see
Prop. 1.90) — in particular, this definition always guarantees the triangle inequality.
Once again, we obtain the above norm as a special case (see Ex. 1.92). |

Remark 1.4. Lemma 1.3 shows that the norm on K" as defined in (1.1d) is, indeed, a
norm in the sense of Def. 1.19 below. This, in turn, implies that the distance on K" as
defined in (1.1le) is, indeed, a metric in the sense of Def. 1.17 below.

Definition 1.5. Elements e € K" of length 1 are called unit vectors. The n unit vectors
e :=(1,0,...,0), ey:=(0,1,...,0), ..., e,:=(0,...,0,1) (1.3)

are called the standard unit vectors. They form the standard basis of the vector space
K" over K (cf. Ex. A.16).

Remark 1.6. For every z = (z1,...,2,) € K", it holds that

n

z:szej :Z(z~ej)ej. (1.4)

J=1

Notation 1.7. For z,y € R", we write < y (resp. z < y) if, and only if, z; < y; (resp.
xj <y;) for each j € {1,...,n}.

Remark 1.8. Note that, for each n > 2, given points x,y € R™ might not be compara-
ble. For example, if x = (1,0), y = (0,1), and z = (2,2), then = < z, y < z, but neither
r <ynory <.

Notation 1.9. A subset I of R" is called an n-dimensional interval if, and only if, I has
the form I = Iy x -+- x I,,, where Iy,..., I, are intervals in R. The lengths |I;|,.. ., |l,|
are called the edge lengths of I. An interval [ is called a (hyper)cube if, and only if, all
its edge lengths are equal. If z,y € R", x < y, then we define the following intervals

Jz,y[ ={2z e R": x < z <y} =, 1 [X - X]Tp, yn| open interval, (1.5a)
[yl ={zeR": x <z<y} =[x, 1] X+ X[Tn,yn] closed interval, (1.5b)
[y ={zeR": x <z<y} =z, n[X X [Tn,yn|  halfopen interval, (1.5c)
Jz,y ={2z e R": x < z <y} =z, 1] X -+ X]Tp, Yn) halfopen interval. — (1.5d)
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Recall the notion of a sequence from [Phi25, Def. 2.14(b)], the notion of a convergent
sequence in K from [Phi25, Def. 7.1], and the notion of a Cauchy sequence in K from
[Phi25, Def. 7.28]. The introduction of the absolute value in K" (the Euclidean norm for
K = R) enables us to extend the notion of converging sequences and Cauchy sequences
from K to K”. One merely has to replace the absolute value in K by the absolute value
in K":

Definition 1.10. Let (2*) = (2¥),eny = (21, 2%,...) be a sequence in K". The sequence
(2%) is defined to be convergent with limit a € K (notation: limy o 2% = a or 2% — a
for k — oo) if, and only if, for each ¢ € RT, there is N € N such that |2* —a| < € for
each k > N. Similarly, (z*) is defined to be a Cauchy sequence if, and only if, for each
e € RT, there is N € N such that |2 — 2!| < ¢ for each k,] > N.

Remark 1.11. For each z = (21,...,2,) € K", one has the following estimates:
Vgl < 2] <lal4- 4zl (1.6)
je{l,...,n} ~—~

V02 P4t zn 2

Theorem 1.12. Let (%) = (2%)ren be a sequence in K*, where 2% = (2§,...,2F). The

sequence (%) is convergent with limit a = (a1, ..., a,) € K" (resp. a Cauchy sequence)

if, and only if, each of the scalar coordinate sequences (z]’?)keN in K is convergent with
limit a; € K (resp. is a Cauchy sequence in K), j € {1,...,n}.

Proof. Suppose that (z¥)iey is a convergent sequence with limit a. Then, according to
Def. 1.10, given € € R™, there is N € N such that, for each k > N,

|2F —a] <e. (1.7)
Since, by (1.6), (1.7) implies

k k
je{in’n} zj —aj| < |27 —al <e (1.8)

according to [Phi25, Def. 7.1], (z})ren converges to a; for each j € {1,...,n}. Con-
versely, if (2f)ren converges to a; for each j € {1,...,n}, then, given € € ]R*, [Phi25,
Def. 7.1] ylelds N € N such that, for each £ > N,

€
|z§C — a4 < — (1.9)

Since, by (1.6), (1.9) implies
E& —a|<Z|z a]|<nﬁze, (1.10)

(2")ren converges to a. The claim regarding Cauchy sequences is proved analogously
using [Phi25, Def. 7.28] and is left as an exercise. |
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Definition 1.13. In generalization of [Phi25, Def. 7.9], we define a sequence (2*);cy in
K", n € N, to be bounded if, and only if, the set {|z*| : k € N} is bounded in the sense
of [Phi25, Def. 2.26(a)], i.e. if, and only if,

3 ¥V o<l M (1.11)
MeRS  keN

Recall the notion of subsequence and reordering from [Phi25, Def. 7.21].

Lemma 1.14. Let (z*)pen be a sequence in K" such that limy_,o 2* = a € K". Then
the following holds:

(a) (2%)pen is bounded.
(b) limy_,o 2% = a for every subsequence (2")ien of (2%)pen.
(c) limy_,o 2°F) = @ for every reordering (z°™)ien of (2¥)ren.

(d) Iflimg_oo 2% = b € K", then a = b. Thus, the limit of a sequence in K" is unique
(given it exists at all).

Proof. In each case, the key to the proof is Th. 1.12 and to apply the result that is
already known for sequences in K. From Th. 1.12, we know

lim 28 =a; foreachje {1,....n}. (1.12)

k—o0
(a): Since convergent sequences in K are bounded according to [Phi25, Prop. 7.10(b)],
(1.12) implies the existence of My, ..., M, € Ry such that 0 < |2F| < M; for each k € N
and each j € {1,...,n}. Since |2*| < |2F] + -+ |2*| by (1.6), one has

< 2 < , +
v O_|z|_2MJERO, (1.13)
j:

showing that (2*)ren is bounded.

(b): If (z),en is a subsequence of (2F)ecn, then (z;”)leN is a subsequence of (z)ren
for each j € {1,...,n}. Thus, (1.12) together with the result [Phi25, Prop. 7.23] on
sequences in K implies that lim;_, Zfl = a;. We now apply Th. 1.12 in the opposite
direction to get lim;_,. 2" = a as claimed.

(c): If (22),en is a reordering of (2¥)ren, then (zf(k))keN is a reordering of (zf)keN

for each 7 € {1,...,n}. Thus, (1.12) together with the result [Phi25, Prop. 7.23] on
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sequences in K implies limy_, ., zj)(k) = a;. As before, we now apply Th. 1.12 in the

opposite direction to get limy_, 2¢®) = @ as claimed.

(d): Suppose limy ;4 2% = b € K*. Then, once more by Th. 1.12,
lim z =b; foreachje{l,...,n}. (1.14)

k—00

Since limits of sequences in K are unique by [Phi25, Prop. 7.10(a)], (1.14) together with
(1.12) yields a; = b; for each j € {1,...,n},ie. a=0. |

Lemma 1.15. Let (2)ren, (wF)ren be sequences in K™ such that limy o 2° = a € K",
limy oo w* = b € K. Moreover, let \,;u € K. One then has the following convergences:

(a) limy_oo (A2 + pw?) = Xa + pb.
(b) limy o0 (2% - w*) = a - b.
(c) limy o0 |2¥| = |a].

Proof. As in the previous lemma, we employ Th. 1.12 to get

khm zf—aj for each j € {1,...,n}, (1.15a)
—00
khm wh =b; forcach j € {1,...,n}. (1.15b)
—00

(a): As we already know from [Phi25, (7.11a),(7.11b)] that the corresponding formula
holds for sequences in K, (1.15) implies limy o (A2} + pw}) = Aa; + pb; for each j €
{1,...,n}. Once more applying Th. 1.12 provides limy_,o(A2* + pw®) = a + pb.

(b): Note that it suffices to consider the case K = C, as this includes the case K =R as
a special case. Due to (1.15) and identities for limits of complex sequences, we compute

_ 7 2
o - 2 b =2 Jim = Jim v
7=1 7=1
[Phi25, (7.11c),(7.116),(7.16a)] — bk
k_mzlz wi = klggo( cw”). (1.16)
j

(c) follows from (b) by making use of the continuity of the square root function (note
that (2" - 2%) is a sequence of real numbers):

lim [2%] = lim Vzk - 2 (Phi2s, Th T3 The TR Fy (zF-2F) =+a-a=la]. (1.17)

k—00 k—o00 k—o00

This concludes the proof of the lemma. |
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Theorem 1.16. (a) A sequence in K" is convergent if, and only if, it is a Cauchy
sequence.

(b) Bolzano-Weierstrass Theorem: FEvery bounded sequence in K™ has a convergent
subsequence.

Proof. (a): A sequence in K" is convergent if, and only if, each of its coordinate sequences
is convergent (Th. 1.12). As each coordinate sequence is a sequence in K, we know from
[Phi25, Th. 7.29] that each coordinate sequence is convergent if, and only if, it is a
Cauchy sequence. Finally, again by Th. 1.12, the coordinate sequences are all Cauchy
sequences if, and only if, the original sequence in K" is a Cauchy sequence, thereby
establishing the case.

(b): If (2")ren is bounded, then, due to (1.6), each coordinate sequence (25)en, j €
{1,...,n}, is bounded. We prove by induction over {1,...,n} that, for each j €
{1,...,n}, there is a subsequence (y*9)ey of (2¥)ren such that the coordinate sequences
(y%9)en converge for each o € {1,...,j}. Base Case (j = 1): Since (2F)xen is a bounded
sequence in K, the Bolzano-Weierstrass theorem for sequences in K (cf. [Phi25, Prop.
7.26, Th. 7.27]) yields the existence of a convergent subsequence of (z§)rey. This pro-
vides us with the needed subsequence (y*!)zen of (2%)ren. Now suppose that 1 < j < n.
By induction, we already have a subsequence (y*7~1)icn of (2¥)ren such that the co-
ordinate sequences (y*/~1).cn converge for each o € {1,...,5 — 1}. As (y® ey is
a subsequence of the bounded K-valued sequence (2%).ey, by the Bolzano-Weierstrass
theorem for sequences in K, it has a convergent subsequence. This provides us with the
needed subsequence (y*7) e of (y¥971) ey, which is then also a subsequence of (2%)en.
Moreover, for each o € {1,...,7 — 1}, (y¥7)ren is a subsequence of the convergent se-
quence (y®771),cy, and, thus, also convergent. In consequence, (y*7),cn converge for
each a € {1,...,j} as required. Finally, one observes that (y*")en is a subsequence
of (2¥)ren such that all coordinate sequences (y*™)ren, @ € {1,...,n}, converge. Let
o 1= limy o y©™ for each a € {1,...,n}. Then, by Th. 1.12, limj_,, y*" = a, thereby
establishing the case. |

1.2 Metrics and Norms

Definition 1.17. Let X be a set. A function d : X x X — R{ is called a metric on
X if, and only if, the following three conditions are satisfied:

(1) d is positive definite, i.e., for each (z,y) € X x X, d(z,y) = 0 if, and only if,
r=y.

(ii) d is symmetric, i.e., for each (x,y) € X x X, d(y,x) = d(z,y).
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(iii) d satisfies the triangle inequality, i.e., for each (z,y,z) € X?, d(z,z) < d(z,y) +
d(y, 2).

If d constitutes a metric on X, then the pair (X, d) is called a metric space. One then
often refers to the elements of X as points and to the number d(z,y) as the d-distance
between the points  and y. If the metric d on X is understood, one also refers to X
itself as a metric space.

Remark 1.18. The requirement that a metric be nonnegative is included in Def. 1.17
merely for emphasis. Nonnegativity actually follows from the remaining properties of a
metric: For each x,y € X, one computes

of 11701 Def. 1.17(ii) o L17(ii
o Dot L0 d(z,z) < d(z,y) +d(y,x) Def. LT

2i(ey),  (L18)
showing d(z,y) > 0.

Definition 1.19. Let X be a vector space over the field K. Then a function || - || :
X — Ry is called a norm on X if, and only if, the following three conditions are
satisfied:

(1) || - || is positive definite, i.e.

<||$||:O & mz()) for each x € X.

(ii) || - || is homogeneous of degree 1, i.e.

IAx]| = [A|||=|| for each A € K, z € X.

(iii) || - || satisfies the triangle inequality, i.e.

|z +yll < lz|| + ||yl for each =,y € X.

If || - || constitutes a norm on X, then the pair (X, || -||) is called a normed vector space
or just normed space. If the norm | - || on X is understood, then one also refers to X
itself as a normed space.

Lemma 1.20. If (X,|| - ||) is a normed space, then the function
d: X x X — RS, dx,y) =z —yl, (1.19)

constitutes a metric on X: One also calls d the metric induced by the norm || - ||. Thus,
the induced metric d makes X into a metric space.
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Proof. Exercise.

Lemma 1.21. (a) The following law holds in every metric space (X,d):

|d(z,y) —d(',y")| < d(z,2") +d(y,y') for each x,2' y,y € X.

(b) The following law holds in every normed vector space (X, || -||):
[zl = llyl| < llw =yl for each 2,y € X.
This law is sometimes referred to as the inverse triangle inequality.
Proof. (a): First, note d(z,y) < d(z,2') + d(2',y") + d(y',y), i.e.
d(z,y) —d(z',y') < d(z,2") +d(y',y).
Second, d(2',y') < d(2',x) + d(x,y) + d(y,y), i.e.
d(@',y) — d(z,y) < d(,2) + d(y.y").

Taken together, (1.21a) and (1.21b) complete the proof of (1.20a).

12

(1.20a)

(1.20Db)

(1.21a)

(1.21b)

(b): Let d(z,y) := || — y|| be the induced metric on X. Applying (a) to d yields the

estimate

[l = llyll| = ld(z,0) — d(y,0)] < d(x,y) +d(0,0) = [l — yl,

which establishes the case.

(1.22)

Example 1.22. (a) As noted before, the length of (1.1d) is, indeed, a norm on K"
(see Lem. 1.3 and Rem. 1.4), called Euclidean norm for K = R. It induces the
metric (1.1e) on K", called Euclidean metric for K = R. In particular, the absolute
value/modulus constitutes a norm on K and (z,w) — |z — w| is a metric on K.

(b) Consider the set R := RU {co} U{—oc} and

-1  for x = —o0,
f:R—R, f(z):= T forzeR,
1 for x = .

We verify that

d: RxR— Ry, dz,y):=I[f(x) = fy)l,

(1.23)

(1.24)
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(c)

defines a metric on R:

As, for each z,y, 2 € &, we have d(z,y) = |£(2) — f(3)| < |f(x) — F(2)] + [£(2) -
f(y)| = d(x, z)+d(z,y), d satisfies the triangle inequality. Moreover, d is symmetric,
due to d(z,y) = [f(z) — f(y)| = d(y,z). Next, if z =y, then d(z,y) = |f(z) —
f(z)| = 0. Conversely, if d(z,y) = 0, then f(z) = f(y). To be able to conclude
that z = y, we show that f is one-to-one. We can actually show that f is strictly
increasing, which implies one-to-one by [Phi25, Prop. 2.31(b)]. First, consider f on
| — 00,0[, where f(x) = /(1 —x). Thus, f is differentiable on this interval with
f'(z) =1/(1 —x)? > 0, showing that f is strictly increasing on | — oo, 0 according
to [Phi25, Cor. 9.18(a)]. That f is strictly increasing on ]0, oo follows analogously.
Finally, we have, for each x €] — o0, 0],

f(=o0) = ~1 < T=— < 0= f(0),

and, for each x €]0, 0o,
J(0) =0 < == < 1= f(s0),

such that f is strictly increasing on the entire set R.

Let S # ) be an otherwise arbitrary set. According to Ex. A.2(c), the set F(S,K)
of all K-valued functions on S is a vector space over K if vector addition and scalar
multiplication are defined pointwise as in (A.5). Now consider the subset B(S,K)
of F(S,K), consisting of all bounded K-valued functions on S, where we call a
K-valued function f bounded if, and only if, the set {|f(s)] : s € S} C R is a
bounded subset of R. Define

|| fllsup := sup{|f(s)] : s € S} e Ry for each f € B(S,K). (1.25)

We will show that B(S,K) constitutes a vector space over K and || - ||syp provides a
norm on B(S,K) (i.e. (B(S,K),| - [lsup) is @ normed vector space). To verify that
B(S,K) constitutes a vector space over K, it suffices to show it is a subspace of
the vector space F(S,K), which, according to Def. and Rem. A.3 is equivalent to
showing f,g € B(S,K) and A € K imply f + g € B(S,K) and \f € B(S,K).

If f,g € B(S,K), then
YA+ g < )]+ 19()] < [ fllswp + lgllsun € Ry, (1.26a)
showing f + g € B(S,K) and that || - ||sup satisfies the triangle inequality

v up <[ llsu - 1.26b
F.9€B(SK) ||f+g”s p> Hf” p T ||g||s b ( )
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If f e B(S,K), A € K, then,

Yo NG =< M llswp € Ry (1.27a)
implies A\f € B(S,K), completing the proof that B(S,K) is a subspace of F(S,K).
Moreover,
[[AS [lsup = sup{|[Af(s)| : s € S}
= sup{[Al[f(s)]: s € S}
[Phi25, (4.9¢)]
= [Alsup{[f(s)| : s € S} = [A[llfllsup, (1.27b)
proving || - ||lsup is homogeneous of degree 1. To see that || - ||sup constitutes a norm

on B(S,K), it merely remains to show positive definiteness. To this end, we notice
that the zero element f = 0 of the vector space B(S,K) is the function f = 0, which
vanishes identically. Thus, f = 0 if, and only if, || f||sup := sup{|f(s)| : s € S} =0,
showing || - ||sup is positive definite, and completing the proof that || - ||syp is & norm,
making B(S,K) into a normed vector space.

1.3 Open Sets, Closed Sets, and Related Notions

Remark 1.23. In the following, a multitude of notions will be introduced for metric
spaces (X, d), for example open sets, closed sets, convergence of sequences, etc. Subse-

quently, we will then also use these notions in normed spaces (X, || - ||), always implicitly
assuming that they are meant with respect to the metric space (X, d), where d is the
metric induced by the norm || - ||, i.e. where d is given by (1.19).
Definition 1.24. Let (X, d) be a metric space. Given x € X and r € RT, define
B (z):={ye X : d(z,y) <r}, (1.28a)
B.(z):={y€ X :d(xy) <r}, (1.28Db)
Se(z) ={ye X : dz,y) =r}. (1.28c¢)

The set B,(x) is called the open ball with center x and radius r, also known as the
r-ball with center z. The set B, (x) is called the closed ball with center z and radius 7.
The set S, (z) is called the sphere with center z and radius r. A set U C X is called a
neighborhood of x if, and only if, there is e € RT such that B.(z) C U.

Definition 1.25. Let (X, d) be a metric space, A C X, and z € X.
(a) The point z is called an interior point of A if, and only if, there is ¢ € RT such

that the e-ball with center z is entirely contained in A, i.e. B(z) C A. Note: An
interior point of A is always in A.
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(b) The point z is called a boundary point of A if, and only if, each e-ball with center
x, € € RT, contains at least one point from A and at least one point from A€
(AN B(z) # 0 and A°N B.(x) # (), where A° = X \ A denotes the complement of
A (cf. [Phi25, Def. 1.22(c)]). Note: A boundary point of A is not necessarily in A.

(c) The point x is called a cluster point or accumulation point of A if, and only if, each
e-ball with center x, e € RT, contains infinitely many points of A (cf. [Phi25, Def.
7.33(a)]). Note: A cluster point of A is not necessarily in A.

(d) The point x is called an isolated point of A if, and only if, there is € € Rt such that
B.(z) N A= {z} (cf. [Phi25, Def. 7.33(b)]). Note: An isolated point of A is always
in A.

(e) The set of all interior points of A is called the interior of A. It is denoted by A° or
by int A.

(f) The set of all boundary points of A is called the boundary of A. Tt is denoted by
0A.

(g) The set AU OA is called the closure of A. It is denoted by A or by cl A.

(h) A is called open if, and only if, every point of A is an interior point, i.e. if, and only
if, A= A°,

(i) A is called closed if, and only if, A is open.

Remark 1.26. If (X, d) is a metric space, A C X, then Def. 1.25(i) immediately implies
that A is open if, and only if, A°is closed: According to Def. 1.25(i), A is closed if, and
only if, (A°)¢ is open. However, (A°)¢= X\ A°= X\ (X \ A) = A.

Lemma 1.27. Let (X,d) be a metric space.

(a) Given z € X and r € R*, the open ball B,(z) is an open set and the closed ball
B,(x) is a closed set.

(b) The empty set O and the entire space X are both open and closed. Such sets are
sometimes called clopen.

(c) Points are always closed. More precisely, for each x € X, the singleton set {x} is
closed.

Proof. (a): Exercise.

(b): Tt suffices to show that () and X are both open. To show that () is open, we need to
verify that every point we find in () is an interior point. As we do not find any points in
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(), we are already done. Since, for each € X and each ¢ > 0, B.(z) C X, every x € X
is an interior point, showing that X is open.

(c): To see that {x} is closed, we have to show that X \ {z} is open. Let y € X \ {z}.
Due to the positive definiteness of d, it is r := d(z,y) > 0. Since z € B,(y) implies
d(z,y) < r,itis x ¢ B,(y), showing B,(y) C X \ {z}. Thus, y is an interior point of
X \ {z}. Since y was arbitrary, X \ {z} is open. [ |

Example 1.28. Let X =K and d(z,w) := |z — w| for each z,w € K. Then (X,d) is a
metric space.

(a) f K=R, z € Rand r > 0, then B,.(z) =]z — r,z + r[ (open interval with center x
and length 27) and B,(x) = [z — r,x + 7] (closed interval with center z and length
2r). I K=C, z € Cand r > 0, then B.(2) = {w € C: |z —w| < r} (open
disk with center z and radius ) and B,(z) := {w € C: |z —w| < r} (closed disk
with center z and radius r). Thus, we see that the notation for the open ball is
consistent with the one introduced in [Phi25, Def. 7.7(a)], and the notation for the
closed ball is consistent with the one introduced in [Phi25, Ex. 7.47(a)]. For subsets
A of K, the new notion of A being closed (i.e. A being the complement of an open
set) is also consistent with the notion of closedness of [Phi25, Def. 7.42(b)]: For the
proof, we will have to wait until Cor. 1.44, where it is contained in the equivalence
between statements (i) and (iv) of Cor. 1.44.

(b) Let A :=]0,1] and K = R. Then A° =]0,1[, 94 = {0,1}, A = [0, 1].
(c) Let A:=]0,1] and K = C. Then A° =(), 0A = A =0,1].

(d) Let A := Q. In this case, there is no difference between K = R and K = C: A° = (),
0A=A=R.

(e) Let A:={1/n: n € N}. Once again, there is no difference between K = R and
K = C: Every element of A is an isolated point. In particular A° = (). The unique
cluster point of A is 0, and 0A = A = AU {0}.

Theorem 1.29. Let (X,d) be a metric space.

(a) Unions of arbitrarily many (i.e. finitely or infinitely many) open sets are open. The
intersection of finitely many open sets is open.

(b) Intersections of arbitrarily many closed sets are closed (cf. [Phi25, Prop. 7.44(b)]).
The union of finitely many closed sets is closed (cf. [Phi25, Prop. 7.44(a)]).



1 BASIC TOPOLOGICAL NOTIONS IN METRIC SPACES 17

Proof. (a): Let I be a (finite or infinite) index set. For each j € I, let O; C X be open.
We have to verify that O := Ujel O, is open. Let x € O. Then there is j € I such that
x € O;. Since O is open, there is € > 0 such that B.(x) C O; C O. Thus, we have shown
that z is an interior point of O. Since x was arbitrary, O is open. Now consider finitely
many open sets Oy,...,0n, N € N, and let O := ﬂjvzl O,;. Again, we have to prove
that O is open. Hence, once more, let z € O. Then = € O; for each j € {1,...,N}.
Since each O; is open, for each j € {1,..., N}, there is ¢; > 0 such that B, (r) C O;.
If we let € := min{e; : j € {1,...,N}}, then € > 0 and B(z) C B, (r) € Oy for each
je{l,...,N}, ie. B(x) C O, showing that = is an interior point of O. Since z was
arbitrary, O is open.

(b): Let I # () be a (finite or infinite) index set. For each j € I, let C; C X be closed.
We have to verify that C' := [,; Cj is closed. According to the set-theoretic law [Phi25,

Prop. 1.38(e)]
¢ [Phi25, Prop. 1.38(e)] c
C° = (ﬂ (Jj> = e
jel jel

Now, as we know that Cj is closed, we know that Cf is open. According to (a), that
means that C° is open, showing that C' is closed. Similarly, if we consider finitely many
closed sets C1,...,Cy, N € N, and letting C' := U;VZI C;, then the set-theoretic law
[Phi25, Prop. 1.38(f)] yields

N c N
. [Phi25, Prop. 1.38(f)] c
e - (Uoj) w0 (6
j=1

j=1
Since Cj is closed, C¥ is open, and, by (a), C° is open, hence C closed. [ |

Example 1.30. Consider R with its usual metric (as in Ex. 1.28 for K = R). Then the
relation (2] — ¢, £[= {0} shows that, in general, an infinite intersection of open sets
is not open, and UZ‘;I[%, 1] =)0, 1], shows that, in general, an infinite union of closed
sets is not closed.

Lemma 1.31. Let (X,d) be a metric space, A C X. Then X is the disjoint union of
A°, 0A, and (X \ A)°.

Proof. One has to show four parts: X = A°UOAU(X\A)°, A°NIJA =0, 0AN(X\A)° =
0, and A°N (X \ A)° = 0.

Suppose x € X \ (A° U 0A). Since z ¢ 0A, there exists € > 0 such that B.(z) C A or
B.(r) CX\ A Asxz ¢ A° it must be B.(z) C X \ A, ie.z € (X \ A)°.

A°NOA = (): If z € A°, then there is € > 0 such that B.(x) C A, thus, x ¢ 0A.
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JAN (X \ A)° =0: Since A = (X \ A), this follows from A°NIA = 0.
A°N(X\A)P =0holdsas A° C A, (X\A)P°CX\A4 and AN(X\A) =0. [ |
Theorem 1.32. Let (X,d) be a metric space, A C X.

(a) The interior A° is the union of all open subsets of A. In particular, A° is open. In
other words, A° is the largest open set contained in A.

(b) The closure A is the intersection of all closed supersets of A. In particular, A is
closed. In other words, A is the smallest closed set containing A.

(c) The boundary 0A is closed.

Proof. (a): Let O be the union of all open subsets of A. Then O is open by Th. 1.29(a).
If z € A°, then x is an interior point of A, i.e. there is € > 0 such that B.(z) C A. Since
B.(z) is open due to Lem. 1.27(a), z € O. Conversely, if z € O, then, as O is open,
there is € > 0 such that B.(z) C O C A, showing that = is an interior point of A, i.e.
x € A°.

(b): According to (a), (A°)° is the union of all open subsets of A i.e.
(A°)° = U 0, (1.29)
0O€e{SCA*<: S open}

then '
((AC)O)C [Phi25, ng. 1.38(f)] ﬂ O° — ﬂ 8. (130)

Oec{SCA*°: S open} Ce{SDA: S closed}
is the intersection of all closed supersets of A (note that C'is a closed superset of A if|
and only if, C° is an open subset of A°). As, by Lem. 1.31,
((AC)O)C =0(AYUA° =0AUA° =0AUA=A4, (1.31)

A is the intersection of all closed supersets of A as claimed.

(¢): According to Lem. 1.31, it is A = X \ (A°U (X \ A)°). Since A° and (X \ A)° are
open, 0A is closed. [ |
Definition 1.33. Let (X, d) be a metric space. Then A C X is called bounded if, and
only if, A =0 or A # () and the set {d(x,y) : =,y € A} is bounded in R; A C X is
called unbounded if, and only if, A is not bounded. For each A C X, the number

0 for A =0,
diam A := ¢ sup {d(z,y) : z,y € A} for § # A bounded, (1.32)

00 for A unbounded,
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is called the diameter of A. Thus, diam A € [0, 00] := R{ U {oo} and A is bounded if,
and only if, diam A < oo.

Lemma 1.34. If (X,d) is a metric space, then A C X is bounded if, and only if, there
isr >0 and v € X such that A C B,(x) (in particular, Def. 1.33 is consistent with
[Phi25, Def. 7.42(a)]).

Proof. If A is bounded, then diam A < oo. Let r be any real number bigger than
diam A, e.g. 1 4+ diam A. Choose any point x € A. Then, by the definition of diam A,
for each y € A, it is d(z,y) < diam A < r, showing that A C B,(x). Conversely,
if r > 0 and x € X such that A C B,(x), then, by the definition of B,.(z), one has
d(xz,y) < r for each y € A. Now, if y,z € A, then d(z,y) < d(z,z) + d(z,y) < 2r,
showing diam A < 2r < oo, i.e. A is bounded. [ |

Lemma 1.35. Let (X,d) be a metric space.

(a) Ewvery finite subset of X is bounded.

(b) The union of two bounded subsets of X is bounded.

Proof. (a): Let A be a finite subset of X and a € A. Set r := 1+ max{d(a,z) : v € A}.
Then 1 <7 < o0, since A is finite. Moreover, A C B,.(a), showing that A is bounded.

(b): Let A and B be bounded subsets of X. Then there are z,y € X and r > 0
such that A C B,(x) and B C B,(y). Define a := d(z,y) and € := r + a. Then
A C By(x) C B(z). If b € B, then d(b,z) < d(b,y) + d(y,x) < r + a = €, showing
B C B(z), and, thus, AU B C B(x), establishing that AU B is bounded. |

1.4 Convergence

Definition 1.36. Let (X, d) be a metric space and let (z*),en be a sequence in X.

(a) The sequence (1%)iey is called bounded if, and only if, the set {z* : k € N} is
bounded in the sense of Def. 1.33.

(b) The sequence (2¥)yen is said to be convergent with limit y € X if, and only if, the

real sequence of distances (d(mk, y))keN converges to 0. As for sequences in K and

K", the notation for (x*),cy converging to y is limy, o 2¥ = y or 2% — y for k — oco.
Thus, by definition,

limz" =y <« ]}LIIolo d(z*,y) = 0. (1.33)

k—o00
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(c) The sequence (z¥)rey is called divergent if, and only if, it is not convergent.

(d) The sequence (2*),cn is said to be a Cauchy sequence if, and only if, for each € > 0,
there is N € N such that, d(z*,2') < € for each k,1 > N.

(e) A point y € X is called a cluster point or an accumulation point of the sequence
(2%)gen if, and only if, for each ¢ > 0, B.(y) contains infinitely many members of
the sequence (i.e. the cardinality of the set {k € N: 2* € B.(y)} is 00).

Lemma 1.37. For a sequence (z¥)ren in a metric space (X, d), the following two state-
ments are equivalent:

(i) (z%)ren is convergent with limit y € X .

(ii) For each € > 0, there is N € N such that, for each k > N, z* € B.(y).

In consequence, the analogous result also holds for a sequence in a normed vector space.

Proof. (i) is equivalent to limy .. d(x*,y) = 0, which is equivalent to the statement
that, for each € > 0, there is N € N such that, for each k > N, d(2*,y) < €, which is
equivalent to (ii). [ |

The following Prop. 1.38 shows that many of the properties we learned in Calculus I for
sequences in K still hold in general metric spaces.

Proposition 1.38. Let (X, d) be a metric space and let (x*)ren be a sequence in X .

(a) Limits are unique, that means if a,b € X such that limy_,. 2% = a and limy_,, 2% =
b, then a = 0.

(b) If (2%)ren is convergent, then it is bounded.

(c) Iflimy_oo 2® = a € X, then every subsequence and every reordering of (x%)gen is
also convergent with limit a.

(d) A point y € X is a cluster point of (x%)ren if, and only if, the sequence has a
subsequence converging to y.

(e) If (x%)ren is convergent, then it is a Cauchy sequence.

Proof. All the following proofs are conducted analogous to the respective proofs for
sequences in K.
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(a): To carry out the proof via contraposition, show that a # b and limj_,. 2% = a
imply that b is not a limit of (2*)zen. If a # b, then d(a,b) > 0. Let ¢ := d(a,b)/2. If
x € Be(a), then d(z,a) < e. As d(a,b) < d(a,x) + d(z,b), one gets

d(z,b) > d(a,b) — d(a,z) > 26 — € =,

showing = ¢ B.(b). Since there is N € N such that 2* € B.(a) for k¥ > N, no such z*
can be in B(b), i.e. b is not a limit of (z*)en.

(b) (cf. the proof for sequences in K in [Phi25, Prop. 7.10(b)]): If limy_. 2* = a, then
there is N € N such that z* € B;(a) for each k > N, i.e. {zF : k > N} is bounded.
Moreover, the finite set {2* : k < N} is bounded. Therefore, {2* : k € N} is the union
of two bounded sets, and, hence, bounded.

(c) (cf. the proofs for sequences in K in [Phi25, Prop. 7.23]): Let (y*)ren be a subsequence
of (2*)gen, i.e. there is a strictly increasing function ¢ : N — N such that y* = 2¢®), If
limy, 0 2% = a, then, given € > 0, there is N € N such that ¥ € B.(a) for each k > N.
For N choose any number from N that is bigger than or equal to N and in the range
of ¢. Take M := ¢~'(N). Then, for each k > M, one has ¢(k) > N > N, and, thus,
y* = 2% € B (a), showing lim;_, ¥* = a.

Let (y*)ren be a reordering of (x%),cn, i.e. there is a bijective function ¢ : N — N such
that y* = 2. Let € and N be as before. Define

M :=max{¢ ' (k): k< N}.

As ¢ is bijective, it is ¢(k) > N for each k > M. Then, for each & > M, one has
y* = 2*®) ¢ B.(a), showing lim;_, 3* = a.

(d) (cf. the proof for sequences in K in [Phi25, Prop. 7.26]): If (y*)ren is a subsequence
of (x%)ren, limy_,o0 ¥* = a, then every B.(a), € > 0, contains infinitely many 3", i.e.
infinitely many z*, i.e. a is a cluster point of (2%)cn. Conversely, if a is a cluster point
of (2¥)ren, then, inductively, define ¢ : N — N as follows: For ¢(1), choose any point
2% in By(a) (such a point exists, since a is a cluster point of the sequence). Now assume
that n > 1 and that ¢(l) have already been defined for each | < n. Let M := max{¢(l) :
[ < n}. Since Bi(a) contains infinitely many ¥, there must be some z¥ € B (a) such
that k > M. Choose this & as ¢(n). Thus, by construction, ¢ is strictly incregsing, ie.
(y")ken with y* := 2?®) is a subsequence of (2¥),ey. Moreover, for each € > 0, there
is N € N such that 1/N < e. Then, for each k > N, y* € B%(a) - B%(a) C B(a),
showing lim_,o ¥* = a

(e) (cf. the proof for sequences in K in [Phi25, Th. 7.29]): If limj_,. 2% = a, then,
given € > 0, there is N € N such that 2% € B;(a) for each £ > N. If k.l > N,
then d(z*,z') < d(2*,a) + d(a,2') < § + § = ¢, establishing that (2*)_ is a Cauchy
sequence. |
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Example 1.39. (a) The sequence

((0,1),(1,1/2),(0,1/3),(1,1/4),...)

is not a Cauchy sequence. In particular, it does not converge. It has precisely
two cluster points, namely (0,0) and (1,0). Moreover, ((0,1/(2k — 1)))kGN is a
subsequence converging to (0,0) and ((1,1/(2k))) ren 18 @ subsequence converging

to (1,0).

(b) Let X be the vector space over K of sequences in K that are finally constant and
equal to 0. Thus, the sequence z = (2, )nen, 2, € K for each n € N, is in X if, and
only if, there exists N € N such that z, = 0 for each n > N. Clearly, X endowed
with the norm || - ||syp is & subspace of the normed vector space B(S, K) of Example
1.22(c¢) with S := N. Defining, for each n, k € N,

(1.34)

n

% 1/n for1<n<k,
28 =
0 for n > k,

one sees that (2%)rey is a Cauchy sequence in X (i.e. with respect to || - [|sup), but it
is not convergent in X (its limit, the sequence (1/n),en is not finally constant and,
thus, not in X).

Lemma 1.40. (a) In each metric space (X,d), the metric d is continuous in the fol-
lowing sense: If (2%)ren and (y*)ren are convergent sequences in X, limy,_,oo 7% = x,
limy o0 ¥¥ =y, then limy_o d(2*,y*) = d(x,y).

(b) In each normed vector space (X, || - ), the norm is continuous is the sense that
limg o 2% = 2 implies limy_,o ||2%]| = ||z|| for each convergent sequence (x*)ren in
X.

Proof. (a): Given e > 0, there is N € N such that, for each & > N, 2* € Be(z) and
y* € Be(y). Then, for each k > N, according to Lem. 1.21(a), |d(z,y) — d(z*,y")| <
d(z,2%) + d(y,y*) < 5§+ 5 = ¢, thereby establishing the case.

(b): Applying (a) to the induced metric d yields limy_,o [|2%|| = limg_o d(2*,0) =
d(,0) = ||z[|. u

For X = K" with d being the metric given by (1.1e), we know the converse of Lem.
1.38(e) is also true, namely every Cauchy sequence in K" converges. However, this is
not true for all metric spaces, as simple examples show. Take, e.g., X = Q or X =|0, 1]
with d being given by the absolute value. A less trivial example is the sequence space
X of Example 1.39(b). This gives rise to the following definition.
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Definition 1.41. A metric space (X, d) and its metric d are both called complete if,
and only if, every Cauchy sequence in X converges. A normed space is called a Banach
space if, and only if, the metric induced by the norm is complete. In that case, one also
says that the normed space and the norm itself are complete.

We will now proceed to study some relations between cluster points of a set A, the
closure of a set A, and convergent sequences in A.

Lemma 1.42. Let (X,d) be a metric space, A C X. Then x € X is a cluster point of
A if, and only if, there is a sequence (a®)en in A such that limy_,o a® = x, however

a* # x, for each k € N,

Proof. If (a*)ren is a sequence in A such that limy_,o a* = z and a* # x for each
k € N, then define a subsequence (b*)ren of (a*)reny with the additional property that
b £ b for each k # . To that end, inductively, define a strictly increasing function
¢ : N — N as follows: Let ¢(1) := 1. For N > 1 assume that ¢(k) for each 1 <k < N
has already been defined such that ¢(1) < ...¢(N — 1) and such that a®® # a*® for
each 1 <k, <N —1. Set

€= min{d(a¢(k),x) :1<k<N-1}

Then € > 0 since all a® # x. For ¢(N) choose some natural number M > ¢(N — 1)
such that ™ € B.(x) (which exists as limy_,,, a¥ = x). Due to the choice of ¢, one has
a®®) £ q®™) for each 1 < k < N — 1. Now, if one lets b* := a®® then (b¥).ey is a
subsequence of (a*)ren (since ¢ is increasing) with the additional property that b* # b!
for each k # 1. As (b*)gen is a subsequence of (a*)ey, one has limy_,, b¥ = limy,_,o a* =
x by Prop. 1.38(c). Finally, given ¢ > 0, there is N € N such that, for each k > N,
V¥ € B.(x). Since the bv* are now all distinct, this constitutes an infinite number of
elements from A, i.e. z is a cluster point of A.

Conversely, if x is a cluster point of A, for each k& € N, choose a* € (AN Bi () \ {=}

(such an element exists as x is a cluster point of A). If € > 0, then there is N € N, such
that 1/N <e. If k> N, then a* € B (z) C B.(x), showing that limy_,., a* = z. [ |

Theorem 1.43. Let (X, d) be a metric space, A C X. Let H(A) denote the set of cluster
points of A, and let L(A) denote the set of limits of sequences in A, i.e. L(A) consists
of all x € X such that there is a sequence (x¥)ren in A satisfying limg_.o 28 = 2.

It then holds that A = L(A) = AU H(A).

Proof. Tt suffices to show that L(A) C A C AU H(A) C L(A).
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“L(A) C A”: Suppose x ¢ A. Since X \ A is open, there is € > 0 such that B.(z) C
X\ACX\ A Thus, z ¢ L(A).

“AC AUH(A): Let z € A\ A. We need to show that » € H(A). As A= AUJA
and © ¢ A, we have x € OA. For each k € N, ¥ € A is constructed inductively as
follows: For z! choose any element of By(x) N A. Now let n > 1 and assume that, for
each 1 <1 < n, 2! has already been constructed such that 2! € By, (z) N A and, for

k#1, 2% # 2'. Define
J := min ({d(x,xl) :1<l<n}u {%})

and choose 2" € Bs(x) N A. Then 2" € Byj,(z) N A and 2" # 2! for each 1 <1 < n.
Now, for each ¢ > 0, there is N € N such that 1/N < e. For each k > N, one has
2% € Byp(z) C Byn(z) C Be(x), i.e. B(z) contains infinitely many different 2% € A
(note also that limy_,, ¥ = ), showing that  is a cluster point of A.

“AUH(A) C L(A)": If a € A, then the constant sequence (a,a,...) converges to a,
implying a € L(A). If a € H(A), then a € L(A) according to Lem. 1.42. [ |

Corollary 1.44. Let (X,d) be a metric space, A C X. Then the following statements
are equivalent:

(i) A is closed.

(i) A

(i) A contains all cluster points of A.
)

(iv) A contains all limits of sequences in A that are convergent in X (cf. [Phi25, Def.
7.42(b)]).

In particular, if A does not have any cluster points, then A is closed.

Proof. The equivalence of (i) and (ii) is due to Th. 1.32(b) (4 is the smallest closed set
containing A). The equivalences of (ii), (iii), and (iv) are due to Th. 1.43: Using the
notation L(A) and H(A) from Th. 1.43, one has that A = A implies A = AU H(A),
i.e. H(A) C A, ie. (ii) implies (iii). If H(A) C A, then L(A) = AU H(A) = A, i.e. (iii)
implies (iv). If A= L(A), then A = A, i.e. (iv) implies (ii). [

Example 1.45. Let p,q € N and consider the metric spaces given by KP, K%, KP4,
each endowed with the metric given by (1.le) (i.e. the Euclidean distance for K = R).
Let A CKP, B C K%



1 BASIC TOPOLOGICAL NOTIONS IN METRIC SPACES 25

(a) If A and B are closed, then A x B is closed in KPT4 = K? x K% Let (c*)ren be a
convergent sequence in A x B with limj_,. ¢ = ¢ € KPT9. Then, for each k € N,
c* = (a*,b¥) with a* € KP, v* € K9. Moreover, ¢ = (a,b) with a € K? and b € K¢.
According to Th. 1.12, one has a = limj_,» a* and b = limj,_,, b*. Since A and B
are closed, from Cor. 1.44(iv), we know that a € Aand b € B, i.e.c = (a,b) € AXB,
showing that A x B is closed.

(b) If A and B are open, then A x B is open in KPT? = K? x K% It suffices to show
that (A x B)° =KPt?\ (A x B) is closed. To that end, note

(Ax B) = (A°x K U (K? x B): (1.35)
For a point (z,w) € KP x K? = KPT? one reasons as follows:

(z,w) € (Ax B)* & (z,w)¢ AxB

& (¢ Aandw e K?) or (z € K and w ¢ B)
& (z,w) € A°xK?or (z,w) € KP x BC
& (z,w) € (A° x K9 U (K? x B, (1.36)

thereby proving (1.35). One now observes that A° and B¢ are closed, as A and B
are open. As K? and K are also closed, by (a), A° x K? and K? x B¢ are closed,
and, thus, by (1.35), so is (A x B)°. In consequence, A X B is open as claimed.

In particular, open intervals in R™ are open and closed intervals in R™ are closed.

1.5 Limits and Continuity of Functions

Definition 1.46. Let (X, dx) and (Y,dy) be metric spaces, M C X. If £ € X is a
cluster point of M, then a function f: M — Y is said to tend to n € Y (or to have
the limit n € Y) for + — £ (denoted by lim, ,¢ f(x) = n) if, and only if, for each € > 0,
there is 0 > 0 such that

dy (f(z),n) <e foreach £ #z € M N Bs(&). (1.37)

Remark 1.47. The reason that o = £ is excluded in (1.37) is that one wants to allow
the situation f(&) # lim,_,¢ f(x), i.e. the value of a function in € is allowed to differ from
the functions limit for z — &£. Thus, for a cluster point £ of M with & € M, one of three
distinct cases will always occur: (i) lim, ¢ f(x) does not exist, (ii) f(£) # lim,_¢ f(2),

(iii) f(€) = limg—e f(2).
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In the following Definitions 1.48 and 1.49, we will generalize the notions of continuity
[Phi25, Def. 7.31], uniform continuity [Phi25, (10.39)], and Lipschitz continuity [Phi25,
Def. and Rem. 10.16] to metric spaces.

Definition 1.48. Let (X, dx) and (Y, dy) be metric spaces, M C X. If £ € M, then a
function f: M — Y is said to be continuous in £ if, and only if, for each € > 0, there
is 0 > 0 such that

dy (f(z), f(&)) < e for each z € M N B;(E). (1.38)

Definition 1.49. Let (X, dx) and (Y, dy) be metric spaces, M C X, f: M — Y.

(a) f is called continuous in M if, and only if, f is continuous in each £ € M. The set
of all continuous functions from M into Y is denoted by C(M,Y).

(b) f is called uniformly continuous in M if, and only if, for each € > 0, there is § > 0
such that:

V o dy(z,y) <6 = dy(f(2), f(y) <e (1.39)

zyeM

The point here is that ¢ must not depend on x and y.

(c) fiscalled Lipschitz continuous in M with Lipschitz constant L if, and only if, there
is L € R such that:

v o dy(f(2), f(y)) < Ldx(z.y). (1.40)

z,yeM
The set of all Lipschitz continuous functions from M into Y is denoted by Lip(M,Y).

Remark 1.50. All the notions introduced above for metric spaces will also be used in
normed vector spaces. They are then meant with respect to the metric induced by the
norm.

Lemma 1.51. Let (X,dx) and (Y,dy) be metric spaces, M C X, f: M — Y. If f
1s Lipschitz continuous in M, then f is uniformly continuous in M. If f is uniformly
continuous in M, then f is continuous in M.

Proof. If f is Lipschitz continuous, then there is L € R{ such that dy ( f(z), fly )

Ldx(z,y) for each x,y € M. Thus, given ¢ > 0, choose (5 =ecfor L=0and § :=¢/L
for L > 0. Let z,y € M such that dX(x,y) < 6. If L =0, then dy (f(z), (y)) =0<e
If L > 0, then dy (f(z), f(y)) < Ldx(z,y) < Le/L = ¢, showing that f is uniformly
continuous. If f is uniformly continuous, then, given € > 0, there is > 0 such that, for
each z,y € M with dx(x,y) < 0, it is dy (f(x), f(y)) < €. This already shows that f is
continuous in x. As x is arbitrary, f is continuous. |



1 BASIC TOPOLOGICAL NOTIONS IN METRIC SPACES 27

Example 1.52. Consider X = R with the usual metric given by the absolute value
function, M := R*.

(a)

(b)

(c)

f: M — R, f(z) := 1/x is continuous, but not uniformly continuous: For each
¢ € R™ and each 0 > 0, one has

1 1 4]

O~ FE+ ) = ¢~ 5= aets) (141)

Thus, for a fixed > 0 and € > 0, one has, for each £ € R* that is chosen smaller
than §/2 and also smaller than 1/(2¢),

0 <0/2 <1/(2¢
f(E)—f(£+6/2):M5>5/ 2_1§§ /(29

i.e. x:=¢& and y := £ + 0/2 are points such that |z —y| = 0/2 < 4§, but

@) = £ = 3575 > ©

€,

showing f is not uniformly continuous.

g: M — R, g(x) := 2% is continuous, but not uniformly continuous: For each
¢ € R™ and each 0 > 0, one has

g(E+08) —g(€) = (£ +6)* =€ =265+ 0%

Thus, for a fixed 6 > 0 and € > 0, one has, for each £ € RT that is chosen bigger
than €/4,

9(6+0/2) —g(§) = €0 +0°/4> €0 > e,
ie. v :=¢ and y := & + /2 are points such that |z — y| = §/2 < §, but
52
9(2) —g(y)l = €0+ > ¢
showing f is not uniformly continuous.

h: M — R, h(z) := /x is uniformly continuous, but not Lipschitz continuous:
First note

Vo -y’ =220y +y’ < (v +y)’ < (z+2yzy+y)*

z,yeRT

Applying square roots yields

V o Jz—yl<z+2yzy+y=(z+ )

z,yeRT
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Applying square roots once again yields

\ Ve —y| < Vr+\/y.

z,yER+

Thus, given € > 0, one can choose § := €2 to obtain, for each z,y € RT, satisfying
|z —y| < o:

h(z) =h(y)| = Ve =yl = \/g;f/’g = wx;}yh/\'/:;_ vl Vig=y|l <V =e,

proving the uniform continuity of h. If h were Lipschitz continuous, then there
needed to be L > 0 such that

VE+—E< LS (1.42)

for each £ € R™, 6 > 0. However, since

VEFI—VE ) - 1
5 AVER VD VEFIHVE

by choosing ¢ and ¢ sufficiently small, one can always make the expression in (1.43)
larger than any given L, showing that A is not Lipschitz continuous.

(1.43)

Example 1.53. According to Lem. 1.21(b), the norm || - || on a normed vector space X
satisfies the inverse triangle inequality

|lz]| = llyll| < llo —y|| for each z,y € X, (1.44)

i.e. the norm is Lipschitz continuous with Lipschitz constant 1.

Theorem 1.54. Let (X, dx) and (Y, dy) be metric spaces (for example, normed spaces),
MCX, f: M —Y. Then the following three statements are equivalent:

(i) f is continuous.

(ii) For each open set O C Y, the preimage f~1(0) = {x € M : f(z) € O} is
open in M, i.e., for each open O C Y, there exists an open U C X such that
UNM = f10).

(iii) For each closed set C C 'Y, the preimage f~'(C) is closed in M, i.e., for each

closed C' CY, there exists a closed A C X such that ANM = f~1(C) (cf. [Phi25,
Rem. 7.46]).
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Proof. “(i) = (ii)”: Assume f is continuous and consider O C Y open. Let £ € f~1(O)
and 7 := f(§). As O is open, there exists ¢(§) > such that Bg)(n) € O. Moreover, as
f is continuous in &, there is §(£) > 0 such that f(M N Bs)(€)) € Beey(n) € O. Set
U= Ugeffl(O) Bs(e)(€). Then U is a union of open sets, i.e. U is open by Th. 1.29(a).
If : € MNU, then z € M N By (&) for some & € f71(0) and f(x) € Be)(f(€£)) € O,
showing x € f~1(0). Conversely, if € f~1(0), then x € M N By (z), ie. 2 € MNU.
Thus UNM = f~1O).

“(ii) = (i)”: Assume that, for each open set O CY, f~1(O) is open in M. Let £ € M
and € > 0. Once again, write 7 := f(£). Since Bc(n) is open, we know that f~'(B.(n))
is open in M, i.e. there is an open U C X such that M NU = f~(B.(n)). Since £ € U
and U is open, there is 6 > 0 satisfying Bs(£) C U. Thus, for each z € M N B;(§), we
have f(x) € B.(n), showing the continuity of f in £. As & was arbitrary, f is continuous.

“(i) & (iil)”: € C Y is closed if, and only if, Y \ C is open. Since f~1(Y \ C) =
M\ f7YC), one has that f~1(C) is closed in M if, and only if, f~'(Y \ C) is open in
M. Thus, the preimage of all closed subsets of Y is a closed subset in M if, and only if,
the preimage of all open subsets of Y is an open subset in M. |

As already remarked at the beginning of [Phi25, Sec. 7.2.2] in the one-dimensional
context, it is often more convenient to use sequences rather than e- and J-balls in order
to check if functions have limits or are continuous. For functions between metric spaces
(in particular, between normed spaces), it is possible to generalize [Phi25, (8.31)] and
[Phi25, Th. 7.37] to use sequences in that way:

Theorem 1.55. Let (X, dx) and (Y, dy) be metric spaces (for example, normed spaces),
MCX, f:M—>Y.

(a) If&§ € X is a cluster point of M, then lim,_,¢ f(x) = n exists if, and only if, for each
sequence (%) pen in M\ {E} with limy_,o 2% = &, the sequence (f(x"))ren converges
toney, ie.

lim ¥ =¢ = lim f(a%) =1 (1.45a)
k—o0 k—o0

(b) If€ € M, f is continuous in & if, and only if, for each sequence (x*)pen in M with

limy, o0 2% = &, the sequence (f(2*))ren converges to f(€), i.e.

lim 2" =¢ = lim f(a%) = f(¢). (1.45b)

k—o0 k—o0

Proof. (a): First assume that lim, ¢ f(x) = n exists. Moreover, assume that (z")gey is
a sequence in M \ {£} with lim, o 2¥ = €. For each € > 0, there is § > 0 such that
¢ #x € M and dx(z,£) < 0 implies dy (f(z),n) < e. Since limj_,o z¥ = &, there is also
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N € Nsuch that, for each k > N, dx (2", &) < 6. Thus, foreach k > N, dy(f(I‘k),T]) < €,
proving limy_,«, f(2¥) = . For the converse, assume that lim, ¢ f(x) = 7 is not true.
We have to construct a sequence (%) ey in M\ {€} with limy_o 2% = &, but (f(2*))sen
does not converge to 7. Since lim,_,¢ f(x) = 1 is not true, there must be some ¢, > 0 such
that, for each 1/k, k € N, there is at least one & # x* € M satisfying dx (2%, &) < 1/k
and dy (f(z*),n) > €. Then (2*)4en is a sequence in M \ {&} with limj_,. ¥ = ¢ and
(f(2"*))ren does not converge to 7.

(b) (the proof is analogous to the proof of [Phi25, Th. 7.37]): If £ € M is not a cluster
point of M, then there is § > 0 such that M N Bs(§) = {£} (ie. € is an isolated point
of M). Then every f: M — Y is continuous in {. On the other hand, every sequence
in M converging to £ must be finally equal to &, so that (1.45b) is trivially valid at &.
Thus, the assertion of the theorem holds if £ € M is not a cluster point of M. If £ € M
is a cluster point of M, then one proceeds analogous to the argument in (a): Assume
that f is continuous in € and (2*)en is a sequence in M with limy ., 2% = £. For each
€ > 0, there is § > 0 such that 2 € M and dx(z,&) < 6 implies dy (f(z), f(€)) < e.
Since limy_ ;o 2% = £, there is also N € N such that, for each k¥ > N, dx(2*,£) < 4.
Thus, for each k > N, dy (f(z*), f(£)) < €, proving limy_ f(2*) = f(£). Conversely,
assume that f is not continuous in &. We have to construct a sequence (z%)zey in M
with limy_, 2% = &, but (f(2%))ren does not converge to f(£). Since f is not continuous
in &, there must be some €y > 0 such that, for each 1/k, k € N, there is at least one
a* € M satisfying dy (2%, &) < 1/k and dy (f ("), f(£)) > €. Then (2¥)yen is a sequence
in M with limy_,o 2% = & and (f(2"))ren does not converge to f(&). [ |

Example 1.56. (a) Constant functions are always continuous.

(b) If (z¥)ren is a sequence in K", n € N, such that limj_,o, 2¥ = 2 € K", then Th.

1.12 implies that limj_, zf = z; for each j € {1,...,n}. Thus, according to Th.

1.55(b), all the projections w; : K" — K, mj(z1,. .., 2,) 1= z; are continuous.

Definition 1.57. If X is a metric space, M C X, and f: M — K", n € N. then the
functions f1 : M — K, ..., f, : M — K, such that f(z) = (fi(z),..., fu(z)) are
called the coordinate functions of f.

Theorem 1.58. If X is a metric space, M C X, &€ M, and f: M — K", n € N,
then the following statements (i) — (iil) are equivalent:

(i) The function f is continuous at §.
(ii) All the coordinate functions fi,..., f, are continuous at &.

(iii) Both the real and the imaginary part of each coordinate function are continuous at
&, i.e. the real-valued functions Re fi,Im f1,...,Re f,,Im f,, all are continuous at

¢
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Proof. The equivalences

(") gen in M k—oco k—o0
Th. 1.12 ) N . .

(zF)pen in M (kl—go =4 jellon) freet fi(@®) = f; (f))

Th. 1.55(0) (i)

[Phi25, (7.2)] N ( ‘ )
(x*) ey in M (k’i{{olox 5 je{l,...n} kl_)m ef] (.T ) efj (f)

A Jim T () = 1 £,6)) )
k—oo
PO )
prove the theorem. -

Remark 1.59. Let X # () be an arbitrary nonempty set, f,¢g : X — K, and A € K.
In [Phi25, Not. 6.2], we defined the functions f + g, Af, fg, /g, |f|, and, for K = R,
also max(f,g), min(f,g), f*, f~. If Y is an arbitrary vector space over K and f, g :
X — Y, then we can generalize the definition of f + ¢ and Af by letting

(f+9): X —Y, (f +9)(@) = fz) + g(2), (1.46a)
(Af): X — Y, (Af)(z) :== Af(z). (1.46b)
It turns out that this makes the set of functions from X into Y, F(X,Y), into a vector

space over K with zero element f = 0 (cf. Ex. A.2(c)). Finally, for f : X — C",
f(z) = (fi(z),..., fu(z)), n € N, we define

Ref: X — R", Re f(z) := (Re fi(x),...,Re fu(z)), (1.47a)
Imf: X — R" Im f(x) := (Im fi(z),...,Im f,(2)), (1.47Db)
f: X —cC" f(x):= (fi(x),..., falz)), (1.47¢)
such that
f=Ref+ilmf, (1.48a)
f=Ref—ilmf. (1.48b)
Lemma 1.60. Let (X, -||) be a normed vector space, and let (z*)ren and (y*)ren be

sequences in X with limy_e 2" = 2 € X and limy_,o y* = y € X. Then the following
holds:

klim (" +9*) =2+, (1.49a)
klim (M%) = Az for each \ € K. (1.49b)
—00
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Proof. Since limy,_,o, ||2% — z|| = 0 and limy_, [|y* — y|| = 0, it follows from ||z* + y* —
x—y| < ||a* — x| + [|y* — y|| that also limy_.o ||2* + y* — 2 — y|| = 0. For each X € K,
one has limy_ o [[A2% — Az = limp oo (|A] [|2% — 2||) = [A|limy o ||2* — 2]| = 0. [ |

Theorem 1.61. Let X be a metric space (e.g. a normed space), Y is a normed vector
space, and assume that f,g : X — Y are continuous in & € X. Then f+ g and \f
are continuous in & for each A € K (in particular, C(X,Y") constitutes a subspace of the
vector space F(X,Y) over K). Moreover, if Y = C", n € N, then Re f, Im f, and f are
all continuous in &; if Y =K, then fg, f/g for g # 0, and |f| are all continuous in &;
if Y =R, then max(f,g), min(f,q), f*, and f~ are all continuous in & as well.

Proof. Let (z*)ren be a sequence in X such that limy,_,, % = £. Then the continuity of f
and ¢ in € yields limy o, f(2%) = f(£) and limy_,o g(2*) = g(£). Lemma 1.60 then yields
limy oo (f+9)(2%) = (f+9)(€) and limy_,0o (A f)(2%) = (Af)(£). For Y = C", n € N, Th.
1.12 together with [Phi25, (7.2)] and [Phi25, (7.11f)] shows lim; ., Re f(z*) = Re f(£),
limy oo Im f(2%) = Im f(€), and limy_,o f(2*) = f(£&), providing the continuity of Re f,
Im f, and f at £&. For Y = K, the rules for the limits of sequences in K [Phi25, Th.
713(a)] yield limg ool £9)(#%) = (f9)(€), Ty oe(F/9)(2%) = (F/9)(€) for g # 0, and
limy o0 [ f](2*) = | f|(€). This provides the continuity of f+g, Af, fg, f/g, and | f| at &.
Moreover, for Y = R, [Phi25, Th. 7.13(b)] implies limy,_, o, max(f, g)(z*) = max(f, g)(&)
and limy_... min(f, ¢)(z*) = min(f, ¢)(&), proving the continuity of max(f, g), min(f, g),
fT,and f~ at & [ |

Example 1.62. Each K-linear function A : K* — K™, (n,m) € N2, is continuous:
Using the standard unit vectors e;, for each 2 € K", one has A(z) = AQ_7_, zje;) =
2?21 z;A(ej). Thus, one can build A by summing the functions A4; : K* — K™,
Aj(z) = z;A(e;) for each j € {1,...,n}. Since limy_, 2* = z implies limy_o 2§ = z;,
which implies limy,_, 2 A(e;) = z;A(e;), all A; are continuous, and, thus A is continuous
by Th. 1.61.

Theorem 1.63. Let (X, dx), (Y,dy), (Z,dz) be metric spaces (for example, normed
spaces), Dy C X, f: Dy — Y, D, CY, g: D, — Z, f(Dy) C D,. If f is
continuous in & € Dy and g is continuous in f(§) € D,, then go f : Dy — Z is
continuous in £. In consequence, if f and g are both continuous, then the composition
go [ is also continuous.

Proof. Let & € Dy and assume that f is continuous in § and g is continuous in f(&).
If (z")ren is a sequence in Dj such that limg_o 2% = &, then the continuity of f in
¢ implies that limy_o f(2%) = f(£). Then the continuity of g in f(£) implies that
limg oo g(f(2%)) = g(f(£)), thereby establishing the continuity of g o f in &. [ |



1 BASIC TOPOLOGICAL NOTIONS IN METRIC SPACES 33

Example 1.64. The function f : Rt x C — C, f(z,z) := 2* = exp(zlnz), is
continuous: With the projections my, 7 : C* — C, we can write f = exp o(my(Inomry))
(note m; is Rt-valued on R* x C). Since 7 and 7y are continuous by Example 1.56(b),
Inom; is continuous by Th. 1.63 and my(Inom) is continuous by Th. 1.61. Finally,
f = expo(m(lnom)) is continuous by Th. 1.63.

In [Phi25, Ex. 7.40(b),(c)], we had shown that 1-dimensional polynomials and rational
functions are continuous (where they are defined). We will now extend [Phi25, Ex.
7.40(b),(c)] to n-dimensional polynomials and rational functions:

Definition 1.65. Let n € N. An element p = (p1,...,p,) € (Ng)" is called a multi-
index; |p| :== p1+- - +py is called the degree of the multi-index. If x = (z4,...,x,) € K"
and p = (p1,...,p,) is a multi-index, then we define

aP = g gh? . gPn (1.50)

Each function from K" into K, z + 2P, is called a monomzial; the degree of p is called
the degree of the monomial. A function P from K" into K is called a polynomial if, and
only if, it is a linear combination of monomials, i.e. if, and only if P has the form

P:K'—K, P@)=)Y a1, keNy, g€k (1.51)

Ip|<k

The degree of P, still denoted deg(P), is the largest number d < k such that there is p
with |p| = d and a, # 0. If all a, = 0, i.e. if P =0, then P is the (n-dimensional) zero
polynomial and, as for n = 1, its degree is defined to be —1. A rational function is once
again a quotient of two polynomials.

Example 1.66. Writing z, v, z instead of x1, z9, 23, 2y°2, 2%y?, 2%y, 22, y, 1 are exam-
ples of monomials of degree 5, 4, 3, 2, 1, and 0, respectively, P(z,y) := bz’y—32x?+y—1
and Q(x,y,2) := zy3z — 22%y? + 1 are polynomials of degree 3 and 5, respectively,
and P(z,y)/Q(x,y,z) is a rational function defined for each (z,y,2) € K?® such that

Q(x,y,2) # 0.

Theorem 1.67. Fach polynomial P : K" — K, n € N, is continuous and each rational
function P/Q is continuous at each z € K" such that Q(z) # 0.

Proof. Let

P:K'—K, P(z)= Z a,?’, keNy, p=(p1,...,pn) € (No)",
Ip|<k

pl=p1+ 4 pn, 2=z a,ce K
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First, from Ex. 1.56(b), we know that the projections m; : K* — K, 7,(2) := z;,
j € {1l,...,n}, are continuous. An induction and Th. 1.61 then show the monomials
z +— ayzP to be continuous, and another induction then shows P to be continuous.
Applying Th. 1.61 once more finally shows that each rational function P/Q is continuous
at each z € K" such that Q(z) # 0. [ |

Example 1.68. For n € N, recall the notion of an n x n matrix over K (see App. A.3),
and note that the set M(n, K) of n xn matrices over K is nothing but K" and, thus, can
be considered as a normed vector space in the usual way. Also recall the determinant

function det : M(n,K) — K (see App. A.4).

(a) According to (A.82), the determinant det is a polynomial on M(n,K) (i.e. on K"*),
i.e. det is continuous as a consequence of Th. 1.67.

(b) According to Th. A.49(a), A € M(n,K) is invertible if, and only if, det(A) # 0.
Using (a) and Th. 1.54(ii), this implies that GL(n, K) := det " (K \ {0}) is an open
subset of M(n,K) (in Linear Algebra, GL(n,K) is known as the general linear
group of degree n over K). Moreover, we claim the map

inv: GL(n,K) — GL(n,K), inv(A):= A",

is continuous: Indeed, according to Th. A.52(c), all the coordinate maps invy (i.e.
the entries of the inverse matrix) are rational functions on M(n,K) (i.e. on K™,
i.e. they are continuous as a consequence of Th. 1.67, i.e. inv is continuous by Th.
1.58(i).

Theorem 1.69. For a K-linear function A : X — Y between normed vector spaces
(X, |- |x) and (Y, - |ly) over K, the following statements are equivalent:

(i) A is continuous.
(ii) There exists &€ € X such that A is continuous in &.

(iii) A is Lipschitz continuous.

Proof. (iii) implies (i) according to Lem. 1.51, (i) trivially implies (ii), and it merely
remains to show that (ii) implies (iii). To that end, let £ € X such that A is continuous in
€. Thus, for each € >, there is § > 0 such that ||z —¢&||x < ¢ implies ||A(x) — A(&)|ly < e.
As Ais linear, for each x € X with ||z||x < 0, one has ||A(z)|ly = [[A(z+&)—A(&)]ly <,
due to |[|[z+&—€||x = ||z||x < . Moreover, one has ||(0x)/2||x < §/2 < 6 for each z € X
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with ||z||x < 1. Letting L := 2¢/6, this means that [|A(x)|ly = [|[A((0x)/2)|]y/(0/2) <
2¢/6 = L for each z € X with ||z|[x < 1. Thus, for each x,y € X with x # y, one has

(=),

Since (1.52) is trivially true for # = y, this shows that A is Lipschitz continuous. [ |

[A(x) = AWy = [[Alz = y)lly = llz - yllx < Lz —yllx. (1.52)

We will now see two examples that show that, in contrast to linear maps between
finite-dimensional spaces as considered in Example 1.62 above, linear maps between
infinite-dimensional spaces can be discontinuous.

Example 1.70. (a) Once again, consider the space X from Example 1.39(b) consisting
of all sequences in K that are finally constant and equal to zero, endowed with the
norm || - |lsup- The function

A X — K, A((zp)nen) = Zzn, (1.53)

is clearly linear. However, we will see that A is not continuous: The sequence
(2%)ren defined by
1/k for1<n<k
e Uk forlsnsh, (1.54)
0 for n > k,
converges to 0 = (0,0,...) € X with respect to || - ||sup. However, for each k € N,
AR =8 (1/k) =1, ie. limg_oo A(2F) = 1 # 0 = A(0), showing that A is not

continuous at 0.

(b) Let X be the normed vector space consisting of all bounded and differentiable
functions f : R — R, endowed with the sup-norm. Then the function d : X —
R, d(f) := f'(0), is linear, but not continuous (exercise).

A notion related to, but different from, continuity is componentwise continuity (see Def.
1.71). Both notions have to be distinguished carefully, as componentwise continuity
does not imply continuity (see Example 1.73).

Definition 1.71. Let (Y, d) be a metric space and let ¢ = ((1,...,(,) € K*, n € N,
A function f : K" — Y is called continuous in { with respect to the jth component,
j€{l,...,n}, if, and only if, the function

¢: K—Y, qb(oz) = f((l""7Cj—17a’Cj+17'”7Cn)7 (155)

is continuous in a = (.



1 BASIC TOPOLOGICAL NOTIONS IN METRIC SPACES 36

Lemma 1.72. Let (Y,d) be a metric space and let ¢ = ((y,...,C) € K", n e N. If f
1s continuous in C, then f is continuous in ¢ with respect to all components.

Proof. Let j € {1,...,n} and let (o )ren be a sequence in K with limy_, o = ;. Then
(2F)ren with 2% := (1, ..o, Go1y Qi Gty - - -5 Go) 18 @ sequence in K™ with limy,_,o, 28 = (.
Thus, the continuity of f yields limy_,o f(2*) = f(¢). If ¢ is defined as in (1.55), then
d(ar) = f(z%), showing limy o ¢(ar) = f(C) = ¢(;), i-e. ¢ is continuous in ;. We
have, hence, shown, for each j € {1,...,n}, that f is continuous in ¢ with respect to
the jth component. [ |

Example 1.73. A function can be continuous with respect to all components at a point
¢ without being continuous at (: Consider the function

0 for zw =0,

(1.56)
1 for zw # 0.

fRK—K,  flzw):= {

Let ¢1,¢02 : K — K, ¢1(a) := f(,0), ¢2(a) := f(0,a). Then both ¢; and ¢, are
identically 0 and, in particular, continuous at a = 0. However, f is not continuous at
(0,0), since, for example,

(2", wk) =

{(1/k,0) for k even, (157)

(1/k,1/k) for k odd

yields a sequence that converges to (0,0), but f(z*, w¥) = 0if k is even and f(z*, wk) =1

if k is odd, i.e. the sequence (f(z*, w"*))ren does not converge.

1.6 Convex Functions and Norms on K"

Even though convex functions are an important topic in their own right, here the main
motivation is to provide a proof for the so-called Minkowski inequality, i.e. for the
triangle inequality of the p-norm on K", defined by ||z|, := (3_7_, |2|P)1/P.

The idea is to call a function f : I — R (where I C R is an interval) convex if, and
only if, each line segment connecting two points on the graph of f lies above this graph,
and to call f concave if, and only if, each such line segment lies below the graph of f.
Noting that, for z; < w3, the line through the two points (x1, f(x1)) and (x2, f(x2)) is
represented by the equation

To — X

L(x) = fla) +

To — 7 To — X1

r — T

f(za), (1.58)

this leads to the following definition:
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Definition 1.74. Let I C R be an interval (I can be open, closed, or half-open, it can
be for finite or of infinite length) and f: I — R. Then f is called convez if, and only
if, for each x1,z, 9 € I such that z; < x < x5, one has

flr) < 22T fla) + —

X9 — I To — Ty

f(xa); (1.59a)

f is called concave if, and only if, for each x1,x, x5 € I such that 1 < x < x5, one has

To — T Tr — T

flx) =

f(x1) +

Lo — X1 To — X1

F(as). (1.59b)

Moreover, f is called strictly convex (resp. strictly concave) if, and only if, (1.59a) (resp.
(1.59b)) always holds with strict inequality.

Lemma 1.75. Let I C R be an interval. Then f: I — R is (strictly) concave if, and
only if, —f is (strictly) convex.

Proof. Merely multiply (1.59b) by (—1) and compare with (1.59a). [ |

The following Prop. 1.76 provides equivalences for convexity. One can easily obtain the
corresponding equivalences for concavity by combining Prop. 1.76 with Lem. 1.75.

Proposition 1.76. Let I C R be an interval and f : I — R. Then the following
statements are equivalent:

(1) f is (strictly) convex.

(ii) For each a,b € I such that a # b and each X\ €]0, 1[, the following estimate holds
(with strict inequality):

F(Aa+ (1 =X)b) < Af(a)+ (1 —X)f(b). (1.60)

(iii) For each xy,x,29 € I such that x1 < x < xg, one has (with strict inequality)

f(@) = fl@) _ fles) = fl2) (1.61)

r — T To — X

(iv) For each xy,x,x9 € I such that x1 < x < x9, one has (with strict inequality)

fz) — f(z1) < f(z2) — f(z1) < f(%)‘f(l’)‘

Tr — T Ty — X1 To — T

(1.62)
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Proof. (i) < (ii): Given xy,z,29 € I with 27 < < z9, let A 1= (29 — ) /(29 — 71).
Then 0 < A <1 as well as

Azy 4 (1 = Ny =

x1(19 — T) . (xg —z Ty —m) ~ wi(rg — 1) + xo( — 1)
2 4 —

To — T To — 1 To — X7 To — 1

_ 2z —a) (1.63)
To — X1
Letting a := x1 and b := x5, this shows that (1.60) implies (1.59a). Conversely, given
a,b € I with a # b, let x; := min{a, b}, xo := max{a,b}. If 0 < A < 1, then, letting
x:= Aa+ (1 — \)b, note that

rp=Ar1+ (1 =Nz <da+ (1 =ANb=x < g+ (1 — Nz = zo. (1.64)
Then
— 1—=XN(a—=0 —
iy = 2T _0=Me=b)_, o rTom (1.652)
To — I1 To — I1 To — T
_ b — _
o o Bmr Meza) e N W51
To — I To — Iq To — X1
Thus, in each case,
To — X r — I
=A 1—=XN)f(b 1.
2 o)+ flaa) = Mf(a) + (1= M), (1.66)

i.e. (1.59a) implies (1.60).

(i) < (iili): By definition, convexity of f is equivalent to the validity of (1.59a) for each
x1,2,29 € I such that 1 < x < z5. Multiplying (1.59a) with the positive number
r9 — 1 shows its equivalence with

((z2 = 2) + (z — 21)) f(2) < (w2 — @) f(21) + (2 — 1) f(22), (1.67a)
which, in turn, is equivalent to
(22 — :v)(f(a:) - f(*Tl)) <(r-— $1)(f(352) - f(x)), (1.67b)

which, after division by the positive number (zo — z)(x — 1) is equivalent to (1.61).
(iv) = (iii): Clear, since (1.62) trivially implies (1.61).
(i) = (iv): (1.59a) implies

r — I r — I r — T

() = (f(@2) = f(z1)),

To — T To — T

Fw)— ) < (1 - ) Fan) — fm) +

To — I
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i.e. the left-hand inequality of (1.62). Analogously, (1.59a) also implies

Pl = (1= 225 fla) -

i.e. the right-hand inequality of (1.62). [ |

Example 1.77. Since [A\x + (1 — A)y| < A|z| + (1 — A)]y| for each 0 < A < 1 and each
x,y € R, the absolute value function is convex. This example also shows that a convex
function does not need to be differentiable.

To — T To — X To — X

fx2) = f(2) = fa2) -

(f(332) - f(l"l))

To — I To — I To — I

For differentiable functions, one can formulate convexity criteria in terms of the deriva-
tive:

Proposition 1.78. Let a < b, and suppose that f : |a,b] — R is continuous on [a,b]
and differentiable on |a,b[. Then f is (strictly) convex (resp. (strictly) concave) on |a, b]
if, and only if, the derivative f' is (strictly) increasing (resp. (strictly) decreasing) on
la, bl

Proof. Since (—f) = —f" and —f is (strictly) increasing if, and only if, f’ is (strictly)
decreasing, it suffices to consider the (strictly) convex case. So assume that f is (strictly)
convex. Then for each x1,x,zg,y, ro €]a, b such that 1 < © < xy < y < x2, applying
Prop. 1.76(iv), one has (with strict inequalities),

fz) = f(x1) <f(~’170)—f(9€1) - f(xa) — f(z1) - f(fﬂz)—f(y)'

< < < (1.68)
T — T To — X1 To — X1 T2 —Y
Thus,
Flan)  tn 0 =T To) = f(@) @ fla) = fan)
zlry T — I Tog — T1 To — T1
< lim as) = J ) f/(x2) (1.69)

(where the inequality at (%) is strict if it is strict in (1.68)), showing that f” is (strictly)
increasing on |a,b[. On the other hand, if f” is (strictly) increasing on |a, b, then for
each xq,x, 29 € [a,b] such that 1 < < x5, the mean value theorem [Phi25, Th. 9.17]
yields & €]y, z[ and & €]z, xo[ such that

f(z) — f(z1) — #(&) and f(z2) — f(2)

Tr — T To — X

= ['(&)- (1.70)

As & < & and [ is (strictly) increasing, (1.70) implies (1.61) (with strict inequality)
and, thus, the (strict) convexity of f. [ |
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Proposition 1.79. Let a < b, and suppose that f : [a,b] — R is continuous on |a, b]
and twice differentiable on ]a,b].

(a) f is convex (resp. concave) on [a,b] if, and only if, " >0 (resp. f" <0) on |a,b].

(b) If f" > 0 (resp. f”" < 0) on]a,b[, then f is strictly convex (resp. strictly concave)
(as a caveat we remark that, here, the converse does not hold — for example x + x*
is strictly conver, but its second derivative x v+ 122% is 0 at z = 0).

Proof. Since —f” > 0 if, and only if f” < 0; and —f” > 0 if, and only if f” < 0, if
suffices to consider the convex cases. Moreover, for (a), one merely has to combine Prop.
1.78 with the fact that f’ is increasing on ]a, b[ if, and only if, f” > 0 on |a,b[. For (b),
we proceed by contraposition and assume that f is not strictly convex. Then there are
x1,%, Ty € |a,b] such that 1 < x < x5 and (1.59a) holds with >. Then the argument
that shows that (1.59a) implies (1.61) also shows that (1.59a) with > implies

fz) — f(x1) > f(a:2)—f(:c)

r — I To — X

(1.71)

As in Prop. 1.78, the mean value theorem [Phi25, Th. 9.17] yields & €]z, x[ and & €
|z, xo[ such that (1.70) holds. Together with (1.71), one obtains f'(&;) > f'(&2), ie. f’
is not strictly increasing, i.e. f” > 0 does not hold everywhere on |a, b|. [ |

Example 1.80. (a) Since for f : R — R, f(x) = e, it is f’(z) = e > 0, the
exponential function is strictly convex on R.

(b) Since for f: RT — R, f(z) =Inz, itis f’(z) = —1/2% < 0, the natural logarithm
is strictly concave on R™.

Theorem 1.81 (Jensen’s inequality). Let I C R be an interval and let f: I — R be
convex. If n € N and \y,..., A\, > 0 such that \y +---+ X\, = 1, then

T1yeeTn €1

If f is concave, then
v I f()\lxl +o /\najn) > )\lf('rl) +oot )\nf(xn) (172b)

If f is strictly convex or strictly concave, then equality in the above inequalities can only
hold if x1 = -+ = x,,.
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Proof. Ifonelets a := min{xy,...,x,}, b := max{xy,...,z,}, and T := A\jz1+- - -+ )\, 2y,
then . .
a=» Na<z<Y Nb=b = €l (1.73)
j=1 j=1

Since f is (strictly) concave if, and only if, — f is (strictly) convex, it suffices to consider
the cases where f is convex and where f is strictly convex. Thus, we assume that f is
convex and prove (1.72a) by induction. For n = 1, one has A\; = 1 and there is nothing
to prove. For n = 2, (1.72a) reduces to (1.60), which holds due to the convexity of f.
Finally, let n > 2 and assume that (1.72a) already holds for each 1 <[ <n — 1. Set

A A
A=A+t A, x::§x1+--~+ Al

Tp—1- (174)

Then x € I follows as in (1.73). One computes

n—1
fvz+ -+ Nxy) = f (Z Ajxj+ )\nmn> = f(Ax + \yxy,)

j=1

1=2 l=n—1 21y

< M@+ af(@,) < A ﬁf(%) + Anf (@)
7j=1

thereby completing the induction, and, thus, the proof of (1.72a). If f is strictly convex
and (1.72a) holds with equality, then one can also proceed by induction to prove the
equality of the z;. Again, if n = 1, then there is nothing to prove. If n = 2, and z; # w2,
then strict convexity requires (1.72a) to hold with strict inequality. Thus z; = x5. Now
let n > 2. It is noted that (1.75) still holds. By hypothesis, the first and last term
in (1.75) are now equal, implying that all terms in (1.75) must be equal. Using the
induction hypothesis for [ = 2 and the corresponding equality in (1.75), we conclude
that © = z,,. Using the induction hypothesis for [ = n—1 and the corresponding equality
in (1.75), we conclude that 1 = -+ = x,, 1. Finally, v = z, and x; = -+ = z,,_; are
combined using (1.74) to get x; = x,, finishing the proof of the theorem. [ |

Theorem 1.82 (Inequality Between the Weighted Arithmetic Mean and the Weighted
Geometric Mean). Ifn € N, xy,...,x, > 0 and Ay, ..., A\, > 0 such that \y+-- -+ X\, = 1,
then

miq x;\Ln <\ +"'+)\nxn7 (176)
where equality occurs if, and only if, v1 = -+ = x,. In particular, for \y =--- =\, =

%, one recovers the inequality between the arithmetic and the geometric mean without

weights, known from [Phi25, Th. 7.63].



1 BASIC TOPOLOGICAL NOTIONS IN METRIC SPACES 42

Proof. If at least one of the x; is 0, then (1.76) becomes the true statement 0 <
2?21 Ajz; with strict inequality if, and only if, at least one x; > 0. Thus, it remains
to consider the case z1,...,2, > 0. As we noted in Ex. 1.80(b), the natural logarithm
In : R — R is concave and even strictly concave. Employing Jensen’s inequality

(1.72b) yields

(Mg + -4 M) > M lnwy + -4+ Ny Inw, = In(a}t - 2. (1.77)

n

Applying the exponential function to both sides of (1.77), one obtains (1.76). Since
(1.77) is equivalent to (1.76), the strict concavity of In yields that equality in (1.77)
implies v1 = -+ - = x,,. [ |

Definition 1.83. For n € N, p € [1, 0], the function

n 1/p
- llp: K" — Ry, ], = (Z'””J”p> ) (1.78)
j=1

is called the p-norm on K™ (that the p-norm is, indeed, a norm is the result formulated
as Cor. 1.86 below).

Theorem 1.84 (Holder inequality). If n € N and p,q > 1 such that }D + % =1, then
la-b| < |lal|,|lblly for each a,b e K". (1.79)

Proof. If a = 0 or b = 0, then there is nothing to prove. So let a # 0 and b # 0.
For each j € {1,...,n}, apply (1.76) with A\; = 1/p, Ao = 1/q, x1 = |a;[?/|a[}} and
g = [bs[/|b][3, to get
laillbs| _ LlaPP 16l
lallllblly — pllallz g lolls
Summing (1.80a) over j € {1,...,n} yields 1 on the right-hand side, and, thus,
d (1.

n n

-~ summe
E a;b; SE |a] ;] <
j=1 j=1

proving (1.79). [ |

(1.80a)

80a)
ja-b] = lallp|[bllq, (1.80b)

Theorem 1.85 (Minkowski inequality). For each p > 1, z,w € K", n € N, one has

Iz + wllp < llzllp + lwll,. (1.81)
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Proof. For p = 1, (1.81) follows directly from the triangle inequality for the absolute
value in K. It remains to consider the case p > 1. In that case, define ¢ := p/(p — 1),
ie. 1/p+1/q = 1. Also define a € R" by letting a; := |z; + w;[P~* € Ry for each
j €{1,...,n}, and notice

|25 + w;l” = |z + wil a; < |z5] a5 + ws| a;. (1.82a)

Summing (1.82a) over j € {1,...,n} and applying the Holder inequality (1.79), one
obtains

Iz +wlp < (2] [zal) a4 (unl, - Jwnl) - a < lzllpllally + [lwllpllally. (1.82D)

As q(p— 1) = p, it is af = [z; + w;|?, and, thus

D
q

lall, = (Zm +wj|p> =z + w|z (1.82¢)
j=1

where p/q = p — 1 was used in the last step. Finally, combining (1.82b) with (1.82c)
yields (1.81). [ |

=

Corollary 1.86. For each n € N, p € [1,00], the p-norm on K" constitutes, indeed, a
norm on K".

Proof. If z = 0, then ||z]|, = 0 follows directly from (1.78). If z # 0, then there is
j € {l,...,n} such that |z;] > 0. Then (1.78) provides ||z||, > |z;| > 0. If A € K
and = € K", then [|\zl], = (0, \5?)? = (AP S0y |5[7)1% = Al 2], The proof
is concluded by noticing that the triangle inequality is the same as the Minkowski
inequality (1.81). [ |

1.7 Inner Products and Hilbert Space

Definition 1.87. Let X be a vector space over K. A function (-,-) : X x X — K
is called an inner product or a scalar product on X if, and only if, the following three
conditions are satisfied:

(i) (x,x) € RT for each 0 # z € X.

(i) M\ + py, 2) = M, z) + ply, 2) for each x,y,z € X and each \,u € K (i.e. an
inner product is K-linear in its first argument).

(iii) (x,y) = (y,x) for each z,y € X (i.e. an inner product is conjugate-symmetric,
even symmetric for K = R).
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Lemma 1.88. For each inner product (-,-) on a vector space X over K, the following
formulas are valid:

(a) (x,\y + pz) = Ma,y) + iz, 2) for each x,y,2 € X and each \,pu € K, i.e. {-,-)
is conjugate-linear (also called antilinear) in its second argument, even linear for
K = R. Together with Def. 1.87(ii), this means that (-,-) is a sesquilinear form,
even a bilinear form for K = R.

(b) (0,2z) = (z,0) =0 for each v € X.

Proof. (a): One computes, for each z,y,z € X and each A\, u € K,

Def. 1.87(iii) Def. 1.87(ii)

My, ) + p(z, x)
Def. 1i87(111) /_\<ZE, y> + Ia<x’ Z> (183&)

Ay + pz, x)
= Myx)+palza)

(z, \y + pz)

(b): One computes, for each x € X,

Def. 1.8 87 (iii) Def. 1.87(ii)

(x,0) (0,z) = (0x, x) 0(x,z) =0, (1.83b)

thereby completing the proof of the lemma. [ |

Theorem 1.89. The following Cauchy-Schwarz inequality (1.84) holds for each inner
product (-, ) on a vector space X over K:

[z, )| < llzll Iyl for each z,y € X, (1.84)

where
2] := V{z,2), [yl == (Y, ). (1.85)

Moreover, equality in (1.84) holds if, and only if, x and y are linearly dependent, i.e. if,
and only if, y = 0 or there exists A € K such that x = \y.

Proof. 1f y = 0, then it is immediate that both sides of (1.84) vanish. If z = Ay with

A € K, then [(z,y)| = My, »)| = MIlyll> = vVAXMy,w)llyl = 2]l lyll, showing that
(1.84) holds with equality. If x and y are not linearly independent, then y # 0 and

x — Ay # 0 for each A € K| i.e.

0<(x—Ay,z—N\y) = (z,2 — Ay) — ANy, — \y)
= (z,2) = Mz, y) = My, 2) + My, ) = [2l” = Mz, y) = A,y) + \Pllyl. (1.86)
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Since (1.86) is valid for each A € K, one can set A := (z,y)/|ly||* (using y # 0) to get

20z, ) (z,y) @y (y _ =Py’ = (= y) (z.9)
Iyl Iyl 1yl

0 < [jz]|* - , (1.87)

or (z,y) (z,y) < ||z|*||ly||*>. Finally, taking the square root on both sides shows that
(1.84) holds with strict inequality. |

Proposition 1.90. If X is a vector space over K with an inner product (-,-), then the

map
s X — Ry, ] = (2, 2), (1.88)

defines a norm on X. One calls this the norm induced by the inner product.

Proof. If = 0, then (z,z) = 0 and ||z|| = 0 as well. Conversely, if x # 0, then
(z,z) > 0 and ||z|| > 0 as well, showing that || - || is positive definite. For A € K
and x € X, one has | A\z|| = ANz, 2) = /|]A\2(z,z) = |A|||z||, showing that || - | is
homogeneous of degree 1. Finally, if x,y € X, then

lz+yll* = (e+yz+y)=lzl*+ (=9 + y2) + yl?
(1.84) )
< lel® + 2l Iyl + Tyl® = (el + Nyl (1.89)
establishing that || - || satisfies the triangle inequality. In conclusion, we have shown that
|| - || constitutes a norm on X. [ |

Definition 1.91. Let X be a vector space over K. If (-,-) is an inner product on X,
then (X (e )) is called an inner product space or a pre-Hilbert space. An inner product
space is called a Hilbert space if, and only if, (X, ||-||) is a Banach space, where ||-|| is the
induced norm, i.e. ||z|| := /(z,z). Frequently, the inner product on X is understood
and X itself is referred to as an inner product space or Hilbert space.

Example 1.92. We now come back to the space K", n € N, with the inner product
defined by (1.1c) and the length (norm) defined by (1.1d). Let us verify that (1.1c),
indeed, defines an inner product in the sense of Def. 1.87: If z # 0, then there is
jo € {1,...,n} such that zj, # 0. Thus, z- 2z = 377, |2]* > |2;,[* > 0, i.e. Def. 1.87(i)
is satisfied. Next, let z, w,u € K" and A\, u € K. One computes

(Az+pw) -u = Z(/\zj + pw;)u; = Z Azl + Z pw;iu; = Az -u)+ p(w-u), (1.90a)

J=1 Jj=1 J=1

i.e. Def. 1.87(ii) is satisfied. For Def. 1.87(iii), merely note that

j=1 j=1
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Hence, we have shown that (1.1c) defines an inner product according to Def. 1.87. Since
the norm defined by (1.1d) is the same as the norm induced by the inner product, this
also proves the triangle inequality of Lem. 1.3(c). Due to Th. 1.16(a), the norm of (1.1d)
is complete, i.e. K" with the norm of (1.1d) is a Banach space and K" with the inner
product of (1.1c) is a Hilbert space.

Definition 1.93. If (X, <,>) is an inner product space, then z,y € X are called
orthogonal or perpendicular (denoted x L y) if, and only if, (x,y) = 0. A unit vector is
x € X such that ||z|| = 1, where || - || is the induced norm. An orthogonal system is a
family (2%)qer, ¥ € X, I being some index set, such that (z® 2%) = 0 for each o, 3 € I
with o # . An orthogonal system is called an orthonormal system if, and only if, it
consists entirely of unit vectors.

Remark 1.94. If (X (e >) is an inner product space, then one has Pythagoras’ theorem,
namely that for each x,y € X with x L y:

lz + ylI* = ll=l* + (=, 9) + (. 2) + lyl* = ll=[* + [ly]1*. (1.91)

1.8 Equivalence of Metrics and Equivalence of Norms

Now that we have seen an uncountable number of different norms on K" (namely the
p-norms of Def. 1.83), it is an important result that they all generate the same open sets
(and, thus, the same notions of convergence) on K" — all norms on K" are equivalent.
Before we can state and prove this result in Th. 1.97, we have to introduce the notion
of equivalence for metrics and norms. We will also see that, even though all norms on
K™ are equivalent, norms on other normed vector spaces are not necessarily equivalent
(see Example 1.100 below).

Definition 1.95. (a) Let d; and dy be metrics on a set X. Then d; and ds are said
to be equivalent if, and only if, both metrics generate precisely the same open sets,
i.e. if, and only if, for each A C X, the following holds:

Ais dj-open << A is dy-open. (1.92)

(b) Let || - ||; and || - ||]2 be norms on a vector space X over K. Then || - ||; and || - ||z are
said to be equivalent if, and only if, there exist positive constants «, § € R such
that

allz|y < lz||2 < Bllz|l;  for each z € X. (1.93)
Proposition 1.96. Let || - ||; and || - ||z be norms on a vector space X over K, and let
dy and dy be the respective induced metrics on X. Then || - ||y and || - ||2 are equivalent

norms if, and only if, di and ds are equivalent metrics.
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Proof. 1t X = {0}, then there is nothing to show. Thus, assume that there exists some
x e X\ {0}.

First, assume (1.93) holds, i.e. the norms are equivalent. If A C X is open with respect
to dy and © € A, then there exists € > 0 such that B.4(x) € A. Thus, for each
y € Bsa, () satisfying d := ae, one obtains

1)
di(z,y) < —|lv —yll2 < 5 =6

Q|+

showing Bs4,(x) C B4 (z) € A and that A C X is dy-open. Now assume A C X to
be open with respect to dy. If x € A, then there exists e > 0 such that B, 4,(z) C A.
Then, for each y € Bsgq, (z) with 0 := ¢/, it holds that

dy(,y) < Bl —yllh <55 =
showing Bjs g, (v) € B.g,(z) € A. Hence, A C X is dj-open.

So far, we have proved that the validity of (1.93) implies that A is dj-open if, and only
if, A is dy-open (i.e. d; and dy are equivalent).

Conversely, assume that the induced metrics d; and dy are equivalent. According to
Def. 1.95(a), 0 € X has to be a dj-interior point of both the open d;-ball By 4,(0) and
the open dy-ball By 4,(0). Moreover, 0 also has to be a dy-interior point of both open
balls. We claim that the set M := {||z[]» : ||z[; = 1} C Ry is bounded. Proceeding
by contraposition, assume that M is unbounded (from above, as it is always bounded
from below by 0). Then there exists a sequence (z*),ey such that ||z%]|; = 1 for each
k € N and limy o ||2*|ls = oo. Define n* := ||2%||y and y* := 2% /n* (note n* # 0,
since ||z¥||; = 1). Then ||y*||2 = 1 for each k € N. Moreover, ||y*||; = 1/n*, showing
limy, o0 d1 (0, 4%) = limy o [|y¥||1 = 0. Thus, for each ¢ > 0, B4 (0) contains elements
y* with ||y*]|2 = 1, i.e. 0 is not a d;-interior point of By 4,(0). Thus, if 0 is a d;-interior
point of By 4,(0), then M must be bounded. Letting

5= sup {|lzllo : oy = 1} € R*
(indeed, 8 > 0, as ||z||; = 1 implies = # 0 and [|z||2 > 0), one has

T
< Bl
2

Y =
Ly el = el

(e

We have therefore found a constant 5 > 0 such that the corresponding part of (1.93) is
satisfied. One can now proceed completely analogously to show that the hypothesis of 0
being a dy-interior point of By 4, (0) implies that the set {||z[|; : ||z]]s = 1} is bounded
and

vi=sup {Jlzf : llea =1} € R
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satisfies ||x[|; < 7||x||2 for each x € X. Finally, letting o := 7y~! completes the proof of
the equivalence of || - ||; and || - [|2. [ |

Theorem 1.97. All norms on K", n € N, are equivalent.

Proof. 1t suffices to show that every norm on K" is equivalent to the 2-norm on K”. So
let || - ||2 denote the 2-norm on K™ and let || - || denote an arbitrary norm on K". We
recall the standard unit vectors e; from (1.3) as well as that every z € K" can be written
as z =) ., zje;. Moreover, the 2-norm satisfies the Cauchy-Schwarz inequality (1.84),
which can be exploited to get

2l = |[D_zes| < D lalllesll = (=il lzal) - (leall, - lleal))
=1 =1
(1.84)
< Azll2|[(lealls - - Nleall) (1.94)
that means, with 3 := /> [[e;[|* > 0,

llz]] < Bllz]|2 for each z € K". (1.95)
We claim that there is also a > 0 such that
allz]|l2 < |z|| for each z € K". (1.96)

Seeking a contradiction, assume that there is no o > 0 satisfying (1.96). Then there
is a sequence (z¥)geny in K™ such that, for each k € N, +||zF[2 > [|2¥]|. Letting w* :=
2 /||2% )2, one gets ZllwF|s > [w”|| and [|w¥|; = 1 for each k € N. The Bolzano-
Weierstrass Th. 1.16(b) yields a subsequence (u*)ren of (w”)ren that converges with
respect to || - ||2 to some u € K™. As each norm is continuous according to Lem. 1.40(b),
the convergence u¥f — u with respect to || - ||o implies |Jull = limj_« [|u*]|2 = 1, and, in
particular, u # 0. On the other hand, using (1.95), one has ||u* —u| < B||uf —ulls — 0,
i.e. (u¥)pen also converges to u with respect to || - ||. Then the continuity of || - || yields
Jul = limp oo [|uf|| < limyoo £[|t¥]ls = limyoo £ = 0, ie. w = 0 in a contradiction
to u # 0. Thus, the assumption that there is no o > 0 satisfying (1.96) must have
been wrong, i.e. (1.96) must hold for some o > 0. The proof is concluded by the
observation that (1.95) together with (1.96) is precisely the statement that || - || and
| - || are equivalent. [ |

Caveat 1.98. Even though it follows from Th. 1.97 and Prop. 1.96 that all metrics on
K" induced by norms on K" are equivalent, there exist nonequivalent metrics on K"
(examples?).
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Proposition 1.99. For metrics di and dy on a set X, the following two statements are
equivalent:

(i) dy and dy are equivalent.

(ii) Every sequence (z*)ren in X converges with respect to dy if, and only if, it converges
with respect to ds.

In consequence, the analogous result also holds for two norms on a real vector space.

Proof. “(i) = (ii)”: Suppose d; and dy are equivalent. Suppose (z*)rey converges to
x € X with respect to dy. Let € > 0. Since B, 4,(z) is de-open and since d; and dy are
equivalent, B 4,(x) is also dy-open. Thus, there is § > 0 such that Bjg, (v) C Beg, ().
By Lem. 1.37, there is N € N such that, for each k > N, 2% € Bsg (z) C Beg,(z).
Thus, again by Lem. 1.37, (2%)ren converges to x € X with respect to do. An analogous
argument shows that, if (2*)zey converges to € X with respect to dy, then (%)gex
converges to x € X with respect to d;.

“(ii) = (1)”: Suppose O C X is dj-open. If 2z € O and z, then, due to Lem. 1.31,
x is in the dy-interior of O, x is in the dy-boundary of O, or z is in the ds-interior of
X \ O. The last case can not occur, as x is not in X \ O. We also need to exclude
the case that = is in the do-boundary of O: Suppose it were. Then, for each k € N,
there is 2% € Bi 4, (x) N (X \ O). Thus, do(2¥,2) — 0 for k — oo. Then, by the
hypothesis, also d; (2%, ) — 0. As x is a d;-interior point of O, there is € > 0 such that
Bea,(r) C O. Then dy(2*,2) — 0 implies that 2% € B. 4 (z) C O for sufficiently large
k, in contradiction to ¥ € X \ O. This contradiction excludes the case that x is in
the ds-boundary of O. It only remains that = is a dy-interior point of O. Since x was
arbitrary, O is dy-open. Interchanging the roles of dy and dy in the previous argument,
one sees that each ds-open set is also di-open, completing the proof that d; and ds are
equivalent. |

The following Ex. 1.100 shows that, in general, there can be norms on a real vector
space X that are not equivalent.

Example 1.100. As in Examples 1.39(b) and 1.70(a) before, let X be vector space over
K, consisting of the sequences in K that are finally constant and equal to zero. Then

|(zn)nen]|, = |z and (1.97a)
n=1

[(zn)nerill gy, = max {|z] : n € N} (1.97b)
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define norms on X (||-||sup is the same norm that was considered in the earlier examples).
As was already observed in Example 1.70(a), the sequence (2*)rey in X defined by

1/k for1<n<k
P / e (1.98)
0 for n > k,
converges to (0,0,...) € X with respect to || - ||sup; however, the sequence does not
converge in X with respect to || - ||; (exercise). Then Prop. 1.99 implies that || - || and

| - ||sup are not equivalent.

2 Differential Calculus in R”

2.1 Partial Derivatives and Gradients

The goal of the following is to generalize the notion of derivative from one-dimensional
functions to functions f : G — K, where G C R" with n € N. Later we will also allow
functions with values in K. For £ € G, G C R", we will define a function f: G — K
to have a so-called partial derivative (or just partial for short) at £ with respect to the
variable z; if, and only if, the one-dimensional function that results from keeping all but
the jth variable fixed, namely

ZTj = (ﬁ(.%) = f(flv cee 7€j717xj7£j+17 v 7671)7

is differentiable at z; = ; in the usual sense for one-dimensional functions. The partial
derivative of f at £ with respect to z; is then identified with ¢'(§;). This leads to the
following definition:

Definition 2.1. Let G CR", n €N, f: G — K, £ € G, j € {1,...,n}. If there is
€ > 0 such that £ + he; € G for each h €] — ¢, €[ (this condition is trivially satisfied if &
is an interior point of ), then f is said to have a partial derivative at £ with respect to
the variable z; (or a jth partial for short) if, and only if, the limit

lim f(E+ he;) — f(§)

h—0 h

(07&h€]—e,e[> (2.1)

exists in K. In that case, the limit is defined to the jth partial of f at £ and it is denoted
with one of the symbols

0,1, 0,16, L& 1), Dste)
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If £ is a boundary point of G and there is € > 0 such that, for each h €0, €[, £+ he; € G
and £ — he; ¢ G (resp. £ —he; € G and €+ he; ¢ (), then, instead of the limit in (2.1),
one uses the one-sided limit

lim f(&+ he;) — f(&) (

hl0 h

resp. lim JE+ hej) = (O ) (2.2)

R10 h

in the above definition of the jth partial at £. If all the partials of f exist in £, then the
vector

Vf(§) = (0uf(E).- -, Ouf(8)) (2.3)

is called the gradient of f at £ (the symbol V is called nabla, the corresponding operator
is sometimes called del). It is customary to consider the gradient as a row vector. If the
Jth partial 0; f(€) exists for each £ € G, then the function

is also called the jth partial of f.

Example 2.2. The following example shows that, in general, the existence of partial
derivatives does not imply continuity: Consider the function

- R? N :r?xy 2 for (:L‘7y) 7& (O’())?
fiR*—R, f(z,y) = {0 +y o o) 0,00

Using the quotient rule for (x,y) # (0,0) and the fact that f(z,0) = f(0,y) = 0 for all
(z,y) € R?, one obtains

(y(yQ_‘”Q) 37iflj_y?)) for (z,y) # (0,0),

ViR =R,V f(ry) = q N7 G

(0,0) for (z,y) = (0,0).
In particular, both partials d,f and 9,f exist everywhere in R?. However, f is not
continuous in (0,0): For k € N, let zy := (1/k), yx := (1/k). Then limg_,oo (zk, y) =
(0,0), but

L
k2

1
f(xkayk): 1 T 25
0=

k

_|_

k

2
for each k € N. In particular, limy_, f(zg, yx) = % £
continuous in (0, 0).

£(0,0), showing that f is not

Remark 2.3. The problem in Example 2.2 is the discontinuity of the partials in (0, 0).
We will see in Th. 2.26 below that, if all partials of f exist and are continuous in some
neighborhood of a point &, then f is continuous (and even differentiable) in &.
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2.2 The Jacobian

If f: G— K™, where G C R", then we can compute partials for each of the coordinate
functions f; of f (provided the partials exist).

Definition 2.4. Let G C R, f : G — K™, (n,m) € N? £ € G. If, for each
[ €{1,...,m}, the coordinate function f; = m o f (recall that f = (f1,..., fm)) has all
partials O, f; at &, then these m - n partials form an m x n matrix, namely

OHfi(§) - Onfi(€) V fi(€)
(&) == : : = : . (2.)
called the Jacobian matriz of f at & In the case that m = n, the Jacobian matrix
J¢(€) is quadratic and one can compute its determinant det J¢(¢). This determinant is
then called the Jacobian determinant of f at £&. Both the Jacobi matrix and the Jacobi

determinant are sometimes referred to as the Jacobian. One then has to determine from
the context which of the two is meant.

— a(f177fm)

ARl ra—

Remark 2.5. In many situations, it does not matter if you interpret z € K" as a column
vector or a row vector, and the same is true for the gradient. However, in the context of
matrix multiplications, it is important to work with a consistent interpretation of such
vectors. We will therefore adhere to the following agreement: In the context of matrix
multiplications, we always interpret © € R™ and f(z) € K™ for K™-valued functions f as
column vectors, whereas we always interpret the gradients V g(x) of K-valued functions
g as row vectors.

Example 2.6. (a) Let A be an m x n matrix over K,

aiy .. Q1np
A=
Am1 .- Qmn

Then the map x — Az, A : R® — K™, is R-linear for K = R, and it is the
restriction to R™ of the C-linear map A on C" for K = C (note that, due to the
agreement from Rem. 2.5, Az can be interpreted as a matrix multiplication in the
usual way). Thus, if we denote the coordinate functions moA by A;, 1 € {1,...,m},
then Aj(z) = > ,_, anzy and O A (x) = %(:) = aig. Thus, Ja(z) = A for each
xr e R™

(b) Consider (f,g) : R® — C*, (f(z,y,2),9(x,y,2)) = (izyz* iz + yz). Then one
computes the following Jacobian:

V f(z,y,2) iyz? ixz? 2ixyz
J(f’g)(x’y’z):<V9(:t,y,Z) iy )
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(c) Consider (f,g): R* — C?, (f(z,y),9(x,y)) :== (¢"¥,z + 2y). Then one computes
the following Jacobian determinant:

e qxe™V

1 2

det Jis.9)(z,y) = = j e (2y — x).

Remark 2.7. The linearity of forming the derivative of one-dimensional functions di-
rectly implies the linearity of forming partial derivatives, gradients, and Jacobians (pro-
vided they exist). More precisely, if G CR", f,.g: G — K™, (n,m) € N?, £ € G, and
A € K, then, for each (I,k) € {1,...,m} x{1,...,n},

O(f 4+ 9)i(&) = O fi(§) + Ogi(§), O A)i(§) = Aok fi(§), (2.6a)
V(f+9u&) =V fil§) +Val(b), VA IE) = AV fil§), (2.6b)
Jr+9(8) = J(&) + J4(8), Iap(€) = ATy (6), (2.6¢)

where, in each case, the assumed existence of the objects on the right-hand side of the
equation implies the existence of the object on the left-hand side.

2.3 Higher Order Partials and the Spaces C*

Partial derivatives can, in turn, have partial derivatives themselves and so on. For
example, a function f : R* — K might have the following partial derivative of 6th
order: 010300010505 f. We will see that, in general, it is important in which order the
different partial derivatives are carried out (see Example 2.9). If all partial derivatives
are continuous, then the situation is much better and the result is the same, no matter
what order is used for the partial derivatives (continuous partials commute, see Th.
2.12). We start with the definition of higher order partials:

Definition 2.8. Let G CR", f: G — K, ¢ € G. Fix k € N. For each element p =
(p1,- .- pe) € {1,...,n}k, define the following partial derivative of kth order provided
that it exists:

9" f(&)

Bf(&) = 5——F— =0y ... Oy, f(§) (2.7)

Oy, ... 0z,

One also defines f itself to be its own partial derivative of order 0. Analogous to Def. 2.4,
if f: G — K™ m € N, then one defines the higher order partials for each coordinate
function f;, I =1,...,m, i.e. one uses f; instead of f in (2.7).

Example 2.9. The following example shows that, in general, partial derivatives do not
commute: Consider the function

LS
—
=

(==}
~—

%32 for (z,vy)
. 2 . 24
foRE— R, fley)= {0 ’ for (z,y) = (0,0).
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Analogous to Example 2.2, using the quotient rule for (x,y) # (0,0) and the fact that
f(x,0) = f(0,y) =0 for all (z,y) € R? one obtains

ViR — R,V f(r,y) = (0f(2,y),0:f(2,9) = (0:F(,9),0,f (x,9))
_ (5 =)t @ 2 00
0,0) for (z,y) = (0,0).

In particular, we have 0y f(0,y) = 0,.f(0,y) = y for each y € R and O f(z,0) =
Oy f(x,0) =0 for each z € R. Thus, 9,0, f(0,y) =1 and 9,0, f(x,0) = 0. Evaluating at
(0,0) yields 020, f(0,0) = 9,0, f(0,0) =1 # 0 = 9,0, £(0,0) = 9,02 £(0,0).

As in Ex. 2.2, the problem in Ex. 2.9 lies in the discontinuity of the partials in (0,0).
As mentioned above, if all partials are continuous, then they do commute. To prove
this result is our next goal. We will accomplish this in several steps. We start with a
preparatory lemma that provides a variant of the mean value theorem in two dimensions.

Lemma 2.10. Let a,a,b,b € R, a # a, b # b, and consider the square I = [a,a] x [b, ]
(which constitutes a closed interval in R?). Suppose f: I — R, (z,y) — f(z,y), and
set

Al(f) = f(&,l;) +f(a7b) - f(CL?B) - f(d7b>
If 0.f and 0,0, f exist everywhere in I, then there is some point ({,n) € I° (i.e. with
¢ €la,al and n €]b,b]), satisfying

Ar(f) = (a—a)(b—)9,0.f(&,m).

Proof. Since the function g : [a,d] — R, g(z) := f(x,b) — f(z,b), is differentiable,
the one-dimensional mean value theorem [Phi25, Th. 9.17] yields the existence of some
¢ €la, a[ satistying

Ar(f) = g(@) — g(a) = (@ —a)g' (&) = (@—a)(0:f(&b) — 0. f(£,D)). (2.8a)

Since the function G : [b,b] — R, G(y) := 9.f(&,y), is differentiable, the one-
dimensional mean value theorem [Phi25, Th. 9.17] yields the existence of some 7 €]b, b
satisfying

0:f(£,0) = 0.f(£,0) = G(b) = G(0) = (0 = b)G'(n) = (b—0)9,0:f(€,m).  (2.8D)

Combining (2.8a) and (2.8b) proves the lemma. [ |
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Theorem 2.11 (Schwarz). Let G be an open subset of R?. Suppose that f: G — K,
(x,y) — f(z,y), has partial derivatives O, f, O, f, and 0,0, f everywhere in G. If 0,0, f
is continuous in (a,b) € G, then 0,0,f(a,b) exists and 0,0,f(a,b) = 0,0,f(a,b) (in
particular, 0,0, f = 0,0, f if all the functions f, O, f, 0y f, 0,0, f are continuous).

Proof. We first note that it suffices to prove the theorem for K = R, as one can then
apply the result to both Re f and Im f to obtain the case K = C. Thus, for the remainder
of the proof, we assume f to be R-valued. Given € > 0, since 9,0, f is continuous in
(a,b) and since G is open, there exists ¢ > 0 such that [ := [a—0d,a+0] x[b—0,b+6] C G
and

v |0y0x f(x,y) — 0,0: f(a,b)| < e. (2.9)

(z,y)el

Let (h, k) € R2\ {(0,0)} with 0 < |A], |k| < 6. Since

fla+h,b+k)+ f(a,b) — f(a,b+ k) — f(a+ h,b)
hk
_%(f(a+h,b+k2—f(a+h,b) B f(a,b+kli—f(a,b)>’ (2.10)

Lem. 2.10 together with (2.9) implies

1 (fla+hb+k)—fla+hb) fla,b+k)— fla,b) o0 f(ab)| <e @11)
h k k
Taking the limit for £ — 0 in (2.11) yields
ayf(a + h7bf)b — ayf(aab) i ayﬁxf(a, b)' <e.
Since € > 0 is arbitrary, we have shown 0,0, f(a,b) = 0,0, f(a,b) as desired. [ |

Using the combinatorial result that one can achieve an arbitrary permutation by a finite
sequence of permutations of precisely two juxtaposed elements (cf. Th. A.43(b)) one can
easily extend Th. 2.11 to partial derivatives of order k& > 2.

Theorem 2.12. Let G be an open subset of R", n € N, and let k € N. Suppose that
for f: G — K all partial derivatives of order less than or equal to k exist in G and
are continuous in & € G. Than the value of each partial derivative of f of order k
i € 1s independent of the order in which the individual partial derivatives are carried
out. In other words, if p= (py,...,px) € {1,...,n}* and ¢ = (qu,...,q) € {1,...,n}*
such that there exists a permutation (i.e. a bijective map) m: {1,...,k} — {1,... k}
satisfying ¢ = (Dx(1ys - - - Dr)), then Opf(§) = 0o f(§). If f+ G — K™, m € N, then
the same holds with respect to each coordinate function f; of f, j € {1,...,m}.
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Proof. For k = 1, there is nothing to prove. So let £k > 1. For [l € 1,....k—1,
let 7@ {1,...,k} — {1,...,k} be the transposition that interchanges ! and [ + 1
and leaves all other elements fixed (i.e. 7(l) = [+ 1, n(l+ 1) = I, n(e) = « for
each o« € {1,...,k} \ {l,l +1}) and let T := {m,...,7%—1}. Then Th. 2.11 directly
implies that the theorem holds for 7 = 7 for each 7 € T. For a general permutation

m:{l,....k} — {1,...,k}, the abovementioned combinatorial result provides a finite
sequence (71,...,7"), N € N, of elements of T" such that 7 = 7% o ... o 71, Thus,
as we already know that the theorem holds for N = 1, the case N > 1 follows by
induction. |

Now that we have seen that functions with continuous partials are particularly benign,
we introduce some special notation dedicated to such functions:

Definition 2.13. Let G CR", f: G — K, k € Ny. If all partials of f up to order k
exist everywhere in GG, and if f and all its partials up to order k£ are continuous on G,
then f is said to be of class C* (one also says that f has continuous partials up to order
k). The set of all K-valued functions of class C* is denoted by C*(G,K) (in particular,
C°(G,K) = C(G,K)). If f has continuous partials of all orders, than f is said to be of
class O, i.e. C*(G,K) := (N,2, C*(G,K). For R-valued functions, we introduce the
shorter notation C*(G) := C*(G, R) for each k € Ny U {oo}. Finally, for f: G — K™,
we say that f is of class C¥ if, and only if, each coordinate function f;, j € {1,...,m},
is of class C*. The set of all such functions is denoted by C*(G,K™).

Notation 2.14. For two vectors u = (uy,us,u3) € K3, v = (vy,v9,v3) € K3, the cross
product is an element of K?® defined as follows:

U Xvi= (uwg, — Uy, UV — ULV3, UIVg — u21}1>. (2.12)
Definition 2.15. Let G CR", n €N, ¢ € G.

(a) If f: G — K" and the partials 0;f;(&) exist for each j € {1,...,n}, then the
divergence of f in & is defined as

div f(¢ Za £5(6) = agf) - 3?)’;(5). (2.13)

If div f(£) exists for all £ € G, then div f : G — K. Sometimes, one defines the del
operator V = (01, ..., 0,) and then writes div f = V - f, using the analogue between
(2.13) and the definition of the Euclidean scalar product. Also note that div f(&)
is precisely the trace of the corresponding Jacobi matrix, div f(£) = tr J;(§).
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(b) If f: G — K has second-order partials at £, then one defines the Laplacian (also
known as the Laplace operator) of f in & by

Af(E) = divV f(€) = Z@@f(@ =0+ +f(). (2.14)

If Af(€) exists for all £ € G, then Af: G — K.

(c) If n=3and f: G — K3 has first-order partials at £, then one defines the curl of
[ in & by
curl f(&) := (02f3(&) — 03f2(€), Osf1(€) — O f3(E), O1fa(&) — B2f1(€))

_ <0f3(€) L 0R(E) 0RO 0f(E) ARE) aﬁ(f))
81'2 81'3 ’ 81'3 8w1 ’ 8w1 81’2 ’

(2.15)

If curl f(&) exists for all £ € G, then curl f : G — K3. Again, one sometimes
defines the del operator V = (0y, 0y, 03) and then writes curl f = V x f, using the

analogue between (2.15) and the definition of the cross product or two vectors in
K3.

Proposition 2.16. Let G C R3, let f : G — K be a scalar-valued function and let
v: G — K3 be a vector-valued function.

() If € € G is such that f and v have all partials of first order at &, then
curl(£0)(€) = () curl o(€) + V £(€) x v(¢).
(b) If G is open and f € C?*(G,K), then curl V f vanishes identically on G, i.e.
curl V f = 0.
(c) If G is open and v € C?*(G,K3), then div curlv vanishes identically on G, i.e.
div curlv = 0.

Proof. Exercise. [ |
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2.4 Interlude: Graphical Representation in Two Dimensions

In this section, we will briefly address the problem of drawing graphs of functions f :
D; — R with D; C R% If the function f is sufficiently benign (for example, if
f € C*(R?)), then the graph of f, namely the set {(z,y,2) € R* : (z,y) € Dy, 2z =
f(x,y)} C R3 will represent a two-dimensional surface in the three-dimensional space
R3. The two most important methods for depicting the graph of f as a picture in a
two-dimensional plane (such as a sheet of paper or a board) are:

(a) The use of perspective.

(b) The use of level sets, in particular, level curves (also known as contour lines).

The Use of Perspective

Nowadays, this is most effectively accomplished by the use of computer graphics soft-
ware. Widely used programs include commercial software such as MATLAB and Math-
ematica as well as the noncommercial software Gnuplot.

The Use of Level Sets

By a level set or an isolevel, we mean a set of the form f~{C} = {(z,y) € Dy : f(z,y) =
C} with C € R. If f~{C?} constitutes a curve in R? then we speak of a level curve or a
contour line. Representation of functions depending on two variables by contour lines is
well-known from everyday live. For example, contour lines are used to depict the height
above sea level on hiking maps; on meteorological maps, isobars and isotherms are used
to depict levels of equal pressure and equal temperature, respectively. Determining
level sets and contour lines can be difficult, and the appropriate method depends on the
function under consideration. In some cases, it is possible to determine the contour line
corresponding to the level C' € f(Dy) by solving the equation C' = f(xz,y) for y (the
difficulty is that an explicit solution of this equation can not always be found). The
following Example 2.17 provides some cases, where C' = f(x,y) can be solved explicitly:

Example 2.17. (a) For f: R? — R, f(x,y) := 2°> + y?, and C € R{, one has
ly| = vC — a2 for VO <2<V,

(b) For f: R? — R, f(x,y) := 2y, and C € R, one has

y:g for x # 0.
x
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For C' = 0, one actually gets = 0 or y = 0, which provides one additional contour
line.

In some cases, it helps to write C' = f(x,y) in polar coordinates (here, we will not
pursue this further, as we did not discuss polar coordinates).

In general, the question if C' = f(z,y) can be solved for y (or x) is related to the
implicit function [Phil6a, Th. 4.47]. Here, let us briefly discuss another method for
the determination of contour lines which makes use of ordinary differential equations
(ODE): Let a < 0 < b and consider the path

¢ Ja, b[— R?, - o(t) = (a(t), y(1)) (2.16)

as well as the function h :|a,b|— R, h = f o ¢. We need the derivative of h. However,
to fully understand the following formula (2.17), you will have to wait until we have
discussed the chain rule (2.36) in Sec. 2.6 below. If ¢ and f are differentiable (see Def.
2.19 in Sec. 2.5 below), then the chain rule of Th. 2.28 below yields that h is differentiable
with

W(E) = 00 f (a(t), y(D) 2'(0) + 0o f (2(8), (1)) o/ (1), 2.17)
If b/ =0, then h is constant according to [Phi25, Cor. 9.18(b)], i.e. h(t) = f(xz(t),y(t))
= C € R for each t €la,b], i.e. f is constant with value C along the curve ¢. Thus, if
h is constant, then ¢ represents a contour line of f. A sufficient condition for h to be
constant is the existence of some function A :Ja,b[x Dy — R such that

2(8) = A(t 2(t), y(£) Oaf (2(t), y(t) and y'(t) = —A(t,x@),y(t))alf(x@),y<(t>> |
2.18
as one immediately verifies by plugging (2.18) into (2.17). For given A, (2.18) constitutes
a system of two ODE for the functions ¢ — z(t) and ¢ — y(t). One has the freedom
to choose A such that the system of ODE becomes as simple as possible (note that the
choice A = 0 is not useful as, in this case, ¢ represents a point rather than a curve).
To determine the contour line through a given point (z,yo) € Dy, one has to solve
an initial value problem that consists of the system of ODE (2.18) completed with the
initial condition
2(0) =z, y(0) = yo. (2.19)

The following example shows a case, where one can exploit this method to determine
contour lines:

Example 2.18. Consider

FiR2\{(0,0)} — R, f(z,y) = ﬁyw (2.20)
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From Example 2.2, we already know that V f(z,y) = (?igi;ijg, ﬁii;gj,}) Choosing
At, z,y) = w for x% # y?, we get from (2.18):

Z(t)==x(t) and y'(t) =y(t). (2.21)
This system of ODE together with the initial conditions (2.19) is solved by
z(t) =xpe" and y(t) =yoe". (2.22)

This clearly represents the ray which originates from (0, 0) and passes through the point
(20,Y0). Thus, these rays are the contour lines of f (i.e. f is constant along each ray).
Note that we did not get any information on the behavior of f along the diagonals,
where y = +x. However, in that case, V f(x,y) = 0, such that (2.17) yields h’' = 0 also
on the diagonals, which, thus, turn out to be contour lines as well.

2.5 The Total Derivative and the Notion of Differentiability

Roughly, a function f : G — R™, G C R", will be called differentiable if, locally, it can
be approximated by an affine function, i.e., if, for each £ € G, there exists an R-linear
function L(§) such that f(€ + h) ~ f(£) + L(h) for sufficiently small h € R™.

Analogous to the treatment in the one-dimensional situation in [Phi25, Sec. 9], we will
also consider C™-valued functions and call them differentiable if, and only if, both R™-
valued functions Re f and Im f are differentiable. Also as in [Phi25, Sec. 9], in this class,
we will not study compler differentiability, which would mean locally approximating
functions f : G — C™, G C C", by C-linear (more precisely, by C-affine) functions.
While the theory of complex differentiability has many similarities with the theory of
real differentiability, there are also many significant differences, and it would take us too
far afield to pursue this route, called the field of (multidimensional) complex analysis,
in this class.

Definition 2.19. Let G be an open subset of R”, n € N, f : ¢ — R™, m € N,
¢ € G. Then f is called differentiable in £ if, and only if, there exists a linear map
L : R™ — R™ such that

Lo FE+ 1) = £(©) = L(h)

=0. 2.23a
h—0 |k ||2 ( )

Note that, in general, L will depend on . If f is differentiable in &, then L is called the
total derivative or the total differential of f in €. In that case, one writes D f(§) instead
of L.
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We call f : G — C™ differentiable in ¢ if, and only if, both Re f and Im f are
differentiable in £ in the above sense. If f is differentiable in &, define Df(§) =
DRef(§) +¢DIm f(§) to be the total derivative or the total differential of f in &.
It is then an easy exercise to show

o 1651 = 7€) = DIEM)

h—0 172

= 0. (2.23b)

Finally, f is called differentiable if, and only if, f is differentiable in every & € G.

Remark 2.20. (a) As the set G C R™ in Def. 2.19 is open, it is guaranteed that
&+ h € G for ||hl|, sufficiently small: There exists € > 0 such that ||h||2 < € implies
E+hed.

(b) As all norms on R™ are equivalent, instead of the Euclidean norm || - ||2, one can
use any other norm on R" in (2.23a) without changing the definition.

Lemma 2.21. Let G be an open subset of R*, n € N, £ € G. Then f : G — R™,
m € N, s differentiable in & if, and only if, there exists a linear map L : R* — R™
and another (not necessarily linear) map r: R" — R™ such that

fE€+h) = f(&) = L(h) +r(h) (2.24a)
for each h € R™ with sufficiently small ||h|2, and

r(h) _
h—0 ||h||2

0. (2.24D)

Proof. Suppose L, r are as above and satisfy (2.24). Then, for each 0 # h € R" with
sufficiently small ||h|2, it holds that

P+ h) = F(€) — L) r(h)
Tl = Tl (2:25)

Thus, (2.24b) implies (2.23a), showing that f is differentiable. Conversely, if f is differ-
entiable in &, then there exists a linear map L : R" — R™ satisfying (2.23a). Choose
€ > 0 such that B, .,(§) € G and define

fE€+h) = f(&) —L(h) for §+h e Bj,(8),

) (2.26)
0 otherwise.

r: R"— R" r(h):= {

Then (2.24a) is immediate. Since (2.25) also holds, (2.23a) implies (2.24Db). |
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Theorem 2.22. Let G be an open subset of R", n e N, £ e G. If f: G — K is
differentiable in &, then f is continuous in &, all partials at €, i.e. 0; (), j € {1,...,n},
exist, and Df(§) = V f(&) (that means, for each h = (hy,...,h,) € R", one has
Df(€)(h) = V f(h = 327, 0;f(§)h;). In particular, Df(§) is unique and, hence,
well-defined.

Proof. Assume f is differentiable in £&. We first consider the case K = R. Let the
linear map L : R — R and r : R® — R be as in Lem. 2.21. We already know
from Example 1.62 that each linear map from R"™ into R is continuous. In particular,
L must be continuous. Now let (2%),cny be a sequence in G that converges to &, i.e.
limy o0 ||2% — &]|lo = 0. Then (h*)ren with k¥ := 2% — ¢ constitutes a sequence in R"
such that limy . ||h*]]2 = 0. Note that (2.24b) implies that 0 < |r(h)| < ||h|2 for
|h||o sufficiently small. Thus, lim . ||h*|ls = 0 implies limy_ .o [r(h*)] = 0. As the
continuity of L also yields limy_ ., |L(h*)| = 0, (2.24a) provides

lim [ £(2*) = f(€)] = lim [£(£ +7%) = F(©)]
= Jim LS|+ Jim [r(R5)] =0, (2.27)

establishing the continuity of f in . To see that the partials exist and that L is given
by the gradient, set [; := L(e;) for each j € {1,...,n}. If h = te; with ¢t € R sufficiently
close to 0, than (2.24a) yields

f(&+teg) = F(§) =t + r(tey). (2.28)
For t # 0, we can divide by ¢. Letting ¢ — 0, we see from (2.24b) that the right-hand
side converges to [;. But this means that the left-hand side must converge as well, and
comparing with (2.1), we see that its limit is precisely 0; f(§), thereby proving l; = 9; f(&)
as claimed. We now consider the case K = C. From the case K = R, we know Re f and
Im f are both continuous at &, such that, by Th. 1.58, f must be continuous at £ as
well. Moreover, from the case K = R, we know 0; Re f(£) and 0; Im f(£) exist for each
jeA{l,...,n}. Thus, 0;f(§) = 0;Re f(§) +:10;Im f(£) exist as well by [Phi25, Rem.
9.2]. |

By applying Th. 2.22 to coordinate functions, we can immediately extend it to K-
valued functions:

Corollary 2.23. Let G be an open subset of R, n e N, £ € G. If f: G — K™ is
differentiable in &, then f is continuous in &, all partials at &, i.e. O fi(§), k € {1,...,n},
le{l,....,m}, exist, and Df(§) = J¢(§): For each h = (hy, ..., h,) € R", one has

h V f1(€)(h) > iy O f1(E)hy,
Df(&)(h) = Js (&) | : : = :
By V fm(€)(h) D et Ok (§) Ik
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In particular, Df(&) is unique and, hence, well-defined. [ |

Example 2.24. (a) If G C R, n € N, is open and f : G — K™ is constant (i.e.

(b)

(c)

there is ¢ € K™ such that f(x) = ¢ for each z € G), than f is differentiable with
Df = 0: It suffices to notice that, for a constant f and L = 0, the numerator in
(2.23a) vanishes identically.

If A: R" — R™ is R-linear, then A is differentiable with DA({) = A for each
EeR™ If &, h e R then A(E+ h) — A(§) — A(h) = 0, showing that, as in (a), the
numerator in (2.23a) (with f = L = A) vanishes identically. If A: R" — C™ is
the restriction of a C-linear map, then both Re A and Im A are R-linear, and the
above implies A is still differentiable with DA() = A for each £ € R™.

Let us revisit the well-known case of a differentiable one-dimensional function (cf.
[Phi25, Def. 9.1]), and compare this notion of differentiability with the more general
one of Def. 2.19. Thus, let G be an open subset of R, £ € G, and f: G — K. We
claim that f is differentiable at £ in the sense of [Phi25, (9.1)] if, and only if, f is
differentiable at £ in the sense of Def. 2.19 with

Df(€): R— K, Df(&)(h) = f(Eh. (2.29)

As, in both situations, a C-valued f is differentiable at £ if, and only if, both Re f
and Im f are differentiable at &, it suffices to consider K = R. Thus, let f be
R-valued. If f is differentiable at ¢ as a one-dimensional function and we use the
Df(&) according to (2.29) for the linear map L of Def. 2.19, then we get, for each
0 # h € R sufficiently close to 0,

fE+h) = f(&) — L(h) _ f(€+h) - f(E) = f'(Eh

171l B Id

B f(E-f—h})L—f(E) _ f/(f) for h > 0, (2 30a)
T\ - SO o <0 '
Furthermore, f'(§) = limy,_o w by its definition, i.e.
: +h)— ,
Combining (2.30a) and (2.30b), one obtains

h—0 172
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showing that f is differentiable in £ in the sense of Def. 2.19. Conversely, if f is
differentiable in £ in the sense of Def. 2.19, then, according to Th. 2.22; 9, (&)
exists and Df(€)(h) = 01 f(§)h. Thus, the one-dimensional differentiability of f at
¢ as well as (2.29) follow by noticing that the definitions of 9; f(§) and of f/(£) are
identical.

Proposition 2.25. Forming the total derivative is a linear operation: Let G be an open
subset of R", n € N, £ € G.

(@) If f,g: G — K™, m € N, are both differentiable at &, then f + g is differentiable
at & and D(f + g)(§) = Df(&) + Dy(§)-

(b) If f: G — K™, m € N, is differentiable at & and A € K, then \f is differentiable
at & and D(Af)(§) = AD ().

Proof. (a): We first consider K = R and note that, for each h € R" with 0 # ||kl
sufficiently small,

(f+9)(€+h) = (f +9)(&) = Df(§)(h) — Dy(£)(h)
17212

_ JE+h) ~J(€) = DIEQW)  gl&+h) —g(€) = Dy(€)(h) (2.31a)

171l 171l

Thus, if the limit lim;_,o exists and equals 0 for both summands on the right-hand
side of (2.31a), then the same must be true for the left-hand side of (2.31a). The case
K = C now follows by applying the case K = R to Re(f + g) = Re f + Reg and to
Im(f+¢g)=Imf+Imyg.

(b): Again, we consider the case K = R first. For A € R, one computes

(AHE+R) = AN = ADFEO(R) _ | . F(E+h) = F(©) = DA (R)

lim - 07
h—0 A2 h—0 172
(2.31b)
thereby establishing the case. For K = C, one now applies the case K = R and (a) to
Re(Af) =ReARef —ImAIm f and to Im(Af) = ReAIm f + Im ARe f. [ |

Even though we have seen in Example 2.2 that the existence of all partial derivatives
does not even imply continuity, let alone differentiability, the next theorem and its
corollary will show that if all partial derivatives exist and are continuous, then that
does, indeed, imply differentiability.

Theorem 2.26. Let G be an open subset of R", n € N, £ € G, and f: G — K. If
all partials 0;f, j € {1,...,n} exist everywhere in G and are continuous in &, then f is
differentiable in &, and, in particular, [ is continuous in &.
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Proof. As usual, the case K = C follows by applying the case K =R to Re f and Im f.
We, therefore proceed to treat the case K = R. We first consider the special case where
0;f(&) =0 for each j € {1,...,n}. In that case, we need to show

fE+h) = f(E)

lim =0 2.32
h—0 (LI (2:32)
(noting that || -||; and || - ||2 are equivalent on R™). Since G is open and since the 0; f are

continuous in &, given € > 0, there is § > 0 such that, for each h € R™ with ||hlj; < 6,
one has { + h € G and ]ajf(g - h)‘ < € for every j € {1,...,n}. Fix h € R" with
|h][1 < 0. Then

fE+h)—f(§)

= f&+he, o Gt F o1, 6+ ) — f(E+ Py &t a1, 6n)
+ G+ hi G a1, 6) — f(& Py &1 6n)
+ = fG R, 6) — (66 )

—fE )~ f (§+thek>
k=1

n—1 n—2

+f (§+thek> ~f <f+2hkek> = (€ her) = f(€)
k=1 k=1

n—(j+1

n—j )
f <§ + Z hkek> —fl&+ Z hyey
k=1 k=1

—_

n—

<
Il
o

3
—

(05(hn—j) — ¢;(0)), (2.33)

=0

<.

where, for each j € {0,...,n — 1},

n—(j+1)
¢j : [O,hn,j] — ]R, (bj(t) = f f—i‘ t@nfj + Z hkek

k=1

If hy,—; = 0, then set ¢, := 0. Otherwise, apply the one-dimensional mean value theorem
[Phi25, Th. 9.17] to the one-dimensional function ¢; to get numbers 6; €]0, h,_;[ such
that

n—(j+1)

j(hn—g) = 6;(0) = hnj 85(6;) = hnj On i f | €+ 0jen s+ D hwer | (234)

k=1
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Combining (2.33) with (2.34) yields

n—1 n—(j+1)
FE+R) = FE) =D hnjOnif [E+0iens+ D> Tuer|. (2.35)
j7=0 k=1

Noting that |[hl; < & implies ||6;e,—; + Zz;§j+1) hkekH1 < 0, we obtain from (2.35)
that, for 0 # h with ||h]|; <9,

[ferm—fFOl _ 1~
A < Tl 2 ele=e
thereby proving (2.32) and establishing the case. It remains to consider a general f :
G — R, without the restriction of a vanishing gradient. For such a general f, consider
the modified function g : G — R, g(z) :== f(z) = V f(§)(x) = f(x) = >5_, 9;f(§);.
For g, we then get 0;9(z) = 0;f(z) — 0;f(§) for each z € G. In particular, the 0;g exist
in (G, are continuous at x = £, and vanish at © = £. Thus, the first part of the proof
applies to g, showing that g is differentiable at £. Since f = ¢+ V f(£) and both g and
the linear map V f(&) are differentiable at &, so is f by Prop. 2.25(a). [ |

Corollary 2.27. Let G be an open subset of R, n € N, £ € G, and f : G — K™,
m € N. If all partials O f;, k € {1,...,n}, L € {1,...,m}, exist everywhere in G and
are continuous in &, then f is differentiable in &, and, in particular, f is continuous in

€.

Proof. Applying Th. 2.26 to the coordinate functions f;, [ € {1,...,m}, yields that each
fi is differentiable at £. However, since a K"-valued function converges if, and only if,
each of its coordinate functions converges, f must also be differentiable at &. |

2.6 The Chain Rule

As for one-dimensional differentiable functions, one can also prove a chain rule for vector-
valued differentiable functions:

Theorem 2.28. Let m,n,p € N. Let Gy C R" be open, f: Gy — R™, let G, C R™ be
open, g : Gy — KP, f(Gy) C Gy. If f is differentiable at & € Gy and g is differentiable
at (&) € Gy, then go f : Gy — KP is differentiable at & and, for the R-linear maps
D(gof)(§) : R" — KP, Df(£) : R® — R™, and Dg(f(£)) : R™ — KP, the following
chain rule holds:

D(go f)(€) = Dg(f(£)) o Df(£). (2.36)
In particular, if both f and g are differentiable, then go f is differentiable.
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Proof. The proof is noticeably harder than in the one-dimensional case and can be found
in Sec. C.1 of the appendix. ]

Example 2.29. In the setting of the chain rule of Th. 2.28, we consider the special
case n = p = 1. Thus, we have an open subset Gy of R and f : Gy — R™. The map
g maps Gy into K and for h:=go f: Gy — K, we have h(t) = g(fl(t),...,fm(t)).
In this case, one computes the one-dimensional function A by making a detour through
the m-dimensional space R™. If f is differentiable at { € Gy and g is differentiable at
f(€) € G, the chain rule (2.36) now reads

Dh(§) = D(go [)(&) = Dg(f(§)) o DI(€) = V g(f(£))I5(&) = D_ 039 (€)1 /(&)

(2.37)
Recall from Example 2.24(c) that, for one-dimensional functions such as h, the function
Dh(§) : R — K corresponds to the number A/(§) € K via (2.29). Also recall that,
for one-dimensional functions such as f;, the partial derivative 0, f; coincides with the
one-dimensional derivative f;. Thus, (2.37) implies

W(&) = D d9(F()F(©): (2:38)

Definition 2.30. Let G C R™, m € N. A differentiable path is a differentiable function
¢ :Ja,b[— G, a,b € R, a < b. The set G is called connected by differentiable paths if,
and only if, for each x,y € G, there exists some differentiable path ¢ :]a,b[— G such
that ¢(s) = x and ¢(t) = y for suitable s,t €|a, b|.

Proposition 2.31. Let G C R™ be open, m € N. If G is connected by differentiable
paths and f: G — K is differentiable with V f =0, then f is constant.

Proof. Let x,y € G, and let ¢ :]a,b[— G be a differentiable path connecting x and
y, i.e. ¢(s) = = and ¢(t) = y for suitable s,t €]a,b]. Define the auxiliary function
h :la,b|— K, h = f o ¢. By the chain rule of Th. 2.28, h is differentiable and, using
(2.38) and 0, f =0 for each j € {1,...,m},

m

W(E) = 0;f(6(£)e;(§) =0 for each ¢ €la,b].

Jj=1

As a one-dimensional function on an open interval with vanishing derivative, h must be
constant (as both Re h and Im A must be constant by [Phi25, Cor. 9.18(b)]), implying

f(z) = f(o(s)) = h(s) = h(t) = f(o(t)) = f(y), showing that f is constant as well. W
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2.7 The Mean Value Theorem

Another application of the chain rule in several variables is the mean value theorem in
several variables:

Theorem 2.32. Let G C R" be open, n € N, f: G — R. If f is differentiable on G
and x,y € G are such that the entire line segment connecting x and y is also contained
in G, e Sy ={r+tly—z): 0<t <1} CG, then there is £ € S, satisfying

fy) = fx) =DfE)(y —a) =V f()(y—z) = Z@f(&)(yj — ). (2.39)

Proof. We merely need to combine the one-dimensional mean value theorem [Phi25, Th.
9.17] with the chain rule of Th. 2.28. A small problem arises from the fact that, in Th.
2.28, we required Gy to be open. We therefore note that the openness of G allows us to
find some € > 0 such that the small extension S, , .= {z +t(y —x): —e <t <1+¢€}
is still contained in G: S, , C G. Consider the auxiliary functions

¢:]_671+6[HRH7 ¢<t>:$+t(y—$)
hil-el+d—R, h(t) = (£ 0 6)() = F(z +t(y - 2)).
As the sum of a constant function and a linear function, ¢ is differentiable, and D¢(t) :

R — R", D¢(t) = y — x (that means, for each a € R, one has D¢(t)(a) = a(y — x)).
Thus, according to Th. 2.28, h is differentiable, and, using (2.37),

Dh(t) = Df(6(£)) 0 Do(t) = V f(6(1)) (y — ). (2.40)
The one-dimensional mean value theorem [Phi25, Th. 9.17] provides 6 €]0, 1| such that
fly) = f(z) = k(1) — h(0) = KH'(0). (2.41)

As in Example 2.29, we recall from (2.29) that the real number h/(f) represents the
linear map Dh(f) such that we can combine (2.40) and (2.41) to obtain

fly) = f(a) = W(0) =V f(6(0)(y — ) =V f()(y — )
with & := ¢(0) = x + 0(y — z) € S, 4, concluding the proof of (2.39). [ |

Caveat 2.33. Unlike many other results of this class, Th. 2.32 does not extend to
C-valued functions — actually, even the one-dimensional mean value theorem does not
extend to C-valued functions. It is an exercise to find an explicit counterexample of a
differentiable function f: R — C and x,y € R, z < y, such that there does not exist

§ €]x, y| satistying f(y) — f(x) = f'(§)(y — v).
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As an application of Th. 2.32, let us prove that differentiable maps with bounded partials
are Lipschitz continuous on convex sets.

Definition 2.34. A set G C R", n € N, is called conver if, and only if, for each
z,y € G,one has S, , ={r+tly—z): 0<t <1} CG.

Theorem 2.35. Let m,n € N, let G C R" be open, and let f: G — R™ be differen-
tiable. Suppose there exists M € R such that |0;f,(§)] < M for each j € {1,...,n},
each | € {1,...,m}, and each £ € G. If G is convex, then f is Lipschitz continuous
with Lipschitz constant L := mM with respect to the 1-norms on R™ and R™ and with
Lipschitz constant cL, ¢ > 0, with respect to arbitrary norms on R™ and R™.

Proof. Fix I € {1,...,m}. We first show that f; is M-Lipschitz with respect to the
1-norm on R™: Since f; is differentiable and G is convex, given x,y € GG, we can apply
Th. 2.32 to obtain & € G such that

(2.39)
[fily) = F@)] < D105 &) yy — 2 < Mly — |,

j=1

showing that, with respect to the 1-norm, f; is Lipschitz continuous with Lipschitz
constant M. In consequence, we obtain, for each x,y € G,

1f () = F@)ll =Y 1fily) = file) < mM ]y =z,

showing that, with respect to the 1-norms on R™ and R, f is Lipschitz continuous with
Lipschitz constant mM. Since all norms on R™ and R™ are equivalent, we also get that
f is Lipschitz continuous with Lipschitz constant cL, ¢ > 0, with respect to all other
norms on R™ and R™. |

2.8 Directional Derivatives

Given a real-valued function f, the partial derivatives 0,f (if they exist) describe the
local change of f in the direction of the standard unit vector e;. We would now like
to generalize the notion of partial derivative in such a way that it allows us to study
the change of f in an arbitrary direction e € R"™. This leads to the following notion of
directional derivatives.

Definition 2.36. Let G CR", ne N, f: G — K, £ € G, e € R". If there is ¢ > 0
such that £ + he € G for each h €]0,¢[ (this condition is trivially satisfied if £ is an
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interior point of ), then f is said to have a directional derivative at £ in the direction

e if, and only if, the limit
L F(E+he) = £(6)

hl0 h

(2.42)

exists in K. In that case, this limit is identified with the corresponding directional
derivative and denoted by %(5) or by 6f(&,e). If the directional derivative of f in the
direction e exists for each £ € GG, then the function

of

af
—: G —K, = = 2.43
! e L) (243
is also called the directional derivative of f in the direction e.

Remark 2.37. Consider the setting of Def. 2.36 and suppose e = e; for some j &
{1,...,n}. If £ is an interior point of G, then the directional derivative 2 df ~(§) coincides

with the partial derlvatlve 0;f(&) of Def. 2.1 if, and only if, both 81; (5) and 8(‘9_fe) (€)
exist and %(5) = (€): If 0;f(&) exists, then

3( e)

mf(f—l—hej)_f(f) f(E+he;)—f(§) Of

210 =y (I —p HELRIZIO g
o FEthe) — f©) (€~ hey) — F(©)
110 h Rl0 —h
L JER=e) =) af
N %ﬁ)l h - 8(—6) (5) (244)
On the other hand, if both %(f) and a(a_fe) (&) exist and %(5) = a(a_f)(g) then the

corresponding equalities in (2.44) show that both one-sided partials exist at £ and that
their values agree, showing that 0, f(&) = af = (§) exists.

We can now generalize Th. 2.22:

Theorem 2.38. Let G be an open subset of R", n € N, £ e G. If f: G — K is
differentiable in &, then, for each e = (e1,...,€,) € R", the directional derivative %(f)
exists and
of -
5. =V () e =D ¢0;f(©). (2.45)
j=1
Moreover, if we consider K = R and only allow normalized e € R™ with |le||s = 1, then
the directional derivatives can take only values between o == ||V f(§)]|a and —a, where
the largest value (i.e. ) is attained in the direction em.x =V f(£)/a and the smallest
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value (i.e. —a) is attained in the direction emiy, = —€max. Forn =1, e = +1 are the
only possible directions, yielding precisely the values o and —a. For n > 2, all values
in [—a,al are attained.

Proof. Since G is open, there is € > 0 such that {4 he € G for each h €] —¢, ¢[. Similarly
to the proof of Th. 2.32, consider auxiliary functions

¢:]—e¢e[— R", o(h) ==&+ he,
g:]—ee—K, g(h) = (f o ¢)(h) = f(E + he).

Theorem 2.28 yields the differentiability of g, and, as D¢ = e (i.e., for each h €] — €, €]
and each o € R, it is D¢(h)(a) = ae), by (2.37), we have

g'(h) = D(f o ¢)(h) = Df(¢(h)) o Dp(h) =V f(£ + he) - e

he]—e,e|
and o/
W)= d )=V 5©) e
proving (2.45). Applying the Cauchy-Schwarz inequality (1.84) to (2.45) yields
of
20| =195 < |7 F©lL el = alel (2.6

Thus, for K = R and e € R with |le||s = 1, we have —a < %(ﬁ) < a. It remains to
show that, for K = R and n > 2, the map

n

D: 81(0) — [~a,a], D(e) =V f(§) e =D 0 f(€),

j=1
is surjective. The details are bit tedious and are carried out in App. C.2. |
The following example shows that the existence of all directional derivatives does not
imply continuity, let alone differentiability.

Example 2.39. Consider the function

1 for 0 <y < a?,

0 otherwise.

R —K, flr,y):= {

The function is not continuous in (0,0): Let z, := 1/n and y, := 1/n* Then
lim, oo (Tn, ¥n) = (0,0). However, since y, = 1/n® < 1/n? = 22 for n > 1, one
has

Tim f(rn,9.) = 140 = £(0,0).
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We now claim that, for each e = (e,,¢,) € R?, the directional derivative g—ﬁ((), 0) exists
and %(0,0) = 0. For ¢, < 0 this is immediate since, for each h € R*, f((0,0) +
h(egz,€y)) = f(hey, he,) = 0. Now assume ¢, > 0. If ¢, = 0, then f(he,, he,) =
f(0, hey) = 0 for each h € R*, showing %(0, 0) = 0. It remains the case, where ¢, > 0
and €, # 0. In that case, one obtains h%e2 < he, for each 0 < h < j—g Thus, for such h,

f(he,, he,) = 0, once again proving %(0, 0) = 0.

3 Extreme Values and Stationary Points

3.1 Definitions of Extreme Values

The following Def. 3.1 is a generalization of [Phi25, Def. 7.50].
Definition 3.1. Let (X, d) be a metric space, M C X, and f: M — R.

(a) Given x € M, f has a (strict) global min at x if, and only if, f(z) < f(y) (f(x) <
f(y)) for each y € M \ {x}. Analogously, f has a (strict) global max at x if, and
only if, f(z) > f(y) (f(z) > f(y)) for each y € M \ {z}. Moreover, f has a (strict)
global extreme value at x if, and only if, f has a (strict) global min or a (strict)
global max at .

(b) Given = € M, f has a (strict) local min at x if, and only if, there exists ¢ > 0

such that f(z) < f(y) (f(z) < f(y)) for each y € {y € M : d(z,y) < €} \ {z}.
Analogously, f has a (strict) local maz at x if, and only if, there exists ¢ > 0 such

that f(z) > f(y) (f(x) > f(y)) foreachy € {y € M : d(z,y) < e} \ {x}. Moreover,
f has a (strict) local extreme value at x if, and only if, f has a (strict) local min or
a (strict) local max at x.

Remark 3.2. In the context of Def. 3.1, it is immediate from the respective definitions
that f has a (strict) global min at = € M if, and only if, — f has a (strict) global max
at . Moreover, the same holds if “global” is replaced by “local”. It is equally obvious
that every (strict) global min/max is a (strict) local min/max.

3.2 Extreme Values of Continuous Functions on Compact Sets

Definition 3.3. A subset C' of a metric space X is called compact if, and only if, every
sequence in C' has a subsequence that converges to some limit ¢ € C.

Proposition 3.4. Let (X,d) be a metric space and C' C X.
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(a) If C is compact, then C is closed and bounded.

(b) If C is compact and A C C' is closed, then A is compact.

Proof. (a): The proof is analogous to the second part of the proof of [Phi25, Th.
7.48]: Suppose C is compact. Let (z¥)ren be a sequence in C' that converges in X,
ie. limy ,oo2® = z € X. Since C is compact, (z¥)reny must have a subsequence
that converges to some ¢ € C. However, according to Prop. 1.38(c), it must be
x = ¢ € C. Due to the equivalence between statements (iv) and (i) of Cor. 1.44, C
must be closed. If C' is not bounded, then, for each € X, there is a sequence (z¥)gen
in C such that limy_,., d(z,2%) = co. If y € X, then d(z,2%) < d(x,y) + d(y,z"), i.e.
d(y, z*) > d(x, %) —d(x,y), showing that limy_,o d(y, 2*) = oo as well. Thus, y can not
be a limit of any subsequence of (z*)ren. As y was arbitrary, C' can not be compact.

(b): If (2%)rey is a sequence in A, then (z%)iey is a sequence in C. Since C' is compact,
it must have a subsequence that converges to some ¢ € C'. However, as A is closed, ¢
must be in A, showing that (z*)rey has a subsequence that converges to some ¢ € A,
i.e. A is compact. |

Corollary 3.5. A subset C' of K", n € N, is compact if, and only if, C' is closed and
bounded.

Proof. Every compact set is closed and bounded by Prop. 3.4(a). If C' is closed and
bounded, and (2%)pen is a sequence in C, then the boundedness and the Bolzano-
Weierstrass Th. 1.16(b) yield a subsequence that converges to some z € K". However,
since C'is closed, € C, showing that C' is compact. |

The following examples show that, in general, sets can be closed and bounded without
being compact.

Example 3.6. (a) If (X,d) is a noncomplete metric space, than it contains a Cauchy
sequence that does not converge. It is not hard to see that such a sequence can
not have a convergent subsequence, either. This shows that no noncomplete metric
space can be compact. Moreover, the closure of every bounded subset of X that
contains such a nonconvergent Cauchy sequence is an example of a closed and
bounded set that is noncompact. Concrete examples are given by QM[a, b] for each
a,b € R with a < b (these sets are Q-closed, but not R-closed!) and |a, b[ for each
a,b € R with a < b, in each case endowed with the usual metric d(z,y) := |z — y|.

(b) There can also be closed and bounded sets in complete spaces that are not compact.
Consider the space X of all bounded sequences (x,,),en in K, endowed with the sup-
norm ||(«,)nen|sup := sup{|z,| : n € N}. It is not too difficult to see that X with
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the sup-norm is a Banach space: Let (2%)peny with 2 = (2%),cn be a Cauchy
sequence in X. Then, for each n € N, (2%),cy is a Cauchy sequence in K, and,
thus, it has a limit y, € K. Let y := (yn)nen. Then

12 = yllsup = sup{lay, — yul - n € N}.

Let € > 0. As (2%)gen is a Cauchy sequence with respect to the sup-norm, there is
N € N such that [|z% — 2!||sup < € for all k,I > N. Fix some [ > N and some n € N.
Then € > limy o |28 — 2! | = limy_,o0 |y, — 2| Since this is valid for each n € N,
we get |28 — yllsup < € for each | > N, showing lim; ,., 2 = ¥y, i.e. X is complete
and a Banach space.

Now consider the sequence (€¥),cn with

- 1 for k =n,

' 0 otherwise.
Then (e*)ren constitutes a sequence in X with ||e||sup = 1 for each k € N. In par-
ticular, (€F)ren is a sequence inside the closed unit ball B;(0), and, hence, bounded.
However, if k,l € N with k # [, then ||e" —€'||sup = 1. Thus, neither (e*)xen nor any
subsequence can be a Cauchy sequence. In particular, no subsequence can converge,
showing that the closed and bounded unit ball B;(0) is not compact.

Note: There is an important result (see, e.g., [Phil6a, Th. 3.24]) that shows a
normed vector space is finite-dimensional if, and only if, the closed unit ball B;(0)
is compact.

Theorem 3.7. If (X,dx) and (Y,dy) are metric spaces, C C X is compact, and f :
C — Y is continuous, then f(C) is compact.

Proof. The present theorem is a generalization of [Phi25, Th. 7.52]; however the proof
can still be conducted precisely as for [Phi25, Th. 7.52]: If (y*)xen is a sequence in f(C'),
then, for each k € N, there is some 2% € C such that f(z*) = y*. As C is compact, there
is a subsequence (a*)pey of (2%)reny With limy_,o a® = a for some a € C. Then (f(a*))ren
is a subsequence of (y*)zeny and the continuity of f yields limy, o, f(a¥) = f(a) € f(C),
showing that (y*)ren has a convergent subsequence with limit in f(C). We have therefore
established that f(C) is compact. [ |

The following Th. 3.8 is a generalization of [Phi25, Th. 7.54].

Theorem 3.8. If (X,d) is a metric space, ) # C C X is compact, and f: C — R
1s continuous, then f assumes its max and its min, i.e. there are x,, € C' and xp € C
such that f has a global min at x,, and a global mazx at ;.
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Proof. The proof is still conducted precisely as in the special case [Phi25, Th. 7.54]:
Since () # C'is compact and f is continuous, () # f(C) C R is compact according to
Th. 3.7. Then, by [Phi25, Lem. 7.53], f(C) contains a smallest element m and a largest
element M. This, in turn, implies that there are x,,, x); € C such that f(x,,) = m and

A drawback of Th. 3.8 (as well as of [Phi25, Th. 7.54]) is that its proof is not constructive.
That means that, even though it guarantees the function has a max and a min, it does
not give any clues as how to find them. For differentiable functions, we will see more
constructive results in the following sections.

Theorem 3.9. If (X,dx) and (Y,dy) are metric spaces, C C X is compact, and f :
C — Y 1is continuous, then f is uniformly continuous.

Proof. 1t f is not uniformly continuous, then there must be some € > 0 such that, for
each k € N, there exist 2%, y* € C satisfying dx (2%, y*) < 1/k and dy (f(2"), f(v*)) > e
Since C' is compact, there is @ € C and a subsequence (a*)pen of (2%)pen such that
a = limy,_,, a®. Then there is a corresponding subsequence (b*)ren of (y¥)ren such that
dx(a*,bF) < 1/k and dy (f(a*), f(b*)) > € for all k € N. Using the compactness of C
again, there is b € C' and a subsequence (v¥)gen of (b¥)reny such that b = limy_,o v*.
Now there is a corresponding subsequence (u*)pen of (a*)ren such that dy(uf,v*) <
1/k and dy (f(u*), f(v*)) > € for all k € N. Note that we still have a = limy,_,o, u.
Given o > 0, there is N € N such that, for each & > N, one has dx(a,u*) < a/3,
dx(b,v%) < /3, and dx (u*,v*) < 1/k < /3. Thus, dx(a,b) < dx(a,u*)+dx (u*, v*)+
dx(b,v*) < «, implying d(a,b) = 0 and a = b. Finally, the continuity of f implies
fla) =limy o f(u®) = limg_,o f(v%) in contradiction to dy (f(u®), f(vF)) > e. [ |

Theorem 3.10. If (X,dx) and (Y,dy) are metric spaces, C C X is compact, and
f: C —Y is continuous and one-to-one, then f=1: f(C) — C is continuous.

Proof. Let (y*)ren be a sequence in f(C') such that limy ., y* =y € f(C). Then there
is a sequence (z¥)gey in C such that f(a*) = y* for each k € N. Let = := f~!(y).
It remains to prove that limj . 2* = . As C is compact, there is @ € C and a
subsequence (a*)pen of (7¥)reny such that a = limy o a®. The continuity of f yields
fla) = limy_,o f(a¥) = limpoy* = y = f(x) since (f(a*))ren is a subsequence of
(¥*)ren. It now follows that @ = x since f is one-to-one. The same argument shows
that every convergent subsequence of (2%)rey has to converge to z. If (z¥)rey did not
converge to x, then there had to be some € > 0 such that infinitely man z* are not in
B.(x). However, the compactness of C' would provide a convergent subsequence whose
limit could not be z, in contradiction to x having to be the limit of all convergent
subsequences of (2*)en. [ |
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3.3 Taylor’s Theorem

We begin with Taylor’s theorem for one-dimensional functions. For its proof with the
so-called Lagrange form of the remainder term, we will use the following Th. 3.11, which
is a consequence of the one-dimensional mean value theorem in its generalized version

[Phi25, (9.23a))].

Theorem 3.11. Let a,b € R, a # b. Suppose f,g € C™[a,b] form € Ny (i.e. f, g are
continuous on [a,b] and all derivatives of f and g up to order m + 1 exist in |a,
extend continuously to [a,b]). Moreover, assume that g*)(t) # 0 for each t €]a,

each k € {1,...,m + 1}. In addition, assume that f(a) = g(a) = f*(a) = g™ (a) =0
for each k € {1,...,m}. Then there is 0 €]a,b[ such that

f(b) _ fomr(o)

o(6) ~ g (6) 5
Proof. From [Phi25, (9.23a)], we know
f(b) = f(a) s@=g@=0 f(b) _ f'(61) (3.2)
9(b) — g(a) g(b)  g'(6h)
for some 6, €]a,b[. An induction then establishes (3.1). o

Theorem 3.12 (Taylor’s Theorem). Let I C R be an open interval and a,x € I, x # a.
If m e Ny and f € C™(I,K), then

flx) =T, (z,a) + Ry(x,a), (3.3)
where
m_f(k) " (m)
Tate.0) = 3 5 et = @y @)+ P T
(3.4)
18 the mth Taylor polynomial and
Ry(z,a) := / x @;l—fw FED (1) dt (3.5)

1s the integral form of the remainder term. For K = R, one can also write the remainder
term in Lagrange form:

f(erl)(@)

Ro(x,a) = m

(x —a)™™  with some suitable 0 €]z, al. (3.6)
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Proof. The integral form (3.5) of the remainder term we prove by using induction on
m: For m = 0, the assertion is

f(e) = f(a) + / " Pt (3.7)

which holds according to the fundamental theorem of calculus in the form [Phi25, Th.
10.19(b)]. For the induction step, we assume (3.3) holds for fixed m € Ny with R,,(x, a)
in integral form (3.5) and consider f € C™2(I,K). For fixed z € I, we define the
function

g: I —K, g(t):= (=t FomrD (4 (3.8)
‘ ’  (m+ 1) ' '
Using the product rule, its derivative is
- t)m+1 (.T _ t)m
"I K /t:(x—(m+2)t——(m+1)t. .
g1k g0 =T e - S . s
Applying the fundamental theorem to g then yields
—g(a) = g(x) — g(a) = / g dt E Ryppi(r,a) = R(z,a), (3.10)
with R,,(z,a) and R,,11(z,a) defined according to (3.5). Thus,
(m+1)
Tia(.) + Ry () = To(a,a) + sz—ﬂ(),) (z = @)™ + Run(, ) = g(a)
—  Tu(z,a) + Ru(z,a) "= f(a), (3.11)

thereby completing the induction and the proof of (3.5).

It remains to prove the Lagrange form (3.6) of the remainder term for K = R. It is
possible, to deduce the Lagrange form from the integral form. However, here we present
the following proof based on Th. 3.11, that does not make use of any integration theory.
We define auxiliary functions

F: I —R, f(t) — T(t,a), (3.12a)
G:1—R, G(t) = (t —a)™. (3.12b)

kS
—
~
S——
[l

It clearly follows from (3.4) that Trsf)(a,a) = f®)(a) for each k € {0,...,m}. Thus,
F®(a) = 0 and G®(a) = 0 for each k € {0,...,m}, that means F and G satisfy the
hypotheses of Th. 3.11 on [a, z]. In the present context, (3.1) takes the form

f(2) = Tulw,a) _ F(x) _ FO™0(9) _ fomD(9) —0
@ —a)mt G Gm@) . (m+ 1)

for some 6 €]z, al. As (3.13) is equivalent to (3.3) with R,,(z,a) according to (3.6), we
have proved the Lagrange form of the remainder term. |

(3.13)
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Remark 3.13. The importance of Taylor’s Th. 3.12 does not lie in the decomposition
f = T, + R,,, which can be accomplished simply by defining R,, := f — T,,. The
importance lies rather in the specific formulas for the remainder term.

We will now extend Taylor’s theorem to higher dimensions by means of the chain rule.
First, we need to introduce some notation.

Notation 3.14. In the context of Taylor’s theorem, we need to consider directional
derivatives of higher order. In this context, one often uses a slightly different notation
than the one we used earlier. Let n € N and h = (hy,...,h,) € R". If G C R" is open
and f : G — K is differentiable at some ¢ € G, then, according to (2.45), we can
compute the directional derivative

BTNNE = (€)= S hAuf(€) = mdS(E) + -+ haduf(©) (314

The object AV is also called a differential operator. 1f f has all partials of second order
at &, then we can apply h V again to the function in (3.14), obtaining

n

(RV)?(f)(&) == (WV)(V)(F)E) =D (hV)(hoif)(€) = > hih;okd; f(§). (3.15)

j=1 J,k=1

Thus, if f has all partials of order k at &, kK € N, then an induction yields
(hv Z Ry, - Jk ) a]lf(f) (3'16)

Finally, it is also useful to define

(R V) (£)(€) = f(&)- (3.17)

Theorem 3.15 (Taylor’s Theorem). Let G C R" be open, n € N, and f € C™(G,K)
for somem € Ny (i.e. f: G— K and f has continuous partials up to order m + 1).
Let £ € G and h € R™ such that the line segment S¢ ¢y, between & and 4 h is a subset
of G. Then the following formula, also known as Taylor’s formula, holds:

Z ©) 4 r.(0)

) hV h¥V 2 hVV)™
(5)+( )1(!f)(€) L >2!(f>(£) +_._+%

f(&+h)

[
-

+ R,,(€), (3.18)
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where, similar to the one-dimensional case,

m)

Ron(€) = /0 =0 gy £y e + th) dt (3.19)

1s the integral form of the remainder term. Also similar to the one-dimensional case, if
K =R, then there is 6 €]0, 1] such that

(V)™ (f)(€ 4 6h)

(m+1)! (3:20)

Rm(f) =

Y

called the Lagrange form of the remainder term.

Proof. Since S¢ern, € G and G is open, there is € > 0 such that we can consider the
auxiliary function

o:l—e1+e[— K, ot):= f(£+th). (3.21)

This definition immediately implies ¢(0) = f(£) and ¢(1) = f(£+ h). We can apply the
chain rule to get

¢'(t) =V f(E+th) - h = (hV)(f)(E +th), (3.22)

using the notation from (3.14). Since f € C™"!(G,K), we can use an induction to get,
for each k € {0,...,m + 1},

o"(t) = (hV) () (€ +th). (3.23)

Applying the one-dimensional form of Taylor’s theorem (i.e. Th. 3.12) with the remain-
der term in integral form to ¢ with x = 1 and a = 0 together with (3.23) yields

fE+h)=0(1)

/! (m)
= ¢(0) +¢'(0)(1 - 0) + ¢2—(P>(1 02t ? m!(O) (1- 0"
N /01 (1 ;ﬂf)m ¢(m+1)(t) dt
= f(6) + (h V)l(!f)(é) L (h V)Q!(f)(ﬁ) P %
+/0 ¢ ;;)m (R V)™ (f)(E + th)dt, (3.24)

which is precisely (3.18) with R,,(§) in the form (3.19).
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To prove the Lagrange form of the remainder term, we restate (3.24), this time applying
Th. 3.12 to ¢ with the remainder term in Lagrange form, yielding

_x~ (EVHNE) | o) m+1
f(£+h)—kz_0 o T ey 0
= (EVENE) | (R)™Hf)(E + 6h)
- kzzo mo (m+ 1)
for some suitable 6 €]0, 1], thereby completing the proof. [ |

Example 3.16. Let us write Taylor’s formula (3.18) explicitly for the function

f:R* — R, f(x,y):=sin(zy) (3.25)
for m = 1 and for £ = (0,0). Here, we have for the gradient

V f(z,y) = (y cos(xy), xcos(xy)) (3.26)

and for the Hessian matrix of second order partials

(0:0.f(z,y) 0,0,f(x,y)
Hyla,y) = (ayamﬂx,y) ayayﬂx,y))

B —y?sin(xy) cos(zy) — xy sin(xy) (3.27)
~ \cos(zy) — zysin(xy) —2? sin(zy) ' '
For h = (hy, hy) € R?, we obtain
f(h) =
—h%HQh% Sin<02h1h2) —+ 2h1h2 COS<02h1h2) — Qh%h%HQ sin(92h1h2) — h%@Qh% Sin(@thhg)
2!
= —2h%h%92 Sin(92h1h2) + hlhg COS(02h1h2) (328)

for some suitable 0 < 0 < 1.

3.4 Quadratic Forms

Before we get to the quadratic forms, we briefly need to consider the Euclidean norm of
matrices.
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Notation 3.17. Let A = (aw)k)e{1,...m}x{1,..n} @ real m x n matrix, m,n € N. We
introduce the quantity

) a, (3.29)

k=1 l=1

called the Hilbert-Schmidt norm or the Frobenius norm of A. Thus, ||Allus is the Eu-
clidean norm of A if we consider A as an element of R™". Caveat: For m,n > 1, the
Hilbert-Schmidt norm is not! the operator norm of A with respect to the Euclidean
norms on R” and R™ (cf. [Phi24, Caveat 2.19]). We could actually use the mentioned
operator norm in the following and everything would work just the same (since (3.30)
also holds for the operator norm) — the reason we prefer the Hilbert-Schmidt norm here,
is that it is much easier to compute and, thus, less abstract.

[Allns =

Lemma 3.18. Let A = (i) (kp)ef1,..m}x{1,..n} @ T€al m x n matriz, m,n € N. Then,
for each x € R", it holds that

[Azlz < [|A[|ns [[z]]2- (3.30)

Proof. This follows easily from the Cauchy-Schwarz inequality. For each k € {1,...,m},
let ag := (a1, - - ., ax,) denote the kth row vector of the matrix A. Then one computes

m n 2 m
Jzl) = z(z) < |5 a3 ol = 1A Ts e
k=1

k=1 \i=1
thereby establishing the case. ]

Definition 3.19. Let n € N. A quadratic form is a map

QA R — R, QA(.%) = xtAx = Z AR TrXy, (331)

k=1

where z' denotes the transpose of 2, and A = (ay)} ,_; is a symmetric real n X n-matrix,
i.e. a quadratic real matrix with ay = a;.

Remark 3.20. Each quadratic form is a polynomial and, thus, continuous by Th. 1.67.
Moreover, if A € R and A and B are symmetric real n x n-matrices, then AA and A+ B
are also symmetric real n x n-matrices, and Qxa = AQ4 as well as Qa1 = Qa4 + U5,
showing, in particular, that the symmetric real n x n-matrices form a real vector space
and that the quadratic forms also form a real vector space.
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Example 3.21. If G C R" is open and f : G — R is C?, then, for each £ € G, the

Hessian matrix .

Hy(6) = (9011(©) (3.32)
is symmetric, i.e. Qp, ) : R" — R is a quadratic form.

Lemma 3.22. Let A = (akl)z,zﬂ 15 a symmetric real n X n-matriz, n € N, and let Q)4
be the corresponding quadratic form.

(a) Qa4 is homogeneous of degree 2, i.e.

Qa(\r) = N*Qua(z) for each x € R™ and each \ € R.

(b) For each o € R, the following statements are equivalent:
(i) Qa(x) > allz|3 for all x € R™.
(i) Qa(z) > a for all z € R™ with ||z = 1.
(c) For each x € R™:
Qa()] < [|Allus [|=]]3.

Proof. (a) is an immediate consequence of (3.31).

(b): That (i) implies (ii) is trivial, since (ii) is a special case of (i). It remains to show
that (ii) implies (i). For x = 0, one has 0 = Qa(z) = al|z||3, so let z # 0 and assume
(ii). Then one obtains

QA<x>=@A(||x||z ! )@nxué@A (—) > olel,

[E41p 1]

proving (i).

(c): Let x € R™. Since Qa(x) = x-(Ax), the Cauchy-Schwarz inequality yields |Q4(z)] <
| Az||2]|z]]2, and (3.30) then implies (c). [ |

Definition 3.23. Let A = (ay)}, -, is a symmetric real n x n-matrix, n € N, and let
Q4 be the corresponding quadratic form.

(a) Aand Q4 are called positive definite if, and only if, Q4 (z) > 0 for every 0 # = € R™.
(b) Aand Q4 are called positive semidefinite if, and only if, @ 4(x) > 0 for every x € R™.

(c) Aand Q4 are called negative definite if, and only if, Q () < 0 for every 0 # = € R™.
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(d) A and Q4 are called negative semidefinite if, and only if, Qa(x) < 0 for every
r e R"

(e) A and Q4 are called indefinite if, and only if, they are neither positive semidefinite
nor negative semidefinite, i.e. if, and only if, there exist a,b € R™ with Q4(a) > 0
and Q4(b) < 0.

Example 3.24. Let n = 2 and consider the real symmetric matrix A = (Z I;) One

then obtains
Qa: R — R, Qulr,y) = ax® + 2bxy + cy’. (3.33)

One can now use the value of det A = ac — b?, which is also called the discriminant of
@ 4, to determine the definiteness of A. This is due to the following identity, that holds
for each (z,y) € R*:

aQa(z,y) = alaz® + 2bxy + cy?) = (ax + by)* + (det A)y?. (3.34)

One obtains the following cases:

det A > 0: This implies a # 0. Then (3.34) provides:

a>0 < Qa positive definite,
a<0 < Q4 negative definite.

det A < 0: In this case, we claim:
@ 4 is indefinite.

To verify this claim, first consider @ > 0. Then Q4(1,0) = a > 0 and, according to
(3.34), Qa(—b/a,1) = (det A)/a < 0, showing that @4 is indefinite. Now let a < 0.
Then Q4(1,0) = a < 0 and, according to (3.34), Qa(—=b/a,1) = (det A)/a > 0, again
showing that () 4 is indefinite. Finally, let a = 0. Then det A < 0 implies b # 0. If ¢ > 0,
then Q4(0,1) = ¢ > 0and Qa(1/(20), —1/(2¢)) = —1/(2¢) + 1/(4c) = —1/(4c) < 0, i.e.
Q4 is indefinite. If ¢ < 0, then Q4(0,1) = ¢ < 0 and Q4(1/(20),—1/(2¢)) = —1/(2¢) +
1/(4c) = —1/(4c) > 0, i.e. Q4 is again indefinite. If ¢ = 0, then Q4(1/(20),1) =1 and
Qa(1/(2b), —1) = —1 and @4 is indefinite also in this last case.

det A = 0: Here, we claim:

a>0or (a=0and ¢c>0) < Q4 positive semidefinite,
a<0or(a=0and ¢c<0) < @4 negative semidefinite.

Once again, for the proof, we need to distinguish the different possible cases. If a > 0,
then Qa(z,y) = (ax + by)*/a > 0, i.e. Q4 is positive semidefinite. If a < 0, then
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Qa(z,y) = (ax + by)*/a < 0, i.e. Q4 is negative semidefinite. Now let a = 0. Then
det A = 0 implies b = 0. Thus, Qa(x,y) = cy?, i.e. Q4 is positive semidefinite for ¢ > 0
and negative semidefinite for ¢ < 0.

Proposition 3.25. Let A = (ay)p,—, is a symmetric real n x n-matriz, n € N, and let
Q4 be the corresponding quadratic form.

(a) A and Q4 are positive definite if, and only if, there exists o > 0 such that
Qa(r) > a>0 for each x € R" with ||z|| = 1. (3.35a)

Analogously, A and Q4 are negative definite if, and only if, there exists o < 0 such
that
Qa(r) <a<0 for each x € R™ with ||z||2 = 1. (3.35b)

(b) If A and Q4 are positive definite (respectively negative definite, or indefinite), then
there exists € > 0 such that each symmetric real n x n matriz B with ||A— B||lus < €
is also positive definite (respectively negative definite, or indefinite).

(c) If A and Q4 are indefinite, then there exists € > 0 and a,b € R™ with ||alls = ||b]|2 =
1 such that, for each symmetric real n X n matriz B with ||A — B|lns < € and each
0# X €R, it holds that Qp(Aa) > 0 and Qp(A\b) < 0.

Proof. (a): We consider the positive definite case; the negative definite case is proved
completely analogously. First note that (3.35a) implies that A and Q4 are positive
definite according to Lem. 3.22(b). Conversely, assume that A and ()4 are positive
definite. The l-sphere S;(0) = {z € R" : ||z||» = 1} is a closed and bounded subset
of R™ and, hence, compact. Since Q4 is continuous, it must assume its min on S;(0)
according to Th. 3.8, i.e. there is @ € R and z, € S1(0) such that Q4(z,) = « and
Qa(x) > a for each x € R™ with ||z||s = 1. Since Q4 is positive definite, a > 0, proving
(3.35a).

(b) and (c): We begin by employing (3.35a) to show (b) for A and Q4 being positive
definite (employing (3.35b), the case of A and @ 4 being negative definite can be treated
completely analogously). If A and @4 are positive definite, then there is a > 0 such
that (3.35a) holds. Choose € := «/2. If B is a symmetric real n x n matrix with
|A — Bllus < €, then, using Lem. 3.22(c), for each z € R" with [|z[|; = 1:

Qa(z) = Qp(r)| = |Qa-p(x)| < |A = Bllus <e= % (3.36)

Since Qa(x) > «a > 0, this implies Qp(z) > /2 > 0 for each z € R™ with ||z|, = 1.
Due to (a), this proves that B is positive definite. Now consider the case that A and Q4
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are indefinite. Then there are 0 # a,b € R™ such that Q4(a) > 0 and Q4(b) < 0. By
normalizing and using Lem. 3.22(a), one can even additionally assume ||al|s = [|b]|2 = 1.
Set a := min{Qa(a), |Qa(b)|}. Then a > 0. If € := /2 and B is a symmetric real
n X n matrix with [|[A — B|lus < ¢, then, as above, (3.36) holds for each z € R" with
|zl]la = 1. In particular, @g(a) > /2 > 0 and Qp(b) < —a/2 < 0, showing that
@ is indefinite, concluding the proof of (b). To complete the proof of (c¢) as well, it
merely remains to remark that, for each 0 # A € R, one has Qg(\a) > \?a/2 > 0 and
Qp(\b) < =X /2 < 0. [ |

3.5 Extreme Values and Stationary Points of Differentiable
Functions

Definition 3.26. Let G CR", n € N, f: G — K, and let £ be an interior point of
G. If all first partials of f exist in &, then £ is called a stationary or critical point of f
if, and only if,

V f(&) =0. (3.37)

The following Th. 3.27 generalizes [Phi25, Th. 9.14] to functions defined on subsets of
R™:

Theorem 3.27. Let G CR", n € N, f: G — R, and let £ be an interior point of
G. If all first partials of f exist in & and f has a local min or maz at &, then £ is a
stationary point of f, i.e. V f(§) = 0.

Proof. Since £ is an interior point of G and since f has a local min or max at &, there
is € > 0 such that B.(§) C G and such that f(§) < f(x) for each z € B.(£) or such
that f(&) > f(z) for each x € B.(§). Let j € {1,...,n}. Then there is 6 > 0 such that
(&1, &1, 6,841, -+, &) € Be(§) for each t €]€;—0,&;4d]. Thus, the one-dimensional
function g :1§; — 6, &+ 0[— R, g(t) := f(&, ..., &-1,t,&41, - .-, &), has a local min or
max at &;, and, since 0; f(&) exists, g is differentiable in &;, implying 0 = ¢'(§;) = 9, f(&)
according to [Phi25, Th. 9.14]. Since j € {1,...,n} was arbitrary, V f(£) = 0. [ |

One already knows from simple one-dimensional examples such as f : R — R, f(z) :=
23 and ¢ = 0 that V f(£) = 0 is not a sufficient condition for f to have a local extreme
value at £&. However, the following Th. 3.28 does provide such sufficient conditions.

Theorem 3.28. Let G C R™ be open, n € N, f: G — R, f € C*(G), and let £ € G
be a stationary point of f. Then, in the following cases, one can use the Hessian matrix
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H¢ (&) to determine if f has a local extreme value at &:

H¢ () positive definite = f has a strict local min at &, (3.38a)
H (&) negative definite = f has a strict local maz at &, (3.38Db)
H¢ (&) indefinite = f does not have a local extreme value at §.  (3.38¢)

Proof. Since G is open, there is € > 0 such that ¢ + h € G for each h € R" with
|h|l2 < €. For each such h, by an application of Taylor’s Th. 3.15 with m = 1, we obtain
the existence of 6 €]0, 1] satisfying

FE+R) = F(©) + RV F(©) +5 D BdLf(E+ 0 ey

k=1
= (e + PHAERI _ iy Q) g
Rewriting (3.39), one gets
Fle + ) — fle) = Lansron®), (3.40)

2

Note that the assumed continuity of the functions 0x0,f : G — R (k,l € {1,...,n})
implies the continuity of H; : G — R™, z + Hy(z) (the dxd,f are the coordinate
functions of Hy). Thus, if H(&) is positive definite, then, by Prop. 3.25(b), there is
§ > 0 such that ||hll2 < € and |[H;(§) — Hf(§ + 6h)|lus < 0 imply that Hp(E + 0h) is
also positive definite. Moreover, the continuity of H; means that there exists 0 < a <€
such that ||h|y < a implies |[H(&§) — Hy(§ + 0h)||us < § for each 6 €]0,1[. For such
h # 0, the right-hand side of (3.40) must be positive, showing that f has a strict
local min at & (f(§) < f(x) for each x € By .,(€) \ {£}). For Hy(&) being negative
definite, an analogous argument shows that f has a strict max at . Similarly, if H(&)
is indefinite, then, by Prop. 3.25(c), there is 6 > 0 and a,b € R" with ||alls = ||b]l2 = 1
such that, ||hlly < € and [[Hf(§) — Hy( + 0h)|lus < 0 imply that Qu,eqon)(Xa) > 0
and Qpu,(e+on)(Ab) < 0 for each 0 # A € R. The continuity of H; provides some
0 < a < € such that ||h]|s < a implies |H;(§) — Hf(€ + 0h)|lus < d for each 6 €]0, 1].
For each 0 < A < «, we get ||[Aa|ls < a and ||Ab]la < «, such that (3.40) implies
f(E+Ab) < f(§) < f(€+ Aa), i.e. f has neither a local min nor a local max at (. W

Example 3.29. Consider the case n = 2, i.e. the case of a C? function f : G — R, G
being an open subset of R?. Let (z9, o) € G be a stationary point of f. Then, according
to Example 3.24, the definiteness of the Hessian matrix H(zo,yo) is determined by the
sign of

det Hy(zo,yo) = 0,0.f (20, Y0)0y0y f (w0, yo) — (020, f (o, yo))2 (3.41)
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(which, by definition, is the same as the discriminant of the corresponding quadratic
form Qp;(aou0)). If det Hy(xo,y0) > 0, then Th. 3.28 tells us that f has a strict local
extreme value at (zo,y0): If 0,0, f(z0,y0) > 0, then, by Example 3.24, H(zo,yo) is
positive definite and f has as strict local min at (xg, yo); if 0,0, f(x0,yo) < 0, then, by
Example 3.24, H(xo, yo) is negative definite and f has as strict local max at (zg, o). If
det H(xo,yo) < 0, then Hy(xo, yo) is indefinite according to Example 3.24, and Th. 3.28
yields that f has neither a local max nor a local min at (g, o). Such a stationary point,
where det Hy(xo,y0) < 0, is called a saddle point — in a neighborhood of such a point,
the graph of f is shaped like a saddle. In the remaining case, namely det H(zo, yo) =
0, one knows from Example 3.24 that Hy(xg,yo) is positive semidefinite or negative
semidefinite. In this case, Th. 3.28 does not provide any information, i.e., without
further investigation, one can not say if f does or does not have an extreme value at

(w0, Yo)-

Let us look at two concrete cases:

(a) Consider f: R? — R, f(z,y) := 2®+y> Then V f(x,y) = (2z,2y) and H(x,y) =
2 0
0 2
and 0,0, f(0,0) =2 > 0, f has a strict local min at (0,0) and this is the only point,
where f has a local extreme value. Moreover, since f(x,y) > 0 for (z,y) # (0,0),

[ also has a strict global min at (0,0).

). Thus, (0,0) is the only stationary point of f. Since det H¢(0,0) =4 >0

(b) Consider f : R? — R, f(z,y) := 2 —y®. Then V f(z,y) = (2z,—2y) and
Hy(z,y) = (g _02> Thus, (0,0) is the only stationary point of f. Here, one
has det H¢(0,0) = —4 < 0, i.e. f does not have a local min or max at (0,0) (or
anywhere else). Thus, (0,0) is an example of a saddle point.

Let us summarize the general strategy for determining extreme values of differentiable
functions f defined on a set GG: One starts by seeking all stationary points of f, that
means the points &, where V f(£) = 0. Every min or max of f that lies in the interior
of G must be included in the set of stationary points. To investigate if a stationary
point is, indeed, a max or a min, one will compute the Hessian matrix H; at this point,
and one will determine the definiteness properties of H;. Then one can use Th. 3.28 to
decide if the stationary point is a max, a min, or neither, except for cases, where H; is
only (positive or negative) semidefinite, in which case Th. 3.28 does not help and one
has to resort to other means (which can be difficult). As is already know from functions
defined on G C R, one also has to investigate the behavior of f at the boundary of
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G if one wants to find out if one of the local extrema is actually a global extremum.
Moreover, if f is defined on 0G, then OG might contain further local extrema of f.

4 The Riemann Integral on Intervals in R"

4.1 Definition and Simple Properties

In generalization of [Phi25, Sec. 10], we will define Riemann integrals for suitable func-
tions f : I — R, where I = [a,b] (as defined in (1.5b)) is a subset of R", a,b € R",
a <b.

In generalization of [Phi25, Sec. 10], given a nonnegative function f : I — R{, we aim
to compute the (n + 1)-dimensional volume || ;[ of the set “under the graph” of f, i.e.
of the set

{(:cl,...,xn,a:nH) ER"™ : (2q,...,2,) €Tand 0 < 2,1 < f(:cl,...,xn)}. (4.1)

This (n + 1)-dimensional volume [, f (if it exists) will be called the integral of f over I.
Moreover, for functions f : I — R that are not necessarily nonnegative, we would like
to count volumes of sets of the form (4.1) (which are below the graph of f and above
the set [ = {(a:l, o, 0) € R (2,00 2,) € ]} C R™"!) with a positive sign,
whereas we would like to count volumes of sets above the graph of f and below the set
I with a negative sign. In other words, making use of the positive and negative parts
[t =max(f,0) and f~ = max(—f,0) of f = fT — f~, the integral needs to satisfy

/Ifz/lﬁ—/lf‘. (12)

As in [Phi25, Sec. 10], we restrict ourselves to bounded functions f: I — R.

As in [Phi25, Sec. 10.1], the basic idea for the definition of the Riemann integral [, f is
to decompose the interval I into small intervals Iy, ..., Iy and approximate [, f by the
finite sum Zjvzl f(x;)|1;|, where x; € I; and |/;| denotes the volume of the interval I;.
Define [, f as the limit of such sums as the size of the I; tends to zero (if the limit exists).
However, to carry out this idea precisely and rigorously is somewhat cumbersome, for
example due to the required notation.

As each n-dimensional interval I is a product of one-dimensional intervals, we will obtain
our decompositions of I from decompositions of one-dimensional intervals (the sides of
I).
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Definition 4.1. In generalization of [Phi25, Def. 10.2], if a,b € R", n € N, a < b, and
I :=la,b] =[ay,b1] x -+ X [a,, b,], then we call

n

1= ;- a;) = H |aj — by = H ;| (I = ay, bs]), (4.3)

J=1
the (n-dimensional) size, volume, or measure of I.

Definition 4.2. Recall the notion of partition for a 1-dimensional interval [a,b] C R
from [Phi25, Def. 10.3]. We now generalize this notion to n-dimensional intervals, n € N:
Given an interval [ := [a,0] CR" a,b € R", a < b, i.e. [ = [a,b] = a1, b1] X+ X [ay, b,],
a partition A of I is given by (1-dimensional) partitions Ay = (20, ..., Zrn,) of [ak, bk,
ke {l,...,n}, Ny € N. Given such a partition A of I, for each (ky,...,k,) € P(A) :=
[1_{L,..., Ny}, define

n

L) = | [1kdemrs @rs] = [0150-1,215,] X -+ X [0 o1, g (4.4)
k=1

The number

|A]:=max {|Ay] : ke {l,...,n}}
= max {l'kJ — Tgi—1 " ke {1, .. ,n}, l e {1, . ,Nk}}, (45)

is called the mesh size of A.
Moreover, if each Ay, is tagged by (tg1, ...,y ) € RVF such that ¢y ; € [g -1, 7k ] for
each j € {1,...,N;}, then A is tagged by (¢,)pcp(a), where

trrgn) = (tigis - s tngn) € Iy, jy foreach (ji,...,7,) € P(A). (4.6)

..........

Remark 4.3. If A is a partition of I = [a,b] CR", n € N, a,b € R", a < b, as in Def.
4.2 above, then
I= I, (4.7)
pEP(A)
and
|I, N I,| =0 for each p,q € P(A) such that p # g, (4.8)

since, for p # q, I, N I, is either empty or it is an interval such that one side consists of
precisely one point. Moreover, as a consequence of (4.7) and (4.8):

= |5l (4.9)

pEP(A)
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Definition 4.4. Consider an interval [ := [a,b] CR", n € N, a,b € R", a < b, with a
partition A of I as in Def. 4.2. In generalization of [Phi25, Def. 10.4], given a function
f: I — R that is bounded, define, for each p € P(A),

my :=my,(f) :=inf{f(x): v € L,}, M,:=M,(f):=sup{f(z): x €}, (4.10)

and

r(Af) = > myl|L, (4.11a)
pEP(A)

R(A, f) == Z M,|1,], (4.11D)
peP(A

where (A, f) is called the lower Riemann sum and R(A, f) is called the upper Riemann
sum associated with A and f. If A is tagged by 7 := (,)pep(a), then we also define the
intermediate Riemann sum

Z Ft)| L) (4.11c)
peP(A
Definition 4.5. Let I = [a,b] C R" be an mterval, a,b € R", n €N, a < b, and suppose
f I — R is bounded.
(a) Define
J(f, 1) :==sup {r(A, f) : Ais a partition of I}, (4.12a)
J(f, 1) :=inf {R(A, f) : A'is a partition of I}. (4.12b)

We call J.(f,I) the lower Riemann integral of f over I and J*(f,I) the upper
Riemann integral of f over I.

(b) The function f is called Riemann integrable over [ if, and only if, J.(f, 1) = J*(f, I).
If f is Riemann integrable over I, then

/If(x)dx ::/If:: J(f, 1) =J(f, 1) (4.13)

is called the Riemann integral of f over I. The set of all functions f : I — R that
are Riemann integrable over I is denoted by R(I,R) or just by R(I).

(c) The function g : I — C is called Riemann integrable over I if, and only if, both
Re g and Im g are Riemann integrable The set of all Riemann integrable functions
g: I — Cis denoted by R(I,C). If g € R(I,C), then

/g —(/Reg,/lmg> /IReg—i-i/IIng(C (4.14)

is called the Riemann integral of g over I.
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Remark 4.6. If [ and f are as before, then (4.10) implies
my(f) = —Mp(=f) and my(=f) = =My(f), (4.15a)
(4.11) implies
r(A, f) = —R(A,—f) and r(A, —f) =—=R(A, f), (4.15b)
and (4.12) implies
J(f, 1) =—=J(=f,1) and J(=f,1)=—=J(f,1). (4.15¢)
Example 4.7. Let I = [a,b] C R™ be an interval, a,b € R", n € N, a < b.

(a) Analogous to [Phi25, Ex. 10.7(a)], if f: I — R is constant, i.e. f =c with ¢ € R,
then f € R(/) and

/f:cm: (4.16)
I
We have, for each partition A of I,
(4.9)
r(A )= > mylLl=c Y |L| = c|Il= > M|L|=R(A,f), (4.17)
peEP(A) peP(A) peP(A)
proving J.(f,I) = c|I| = J*(f, ).

(b) An example of a function that is not Riemann integrable is given by the n-dimen-
sional version of the Dirichlet function of [Phi25, Ex. 10.7(b)], i.e. by

0 f \Q»
f:I—R, f(zx):= orre \Qn’ (4.18)
1 forxelInQ@Qm.
Since (A, f) = 0 and R(A, f) = 3_ cp(a) 1p| = |{| for every partition A of I, one

obtains J.(f,I) =0 # |I| = J*(f,I), showing that f ¢ R(I).

For a general characterization of Riemann integrable functions, see [Phil7, Th. 2.26(b)].

Definition 4.8. Recall the notions of refinement and superposition of partitions of a 1-
dimensional interval [a,b] C R from [Phi25, Def. 10.8]. We now generalize both notions
to partitions of n-dimensional intervals, n € N:
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(a) If Ais a partition of [a,b] CR", n € N, a,b € R", a < b, as in Def. 4.2, then another
partition A’ of [a, b] given by partitions A} of [ax,b], k € {1,...,n}, respectively,
is called a refinement of A if, and only if, each A} is a (1-dimensional) refinement
of Ay in the sense of [Phi25, Def. 10.8(a)].

(b) If A and A’ are partitions of [a,0] C R", n € N, a,b € R", a < b, then the
superposition A + A’ is given by the (1-dimensional) superpositions Ag + A} of the
la, bi] in the sense of [Phi25, Def. 10.8(b)]. Note that the superposition of A and
A is always a common refinement of A and A

Lemma 4.9. Letn € N, a,b € R", a < b, I := [a,b], and suppose f : I — R is
bounded with M := || f||sup € Ry . Let A’ be a partition of I and define

o _Z# (A {ar, b)) (4.19)

i.e. a is the number of interior nodes that occur in the A). Then, for each partition A
of I, the following holds:

r(A ) <r(A+ AL f) < (A f) +2a Me(T)]A], (4.20a)
R(A, f) = RIA+ A f) = R(A, f) = 2a Mo(I)|A], (4.20b)

where
o(l) = max{bk |i|ak ke{l,... ,n}} (4.21)

is the mazimal volume of the (n — 1)-dimensional faces of I.

Proof. We carry out the proof of (4.20a) — the proof of (4.20b) can be conducted com-
pletely analogous. Consider the case a = 1. Then there is a unique kg € {1,...,n} such
that there exists § € v(A} ) \ {ary, bro - If § € v(Ay,), then A + A" = A, and (4.20a)
is trivially true. If € ¢ v(Ay,), then xy, ;-1 < & < xy,; for a suitable I € {1,..., Ny, }.
Recalling the notation from Def. 4.2, we let

A) = {(j1,-- -+ jn) € P(A) 1 ji, =1}, (4.22)
and define, for each (ji,...,J,) € B(A),

ko—1 n

L= T eeiet 2] % [wroi—1, 8 % [ [Erge—ts 20 (4.23a)
k=ko+1

n

Ijﬁl ..... Gn T [xk7jk_1’xk»jk] X [fvxkoyl] X H [ajk,jk_l?ajk,jk]’ (4'23b)
k=1 k=ko+1
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and
=inf{f(z): x € )}, my :=inf{f(x): v €I} foreachpe F(A). (4.24)
Then we obtain

r(AF AL ) =r(A )= ) (mp L]+ my L] —my 1))

pEP(A)
— Z ((ml, —my) |I] + (ml —m,) |I]). (4.25)
pEP(A)
Together with the observation
Ogm;—mpSZM, OSmZ—mp§2M, (4.26)
(4.25) implies
I
0<r(A+ A ) = r(A f) 2 Y Iyl = 2M (a1 — ag10)
pERI(A) Fo ™ o
< 2M |Agy| (1) < 2M [A]G(1), (4.27)
The general form of (4.20a) now follows by an induction on «. |

Theorem 4.10. Letn € N, a,b € R", a < b, [ := [a,b], and let [ : I — R be bounded.

(a) Suppose A and A" are partitions of I such that A" is a refinement of A. Then
r(A f) < (A f), R(Af) > R(A', f). (4.28)

(b) For arbitrary partitions A and A', the following holds:
(A, f) < R(A f). (4.29)

(c) Ju(f. 1) < J*(f,1).
(d) For each sequence of partitions (A*)ren of I such that limy_ . |AF| = 0, one has
lim r(A%, ) = L(f.1), Jim RN f) = J*(f.D). (4.30)
—00 —00
In particular, if f € R(I), then
khm r(AF) f) = llm R(A*, f /f (4.31a)
— 00

and if f € R(I) and the A* are tagged, then also

hm p(AF f /f (4.31Db)
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(e) If there exists a € R such that

= lim p(AF, f) (4.32)

for each sequence of tagged partitions (A*)ren of I such that limy_,. |A*| =0, then
feRI) and o= [, f.

Proof. (a): If A’ is a refinement of A, then A’ = A + A’. Thus, (4.28) is immediate
from (4.20).

(b): This also follows from (4.20):

(4.20a 4.20b)

v ) 2 ra e Y rasa L R . (4.33)

(c): One just combines (4.12) with (b).

(d): Let (A*)ren be a sequence of partitions of I such that limy . |A¥| = 0, and let
A’ be an arbitrary partition of I with numbers «, M, and ¢(I) defined as in Lem. 4.9.
Then, according to (4.20a):

(AR f) < (AP A f) < (A% f) +2a Mo(I1)|A*|  for each k € N. (4.34)

From (b), we conclude the sequence (r(A*, f ))keN is bounded. Recall from [Phi25, Th.
7.27] that each bounded sequence (tx)reny in R has a smallest cluster point ¢, € R,
and a largest cluster point t* € R. Moreover, by [Phi25, Prop. 7.26], there exists at
least one subsequence converging to t, and at least one subsequence converging to t*,
and, in particular, the sequence converges if, and only if, ¢, = t* = lim;_,, t,. We can
apply this to the present situation: Suppose (r(A*, f))en is a converging subsequence
of (r(A*, f))ren with

B = Jim r(AM f). (4.35)

First note § < J.(f,I) due to the definition of J.(f,I). Moreover, (4.34) implies
lim; oo (AR + A’ f) = B. Since r(A', f) < r(ARM + A’ f) and A’ is arbitrary, we
obtain J,(f, 1) < B, i.e. J.(f,I) = B. Thus, we have shown that every subsequence of
(r(A*) f))ren converges to 3, showing

as claimed. In the same manner, one conducts the proof of J*(f, I) = limy_,, R(AF, f).
Then (4.31a) is immediate from the definition of Riemann integrability, and (4.31b)
follows from (4.31a), since (4.11) implies

(A, f) < p(A, f) S R(A, f) (4.37)
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for each tagged partition A of I.
(e): Due to the definition of inf and sup,

(ZJ;AXQI e‘z’o tEA f(t,) <inf{f(x): z € A} + ¢, (4.38a)
v vV oo 3 f(t") >sup{f(z): v € A} —e. (4.38b)

PAACI >0 t*e€A

In consequence, for each partition A of I and each € > 0, there are tags 7. := ({p.+)pcp(a)
and 7 := (t5),ep(a) such that

p(A T, Y <r(A f)+e AN p(A T f) > R(A, f) —e (4.39)

Now let (A¥),en be a sequence of partitions of I such that limy . |A*| = 0. According
to the above, for each A*, there are tags 7% := (t];’*)pep(Ak) and 7F* 1= (t];’*)pep(Ak) such
that

1 1
v (mﬁvﬁﬁ<r@ﬂﬁ+g A pmﬁ#ﬂﬂ>R@ﬂﬁ—E). (4.40)
Thus,
(4.30) .. k ™) . kE _k s E _kx
J(f, 1) =" lim r(A"% f) = lim p(A", 77, f) = a = lim p(A", 7%, f)

k—o00 k—o0 k—o0

D dim RS ) (), (4.41)
—00

where, at (x) and (*x*), we used (4.37), (4.40), and the Sandwich theorem [Phi25, Th.
7.16]. Since (4.41) establishes both f € R(I) and o = [, f, the proof is complete. W

Definition 4.11. If A is any set and B C A, then

1 forz € B,

(4.42)
0 forz ¢ B,

XB : A— {07 1}7 XB(‘I) = {
is called the characteristic function of B.
Theorem 4.12. Letn € N, a,b € R", a < b, I := [a,b].

(a) The integral is linear (cf. [Phi25, Th. 10.11(a)]): More precisely, if f,g € R(I,K)
and A\, i € K, then A\f + ng € R(I,K) and

Jorsm=x[r+ufo (4.43)
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b) If c,d € R", ¢ < d, and J := |c,d] C I, then the characteristic function Xi.q 1S
( Je.dl
Riemann integrable over I and
/ Xje.d] = |1 (4.44)
T

(c) Monotonicity of the Integral (cf. [Phi25, Th. 10.11(c)]): If f,g : I — R are
bounded and f < g, then J.(f,I) < J(g,I) and J*(f,1) < J*(g,I). In particular,

if f,9 € R(I), then
/If < /Ig. (4.45)

(d) Triangle Inequality (cf. [Phi25, Th. 10.11(d)]): For each f € R(I,C), one has

/If' < i1l (4.46)

(e) Mean Value Theorem for Integration (cf. [Phi25, Th. 10.11(e)]): If f € R(I) and
there exist numbers m, M € R such that m < f < M, then

m 1| g/ngm. (4.47)

The theorem’s name comes from the fact that |I|™! fl f is sometimes referred to as
the mean value of f on I.

Proof. (a): First, consider K = R, i.e. f,g: [ — R and A\, u € R. Let (A*)ien be a
sequence of tagged partitions of I such that limy_,. |A¥| = 0. According to (4.11c), we
have, for each k € N,

PO N+ pg) =X D FUDIIE +u Y gUDIIE = Ap(AF, f) + pp(AF, g).

peP(AF) peEP(A¥)
(4.48)
Thus, if f and g are both Riemann integrable over I, then we obtain
lim p(AF,Af + pg) 2 A / f+up / g. (4.49)

Since (4.49) holds for each sequence (AF)yen of tagged partitions of I with limy,_, ., |A¥|
=0, A\f + pg is integrable and (4.43) holds by Th. 4.10(e), completing the case K = R.
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It remains to consider f,g € R(I,C) and A\, u € C. One computes, using the real-valued
case,

/I(Af)z(/I(ReARef—ImMmf), /I(Re)\Imf+Im)\Ref)>

_ (Re)\/jRef—Im)\/IImf, Re)\/IImerIm)\/IRef)

=\ /1 f (4.50a)

and

/I(f+g)=(/IRe<f+g>, /Imf+g) </Ref+/Reg, /Img+/1mg)
:(/IRef,/IImf>+</IReg,/Ilmg):/lf—l—/lg. (4.50D)

(b): If we define the partition A of I by letting the partition A; of [a;,b;] be given
by the node vector v(A,) := {a;, ¢;j,d;, b;}, then there is p € P(A) such that I, = J.
Moreover,

1 for q =p,

0 forqge P(A)\ {p}. (4:51)

Mg(Xjedr) = My(Xje,dr) = {
Thus,

T (Xears T) 2 (A Xgea) = D ma(Xjea) Lo = L] = || = Z Mo (Xean) | L]

qGP(A) qu

> J* (X}C,d[v ]) > J, (X]c,d[7 I)a (452)

proving Xjeq € R([) as well as (4.44).

(c): If f,g: I — R are bounded and f < g, then, for each partition A of I, r(A, f) <
r(A,g) and R(A, f) < R(A,g) are immediate from (4.11). As these inequalities are
preserved when taking the sup and the inf, respectively, all claims of (c) are established.
(d): We will see in Th. 4.15(b) below, that f € R(I,K) implies |f| € R(I). Let A
be an arbitrary partition of I. Then we obtain the following estimate of intermediate
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Riemann sums (cf. (4.11c)):

(oA Re /), p(A )| = [ 30 Ref&) L1 D2 I f(g)11)

pEP(A) peP(A)
< 3 |(Res(&). tmr(&)] 15
peP(A)
= 3 U@L = oA 11, (1.53)

peEP(A)

Since the intermediate Riemann sums in (4.53) converge to the respective integrals by
(4.31b), one obtains

(4.53)
/ f]:hm (o Re ) patm )< a1 = [il s

|A|=0

proving (4.46).
(e): We compute

< 470 © [ © < 470
mmE'i”)/mg/fg/ME 27 iy, (4.55)
I 1 I

thereby establishing the case. |

The following Th. 4.13 is in generalization of [Phi25, Th. 10.12]:

Theorem 4.13 (Riemann’s Integrability Criterion). Let I = [a,b] C R™ be an interval,
a,b € R", n € N, a <b, and suppose f : I — R is bounded. Then f is Riemann
integrable over I if, and only if, for each € > 0, there exists a partition A of I such that

R(A,f) = (A, f) < e (4.56)

Proof. Suppose, for each ¢ > 0, there exists a partition A of I such that (4.56) is
satisfied. Then
SIS T) = L 1) S R(A, f) —r(A f) <, (4.57)

showing J*(f, 1) < J.(f,I). As the opposite inequality always holds, we have J*(f,I) =
J.(f, 1), ie. f e R(I) as claimed. Conversely, if f € R(I) and (AF)iey is a sequence of
partitions of I with limy_,., |A¥| = 0, then (4.31a) implies that, for each € > 0, there is
N € N such that R(A*, f) — r(A*, f) < e for each k > N. [ |
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Theorem 4.14. In generalization of [Phi25, Th. 10.15(a)], if f : I — C is continuous,
I =1a,b] CR", a,beR", ne€N, a<b, then f is Riemann integrable over I.

Proof. As f is continuous if, and only if, Re f and Im f are both continuous, it suffices
to consider a real-valued continuous f. Let f: I — R be continuous. First note that
I is compact and, thus, f is bounded by Th. 3.8. As all norms on R" are equivalent,
in particular, f is continuous with respect to the max-norm on R". Moreover, f is
even uniformly continuous due to Th. 3.9. Thus, given € > 0, there is § > 0 such that
|12 = y|lmax < 0 implies |f(x) — f(y)| < €/|I]. Then, for each partition A of I satisfying
|A| < 0, we obtain

RA ) —r(A )= Y <Mp—mp>up\§,—§, S Il =e (4.58)

peP(A) pEP(A)

as |A] < ¢ implies || — ¥||max < 9 for each =,y € I, and each p € P(A). Finally, (4.58)
implies f € R([) due to Riemann’s integrability criterion of Th. 4.13. [ |

The following Th. 4.15 generalizes the assertions of [Phi25, Th. 10.17] from functions
on 1-dimensional intervals to functions on n dimensional intervals, n € N:

Theorem 4.15. Let n € N, a,b € R, a < b, I := [a,b].

(a) If f € R(I,C) and ¢ : f(I) — K is Lipschitz continuous®, then ¢ o f € R(I,K).

(b) If f € R(D), then |f|, 2, f+, f~ € R(I). In particular, we, indeed, have (4.2) from
the introduction. If, in addition, there exists 6 > 0 such that f(x) > & for each
x€l, then1/f € R(I). Moreover, |f| € R(I) also holds for f € R(I,C).

(c) If f.9 € R(I), then max(f,g), min(f,g) € R(I). If f.g € R(I,K), then f, fg €
R(I,K). If, in addition, there exists § > 0 such that |g(x)| > ¢ for each x € I, then

f/g € R(1,K).

Proof. The following proofs are analogous to the respective 1-dimensional cases in
[Phi25, Th. 10.17].

(a): First, we carry out the proof for the case f € R(I,C), ¢ : f(I) — R: Assume ¢
to be L-Lipschitz, L > 0. If f € R(I,C), then Re f,Im f € R(I,R), and, given € > 0,
Riemann’s integrability criterion of Th. 4.13 provides partitions Ay, Ay of I such that
R(A,Re f) —r(A1,Re f) < €/2L, R(Ay,Im f) — r(Ag,Im f) < €/2L, where R and r

L As already remarked in [Phi25, Th. 10.17(a)], it is a somewhat deeper result that ¢ o f € R(I,K)
still remains true if ¢ is merely continuous, see [Phil7, Th. D.12(a)]. However, if ¢ has just one point
of discontinuity, then ¢ o f is no longer necessarily Riemann integrable, see [Phil7, Ex. D.14].
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denote upper and lower Riemann sums, respectively (cf. (4.11)). Letting A be a joint
refinement of Ay and Ay, we have (cf. Def. 4.8(a),(b) and Th. 4.10(a))
R(A,Re f) —r(A,Re f) <¢/2L, R(A,Im f)—r(AIm [f) <e/2L. (4.59)

Recalling that, for each g : I — R, it is

r(Ag)= Y my(g)lL. (4.60a)
pEP(A)

R(A,g) = > My(9)l1,], (4.60b)
peEP(A)

where P(A) is according to Def. 4.2
my(g) == inf{g(z) : @ € I}, M,(g) :=sup{g(z) : = € L)}, (4.60c)
we obtain, for each §,,n, € I,

|(¢Of)<€p) - <¢Of)(77p)|

[Phi25, Th. 5.11(d)]

§L|f(§p)_f(77p)’ < L’Ref(gp)_Ref(np)‘+L‘Imf(§p)_1mf(77p)|
< L (My(Re f) —my(Re f)) + L (My(Im f) — m,(Im f)), (4.61)
and, thus,
R(A,¢o f)—r(A,dof)= > (My(dof)—my(¢of))I,
peEP(A)
S L (®Ref) - myRe D)L+ S L (My(Im f) — my(m )11,
peP(A) pEP(A)
= L(R(ARef) — (A Re f)) + L (RAImf) —r(AIm f)) = e (4.62)

Thus, ¢ o f € R(I,R) by Th. 4.13. We now prove (a) as stated, i.e. with ¢ C-valued:
Assume ¢ to be L-Lipschitz, L > 0. For each z,y € f(I), one has

[Phi25, Th. 5.11(d)]

| Re ¢(7) — Re d(y)| < |p(x) — o(y)| < Llz -y, (4.63a)
[Phi25, Th. 5.11(d))]
[ Im ¢(z) — Im ¢(y))| < |p(x) — d(y)| < Llz —yl, (4.63b)

showing Re ¢ and Im ¢ are L-Lipschitz, such that Re(¢ o f) and Im(¢ o f) are Riemann
integrable by the real-valued case treated above.
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(b): |f], f2, fT, f~ € R(I) follows from (a) (for |f| also for f € R(I,C)), since each of
the maps = — |z|, x — 2% 2 — max{z,0}, x — —min{x,0} is Lipschitz continuous
on the bounded set f(I) (recall that f € R(I) implies that f is bounded). Since
f=f"—f", (42) is implied by (4.43). Finally, if f(z) > § > 0, then z — 27! is
Lipschitz continuous on the bounded set f(I), and f~! € R(I) follows from (a).

(c): For f,g € R(I), we note that, due to

1

fo=1(f+9"=(f-9) (4.64a)
max(f,g) = f+(g— f)", (4.64b)
min(f,g9) =9g—(f—g), (4.64c)

everything is a consequence of (b). For f,g € R(I,C), due to
f=(Ref, —Imf), (4.65a)
fg=(RefReg—1Im fImg, Re fImg+Im fReg), (4.65b)
1/9=(Reg/lgl*, —Img/|g[*). (4.65¢)
everything follows from the real-valued case and from (b), where |g| > ¢ > 0 guarantees
lg]* > 6% > 0). [ |

4.2 Important Theorems
4.2.1 Fubini Theorem

In [Phi25, Sec. 10.2], we saw several important theorems often helpful in the evaluation of
one-dimensional Riemann integrals. The following Fubini Th. 4.17 allows to compute an
n-dimensional Riemann integral as an iteration of n one-dimensional Riemann integrals.

Definition 4.16. Let I = [a,b] C R™ be an interval, a,b € R", n € N, a < b, and
suppose f: I — C is bounded (i.e. both Re f and Im f are bounded). Define

J.(f. 1) == J.(Re f, 1) +iJ,(Im f, 1), (4.66a)
J(f, 1) == J*Re f,1) +i J*(Im f, I). (4.66b)

As in the R-valued case, we call J,(f,I) the lower Riemann integral of f over I and
J*(f,I) the upper Riemann integral of f over I.

Theorem417(Fubini) Let a,b,c,dye, f e R", neN,a<b, c<d, e<f, I=]a,b],
J=le,d], K=1le f]. If [ =Jx K and f € R(I,C), then

/f /fxy (z,y) //fxydxdy—//fxydydm (4.67)
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There is a slight abuse of notation in (4.67), as it can happen that a function x — f(x,y)
is not Riemann integrable over J and that a function y — f(z,y) is not Riemann
integrable over K. However, in that case, one can choose either the lower or the upper
Riemann integral for the inner integrals in (4.67). Independently of the choice, the
resulting function y — [, f(z,y)dx is Riemann integrable over K, x — [, f(z,y)dy
is Riemann integrable over J, and the validity of (4.67) is unaffected (this issue is
related to the fact that changing a function’s value at a “small” (for example, finite)
number of points, will not change the value of its Riemann integral). By applying (4.67)
inductively, one obtains

/f /f ) da _/bl nfxl,...,xn)dmn---dxl, (4.68)

where, for the inner integrals, one can arbztmmly choose upper or lower Riemann inte-
grals, and one can also permute their order without changing the overall value.

Proof. Even though, in the present context, the proof of the Fubini theorem is not that
difficult, we refer to [Wal02, Sec. 7.15] for the proof of the R-valued case and merely show
how to then obtain the C-valued case: One computes, using lower Riemann integrals
for the inner integrals,

Jr = [ressifms

R-vahgd case /K (Ref( ) ) dy +1 /K J*(Im f(-,y)7 J) dy

(4.66a)

o /K J(f(y),J) dy, (4.69)

proving [, f = [ [, f(z,y)dz dy with the inner integral interpreted as a lower Rie-
mann integral. Clearly, the same calculation works if the inner integral is interpreted as
an upper Riemann integral, and it also still works if J and K are switched, completing
the proof of (4.67). Now (4.68) follows from (4.67) by induction. [ |

Example 4.18. Let [ := [0,1> and f : [ — R, f(z,y,2) := xyz. We compute the
integral [ f

1 1 1 1 1 gl
/f:/ / / f(x,y,z)de dy dz :/ / / ryzdx dy dz
I o Jo Jo o Jo Jo
1 plr,2 z=1 1 pl 1r,2.79=1
TR e [ [ [
0o Jo 2 ] o Jo 2 o L4 1,0
1

:/Olzdzz[zg}o:l. (4.70)

oo
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4.2.2 Change of Variables

Recall the 1-dimensional change of variables theorem [Phi25, Th. 10.24]. The following
n-dimensional version Th. 4.19 is a much deeper result. In Ex. 4.20 below, we will see
that it can be very useful to compute both multi- and 1-dimensional integrals.

Theorem 4.19 (Change of Variables). Let a,b,c,d € R", n € N, a < b, ¢ < d,
I :=Ja,b], J :=|ed], ¢ : I — R", f: J — K. If, on the interior of I, ¢
is one-to-one, Lipschitz continuous, and has continuous first partials, ¢(I) C J, and
(f o @) det Jy| € R(I,K), then fxou) € R(J,K) and the following change of variables

formula holds:
/fX¢(1) = /(f o ¢)|det Jyl, (4.71)
J I

where X1y 5 the characteristic function of ¢(I) defined according to Def. 4.11.

Proof. The proof of the n-dimensional change of variables theorem is much harder than
the 1-dimensional case. For example, for K = R, a proof can be found in [Wal02, Sec.
7.18]. We show how to then obtain the case K = C: One computes

= R [
/JfX(}ﬁ(I) /J e fXo(r) +Z/J m fXo(r)
casegzR /((Ref) [e) ¢)|det J¢| —i—Z/((Imf) e} ¢)| det J¢|

I 1

= /(f o ¢)| det Jqs‘, (472)

I

thereby completing the proof. |

The change of variables Th. 4.19 is often most effective in combination with the Fubini
Th. 4.17, as illustrated by the following example:

Example 4.20. Consider the function
fiR2— R, flz,y)=e @), (4.73)

For each R > 0, let Br := Bgr(0) = {(z,y) € R? : ||(x,9)|l» < R} denote the circle
with radius R and center 0, and let Jg := [~ R, R]* the corresponding square with side
length 2R. We want to compute

/ [ / @) 2 (2, y) d(,y) (4.74)
Jr Jr

Br
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(note Br C Jg, since (r,y) € By implies 22 4+ 3> < R?, i.e. |z| < R and |y| < R). This
can be accomplished using change of variables, Fubini, and so-called polar coordinates,

ie.
¢ R x[0,27] — R? é(r,¢) := (rcosp,rsinyp).

(4.75)

To apply Th. 4.19 with J = Jg and I = I := [0, R] x [0, 27|, we need to verify that all
hypotheses are satisfied. We start by observing ¢(Ir) = Bgr C Jg. Moreover, the map

¢ restricted to the interior I3, =]0, R[x]0, 27|,

¢: Iy — By, o(r,p) = (rcosp,rsinp),

where

B :=Br\{(2,0): 0 <z < R},
is bijective with inverse map
¢t B — g, ¢ Hwy) = (07 (2,9), 65 ' (2,)),
where, recalling the definition of arccot from [Phi25, Def. and Rem. 8.27],

o1 (2,y) = Va? + 2,

arccot(x/y) for y > 0,
7 4 arccot(x/y) for y <O0.

One verifies ¢~ 0 ¢ = Ids:

. (@07 0 9)(rp) = ¢ (reosp,rsing) = (1, 9),
(ryp)ElR

since

@7 (7 cos @, rsin ) = \/7’2((3082 @+ sin?p) =1,

(4.76)

(4.77)

(4.784)

(4.78b)

(4.78¢)

arccot(cot ) = ¢ for 0 < p <,

qﬁ;l(rcosgo,rsimp): T= for p =,

T+ arccot(cotp) =T+ —m=¢ form < p <2

and ¢ o ¢~" = Idp,

v
(w05 = (z.9),

(pod V) (z,y) = (sz +y2cos ¢y (2, y), /a2 + y?sin qﬁgl(:c,y))
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since

( 1 .
\/1+(cotarccot (z/y)~ \/1+y \/x2+y2 for >0 <:> ) 7£ 0)7

cos(m/2) =0 =
W
cos ¢y (z,y) = { cos(3m/2) =0 =

forx =0,y >0,

forx =0,y <0,

x2+y2
—1 . T
\/1+(Cotarccot(x/y))—2 o \/:cz—i-y? for z < 07 Yy % O;
cosm =—1=—= for y =0 (= z <0),
$2+y2

\
( 1 _ 1

pu— pu— y
\/1+C0t2 arccot(z/y) \/1+% \/x2+y2
sin gy ' (z,y) = S sinw = 0 = —-L for y =0,

/ 2 +y2
-1 _ y
\ \/l—i-cot2 arccot(z/y) \/1‘2 +y2

Next, we note that ¢ has continuous first partials on I3, where

for y > 0,

for y < 0.

cosp —rsingp

(WPYGI% Jo(r, ) = (sin(p 7 COS ) , det Jy(r, ) =1 (4.79)

The partials of ¢, namely |0;¢,(r, ¢)| are all bounded by R. Thus, ¢ is Lipschitz con-
tinuous by Th. 2.35. Finally,

v ((Fod)ldet Jy))(rp) = re oo uto _ et (450)
(rp)ely

showing (f o ¢)| det J,| € R([).

We have thereby verified all the hypotheses of Th. 4.19 and can conclude f x5, € R(J)
as well as

4.71

- /B [ fxm= / ) (2, d(a,y) (L / (f o 8)] det J,|

9 2m 1R
:/rerd // ngpdr—/ 27r7’e7"d7’—[7re7"]
In 0 0
7 (1 - e—RQ) , (4.81)

where the Fubini Th. 4.17 was used at (x).

A

With another application of the Fubini Th. 4.17, we can use (4.81) to prove the following
important equality:

0 R
/ e dz = lim e de = /7. (4.82)

00 R—oo J_ p
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Indeed, we have

/ e~ (@) d(z,y) / / e eV dg dy

R,R]?

ReR+ 9
/ / - dy —BR, where (g —/ T dx,

and, since, for each R € R*, Br C [~R, R]> C Byg, monotonicity of the integral
according to (4.45) provides

(4.83)

\ < 3% < 4.84
e QRS Br < asg, (4.84)

i.e. the Sandwich theorem yields

™= lim ag < lim B < hm Qg = T, (4.85)
R—o0 R—o0

proving (4.82).

5 Introduction to Ordinary Differential Equations
(ODE)

5.1 Definition and Geometric Interpretation

Definition 5.1. Let G C RxR and let f : G — R be continuous. An explicit ordinary
differential equation (ODE) of first order is an equation of the form

y' = fx,y), (5.1)

which is an equation for the unknown function y. A solution to this ODE is a differen-

tiable function
¢: I — R, (5.2)

defined on a nontrivial (bounded or unbounded, open or closed or half-open) interval
I C R, satisfying the following two conditions:

(i) The graph of ¢ is contained in G, i.e. {(z,¢(z)) € [ xR: x € [} CG.
(ii) ¢'(z) = f(z, ¢(z)) for each z € I.

Note that condition (i) is necessary so that one can even formulate condition (ii).
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Definition 5.2. An initial value problem for (5.1) consists of the ODE (5.1) plus the
initial condition

y(xo) = o, (5.3)
with given (xo,70) € G. A solution ¢ to the initial value problem is a differentiable
function ¢ as in (5.2) that is a solution to the ODE and that also satisfies (5.3) (with y
replaced by ¢) — in particular, this requires xy € I.

One distinguishes between ordinary differential equations and partial differential equa-
tions (PDE). While ODE contain only derivatives with respect to one variable, PDE
can contain (partial) derivatives with respect to several different variables. In general,
PDE are much harder to solve than ODE. The term first order in Def. 5.1 indicates
that only a first derivative occurs in the equation. Correspondingly, ODE of second
order contain derivatives of second order etc. ODE of higher order can be equivalently
formulated and solved as systems of ODE of first order (see, e.g., [Phil6b, Sec. 3.1]).
The explicit in Def. 5.1 indicates that the ODE is explicitly solved for y’. One can also
consider implicit ODE of the form f(x,y,y’) = 0. We will only consider explicit ODE
of first order in the following.

It can be useful to rewrite a first-order explicit intitial value problem as an equivalent
integral equation. We provide the details of this equivalence in the following theorem:

Theorem 5.3. IfG CRxR and f : G — R is continuous, then, for each (zo,v0) € G,
the explicit first-order initial value problem

y = flz,y), (5.4a)
y(zo) = Yo, (5.4b)

18 equivalent to the integral equation
va) =w+ [ F(toto)de, (55
z0

in the sense that a continuous function ¢ : I — R, with xqg € I C R being a nontrivial
interval, and ¢ satisfying

{(z,9(x)) eIxR:zel} CG, (5.6)
is a solution to (5.4) in the sense of Def. 5.2 if, and only if,
g o =w+ [ (o) 1)

i.e. if, and only if, ¢ is a solution to the integral equation (5.5).



5 INTRODUCTION TO ODE 108

Proof. Assume I C R with zy € I to be a nontrivial interval and ¢ : I — R to be a
continuous function, satisfying (5.6). If ¢ is a solution to (5.4), then ¢ is differentiable
and the assumed continuity of f implies the continuity of ¢. In other words, ¢ € C*(I).
Thus, the fundamental theorem of calculus in the form [Phi25, Th. 10.19(b)] applies,
and [Phi25, (10.54b)] yields

4b)

x 5. x

Y o) = dla) + / F(to(t) dt 2y + / fhom)d,  (58)
xo xo

proving ¢ satisfies (5.7). Conversely, if ¢ satisfies (5.7), then the validity of the initial

condition (5.4b) is immediate. Moreover, as f and ¢ are continuous, so is the integrand

function ¢ — f(¢,4(t)) of (5.7). Thus, [Phi25, Th. 10.19(a)] applies to ¢, proving

¢ (x) = f(:v, ¢(x)) for each x € I, i.e. ¢ is a solution to (5.4). [ |

Example 5.4. Consider the situation of Th. 5.3. In the particularly simple special
case, where f does not actually depend on y, but merely on x, the equivalence between
(5.4) and (5.5) can be directly exploited to actually solve the initial value problem: If
f: I — R, where I C R is some nontrivial interval with xy € I, then we obtain
¢ : I — R to be a solution of (5.4) if, and only if,

¥ o=+ [ Fw (5.9
x0

i.e. if, and only if, ¢ is the antiderivative of f that satisfies the initial condition. In

particular, in the present situation, ¢ as given by (5.9) is the unique solution to the

initial value problem. Of course, depending on f, it can still be difficult to carry out

the integral in (5.9).

A simple concrete example is

y =a, (5.10a)
y(0) = ¢, (5.10b)
with a,c € R. Then, on R, the function
¢: R— R, gzﬁ(x)—c—l—/ adt = c+ xa, (5.11)
0

is the unique solution to (5.10).

Geometrically, the ODE (5.1) provides a slope ' = f(x,y) for every point (z,y). In
other words, it provides a field of directions. The task is to find a differentiable function
¢ such that its graph has the prescribed slope in each point it contains. In certain simple
cases, drawing the field of directions can help to guess the solutions of the ODE.
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Example 5.5. (a) Let G:=R" xR and f: G — R, f(x,y) := y/z, i.e. we consider
the ODE ¢y = y/x. Drawing the field of directions leads to the idea that the
solutions are functions whose graphs constitute rays, i.e. ¢. : Rt — R, y =
¢c(x) = cx with ¢ € R. Indeed, one immediately verifies that each ¢, constitutes a
solution to the ODE.

(b) Let G :=R xR" and f: G — R, f(x,y) := —x/y, i.e. we consider the ODE
y' = —x/y. Drawing the field of directions leads to the idea that the solutions
are functions whose graphs constitute semicircles, i.e. ¢, :| — /¢, /e|[— R, y =

de(x) = Ve — x? with ¢ € RT. Indeed, we get

' — b (x) = —2z _ - :—_JJ
V=) = s = = (5.2

i.e. each ¢, constitutes a solution to the ODE.

5.2 Separation of Variables
If the ODE (5.1) has the particular form

y = f(x)g(y), (5.13)

with one-dimensional continuous functions f and g, and g(y) # 0, then it can be solved
by a method known as separation of variables:

Theorem 5.6. Let I, J C R be (bounded or unbounded) open intervals and suppose that
f:I—Randg: J— R are continuous with g(y) # 0 for each y € J. For each
(2o, y0) € I X J, consider the initial value problem consisting of the ODE (5.13) together
with the initial condition

y(xo) = yo. (5.14)
Define the functions

F:1—R, F(g:)::/xf(t)dt, G:J—R, G(y)::/yi (5.15)

. 9(t)

(a) Uniqueness: On each open interval I' C I satisfying o € I' and F(I') C G(J), the
initial value problem consisting of (5.13) and (5.14) has a unique solution. This
unique solution is given by

¢o: I' — R, ¢(z):=G"(F(z)), (5.16)

where G™': G(J) — J is the inverse function of G on G(J).
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(b) Existence: There ezists an open interval I' C I satisfying xo € I' and F(I') C G(J),
i.e. an I’ such that (a) applies.

Proof. (a): We begin by proving G has a differentiable inverse function G7': G(J) —
J. According to the fundamental theorem of calculus [Phi25, Th. 10.19(a)], G is dif-
ferentiable with G’ = 1/g. Since ¢ is continuous and nonzero, G is even C*. If
G'(yo) = 1/g(yo) > 0, then G is strictly increasing on J (due to the intermediate
value theorem [Phi25, Th. 7.57]; g(yo) > 0, the continuity of g, and ¢g # 0 imply that
g > 0 on J). Analogously, if G'(yo) = 1/9(y0) < 0, then G is strictly decreasing on J.
In each case, G has a differentiable inverse function on G(.J) by [Phi25, Th. 9.8].

In the next step, we verify that (5.16) does, indeed, define a solution to (5.13) and

(5.14). The assumption F(I') C G(J) and the existence of G™! as shown above provide

that ¢ is well-defined by (5.16). Verifying (5.14) is quite simple: ¢(zq) = G~1(F(z0)) =

G1(0) = yo. To see ¢ to be a solution of (5.13), notice that (5.16) implies F' = G o ¢

on I’. Thus, we can apply the chain rule to obtain the derivative of F'= G o ¢ on I’
¢'(x)

$\EV/I, f(x) = F/(:)Z) - G,(¢(x)) gb'(x) = g((;ﬁ(x))’ (5'17)

showing ¢ satisfies (5.13).

We now proceed to show that each solution ¢ : I’ — R to (5.13) that satisfies (5.14)
must also satisfy (5.16). Since ¢ is a solution to (5.13),

¢'(x)

ee) = f(x) for each z € I'. (5.18)
Integrating (5.18) yields
T (b/(t) B T B /
[ty = [ 0w =) wwezer. g

Using the change of variables formula of [Phi25, Th. 10.24] in the left-hand side of (5.19),
allows one to replace ¢(t) by the new integration variable u (note that each solution
¢: I' — R to (5.13) is in C'(I') since f and g are presumed continuous). Thus, we
obtain from (5.19):

o(x) o(x)
F(z) = / du / du G(¢(x)) for each z € I, (5.20)
é(o) g(u) Yo

Applying G~ to (5.20) establishes ¢ satisfies (5.16).
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(b): During the proof of (a), we have already seen G to be either strictly increasing
or strictly decreasing. As G(yo) = 0, this implies the existence of € > 0 such that
| — €,¢[C G(J). The function F' is differentiable and, in particular, continuous. Since
F(zo) = 0, there is 6 > 0 such that, for I" :=|z¢—0, xo+9[, one has F/(I") C]—e, [T G(J)
as desired. |

Example 5.7. Consider the ODE
y=-2 onlxJ:=RxR" (5.21)

X

with the initial condition y(1) = ¢ for some given ¢ € R*. Introducing functions
1
frRT—R, fla)=—-= g¢:R"—R, gy =y, (5.22)
x

one sees that Th. 5.6 applies. To compute the solution ¢ = G~ o F, we first have to
determine F' and G:

° dt

F:R* R, /f =l (5.23a)

G:R* —R Gly) = / i —n? (5.23b)
' | S A0y B A |

Here, we can choose I’ = I = R, because F(RT) = R = G(R"). That means ¢ is
defined on the entire interval I. The inverse function of G is given by

G R—R" G'(t)=ce. (5.24)
Finally, we get

6: Rt — R, ¢x) =G (F(x)) =ce " ==, (5.25)
x
The uniqueness part of Th. 5.6 further tells us the above initial value problem can have
no solution different from ¢.

The advantage of using Th. 5.6 as in the previous example, by computing the relevant
functions F', G, and G~ !, is that it is mathematically rigorous. In particular, one can be
sure one has found the unique solution to the ODE with initial condition. However, in
practice, it is often easier to use the following heuristic (not entirely rigorous) procedure.
In the end, in most cases, one can easily check by differentiation that the function found
is, indeed, a solution to the ODE with initial condition. However, one does not know
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uniqueness without further investigations. One also has to determine on which interval
the found solution is defined. On the other hand, as one is usually interested in choosing
the interval as large as possible, the optimal choice is not always obvious when using
Th. 5.6, either.

The heuristic procedure is as follows: Start with the ODE (5.13) written in the form

dy
= f@)gly). (5.26a)
Multiply by dz and divide by g(y) (i.e. separate the variables):
dy
—— = f(z)dx. 5.26b
9(y) (@) (5.265)

Integrate:

/ % - / f(a)da . (5.26¢)

Change the integration variables and supply the appropriate upper and lower limits for
the integrals (according to the initial condition):

/ a / 0 (5.264)

Solve this equation for y, set ¢(x) := y, check by differentiation that ¢ is, indeed, a
solution to the ODE, and determine the largest interval I’ such that xq € I’ and such
that ¢ is defined on I’. The use of this heuristic algorithm is demonstrated by the
following example:

Example 5.8. Consider the ODE

=2 onlxJ:=RtxR" (5.27)
v

with the initial condition y(zq) = yo for given values x¢, yo € RT. We manipulate (5.27)
according to the heuristic algorithm described in (5.26) above:

d Y ‘
S ydy =xdx ~ /ydy :/xdx ~ / tdt :/ tdt
de vy " 0

~ g =at—ay e o(w) =y =/2? +yf - 2 (5.28)

(the negative sign in front of the square root in the last manipulation is excluded by the
assumption that yo = ¢(x) € RT). Clearly, ¢(zo) = yo. Moreover,

T

2z B
2z +y2 -2  oz)

¢'(z) = (5.29)
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i.e. ¢ does, indeed, provide a solution to (5.27). For yg > ¢, ¢ is defined on the entire
interval I = R*. However, if yo < xo, then 2? + y2 — 23 > 0 implies 2% > 2% — 43, i.e.
the maximal open interval for ¢ to be defined on is I’ =]\/23 — y2, o0|.

5.3 Linear ODE, Variation of Constants

Definition 5.9. Let I C R be an open interval and let a,b : I — R be continuous
functions. An ODE of the form

Y = a(x)y + b(x) (5.30)

is called a linear ODFE of first order. It is called homogeneous if, and only if, b = 0; it is
called inhomogeneous if, and only if, it is not homogeneous.

Theorem 5.10 (Variation of Constants). Let I C R be an open interval and let a,b :
I — R be continuous. Moreover, let xy € I and ¢ € R. Then the linear ODE (5.30)
has a unique solution ¢ : I — R that satisfies the initial condition y(x¢) = c. This
unique solution is given by

¢: I — R, o¢(x)=¢go(z) (c + /I: do(t) 1 b(t) dt) : (5.31a)

where

¢o: I — R,  ¢o(x) =exp (/x a(t) dt) = elaoa®dt (5.31b)

Here, and in the following, ¢ denotes 1/¢o and not the inverse function of ¢o (which
does not even necessarily exist).

Proof. We begin by noting that ¢y according to (5.31b) is well-defined since a is assumed
to be continuous, i.e., in particular, Riemann integrable on [z, z]. Moreover, the fun-
damental theorem of calculus [Phi25, Th. 10.19(a)] applies, showing ¢ is differentiable
with

oy I — R, ¢y(z) = a(z)exp (/ a(t) dt) = a(x)po(z), (5.32)
zo
where the chain rule [Phi25, (9.15)] was used as well. In particular, ¢, is continuous.

Since ¢y > 0 as well, ¢, ! is also continuous. Moreover, as b is continuous by hypothesis,
¢y b is continuous and, thus, Riemann integrable on [xg,7]. Once again, [Phi25, Th.
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10.19(a)] applies, yielding ¢ to be differentiable with
¢ I — R,

#(2) = () ( + [ ol 000 dt) T o(@)60(@) " b(a)
= a(x)po(x) (C + /l“ do(t) " b(t) dt) +b(z) = a(z)p(z) + b(x), (5.33)

where the product rule [Phi25, Th. 9.6(c)] was used as well. Comparing (5.33) with
(5.30) shows that ¢ is a solution to (5.30). The computation

d(x0) = Po(x) (c+0)=1-c=c (5.34)

verifies that ¢ satisfies the desired initial condition. It remains to prove uniqueness. To
this end, let ¢ : I — R be an arbitrary differentiable function that satisfies (5.30) as
well as the initial condition 1 (xg) = ¢. We have to show ¥ = ¢. Since ¢y > 0, we can
define u := 19 /¢y and still have to verify

le u(z) =c+ /g: Go(t) 1 b(t)dt. (5.35)
We obtain
agou+b=ap+b=1" = (pou) = gyu+ o' =apou+ g, (5.36)

implying b = ¢ou’ and v’ = ¢, b. Thus, the fundamental theorem of calculus in the
form [Phi25, (10.54b)], implies

ZI u(z) = u(xo) +/ ' () dt = c+/ do(t) "L b(t)dt, (5.37)
thereby completing the proof. [ |

Corollary 5.11. Let I C R be an open interval and let a : I — R be continuous.
Moreover, let xy € I and ¢ € R. Then the homogeneous linear ODE (5.30) (i.e. with
b=0) has a unique solution ¢ : I — R that satisfies the initial condition y(zo) = c.
This unique solution is given by

é(x) = cexp < / wa(t) dt) = celea®dt (5.38)

Proof. One immediately obtains (5.38) by setting b = 0 in in (5.31). [ |
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Remark 5.12. The name wvariation of constants for Th. 5.10 can be understood from
comparing the solution (5.38) of the homogeneous linear ODE with the solution (5.31)
of the general inhomogeneous linear ODE: One obtains (5.31) from (5.38) by varying
the constant ¢, i.e. by replacing it with the function z — ¢+ ffo Go(t)~10(t)de.

Example 5.13. (a) Applying Cor. 5.11 to the homogeneous linear ODE

(b)

y =ky (5.39)

with k£ € R and initial condition y(xo) = ¢ (xg, ¢ € R) yields the unique solution
¢o: R— R, ¢(x)=cexp (/ kdt) = ceM@=20), (5.40)
zo

We can use Cor. 5.11 to recompute the solution to the ODE (5.21) from Example
5.7, since this constitutes a homogeneous linear ODE with a(x) = —1/z. For the
initial condition y(1) = ¢, we obtain

o(z) = cexp (— /lw %) =ce M = g (5.41)

y = 2xy + 2° (5.42)

Counsider the ODE

with initial condition y(0) = ¢, ¢ € R. Comparing (5.39) with Def. 5.9, we observe
we are facing an inhomogeneous linear ODE with

a: R— R, a(x):=2z, (5.43a)
b: R— R, bx):=2" (5.43b)

From Cor. 5.11, we obtain the solution ¢g . to the homogeneous version of (5.42):
oc: R— R, ¢o.(r) =cexp </ a(t) dt) = ce®. (5.44)
0

The solution to (5.42) is given by (5.31a):

¢: R —R,

o(z) = e* (c+/0w e dt) = <c+ {—%(ﬁ + 1)&12)

11 1 1
_ (c +g gt 1)6_952) - (C + ‘) e — 5@+ 1. (5.45)



5 INTRODUCTION TO ODE 116

5.4 Change of Variables

To solve an ODE, it can be useful to transform it into an equivalent ODE, using a
so-called change of variables. If one already knows how to solve the transformed ODE,
then the equivalence allows one to also solve the original ODE. The presentation of the
material in the present section is somewhat reversed as compared to the presentation
in Sec. 5.2 above on separation of variables: Here, we will first present a heuristic pro-
cedure that is often used in practice in Rem. 5.14, followed by an illustrating example.
Only then will we provide the rigorous Th. 5.16 that constitutes the basis of the heuris-
tic procedure, and we will conclude with an application of Th. 5.16 to solve so-called
Bernoulli differential equations.

Remark 5.14. For the initial value problem v = f(z,v), y(xy) = vo, the heuristic
change of variables procedure proceeds as follows:

(1) Omne introduces the new variable z := T'(z, y) and then computes 2/, i.e. the deriva-
tive of the function z — z(z) = T'(x, y(z)).

(2) In the result of (1), one eliminates all occurrences of the variable y by first replacing
y' by f(x,y) and then replacing y by T.-(2), where T, (y) := T'(z,y) = z (i.e. one has
to solve the equation z = T'(z, y) for y). One thereby obtains the transformed initial
value problem problem 2’ = g(z, 2), z(xo) = T(x¢, yo), with a suitable function g.

(3) One solves the transformed initial value problem to obtain a solution g, and then
z — ¢(x) =T, " (u(x)) yields a candidate for a solution to the original initial value
problem.

(4) One checks that ¢ is, indeed, a solution to ' = f(z,v), y(zo) = vo.

Example 5.15. Consider

.R+ R R A Y y2
I xR — R, f(a:,y).—l—l—EvL—

)
IQ

(5.46)

and the initial value problem

y = f(z,y), y()=0. (5.47)

We introduce the change of variables z := T'(x,y) := y/z and proceed according to the
steps of Rem. 5.14. According to (1), we compute, using the quotient rule,

() = y(@)z —y(o)

(5.48)
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According to (2), we replace y/(x) by f(x,y) and then replace y by T, '(2) = zz to
obtain the transformed initial value problem

1 2 1 1+ 22
z/:—(l-i-%_"%) Y (44— D=2 (1) =0/1=0. (5.49)

x 2 oz T T

According to (3), we next solve (5.49), e.g. by seperation of variables, to obtain the
solution

e }e‘g, ez [— R, p(z):=tanlz, (5.50)
of (5.49), and
¢:le 2, e[ — R, ¢(x):=zu(r) =z tanlnz, (5.51)

as a candidate for a solution to (5.47). Finally, according to (4), we check that ¢ is,
indeed, a solution to (5.47): Due to ¢(1) = 1-tan0 = 0, ¢ satisfies the initial condition,
and due to

1
¢'(r) =tanlnz + 2 — (1 +tan’Inz) =1 +tanlnz + tan’In
T

o) | ¢ -

=1
+x x?

¢ satisfies the ODE.
Theorem 5.16. Let G CR X R be open, n € N, f: G — R, and (x¢,yo) € G. Define

V G, ={yeR: (z,y) € G} (5.53)

zeR

and assume the change of variables function T': G — R s differentiable and such that

v <Tx =T(x,): Gy — T,(Gy), Ti(y):=T(x,y), isa dz’ﬁeomorphism),

G0

(5.54)
i.e. T, is invertible and both T, and T, ' are differentiable. Then the first-order initial
value problems

y/ = f(l‘, y)? (555&)
y(xo) = o, (5.55b)
and
, f(@ T () — .
y = T +0,T (2, T, (v)), (5.56a)
y(@o) = T'(xo, yo), (5.56b)

are equivalent in the following sense:
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(a) A differentiable function ¢ : I — R, where I C R is a nontrivial interval, is a
solution to (5.55a) if, and only if, the function

p: I — R, p(x):=(T,09¢)(z) =T (z,¢(x)), (5.57)

is a solution to (5.56a).

(b) A differentiable function ¢ : I — R, where I C R is a nontrivial interval, is a
solution to (5.55) if, and only if, the function of (5.57) is a solution to (5.56).

Proof. We start by noting that the assumption of G being open clearly implies each G,
x € R, to be open as well, which, in turn, implies 7,(G,) to be open. Next, for each
x € R such that G, # (), we can apply the chain rule [Phi25, Th. 9.10] to T, o T, ! = Id

to obtain
VoI ) (T () =1 (5.58)

yeTx(Gy)

and, thus, each (7;1)(y) # 0 with

(@Y w) =), (5.59)
Consider ¢ and p as in (a) and notice that (5.57) implies
Vo o(2) =T, (ul(@)). (5.60)

zel

Moreover, the differentiability of ¢ and T imply differentiability of u by the chain rule
of Th. 2.28, which also yields

i (@) = (0T (2, 0(x) O, (. 6(x))) (d@))
= T(¢(x)) ¢/ (z) + 0T (z,6(x)).

To prove (a), first assume ¢ : I — R to be a solution of (5.55a). Then, for each = € I,

(5.61)

zel

() PO T’(¢(w))f(x,¢(x))+8xT(9:,¢(-’B))
T(T () f (2, T3 (u(2)) + 0T (2, Ty ()

(5:59) f(xv T, 1(#(55) )
(1) (u(z))

(5.60)

0T (2, T (), (5.62)
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showing p satisfies (5.56a). Conversely, assume p to be a solution to (5.56a). Then, for
each x € [,

f (@, Ty (pu(x))
(T 1) (ul)

+ 0,7 (o, T, (@) P2V i (2) "2V T (0(2)) @' (2) + 0, (, 6(x))..

(5.63)

Using (5.60), one can subtract the second summand from (5.63). Multiplying the result
by (T,')(u(z)) and taking into account (5.59) then provides

V@) = fo, T () "2 fa,é(x), (5.64)

zel

showing ¢ satisfies (5.55a).

It remains to prove (b). If ¢ satisfies (5.55), then u satisfies (5.56a) by (a). More-
over, pu(zo) = T(zo,d(w9)) = T(xo,yo), i.e. p satisfies (5.56b) as well. Conversely,
assume p satisfies (5.56). Then ¢ satisfies (5.55a) by (a). Moreover, by (5.60), ¢(x¢) =
T (o)) = T YT (xo, y0)) = yo, showing ¢ satisfies (5.55b) as well. [ ]

o o

As an application of Th. 5.16, we prove the following theorem about so-called Bernoulli
differential equations:

Theorem 5.17. Consider the Bernoulli differential equation
y' = f(z,y) = a(z)y +b(x)y", (5.65a)

where o € R\ {0, 1}, the functions a,b: I — R are continuous and defined on an open
interval I C R, and f: I x R — R. For (5.65a), we add the initial condition

y(o) = yo, (w0, %0) € I x RY, (5.65Db)

and, furthermore, we also consider the corresponding linear initial value problem

Y =(1-0a)(a(z)y+bz)), (5.66a)
y(wo) =y %, (5.66b)

with its unique solution ¢ : I — R given by Th. 5.10.

(a) Uniqueness: On each open interval I' C I satisfying xo € I' and p > 0 on I', the
Bernoulli initial value problem (5.65) has a unique solution. This unique solution
s given by

¢: I' — RY, () = (v(z)) ™. (5.67)
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(b) Existence: There exists an open interval I' C I satisfying xo € I' and ¥ >0 on I,
i.e. an I’ such that (a) applies.

Proof. (b) is immediate from Th. 5.10, since 1(x) = y5® > 0 and 1 is continuous.

To prove (a), we apply Th. 5.16 with the change of variables
T: xR — R, T(r,y):=y" (5.68)
Then T € CY(I x RT,R) with 9,7 = 0 and 9,T(z,y) = (1 — ) y~. Moreover,
vV T,=S5, S:Rt"—R" Sy =y, (5.69)

xel
which is differentiable with the differentiable inverse function S=! : RT — RT,
S7y) =y=, (S71)(y) = —L_y™a. Thus, (5.56a) takes the form

-«

,_ (@1 (y) e
Y=oy PR

= (1= )y~ ™% (a(0)y™= +b() (y7)° ) +0
=(1—-a) (a(x) Y+ b(m)) (5.70)

Thus, if I" C I is such that xqg € I’ and ¢» > 0 on I’, then Th. 5.16 says ¢ defined
by (5.67) must be a solution to (5.65) (note that the differentiability of ¢ implies the
differentiability of ¢). On the other hand, if A : I’ — R™ is an arbitrary solution to
(5.65), then Th. 5.16 states p := SoX = A!=* to be a solution to (5.66). The uniqueness
part of Th. 5.10 then yields \'=% = ¢ [p= ¢' 7%, ie. A = ¢. [ |

Finding a suitable change of variables to transform a given ODE such that one is in a
position to solve the transformed ODE is an art, i.e. it can be very difficult to spot a
useful transformation, and it takes a lot of practice and experience.

5.5 Uniqueness of Solutions

Under suitable hypotheses, initial value problems for ODE have unique solutions. How-
ever, in general, they can have infinitely many different solutions, as shown by the
following example:

Example 5.18. Consider f: R* — R, f(x,y) := /|y, and the initial value problem

y = flz,y) = V1yl, (5.71a)
y(0) = 0. (5.71b)
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Then, for every ¢ > 0, the function

0 f <
bo: R—R, dula) =1 e o (5.72)
- for x > ¢,
is a solution to (5.71): Clearly, ¢.(0) = 0, ¢. is differentiable, and
f <
O R-R, fla) =40 TTSE (5.73)
e forz >,

solving the ODE. Thus, (5.71) is an example of an initial value problem with uncountably
many different solutions, all defined on the same domain.

Example 5.18 shows that continuity of f is not strong enough to guarantee the initial
value problem y' = f(z,v), y(xo) = yo, has a unique solution, not even in some neigh-
borhood of zy. The additional condition that will yield uniqueness is local Lipschitz
continuity of f with respect to y.

Definition 5.19. Let G CR xR, and f: G — R.

(a) The function f is called (globally) Lipschitz continuous or just (globally) Lipschitz
with respect to y if, and only if,
| f(z,y) — f(z,9)| < Lly — gl (5.74)

L20  (zy),(z.9)€G

(b) The function f is called locally Lipschitz continuous or just locally Lipschitz with
respect to y if, and only if, for each (zg,y9) € G, there exists a set U C G, open in
G, such that (xg,yp) € U (i.e. U is an open neighborhood of (z¢, o) in G) and f is
Lipschitz continuous with respect to y on U, i.e. if, and only if,

3 4 x,y) — flx,y)| < Ly — ).
(20,y0)€G  (z0,y0) €U CGopenin G L>0 (z,y),(z,y)eU ’f( y) f( y>‘ |y y’
(5.75)

The number L occurring in (a),(b) is called Lipschitz constant.

Caveat 5.20. It is emphasized that f : G — R, (z,y) — f(z,y), being Lipschitz
with respect to y does not imply f to be continuous: Indeed, if I CR, ) # A C R, and
g : I — Ris an arbitrary discontinuous function, then f: I x A — R, f(x,y) := g(x)
is not continuous, but satisfies (5.74) with L = 0.
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The following Prop. 5.21 provides a useful sufficient condition for f : G — R, G C
R x R open, to be locally Lipschitz with respect to y:

Proposition 5.21. Let G C R x R be open, and f : G — R. A sufficient condition
for f to be locally Lipschitz with respect to y is f being continuously differentiable with
respect to vy, i.e., [ is locally Lipschitz with respect to y, provided the partial derivative
Oy f exists on G and is continuous.

Proof. Given (xg,yo) € G, we have to show [ is Lipschitz with respect to y on some
open set U C G with (zg,y) € U. Since G is open,

EIO B:={(z,y) eRxR: |z —xo| <eand |y —y|<e} CG
€>

note that B is the closed ball B.(xg,yo) with respect to the max-norm on R?). Since
Y
0, [ is continuous on the compact set B,

M := max {|9,f(z,y)| : (z,y) € B} < . (5.76)
Applying the (one-dimensional) mean value theorem [Phi25, Th. 9.17] to the function

.fa: : [yO — &% +€] — Ra fx(y) = f(xay)v NS [xO — €2 +€]7

we obtain
) - ) y) = a ) y Y y -y ) 577
e oes  vew el fl,y) = f2,9) = 0y f (z,n(x,y,9)) (y — ) (5.77)

and, thus,

(z,9),(z,9)€B

i.e. [ is Lipschitz with respect to y on B (where
{(z,y) eERxR: |z — x| <eand |y —yo| <€} C B
is an open neighborhood of (zg, o)), showing f is locally Lipschitz with respect toy. W

Theorem 5.22. If G C R x R is open and f : G — R is continuous and locally
Lipschitz with respect to y, then, for each (xo,y0) € G, the initial value problem

y' = f(z,y), (5.79a)
y(zo) = Yo, (5.79b)
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has a unique solution®. More precisely, if I C R is an open interval and ¢, : I — R
are both solutions to (5.79a), then ¢(xo) = ¥(xo) for one xy € I implies ¢(x) = (x)
forallx € I:

(3, den=vi) = (¥, ow=v). (5.50)

zoel zel

Proof. We first show that ¢ and 1 must agree in a small neighborhood of z:
= \ o(x) = P(z). (5.81)

>0 z€|zg—e,zote|
Since f is continuous and both ¢ and v are solutions to the initial value problem (5.79),
we can use Th. 5.3 to obtain

¥, o) - vla) = [ (£(ow) - F(tu)) dt. (5.52)
zo
Set yo := ¢(xg) = ¥(xg). As f is locally Lipschitz with respect to y, there exists § > 0
such that
U:={(x,y) € R*: |z — 0| <4, [y —wo| <} C G

and such that f is Lipschitz with Lipschitz constant L > 0 with respect to y on U.
The continuity of ¢, implies the existence of € > 0 such that ¢ < §, Bz(xy) C I,
¢(Be(w0)) € Bs(yo) and ¢ (Bz(zo)) € Ba(yo), implying

EB( |f(z,0(2)) = f(z,0(2))] < L|o(z) —v(z)|. (5.83)
T zo)

Next, define
e :=min{é, 1/(2L)}

and, using the compactness of B.(z¢) = [xo — €, 2o + €] plus the continuity of ¢, 1,
M :=max {|¢(z) — ¢(z)| : © € Be(zo)} < o00.

From (5.82) and (5.83), we obtain

v o) =) < L

M
2E€Bc(z0) 2

(5.84)

(note that the integral in (5.84) can be negative for © < xy). The definition of M
together with (5.84) yields M < M/2, i.e. M = 0, finishing the proof of (5.81).

2Here, we claim at most one solution. We do not claim or prove the existence of a solution, even
though, for continuous f, the Peano theorem [Phil6b, Th. 3.8] also yields the existence of a solution in
some neighborhood of zg.
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To prove ¢(z) = ¢(x) for each x > zy, let
s:=sup{{ € I: ¢(x) =(x) for each = € [z, E]}.

One needs to show s = sup I. If s = sup I does not hold, then there exists a > 0 such
that [s, s+ «] C I. Then the continuity of ¢, implies ¢(s) = ¥(s), i.e. ¢ and 1 satisfy
the same initial value problem at s such that (5.81) must hold with s instead of x¢, in
contradiction to the definition of s. Finally, ¢(z) = ¥(z) for each x < z( follows in a
completely analogous fashion, which concludes the proof of the theorem. |

Example 5.23. According to Th. 5.22; the condition of f being continuous and locally
Lipschitz with respect to y is sufficient for each initial value problem (5.79) to have a
unique solution. However, this condition is not necessary: The continuous function

1 for y <0,
1+./y fory=>0,

is not locally Lipschitz with respect to y, but, for each (zg,y0) € R?, the initial value
problem (5.79) still has a unique solution in the sense that (5.80) holds for each solution
¢ to (5.79a): Indeed, if x € R, then f is not Lipschitz continuous with respect to y in
any neighborhood of (z,0), e.g., since

R —R, f(z,y):= { (5.85)

_ 1+4/2—1
lim f(x’l/k)l J@O) i VE T V= o (5.86)

Now the idea is to show that, for each (zg,79) € R? we can apply the separation of
variables Th. 5.6 with I’ = I = J = R. Here, the functions of (5.15) are

F:R—R, F(m):/ dt =z — xo, (5.87)
o

voat
w f(1,1)

Note that G is strictly increasing, since f is strictly positive; moreover, G is continuous
(even differentiable). The functions F' and G are both surjective: For F' this is clear
and for GG it follows from the intermediate value theorem: For each y < 0, we have

Y
G(Q):/ dt =y — 0.
Yo

G:R-—R, Gy = (5.88)

For each y > 1, we have

voodt y 1
Gly) = >/ ——dt =In(l1+y) —In(1+ max{1,yo}).
v w J(1,1) max{l,yo} 1 T 1 ( ) ( { 0})
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Thus, together

oy for y < 0
(y{ o Y= (5.89)

>In(1+4y) —In(1+max{l,y}) fory>1,

implying G(y) — —oo for y — —oo and G(y) — oo for y — oo. Thus, we have
F(R) =R = G(R) and, according to Th. 5.6(a),

¢: R—R, ¢x)=G " (F(z)) =G " (z—mz), (5.90)

is the unique solution to (5.79).

A Linear Algebra

A.1 Vector Spaces

In [Phi25], we encountered the abstract definition of a field in [Phi25, Def. 4.4], and we
studied the fields Q, R, and C. Even though we will formulate the following definitions
and results using a general field F' as defined in [Phi25, Def. 4.4], for the purposes of
the present lecture, you may always think of F' as being the field of real numbers R or
the field of complex numbers C.

Definition A.1. Let F' be a field and let V' be a nonempty set with two maps

+: VXV —V, (x,y)—z+y, (A1)

D FPxV—V, (Nz)—= Xz '
(+ is called (vector) addition and - is called scalar multiplication; often one writes xy
instead of z-y — please take care not to confuse the vector addition on V' with the addition
on F' and, likewise, not to confuse the scalar multiplication with the multiplication on
F', the symbol + is used for both additions and - is used for both multiplications, but
you can always determine from the context which addition or multiplication is meant).
Then V is called a wvector space or a linear space over F' (sometimes also an F-vector
space) if, and only if, the following conditions are satisfied:

(i) V is a commutative group with respect to +. The neutral element with respect to
+ is denoted 0 (do not confuse 0 € V with 0 € F' — once again, the same symbol
is used for different objects (both objects only coincide for F' = V)).
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(ii) Distributivity:

AgF L;év ANz +y) = Ax + Ay, (A.2a)
erF IEVV A+ p)r = Az + px. (A.2Db)

(iii) Compatibility between Multiplication on F' and Scalar Multiplication:

v Voo (A = AMpx). (A.3)

ApueF  zeV

(iv) The neutral element with respect to the multiplication on F' is also neutral with

respect to the scalar multiplication:

vV o lz=ux. (A.4)

zeV

If V' is a vector space over F', then one calls the elements of V' vectors and the elements
of F' scalars.

Example A.2. (a) Every field F' is a vector space over itself if one uses the field ad-

(b)

dition in F' as the vector addition and the field multiplication in F' as the scalar
multiplication (as important special cases, we obtain that R is a vector space over
R and C is a vector space over C): All the vector space laws are immediate con-
sequences of the corresponding field laws: Def. A.1(i) holds as every field is a
commutative group with respect to addition; Def. A.1(ii) follows from the field dis-
tributivity [Phi25, Def. (4.5)] and multiplicative commutativity on F'; Def. A.1(iii)
is merely the multiplicative associativity on F'; and Def. A.1(iv) holds, since scalar
multiplication coincides with field multiplication on F'.

The reasoning in (a) actually shows that every field F' is a vector space over every
subfield E of F' (over every E C F' that is a field with respect to the addition and
multiplication defined on F'). In particular, R is a vector space over Q.

If A is any nonempty set, F' is a field, and Y is a vector space over the field F,
then we can make V := F(A,Y) = Y4 (the set of functions from A into Y) into a
vector space over F' by defining for each f,g: A — Y-

(f+9): A—Y, (f +9)(x) = flx) + g(x), (A.5a)
A f: A—Y, (A f)(x) =X f(z) foreach A € F (A.5b)

(note that, for Y = F' = K, the above definitions are the same as the ones in [Phi25,
(6.1a)] and [Phi25, (6.1b)], respectively).

It is an exercise to verify that (V) 4+, ) is, indeed, a vector space over F'.
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(d) Foreachn € N, (K", +,-), with vector addition and scalar multiplication as defined
in (1.1a) and (1.1c), respectively, constitutes a vector space over K. The validity
of Def. A.1(i) — Def. A.1(iv) can easily be verified directly, but (K", +,-) can also
be seen as a special case of (¢) with A = {1,...,n} and Y = F' = K. To this end,

the set of functions from {1,...,n} into K. Then z = (2,..., 2,) € K" is the same
as the function f : {1,...,n} — K, f(j) = 2z;. Thus, (1.1a) is, indeed, the same
as (A.ba), and (1.1c) is, indeed, the same as (A.5b).

Definition and Remark A.3. Let (V,+,-) be a vector space over the field F. A
subset U C V is called a subspace of V' if, and only if, U is a vector space over F' with
respect to the operations + and - it inherits from V. Clearly, every law (commutativity,
associativity, etc.) that holds on V' must, in particular, hold on U, showing that () #
U C V is a subspace of V if, and only if,

x’yeU r+yel, (A.6a)
A \4 vV Xel. (A.6b)
AeF  zxeU
which holds if, and only if,
v vV X+ pyel. (A.7)

xpel  xyeU

Example A.4. (a) Q is not a subspace of R if R is considered as a vector space over
R (for example, v/2-2 ¢ Q). However, Q is a subspace of R if R is considered as a
vector space over Q.

(b) From Ex. A.2(c), we know that, for each ) # A, F(A, K) constitutes a vector space
over K. Thus, as a consequence of Def. and Rem. A.3, a subset of F(A, K) is a vector
space over K if, and only if, it is closed under addition and scalar multiplication.
By using results from [Phi25], we obtain the following examples:

(i) The set P(K) of all polynomials mapping from K into K is a vector space over
K by [Phi25, Rem. 6.4]; for each n € Ny, the set P, (K) of all such polynomials
of degree at most n is also a vector space over K by [Phi25, Rem. (6.4a),(6.4b)].

(i) If ) # M C C, then the set of continuous functions from M into K, i.e.
C(M,K), is a vector space over K by [Phi25, Th. 7.38].

(iii) If a,b € RU{—00,00} and a < b, then the set of differentiable functions from
I :=la,b] into K is a vector space over K by [Phi25, Th. 9.6(a),(b)]. Moreover,
[Phi25, Th. 9.6(a),(b)] also implies that, for each k € N, the set of £ times
differentiable functions from I into K is a vector space over K, and so is each
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set C*(I,K) of k times continuously differentiable functions ([Phi25, Th. 7.38]
is also needed for the last conclusion). The set C* (I, K) is also a vector space
over K by Th. A.5(a) below.

Theorem A.5. Let V' be a vector space over the field F.

(a) Let I # 0 be an index set and (U;)ier a family of subspaces of V.. Then the inter-
section U = (\,c; U; is also a subspace of V.

(b) In contrast to intersections, unions of subspaces are almost never subspaces. More
precisely, if Uy and Us are subspaces of V', then

U, U U, is subspace of V. < <U1 CUy, VvV U; C Ul). (A.8)

Proof. (a): Since 0 € U, we have U # (). If z,y € U and A\, u € F, then \x + py € U;
for each ¢ € I, implying Az + py € U. Thus, U is a subspace of V' by Def. and Rem.
A.3.

(b): If U; C Us,, then Uy UUs = Us,, which is a subspace of V. If U, C Ui, then
U, U U, = Uy, which is a subspace of V. Conversely, assume U; € Us and U; U Us is a
subspace of V. We have to show Uy C U;. Let uy; € Uy \ Us and uy € Us. Since Uy U Uy
is subspace, uy + uy € Uy U Us. If uy + us € Us, then uy = (ug + ug) — ug € Us, in
contradiction to u; ¢ Us. Thus uy 4+ uy € Uy, implying us = (uy + ug) — uy € Uy, i.e.
U2 - Ul. [ |

Definition A.6. Let V be a vector space over the field F.

(a) Let n € N and vy,...,v, € V. A vector v € V is called a linear combination of
v, ..., U, if, and only if, there exist Aq,..., A, € F' (often called coefficients in this
context) such that

i=1

Morover, a vector v € V is called linearly dependent on a subset U of V' (or on
the vectors in U) if, and only if, v = 0 or there exists n € N and uy,...,u, € U
such that v is a linear combination of wu.,...,u,. Otherwise, v is called linearly
independent of U.

(b) A subset U of V is called linearly independent if, and only if, whenever 0 € V is
written as a linear combination of distinct elements of U, then all coefficients must
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be 0 € F, i.e. if, and only if,

(nEN AN WCU A #W=n A D> lu=0 A evWAueF>

ueW

= vV o A =0. (A.10a)
ueW
Occasionally, one also wants to have the notion available for families of vectors
instead of sets, and one calls a family (u;);e; of vectors in V' linearly independent
if, and only if,

(neN NJCT A #I=n A Nu;=0 A j\gJAjeF>
Jj€J
- jz} A =0. (A.10b)

Sets and families that are not linearly independent are called linearly dependent.

Example A.7. Let V' be a vector space over the field F'.

(a) 0 is linearly independent: Indeed, if U = (), then the left side of the implication in
(A.10a) is always false (since W C U means #W = 0), i.e. the implication is true.
Moreover, by Def. A.6(a), v € V is linearly dependent on () if, and only if, v = 0
(this is also consistent with ) 4 A,u = 0.

(b) If 0 € U C V, then U is linearly dependent (in particular, {0} is linearly dependent),
due to 1-0 = 0. Moreover, if v € V', then 0 = 0 - v, which, together with (a), shows
0 to be linearly dependent on every subset of V.

(c) If0# v eVand A € F with A\v =0, then A\ = 0, showing {v} to be linearly
independent. However, the family (v,v) is always linearly dependent, since 1v +
(—1)v = 0 (also for v = 0). Moreover, lv = v also shows that every v € V is
linearly dependent on itself.

Definition A.8. Let V be a vector space over the field F', A C V', and

U:={UeP(V): ACU A U is subspace of V}. (A.11)
Then the set
(A) :=span A := ﬂ U (A.12)
veu

is called the span of A. Moreover A is called a spanning set of V' if, and only if, (A) = V.
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Proposition A.9. Let V' be a vector space over the field F and A C V.

(a) (A) is a subspace of V', namely the smallest subspace of V' containing A.

(b) If A =10, then (A) = {0}; if A # 0, then (A) is the set of all linear combinations
of elements from A, i.e.

(A) = {Zmi; neNAM...\meEF Aay,... a eA}. (A.13)
i=1
Proof. (a) is immediate from Th. A.5(a).

(b): For the case A = (), note that {0} is a subspace of V', and that {0} is contained in
every subspace of V. For A # (), let W denote the right-hand side of (A.13), and recall
from (A.12) that (A) is the intersection of all subspaces U of V' that contain A. If U is
a subspace of V and A C U, then W C U, since U is closed under vector addition and
scalar multiplication, showing W C (A). On the other hand, W is clearly a subspace of
V' that contains A, showing (A) C W, completing the proof of (A) = W. |

Definition A.10. Let V be a vector space over the field /' and B C V.

(a) B is called a generating set for V' if, and only if, (B) = V. One then also says that
V' is generated or spanned by B.

(b) B is called a basis for V if, and only if, B is a generating set for V' that is also
linearly independent (see Def. A.6(b)).

Theorem A.11. Let V' be a wvector space over the field F' and B C V. Then the
following statements (i) — (iii) are equivalent:

(i) B is a basis for V.

(ii) B is a mazimal linearly independent subset of V', i.e. B is linearly independent
and each set A C'V with B C A is linearly dependent.

(iii) B is a minimal generating set for V, i.e. (B) =V and (A) CV for each A C B.
Proof. See, e.g., [Phil9a, Th. 5.17]. [ |

Theorem A.12 (Coordinates). Let V' be a vector space over the field F and assume
B C V is a basis of V. Then each vector v € V has unique coordinates with respect
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to the basis B, i.e., for each v € V', there exists a unique finite subset B, of B and a
unique map ¢ : B, — F'\ {0} such that

v=>Y c(b)b. (A.14)

beBy

Note that, for v = 0, one has B, = 0, ¢ is the empty map, and (A.14) becomes 0 =
Y pep €(0) b, employing the useful convention that sums over the empty set are defined
as 0.

Proof. The existence of B, and the map c follows from the fact that the basis B is a
generating set, (B) = V. For the uniqueness proof, consider finite sets B,, B, C B and
maps ¢: B, — F\ {0}, ¢: B, — F\ {0} such that

v=> cb)b=>_ &b)b. (A.15)

beB, beB,

Extend both ¢ and ¢ to A := B, U B, by letting c(b) :=0for b e B, \ B, and ¢(b) := 0
for b € B, \ B,. Then
0= § (c(b) —&(b)) b, (A.16)

beA

such that the linear independence of A implies ¢(b) = ¢(b) for each b € A, which, in
turn, implies B, = B, and ¢ = ¢. |

Remark A.13. If the basis B of V' has finitely many elements, then one often enumer-
ates the elements B = {by,...,b,}, n = #B € N, and writes \; := ¢(b;) for b; € B,,
Ai := 0 for b; ¢ B,, such that (A.14) takes the, perhaps more familiar looking, form

=1

Theorem A.14. Every vector space V over a field F' has a basis B C V. Moreover,
bases of V have a unique cardinality, i.e. if B CV and B CV are both bases of V, then
there exists a bijective map ¢ : B — B. In particular, if #B = n € Ny, then #B =n.

Proof. See, e.g., [Phil9a, Th. 5.23(b),(c)]. [ |

Definition A.15. According to Th. A.14, for each vector space V over a field F', the
cardinality of its bases is unique. This unique cardinality is called the dimension of V and
is denoted dim V. If dimV < oo (i.e. dimV € Ny), then V' is called finite-dimensional,
otherwise infinite-dimensional.
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Example A.16. Given a field F' and a nonempty set I, let Ff denote the set of
functions f : I — F such that there exists a finite set [y C I satisfying

f(i)=0 foreachiel\ Iy, (A.18a)
f(i) #0 for each i € I;. (A.18Db)

Then Ff = F!if, and only if, I is finite (for example Ff = F" for n € N); in general
F}, is a strict subset of F7. However, if f,g € F{ and X\ € F, then I,; = I; for A # 0,
Ly=0for \=0, and Iy, C I; U I, showing F} is always a subspace of F!. Define

1 i
ei: I —F  elj):= 1fj Z,’ (A.19)
0 ifj#1i.

Then I, = {i} for each i € I, in particular, e; € F{ for each i € I. We claim that
B :={e;: i € I} is a basis for F{ . Indeed, if f € F{_, then

=Y fl)e, (A.20)

iy

showing (B) = F{ . If J is a finite subset of I and (););c; is a family in F such that

> Aje; =0, (A.21)
jeJ
then (a19) aa)
.19 . 21
2N = ;/\jej(J) =0, (A.22)
J

proving B is linearly independent. Clearly, #B = #1, so we have shown

dim | = #1. (A.23)
In particular, we have shown that, for each n € N, the set {e; : 7 =1,...,n}, where
er:=(1,0,...,0), ey:=(0,1,...,0), ..., e,:=(0,...,0,1), (A.24)

forms a basis of F™ (of R" if ' =R and of C" if F' = C),
dim F" = dimR" = dim C" = n. (A.25)

Remark A.17. We will see in Th. A.25 below that, in a certain sense, F{ is the only
vector space of dimension #1 over F. In particular, for n € N, you can think of K" as
the standard model of an n-dimensional vector space over K.
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A.2 Linear Maps

Definition A.18. Let V' and W be vector spaces over the field F'.

(a) Amap A: V — Wis called F-linear (or merely linearif the field F' is understood)
if, and only if,

VGV A(U1 + ’UQ) = A(’Ul) + A(Uz), (AQG&)
A )ZF UEVV A(Av) = AA(v) (A.26D)

or, equivalently, if, and only if|

v v A(Avy + pvg) = AA(vy) + pA(ve) (A.27)

MNu€eF v1,meV

(note that, in general, vector addition and scalar multiplication will be different on
the left-hand sides and right-hand sides of the above equations).

One also calls linear maps (vector space) homomorphisms. We denote the set of all
F-linear maps from V into W by £(V, ).

(b) A linear map I : V. — W is called a (vector space or linear) isomorphism if,
and only if, it is bijective (i.e. invertible). The vector spaces V and W are called
isomorphic (denoted V' = W) if, and only if, there exists a vector space isomorphism
1:V—W.

Theorem A.19. Let V and W be vector spaces over the field F. If [ : V. — W is a
linear isomorphism, then so is I™' : W — V (i.e. I is not only bijective, but also
linear).

Proof. See, e.g., [Phil9a, Prop. 6.3(b)]. [ |

Definition A.20. Let V and W be vector spaces over the field F', and A € L(V,W).
Define the kernel and the image of A by

ker A:= A"{0} ={veV: A(v) =0}, (A.28a)
ImA:=AV)={AW): veV}, (A.28b)

respectively.

Theorem A.21. Let V and W be vector spaces over the field F, and A € L(V,W).

(a) ker A is a subspace of V and Im A is a subspace of W.
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(b) A is injective if, and only if, ker A = {0}.

Proof. (a): See, e.g., [Phil9a, Prop. 6.3(c)].

(b): Since A(0) = 0, A being injective implies ker A = {0}. Conversely, assume ker A =
{0} and A(vy) = A(vy) for v1,ve € V. Then A(—vy +vy) = —A(vy) + A(vg) = —A(vq) +
A(vy) =0, i.e. —v; +v9 € ker A, i.e. —v; + vy = 0, showing v; = vy and the injectivity
of A. |

Theorem A.22 (Dimension Formulas). Let V' and W be vector spaces over the field F,
and let AV — W be linear.

(a) IfV is finite-dimensional, then dimV = dimker A + dimIm A.
(b) IfV is finite-dimensional, then dimIm A < dim V.
(c) If W is finite-dimensional, then dimIm A < dim W.

Proof. See, e.g., [Phil9a, Th. 6.8]. [ |

Proposition A.23. Let V and W be vector spaces over the field F', and let A : V. — W
be linear.

(a) A is injective if, and only if, for each linearly independent subset S of V', A(S) is
a linearly independent subset of W.

(b) A is surjective if, and only if, for each generating subset S of V', A(S) is a generating
subset of W.

(c) A is bijective if, and only if, for each basis B of V', A(B) is a basis of W.

Proof. (a): If A is not injective, then, according to Th. A.21(b), there exists 0 # v € V
such that A(v) = 0. Then S := {v} is linearly independent, whereas A(S) = {0} is
not. Conversely, if A is injective, S C V is linearly independent, and A,..., A\, € F}
S1,-..,8, € 55 n € N; such that

then Y7 | Ajs; = 0 by Th. A.21(b), implying Ay = --- = A, = 0, showing that A(S) is
also linearly independent.

(b): If A is not surjective, then (A(V)) = Im A # W, since Im A is a subspace of W.
Conversely, if A is surjective, S C V, (S) = V, and w € W, then there are v € V;
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M,.ooyd € Fios1,...,8, € S; n € N; such that A(v) = w and v = Y"1 | A;s;, lLe.
w = A(v) = > NA(s;), proving w € (A(S)). Since w € W was arbitrary, we have
shown (A(S)) = W.

(c) follows immediately by combining (a) and (b) (recalling that a basis is a linearly

independent generating set). |

Theorem A.24. Let V and W be vector spaces over the field F'. Then each linear map
AV — W is uniquely determined by its values on a basis of V.. More precisely, if B is
a basis of V', (wy)pep is a family in W, and, for eachv € V, B, and ¢, : B, — F\ {0}
are as in Th. A.12 (we now write ¢, instead of ¢ to underline the dependence of ¢ on v),
then the map

AV —W, Av)=A (Z ¢ (D) b) =) cp(b) wp, (A.30)
be By be By
is linear, and A € L(V, W) with
Vo A(b) = wy, (A.31)

implies A = A.

Proof. We first verify A is linear. Let v € V and A € F. If A =0, then A(\v) = A(0) =
0= AA(v). If A # 0, then By, = By, ¢xy = A¢y, and

A(\w) = A ( > enld) b) =Y Ae,(b)wy=AA <Z co(b) b) = M(v). (A.32a)

beB )\, beBy beBy

Now let u,v € V. If u = 0, then A(u +v) = A(v) = 0+ A(v) = A(u) + A(v),
and analogously if v = 0. So assume w,v # 0. If u+v = 0, then v = —u and
Alu+v) = A(0) =0 = A(u) + A(—u) = A(u) + A(v). If u+v # 0, then B4, C B,UB,
and

Awtv)=A1 > cm®b ] = D curold)wy

bEBuytv bEBy+v

= cd)w,+ Y co(b)w, = A(u) + A(v). (A.32b)

beBy beB,

If v € V and B, and ¢, are as before, then the linearity of A and (A.31) imply

Aw) = A (Z co(h) b) A ST ) A) = 3 eulb)wy = A@). (A33)

beB,
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Since (A.33) establishes A = A, the proof is complete. [ |

Theorem A.25. Let V and W be vector spaces over the field F. Then V=W (i.e. V
and W are isomorphic) if, and only if, dimV = dim W.

Proof. Suppose dimV = dimW. If By is a basis of V and By is a basis of W, then
there exists a bijective map ¢ : By — By,. According to Th. A.24, i defines a unique
linear map A : V. — W with A(b) = i(b) for each b € By. More precisely, letting, once
again, for each v € V, B, and ¢, : B, — F'\ {0} be as in Th. A.12 (writing ¢, instead
of ¢ to underline the dependence of ¢ on v),

Y A=A (Z ¢o(D) b) = ey(b)i(b). (A.34)

beB, beB,

It remains to show A is bijective. If v # 0, then B, # 0 and A(v) = >, 5 (D) i(D) # 0,
since ¢,(b) # 0 and {i(b) : b € B,} C By is linearly independent, showing A is injective
by Th. A.21(b). If w € W, then there exists a finite set B,, C By and ¢, : By — F

such that ) ;5 ¢,(b)b. Then

Al S a@it@y| AL

be B

showing Im A = W, completing the proof that A is bijective.

If A: V — W is a linear isomorphism and B is a basis for V', then, by Prop. A.23(c),
A(B) is a basis for W. As A is bijective, so is A[p, showing dimV = #B = #A(B) =
dim W as claimed. |

Definition A.26. Let V and W be vector spaces over the field F. We define an addition
and a scalar multiplication on £(V, W) by

(A+B): V— W, (A+ B)(z) := A(x) + B(z), (A.36a)
AN-A):V—W, (A-A)(x) :=A-A(x) foreach A € F. (A.36b)

Theorem A.27. Let V and W be vector spaces over the field F'. The addition and
scalar multiplication on L(V,W) given by (A.36) are well-defined in the sense that, if
A Be L(V,W) and A € F, then A+ B € L(V,W) and NA € L(V,W). Moreover, with
the operations defined in (A.36), L(V, W) forms a vector space over F.
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Proof. We note that 4+ and - as defined in Def. A.26 coincide with 4+ and - as defined in
Ex. A.2(c). Thus, it only remains to show that £(V, W) is a subspace of F(V, W) = WV.
To this end, let A, B € L(V,W)and A € F. If v,v;,v3 € V and pu € F, then

(A+ B)(v1 + v2) = A(v1 + v2) + B(v1 + v2) = A(v1) + A(ve) + B(v1) + B(v2)
= (A+ B)(v1) + (A + B)(v2),
(A+ B)(pv) = A(pv) + B(p) = pAv + pBv = p(Av + Bv) = p((A+ B)(v)),
(AA) (v1 4+ v2) = A(A(v1 + v2)) = A(Awy) + A(Ava) = (AA) (v1) + (AA) (v9),
(M) (o) = A(A(pv)) = Au(Av) = p((AA)(v)),

proving A+ B € L(V,W) and AA € L(V, W), as desired. [ |

Theorem A.28. Let V and W be finite-dimensional vector spaces over the field F', let
{v1, ..., 0.} and {wy, ..., wy} be bases of V' and W, respectively; m,n € N. Using Th.
A.24, define maps Aj; € LIV, W) by letting

w;  for k =1,

Gik)e{L,...myx{1,...n}2 3i(k) {O for k # 1. ( )

Then {Aj; : (j,i) € {1,...,m} x {1,....n}} constitutes a basis for L(V,W) and, in
particular,

dim L(V, W) =dimV - dim W = n - m. (A.38)

Proof. See, e.g., [Phil9a, Th. 6.19(b)]. [ |

Theorem A.29. Let V,W, X be vector spaces over the field F .

(a) The composition of linear maps is linear, i.e. if A € LI(V,W) and B € L(W, X)),
then Bo A € L(V,X).

(b) If A€ L(W,X) and B,C € L(V,W), then

Ao(B+C)=AoB+AoC. (A.39)
(c) If A, B € L(W,X) and C € L(V,W), then

(A+B)oC=AoC+BoC. (A.40)

Proof. See, e.g., [Phil9a, Prop. 6.3(a)] and [Phil9a, Lem. 6.20]. [ |
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A.3 Matrices

Matrices provide a convenient representation for linear maps A between finite-dimen-
sional vector spaces V and W. Recall the basis {Aj; : (j,4) € {1,...,m}x{1,...,n}} of
L(V, W) that, in Th. A.28, was shown to arise from bases {v1,...,v,} and {wq, ..., wy,}
of V and W, respectively; m,n € N. Thus, each A € L(V,W) can be written in the

form .

i=1 j=1

~~~~~~~~~~

..........

is called an m-by-n or an m xn matriz over F', where m x n is called the size, dimension
or type of the matrix. The a;; are called the entries or elements of the matrix. One also

----------

One usually thinks of the m x n matrix (a;;) as the rectangular array

aiy ... A1p
(@) =1+ =+ (A.42)
Am1 .- Qmp

with m rows and n columns. One therefore also calls 1 x n matrices row vectors and
m x 1 matrices column vectors, and one calls n x n matrices quadratic. The set of all
m X n matrices over F'is denoted by M(m,n, F'), and for the set of all quadratic n x n
matrices, one uses the abbreviation M(n, F') := M(n,n, F).

Definition A.31 (Matrix Arithmetic). Let F' be a field and m,n,l € N.
(a) Matriz Addition: For m x n matrices (aj;) and (bj;) over F', define the sum
(aj0) + (bji) := (@i + bji)- (A.43)
(b) Scalar Multiplication: For each m x n matrix (a;;) and each A € F, define
Aagi) = (Naji). (A.44)

(c) Matriz Multiplication: For each m x n matrix (a;;) and each n x [ matrix (b;;) over
F', define the product

(a;i)(bji) := (Z @jkbki> : (A.45)

(Gi)ElL,eym}x{L,....1}
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i.e. the product of an m x n matrix and an n x [ matrix is an m x [ matrix (cf. Th.

A.35 below).

Remark A.32. We consider matrices over a field F'.

()

(b)

(c)

For each m,n € N, the set M(m,n, F') of m xn matrices over F with the operations
of Def. A.31(a),(b) constitutes a vector space over F: An m x n matrix A =

A is defined as the function A : {1,...,m} x{l,...,n} — F, A(j,7) = a;;
and M(m,n,F) = F({1,...,m} x {1,...,n}, F) (so we notice that matrices are
nothing new in terms of objects, but just a new way of thinking about functions
from {1,...,m} x {1,...,n} into F, that turns out to be convenient in certain
contexts). Thus, the operations defined in Def. A.31(a),(b) are precisely the same
operations that were defined in (A.5) and M(m,n, F') is a vector space according
to Ex. A.2(c). Clearly, the map

I: M(TTL,TL,F) — Fm-n7 (CLji) — ()\1,. . -;)\m-n)y

. . ‘ , (A.46)
where Ay = aj; if, and only if, k= (j — 1) - n+ 14,

constitutes a linear isomorphism. Other important linear isomorphisms between
M(m,n, F') and vector spaces of linear maps will be provided in Th. A.33 below.

Matrix multiplication is associative whenever all relevant multiplications are de-
fined. More precisely, if A is an m X n matrix, Bisann x [, and C'is an [ X p
matrix, then

(AB)C = A(BC) : (A.A4T)
Indeed, one has m x p matrices (AB)C = (dj;) and A(BC') = (ej;), where

l n l n n l
=3 (z ajkb,m> B o STTT IV o (z b) .
a=1 k=1 k=1 a=1
(A.48)
Matrix multiplication is, in general, not commutative: If A is an m x n matrix and

B is an n x [ with m # [, then BA is not even defined. If m = [, but m # n, then
AB has dimension m x m, but BA has different dimension, namely n x n. And
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even if m =n =1[ > 1, then commutativity is, in general not true — for example

11 ... 1 10 ... 0 A0 ... 0
00 ... 0 10 ... 0 00 ... 0
S =] (A.49a)
0 0 0 1 0 . 0 0 0 0
10 0 11 1 1 1
10 0 0 0 . 0 11 ... 1
. e (A.49b)
10 ... 0 00 ... 0 11 ... 1

Note that A = m for F' = R, but, in general, A will depend on F', e.g. for F' = {0, 1},
one obtains A = m mod 2.

Let us come back to the situation discussed at the beginning of the section above,
resulting in (A.41). Let v =", \jv; € V with Ay,..., A, € F. Then

= i)\zA<'Uz Z/\ ZZajkAjk UZ A37 Z/\ Zaﬂwj

i=1 k=1 j=1

= Z (Z a;i\ ) w. (A.50)

i=1

Thus, if we represent v by a column vector ¥ (an n x 1 matrix) containing its coordinates

A1,y ..., Ay with respect to the basis {vy, ..., v,} and A(v) by a column vector w (an mx 1
matrix) containing its coordinates with respect to the basis {wy, ..., w,,}, then (A.50)
shows
A1
w=Mo=M]| : |, where M :=(aj). (A.51)
)\n

For finite-dimensional vector spaces, the precise relationship between linear maps, bases,
and matrices is provided by the following theorem:

Theorem A.33. Let V and W be finite-dimensional vector spaces over the field F', let
{v1,... 0.} and {wy, ..., wy,} be bases of V and W, respectively; m,n € N. Then the
map

I: L(V.W)— M(m,n,F), A~ (a;), (A.52)

where the a;; are given by (A.41) constitutes a linear isomorphism.
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Proof. According to Th. A.28, {Aj; : (j,i) € {1,...,m} x {1,...,n}} forms a basis of
L(V,W). Thus, to every family of coordinates {aji (i) e {1,...om} x{1,... ,n}}
in F', (A.41) defines a unique element of L(V, W), i.e. I is bijective. It remains to verify
that I is linear. To this end, let A\, u € F and A, B € M(m,n, F) with

A= Z Z ajl-Aji, (aji) = I(A) € ./\/l(m, n, F), (A53a)
i=1 j=1
i=1 j=1
Then
=1 j=1 i=1 j=1 i=1 j=1
showing
IAA+ pB) = (Aaj; + pbji) = Maji) + p(bsi) = AM(A) + pl(B), (A.55)
proving the linearity of I. |

Definition and Remark A.34. In the situation of Th. A.33, for each A € L(V, W), one
calls the matrix I(A) = (a;;) € M(m,n, F') the (transformation) matriz corresponding
to A with respect to the basis {vy,...,v,} of V and the basis {wy, ..., w,} of W. If the
bases are understood, then one often tends to identify the map with its corresponding
matrix.

However, as I(A) depends on the bases, identifying A and I(A) is only admissible as
long as one keeps the bases of V and W fixed! Moreover, if one represents matrices as
rectangular arrays as in (A.42) (which one usually does), then one actually considers
the basis vectors of {vy,...,v,} and {wy,...,w,} as ordered from 1 to n (resp. m),
i.e. I(A) actually depends on the so-called ordered bases (vy,...,v,) and (wy,...,wy,)
(ordered bases are tuples rather than sets and the matrix corresponding to A changes
if the order of the basis vectors changes).

Similarly, we had seen in (A.51) that it can be useful to identify a vector v =>"""  \v;
with its coordinates (A,...,\,), typically represented as an n X 1 matrix (a column
vector, as in (A.51)) or a 1 X n matrix (a row vector). Obviously, this identification is
also only admissible as long as the basis {vy,...,v,} and its order is kept fixed.

The following Th. A.35 is the justification for defining matrix multiplication according
to Def. A.31(c).
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Theorem A.35. Let F be a field, let n,m,l € N, and let V,W, X be finite-dimensional

vector spaces over F' such that V' has basis {v,...,v,}, W has basis {wy,...,wy,}, and
X has basis {z1,...,x;}. If A e L(V,W), Be LW, X), M = (a;;) € M(m,n, F)
is the matriz corresponding to A with respect to {vq,...,v,} and {wy,...,wy,}, and

N = (bj;) € M(l,m, F) is the matriz corresponding to B with respect to {wy, ..., wy}
and {xy,..., 2}, then NM = (3,2 bjxax;) € M(l,n, F) is the matriz corresponding to
BA with respect to {vy,...,v,} and {xy,..., 2}

Proof. For each i € {1,...,n}, one computes
m m m l
(BA)(v;) = B(A(v;)) = B (Z akiwk> = ZakiB(wk) = Z ki ijkxj
k=1 k=1 k=1 j=1
l m l m
= Z Z bjkakifﬁj == Z <Z bjkaki> Zj, (A56)
j=1 k=1 j=1 \k=1

proving NM = (3" | bjrax;) is the matrix corresponding to BA with respect to the
bases {vy,...,v,} and {xy,..., 2} [ |

..........

A= (aji)(i,j)e{l ..... n}x{1,..,m}- (A‘57)

Thus, if A is an m x n matrix, then its transpose is an n X m matrix, where one obtains
A" from A by switching rows and columns. One has to use care when using the notation
of (A.57), as one often implicitly assumes that, when writing (a;;), the first index is for
rows and the second index for columns. However, this is actually determined by the
order of the factors of the Cartesian product that determines the domain of the family.
Whereas A is the map f: {1,...,m} x{1,...,n} — F, f(j,i) = aj;, its transpose A"
is the map f': {1,...,n} x{1,...,m} — F, f'(i,5) = f(j,7) = a;;. To emphasize
this in the notation, one can rewrite (A.57) in the form

At = (bij)(i,j)e{l nyx{1,..,m}s where v bij = Uy (A58)

""""" (i,9)€{1,....n}x{1,....m}
For the transpose of A, one also finds the notation A’ instead of A*.
Theorem A.37. Let F be a field and m,n,l € N.
(a) The map
I: M(m,n, F) — M(n,m,F), A~ A" (A.59)
18 a linear isomorphism and

v (A" = A (A.60)

AeM(m,n,F)
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(b) If Ae M(m,n,F) and B € M(n,l, F), then
(AB)' = B*A". (A.61)

Proof. (a): It is immediate from (A.57) that (A.60) is valid, showing / has an inverse
map and is, hence, bijective. So it just remains to verify [ is linear. However, if
A, B e M(m,n,F), A= (a;;), B=(bj), and pu, A € F, then

= \A"+ uB*, (A.62)

thereby establishing the case.
(b): Let A = (aj;), B = (bj;), A' = (agi), Bt = (b;z) Then

n t n
(A.45)
(AB)t = (Z ajkbki> = <Z bkiajk>
k=1 (G €{1,...om}x{L,...1} k=1 (B.9) {1, 1} x{1,....m}

....................

--------------------

AL gt gt (A.63)

proving (A.61). [ |

A.4 Determinants

For each quadratic matrix A € M(n, F'), one can define its determinant det(A) € F,
resulting in a function det : M(n, F') — F that is often useful when studying matrices
and linear maps. One can characterize the determinant function axiomatically (see Def.

A.39 below), and, with some preparation, one can also provide an explicit formula (see
(A.82) below).

One important feature of the determinant is its being nonzero if, and only if, the matrix
is invertible (cf. Def. A.47 and Th. A.49(a) below). Another is the fact that the deter-
minant’s value only depends on the linear map defined by A and an arbitrary basis of
F™. This allows to define det : £(V,V) — F as in Def. and Rem. A.54 below. One
can show that, if A € L(V,V) — F, then det(A) is a measure of the n-dimensional
volume distortion caused by applying A, but, here, we will not pursue this aspect.
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Definition A.38. Let I’ be a field, n € N. Then the n x n matrix

10 ... 0
01 ... 0 1 forj=i
Id:=1]_ .| =(ej;), where ej = Or], l" (A.64)
SRS 0 forj#i
00 ... 1

is called identity matriz or just identity or unit matriz. The dependence of Id on n
is suppressed in the notation, but n should always be clear from the context. In the
literature, one also finds the notation £ or I instead of Id.

Definition A.39. Let F be a field, n € N. A map det : M(n,F) — F is called
determinant if, and only if, it satisfies the following conditions (i) — (iii):

(1) det is multilinear with regard to matrix columns, i.e., for each A € M(n, F),
be M(n,1,F),ie{l,...,n},and A\, u € F:

det(ay, ..., a;+ub, ... a,)

A.65
= Adet(A) + p det(ay, ..., a;—1,b, a1 ..., a,), ( )

where ay, ..., a, denote the columns of A.

(ii) If the columns ay,...,a, of A = (ai,...,a,) € M(n,F) are linearly dependent,
then det(A) = 0.

(iii) det(Id) = 1.

Notation A.40. If I is a field, n € N, and det : M(n,F) — F is a determinant,
then, for A = (a;;) € M(n, F'), one commonly uses the notation

air ... Qip
|A] =] : : | = det(A). (A.66)

Ap1 .. Qpp

In Th. A.46 below, it will be stated that, for each n € N, there exists a unique deter-
minant. To also state an explicit formula for this determinant, we need to know a few
things about permutations.

Definition and Remark A.41. Let n € N. Each bijective map = : {1,...,n} —
{1,...,n} is called a permutation of {1,...,n}. The set of permutations of {1,...,n}
forms a group with respect to the composition of maps, the so-called symmetric group
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Sy Indeed, the composition of maps is associative by [Phi25, Prop. 2.9(a)]; the neutral
element is the identity map e : {1,...,n} — {1,...,n}, e(i) = i; and, for each o € S,,,
its inverse map o ! is also its inverse element in the group S,,. Caveat: Simple examples
show that S,, is not commutative.

Definition A.42. Let k,n € N, k£ < n. A permutation 7w € S,, is called a k-cycle if,
and only if, there exist k distinct numbers iy, ..., € {1,...,n} such that

i1 ifje{l,...,k—1},
(i) = < iy if i = iy, (A.67)
i if i ¢ {i1,..., 0}
If 7 is a cycle as in (A.67), then one writes
Each 2-cycle is also known as a transposition.

Theorem A.43. Let n € N.

(a) Each permutation can be decomposed into finitely many disjoint cycles: For each

m € S, there exists a decomposition of {1,...,n} into disjoint sets Ay,..., Ay,
N eN, ie.
N
{L...on}={JA and AnA;=0 fori#j, (A.69)
i=1
such that A; consists of the distinct elements a1, ..., a; N, and
™ = (aN1 anNN)"'(aH CLLN1>. (A?O)

The decomposition (A.70) is unique up to the order of the cycles.

(b) If n > 2, then every permutation © € S,, is the composition of finitely many trans-
positions, where each transposition permutes two juxtaposed elements, i.e.

N 3 3 T=TNO- 0Ty, (A.71)

weS, NeN 7, . 7nET

where T :={(i i+1):i€{l,....,n—1}}.

Proof. (a): We prove the statement by induction on n. For n = 1, there is nothing to
prove. Let n > 1 and choose i € {1,...,n}. We claim that

3 (Wk(i):i/\ v wl(z');éz'). (A.72)

keN
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Indeed, since {1,...,n} is finite, there must be a smallest k¥ € N such that 7*(i) € A, :=
{i,7(i),..., 7 1(i)}. Since 7 is bijective, it must be 7*(i) =i and (i w(i) ..., 7% 71(4))
is a k-cycle. We are already done in case k = n. If £ < n, then consider B :=
{1,...,n}\ Ay. Then, again using the bijectivity of 7, 7[5 is a permutation on B with
1 < #B < n. By induction, there are disjoint sets As, ..., Ay such that B = Uj\f:Q Aj,
Aj consists of the distinct elements ajy,. .., a; N, and

71'[3: (CLNl aN,NN)"'<a21 CLQ’Nz).

Since 7 = (i w(i) ...,7* (i)) o 7 |p, this finishes the proof of (A.70). If there were
another, different, decomposition of 7 into cycles, say, given by disjoint sets By, ..., By,
{1,...,n} = Uf\il B;, M € N, then there were A; # B; and k € A; N B;. But then k
were in the cycle given by A; and in the cycle given by Bj, implying 4; = {7'(k) : | €
N} = Bj, in contradiction to A; # B;.

(b): We first show that every m € S, is a composition of finitely many transpositions
(not necessarily transpositions from the set T'): According to (a), it suffices to show
that every cycle is a composition of finitely many transpositions. Since each 1-cycle is
the identity, it is (i) = Id = (1 2) (1 2) for each i € {1,...,n}. If (i1 ... i) is a k-cycle,
ke {2,...,n}, then

Indeed,
i for i = iy,
\4 (Zl Z2> (ZQ Zg) s (Z.k—l Zk)(l) =< 141 forv =1, [ € {]_, N 1}7 (A74)
i for i & {iy,... i},

proving (A.73). To finish the proof of (b), we observe that every transposition is a

composition of finitely many elements of 7 If 4,5 € {1,...,n}, i < j, then
(f)=@G i+1) - (G—25—-1(G =15 (+1i+2)0 i+1): (A.75)
Indeed,
ke{lv , (ti+1)---(G—-2j-0DG—=14)-G+1i+2)( i+1)(k)
g for k=1,
C for ko
D S (A.76)
k fori <k <y,
k for k¢ {i,i+1,...,5},

proving (A.75). [ |
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Definition A.44. Let n € N. For each permutation 7w € S,,, one defines its sign, sgn(m),
via the map

sgn: S, — {—1,1}, sgn(m) := H M (A.7T7)
1<icj<n LY
Note that, for n =1, sgn : S; = {e} — {—1,1}, sgn(e) = 1, as the product in (A.77)
is empty.

Proposition A.45. Let n € N.

(a) The sign is well-defined by (A.77), i.e. the map is, indeed, {—1,1}-valued.

(b) The function sgn : S, — {—1,1} is a group homomorphism (note that {—1,1}
forms a multiplicative subgroup of R), i.e.

v sgn(my o mg) = sgn(my) sgn(ms). (A.78)

™1 77r2€sn

(c) Forn > 2, if a permutation w € S,, is the composition of k transpositions, then the
parity of k is uniquely determined by w (i.e., for a given w, k is either always even
or always odd) and

1 if k is even,

e (A.79)
—1 if k is odd.

sgn(m) = (—1)" = {

Proof. (a): The map sgn is {—1, 1}-valued, since the bijectivity of 7 € S,, implies that
the factor i — j appears in the denominator of sgn(rm) as defined in (A.77) if, and only
if, the factor ¢ — j or the factor j — ¢ appears in the numerator.

(b): Let 7, m € S,. One computes

H m(ma(i)) — m1(me(4))

sgn(myomy) =

1<i<j<n i=J
_ 11 (Wl(ﬂz(i)) —m(m(j) m(i)— 7T2(j)>
1<i<j<n ma (i) = ma(7) i=J
T2 i sgn(my ) sgn(7ms). (A.80)
(c): If 7 € S, is a transposition, then there are elements i, j € {1,...,n} such that i < j
and 7 = (¢ j). Thus,
sgn(7) = ) -rl) _Joi_ (A.81)

i—j i—j
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holds for every transposition 7. In consequence, if 7 € S,, is the composition of k
transpositions, £ € N, then (A.79) must hold and, in particular, k is always even if
sgn(m) = 1 and k is always odd if if sgn(w) = —1. [ |

Theorem A.46. Let F' be a field. For each n € N, there exists a unique determinant,
i.e. there is a unique map det : M(n,F) — F, satisfying (i) — (iii) of Def. A.30.
Moreover, this map is given by

det : M(n, F) — F, det ((a;)) := Z sgn () Air(1) * * * Gnr(n)- (A.82)

7T€Sn

Proof. See, e.g., [Phil9b, Rem. 4.22]. [ |

Definition A.47. Let F be a field, n € N. A quadratic matrix A € M(n, F) is called
inwvertible or regular if, and only if|

3 AB=1d. (A.83)
BeM(n,F)

One then usually writes A~! instead of B and calls A~! the inverse matriz of A. If A is
not regular, then it is called singular.

Remark A.48. If V is a finite-dimensional vector space over a field F', and {vy,...,v,}
is a basis of V', n € N, then, due to Th. A.33, a linear map A € L(V, V) is bijective if,
and only if, its transformation matrix (V') with respect to the given basis is invertible.

Important properties of the determinant are compiled in the following Th. A.49.

Theorem A.49. Let F be a field, n € N, let A € M(n,F), and let cy,...,c, denote

the columns of A, whereas ry,...,r, denote the rows of A, i.e.
Tl
A=(c1,...,cn)=1| + |. (A.84)
Tn

(a) det(A) = 0 if, and only if, A is singular. If A is invertible, then det(A™!) =
(det(A))~L.

(b) If Be M(n,F), then det(AB) = det(A) det(B).
(c) det(A") = det(A).



A LINEAR ALGEBRA 149

(d)
(e)

(f)

(2)

(h)

If A € F, then det(AA) = X" det(A).

The value of the determinant remains the same if one column of a matrix is replaced
by the sum of that column and a scalar multiple of another column. More generally,
the determinant remains the same if one column of a matrix is replaced by the sum
of that column and a linear combination of the other columns, i.e., if A\1,..., \, € F
and i € {1,...,n}, then

det(A) = det(cy, ..., c,) =det | c1,... 1,6+ Z AjCjy Cit1,y--sCn | . (A.85)
=1
=
Switching columns i and j, where i,j € {1,...,n}, i # j, changes the sign of the
determinant, i.e.

det(cr, ... CisoonyCjyovyCn) = —det(Cry ..o Cjyeny Ciyenny Cp). (A.86)

det is multilinear with regard to matriz rows, i.e., for each b € M(1,n,F), i €
{1,...,n}, and \,u € F:

1 r
Ti—1 Ti—1
det | Ary +ub | =Xdet(A)+pudet | b |. (A.87)
Tit1 Tit1
T'n T'n

The value of the determinant remains the same if one row of a matriz is replaced
by the sum of that row and a scalar multiple of another row. More generally, the
determinant remains the same if one row of a matriz is replaced by the sum of
that row and a linear combination of the other rows, i.e., if A\i,..., A\, € F and
ie{l,...,n}, then

™
1 Ti-1

det(A) =det | : | =det |7t 23]‘2 Airi | (A.88)
T'n Tit1

T'n
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(1) Switching rows © and j, where i,7 € {1,...,n}, i # j, changes the sign of the

determinant, i.e.

1 A1

T Tj
det | : | = —det

Tj T

Tn 'n

Proof. (a): See, e.g., [Phil9b, Cor. 4.24(h)].

(b): See, e.g., [Phil9b, Cor. 4.24(g)].

(c): See, e.g., [Phil9b, Cor. 4.24(b)].

(d) is an immediate consequence of Def. A.39(i).
(

e): One computes, for i < j,

det <Cl, ey Ci1, G -+ )\j Cjy Citl, - - ,Cn)

Def. A.39(i) 1
= >\j det Cly...,Ci—1,C —}—)\jCj,CfH_l,...,)\jCj,...,Cn

Def. A.39(i) 1
= )\j det Cl,...7CZ'_17CZ',CZ‘+1,...,)\jCj,...,Cn

-1
+)\j det (Cl, ey G, )‘j Ciy Cig1y - - -y )‘j Cjynn ,Cn>

Def. A.39(ii) -1
= )\j det Cl,...7CZ'_17CZ',CZ'+1,...,)\jCj,...,Cn +0

Def. A39G) 4 <C1, . ,Cn> = det(A).

The general case of (A.85) then follows by induction.
(f): We compute

det(ci,.... ¢ yCjyoen,cn) Hdet(cr,.oucy, o6y, Cp)

—~

e

N

Def. A.39(i) Def. A.39(ii)

det(cr,...,ci+¢j,...,ci+¢j,...,cn) 0,
proving (f).

(g) is inferred by combining Def. A.39(i) with (c).

= det(cr,....ci+¢j,oo ¢y cy) +det(er,..oc5+CiyooniCiy e

(A.89)

(A.90)

. Cn)

(A.01)
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(h) is inferred by combining (e) with (c).
(i) is inferred by combining (f) with (c). [ |
Theorem A.50 (Block Matrices). The determinant of so-called block matrices, where

one block is a zero matriz (all entries 0), can be computed as the product of the deter-
minants of the corresponding blocks. More precisely, if n,m € N, then

apy ... Qi
: *
oy | = det(ag) det(by). (A.92)
0 0 b o b
Proof. See, e.g., [Phil9b, Th. 4.25]. -

Definition A.51. Let F' be a field, n € N, n > 2, A = (a;;) € M(n,F). For each
Jiie{l,....,n}, let M;; € M(n—1,F) be the (n—1) x (n—1) submatrix of A obtained
by deleting the jth row and the ¢th column of A — the Mj; are called the minor matrices
of A; define

Aji = (-1)i+j det(Mji), (A93)

where the Aj; are called cofactors of A and the det(Mj;) are called the minors of A. Let
A = (Aj;)" denote the transpose of the matrix of cofactors of A, called the adjugate
matriz of A.

Theorem A.52. Let F' be a field, n € N, n > 2, A = (a;) € M(n, F). Moreover,
let A:= (Ay;)" be the adjugate matriz of A according to Def. A.51. Then the folowing
holds:

(a) AA = (det A) Id.
(b) Ifdet A # 0, then det A = (det A)"~"
(c) Ifdet A+#0, then A~' = (det A)~ A,

(d) Laplace Expansion by Rows: det A = Y " a;;A;; (expansion with respect to the
Jth row).

(e) Laplace Expansion by Columns: det A = Z?Zl a;j;Aj; (expansion with respect to the
ith column).

Proof. See, e.g., [Phil9b, Th. 4.29]. [ |
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Theorem A.53. Let F' be a field, n € N, let V' be an n-dimensional vector space over
F, and A € L(V,V). Moreover, let By = {vy,...,v,} and By = {wy,...,w,} be bases
of V. If M = (mj;) is the transformation matriz corresponding to A with respect to
By and N = (nj;) is the transformation matriz corresponding to A with respect to By
(i.e., for each i € {1,...,n}, A(v;) = Y77 myiv; and A(w;) = Y7 njiwj, cf. Def.
and Rem. A.34), then det(M) = det(N).

Proof. See, e.g., [Phil9b, Rem. and Def. 4.36]. [ |

Definition and Remark A.54. Let F' be a field, n € N, and let V' be an n-dimensional
vector space over F. Then Th. A.53 allows to define a determinant function for linear
maps by

det : L(V,V) — F, det(A) :=det(M), (A.94)

where M is a transformation matrix for A with respect to an arbitrary basis of V.
Then Th. A.33 shows that Th. A.49(a),(b),(d) yield the following properties of the new
determinant function defined in (A.94):

(a) If Ae L(V,V), then det(A) = 0 if, and only if, A is not bijective. If A is bijective,
then det(A™!) = (det(A))~".
(b) If A,B € M(n, F), then det(AB) = det(A) det(B).

(c) If A e L(V,V) and A € F, then det(AA) = N"det(A). In particular, det is not
linear for n > 1.

B Metric Spaces

B.1 Metric Subspaces

Definition B.1. If (X,d) is a metric space, M C X, then (M,d) is called a metric
subspace of (X, d) (if d is understood, one also speaks of M as a metric subspace of X).
Thus, the metric on the subspace M is just the metric on X restricted to M.

Remark B.2. One sees immediately that a metric subspace (M, d) of a metric space
(X,d) is, indeed, a metric space: Since d satisfies the laws (i) — (iii) from Def. 1.17 for
all z,y, z € X, in particular, d satisfies the same laws for all z,y,2 € M C X.

Definition B.3. Let (X, d) be a metric space, and let (M, d) be a metric subspace of
(X,d). Is A C M open with respect to (M, d), then one says that A is open in M or
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M -open or relatively open. For A C M closed with respect to (M,d), one introduces
analogous terms. Moreover, for z € M, r > 0, call

Byy(x):=MNB,(z)={ye M: dx,y) <r}, (B.1)
the open M-ball with radius r and center z.

Caveat B.4. One has to use care when working with a subspace (M,d) of a metric
space (X,d): As will be seen in Ex. B.5, the notions and properties with respect to M
are in general very different from the corresponding notions and properties with respect
to X. For example, a set that is M-open might not be X-open and a set that is M-closed
might not be X-closed!

Example B.5. (a) If (M,d) is a metric subspace of a metric space (X,d), then, ac-
cording to Lem. 1.27(b), M is always both M-open and M-closed (irrespective of
M being X-open or X-closed).

(b) Let X = R with the usual metric, i.e. d(x,y) = |x — y| for each z,y € R. Let
M = [0,1]. According to (a), is both M-closed and M-open, even though [0, 1] is
not open in X. When noting before that Q and |0, 1] are metric spaces that are not
complete, we already considered metric subspaces of R without making use of the
term subspace. If M =]0,1], then, again, M is both M-closed and M-open, even
though 0, 1] is neither closed nor open in X. Moreover, |0, 1] is M-closed (but not
X-closed) and ]3,1] is M-open (but not X-open).

Proposition B.6. Let (M,d) be a metric subspace of a metric space (X,d).

(a) A subset A of M is M-open if, and only if, there is a set O C X which is X -open
and A=0ONM.

(b) A subset A of M is M-closed if, and only if, there is a set C' C X which is X -closed
and A=CNM.

Proof. (a): Suppose A is M-open. Then, for each a € A, there is ¢, > 0 such that the
open M-ball B, p(a) is contained in A, i.e.

B.,m(a) = M N B.,(a) C A (B.2)

Let O :=J,c4 Be.(a). Then O is X-open by Th. 1.29(a). Moreover,

OonM =] (MnB,(a) =] Baula) = A, (B.3)

a€A acA

where the last equality is due to (B.2) and the fact that a € A implies a € B, p(a).
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Conversely, if O C X is X-open and A = O N M, then each a € A is an X-interior
point of O, i.e. there is € > 0 such that the open X-ball B.(a) is contained in O, i.e.
B(a) € O. Intersecting with M yields B.y(a) = M N B(a) C M NO = A, ie. the
open M-ball B, j/(a) is contained in A, showing that a is an M-interior point of A. As
a was an arbitrary point of A, A is M-open.

(b): If A is M-closed, then M \ A is M-open. According to (a), there is an X-open
set O C X such that M\ A = M NO. Then C := X \ O is an X-closed set and
MNC=Mn(X\O)=M\(MNO)=M\ (M\A)=A.

Conversely, if there is an X-closed set C' C X with A =C N M, then O := X \ C is an
X-open set satistying ONM = MN(X\C)=M\(CNM)= M\ A. Thus, according
to (a), M \ Ais M-open, i.e. A is M-closed. [ |

B.2 Norm-Preserving and Isometric Maps

Definition B.7. (a) Given normed vector spaces (X, || - ||x) and (Y] - ||y) over K, a
function f: X — Y is called norm-preserving if, and only if,

Hf(a;)HY = ||z||x for each z € X. (B.4)

(b) Given metric spaces (X, dx) and (Y, dy), a function f : X — Y is called distance-
preserving or isometric if, and only if,

dy (f(z), f(y)) = dx(z,y) for each z,y € X. (B.5)

Lemma B.8. Given normed vector spaces (X, ||-||x) and (Y, || -|ly) over K, a K-linear
function f: X — Y is norm-preserving if, and only if, f is isometric with respect to
the induced metrics.

Proof. The function f is norm-preserving if, and only if, ‘f(:zc)HY = ||z||x for each
x € X. This, in turn is the case if, and only if,
() = fWly = [[/@ =), = e —ylx  for cach z,y € X, (B.6)

where it was used that f is linear. As (B.6) states that f is isometric with respect to
the induced metrics, the proof is complete. |

The following examples show that the assertion of Lem. B.8 becomes false if the word
“linear” is omitted.
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Example B.9. (a) Let (X, ||-|lx) be a normed vector space over K, and f: X — K|
f(z) :== ||z||x. If we take || - ||y to be the usual norm on K i.e. ||y|ly := |y|, then,
for each z € X, f(x)”Y = |llzllx| = llz||x, i-e. f is norm-preserving. However, if
dim X > 0 (i.e. if X # {0}), then f is not isometric with respect to the induced
metrics: Take any 0 # = € X. One computes

/@) = f(=2)[ly = [lzllx = llzllx| = 0 # [lo = (=2)]lx = 2]zl x. (B.7)

(b) Consider (X, | - ||x), (Y, - |lv), where X =Y = K and ||z||x = ||z|y = |z| for
each z € K. Then f: X — Y, f(x) := 1+ x, is isometric due to |f(z) — f(y)| =
1+x—(1+y)| =|z—y|, but fis not norm-preserving, since 0 = [0| # |f(0)| = 1.

Lemma B.10. Isometric functions between metric spaces are one-to-one (in particular,

isometric functions between normed spaces are one-to-one).

Proof. Let (X,dx) and (Y, dy) be metric spaces, and let f: X — Y be an isometric
function, i.e. dy (f(z), f(y)) = dx(z,y) for each z,y € X. If z # y, then 0 # dx(z,y) =
dy (f(m), f(y)). Thus, f(x) # f(y), showing that f is one-to-one. [ |

Example B.11. If a function between normed spaces is just norm-preserving, but not
isometric, then this function is not necessarily one-to-one: To see this, we reemploy the
function f from Ex. B.9(a), i.e. let (X, ||-||x) be a normed vector space over K, dim X >
0,and f: X — K, f(z) := ||z||x. In Ex. B.9(a), we saw that f is norm-preserving,
but not isometric. Since, for x # 0, one has © # —x, but f(x) = ||z||x = f(—=z), f is
not one-to-one.

Remark B.12. If (X, || -||) is a normed space, d is the induced metric, and M C X
then (M, d) can be considered as the metric subspace of (X, d) according to Def. B.3.
Thus, every subset of a normed space is turned into a metric space in a natural way.
It is quite remarkable that actually every metric space arises in this way. That means,
given any metric space (M, d), there exists a normed space (X, || - ||) and an isometric
(in particular, one-to-one) function f : M — X: One can choose X as the R-vector
space of bounded functions from M into R with the sup-norm (for F' € X, define
|F|| == sup{|F(z)| : v € M})and f: M — X, f(x) = f,, where f, : M — R,
f2(y) = d(x,y) — d(xo,y) with some fixed zo € M. However, the normed space X can
be very large (i.e. much larger than M), and, thus, in practice, it is not always useful
to study X in order to learn more about the metric space M.

B.3 Uniform Continuity and Lipschitz Continuity

This section provides some additional important results regarding uniformly continuous
functions (see Def. 1.49(b)) and Lipschitz continuous functions (see Def. 1.49(c)). We
start with an auxiliary result:
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Lemma B.13. If f, g are real-valued functions on a set X, v.e. if f,g: X — R, then,
for each x,y € X,

| max(f,g)(z) — max(f, g)(y)| < max {|f(z) — f(W)],|9(z) — 9(v)|}, (B.8a)
| min(f, g)(z) — min(f, g)(y)| < max {|f(z) — f(y)|, |lg(z) — g(y)|} (B.8b)

Proof. By possibly switching the names of f and g, one can assume, without loss of

generality, that max(f, g)( ) = f(z ), iLe. g(x) < f(x). If g(y) < f(y) as well, then

| max(f, g)(x) —max(f, g)(y)| = |f(x)—f(y)| and | min(f, g)(z)—min(f, g)(y)| = lg(z)—
g(y)|, i.e. (B.8) is true. If g( ) > fly ) then

el f. o) (2) — max ) <lg(x) —g(y)| for f(z) < g(y),

| max(f, g)() (f.9)W)| = |f(z) — gly)] < {<f(x)_f<y) for () > oly).
(B.9a)

i 2 min (e — <lg(z) —g(y)| for g(z) < f(y),

| min(f, g)(x) (£,9) )] = lg(x) — f(y)| < {Sf(m)—f(y) for g(2) > £(y).
(B.9b)
showing that (B.8) holds in all cases. [ |

Theorem B.14. Let (X,d) be a metric space (e.g. a normed space), (Y| -||) a normed
vector space over K, and assume that f,g : X — Y are uniformly continuous. Then
f+ g and \f are uniformly continuous for each N\ € K, i.e. the set of all uniformly
continuous functions from X into'Y constitutes a subspace of the vector space F(X,Y)
over K. Moreover, if Y = K = R, then max(f,g), min(f,q), f*, f=, |f| are all
uniformly continuous.

Proof. As f and g are uniformly continuous, given € > 0, there exist 6; > 0 and d, > 0
such that, for each x,y € X,

d(z,y) < o5 = Hf(:r) — f(y)H < €/2, (B.10a)
d(z,y) <6, = Hg(m) — g(y)” < €/2. (B.10Db)

Thus, if d(z,y) < min{dy,d,}, then
|(F +9)(@) = (fF + )W) < [|F@) = FW + [l9@) — 9| < 5+ 5 =€ (B.10o)

showing that f + g is uniformly continuous. Next, if A = 0, then \f = 0, and obviously
uniformly continuous. For A # 0, choose 6 > 0 such that d(z,y) < § implies ||f(x) —
FW)II < €¢/[Al. Then

[N @) = AHW)| = M| @) = F)|| < A =

— =, (B.10d)
R
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showing that Af is uniformly continuous. If Y = K = R, then d(z,y) < min{dy,d,}
together with Lem. B.13 implies

’max(f, g)(z) — max(f,g)(y)| < €/2 <, (B.10e)
| min(f, g)(x) — min(f, 9)(y)| < €/2 <, (B.10f)

showing the uniform continuity of max(f, g) and min(f, ¢g) and, in turn, also of f*, f~,
and |f]. [ |

Theorem B.15. Let (X,d) be a metric space (e.g. a normed space), (Y| -||) a normed
vector space over K, and assume that f,g : X — Y are Lipschitz continuous. Then
f+g and \f are Lipschitz continuous for each A € K, i.e. the set Lip(X,Y") constitutes a
subspace of the vector space F(X,Y) over K. Moreover, if Y = K =R, then max(f, g),
min(f,q), [T, [, |f| are all Lipschitz continuous.

Proof. As f and g are Lipschitz continuous, there exist Ly > 0 and L, > 0 such that,
for each x,y € X,

[ £(2) = FW)| < Ly d(,y), (B.11a)
l9(x) = g()|| < Ly d(z,y). (B.11b)

Thus,

|(F+9)(@) = (f+9)W)| < [[f(@) = FW)] + |lg(z) — g(v)|
< Lf d(l’,y) + Lg d(l’,y) = (Lf + Lg)d(xay)v (B'llc)

showing that f + g is Lipschitz continuous with Lipschitz constant L; + L,. Next, for
A €K,

AN @) = AH @ = I f(2) = f)|| < ALy d(z,y), (B.11d)

showing that Af is Lipschitz continuous with Lipschitz constant [A\|L;. For ¥ =K =
R, Lem. B.13 shows max(f,g) and min(f,g) are Lipschitz continuous with Lipschitz
constant max{L¢, L,}, f* and f~ are Lipschitz continuous with Lipschitz constant L,
and |f| is Lipschitz continuous with Lipschitz constant 2L;. [ |

Caveat B.16. Products and quotients of uniformly continuous functions are not nec-
essarily uniformly continuous; products and quotients of Lipschitz continuous functions
are not necessarily Lipschitz continuous: Even though f = 1 and g(z) = x are Lipschitz
continuous, it was shown in Examples 1.52(a),(b), respectively, that f/g and ¢g* are not
even uniformly continuous on R*.
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B.4 Viewing C" as R*"

Remark B.17. Recall that the set of complex numbers C is defined to be R?, where
the imaginary unit is 7 := (0,1) € R?, which allows to write each z = (z,y) € C = R?
as z = x + iy, where x = Rez and y = Im 2. This, for each n € N, gives rise to the
R-linear bijective map

I:C"— R*, I((xl,yl),...,(xn,yn)) = (1, Y1, s Ty Yn)s (B.12)

allowing to canonically identify C* with R?".

The identification (B.12) allows the identification of metric structures on C" and R?"
due to the following general result:

Proposition B.18. Let X,Y be sets, let d: X x X — R be a metric on X, and let
I: X —Y be bijective. Then

dy : Y xY — RS, dy(z,y) =d(I (), (y)), (B.13)

defines a metric on'Y such that (X,d) and (Y,dy) are isometric (with the map I pro-
viding the isometry).

Proof. Let x,y,z € Y. Then

dy(z,y) =0 & d(I7'(2),I7'(y) =0 & I'(a)=I1"(y) & x=y,

(B.14)
showing that dy is positive definite. Moreover,
dy(z,y) = d(I7"(2), 7' (y)) = d(I"'(y), I (z)) = dy(y, ), (B.15)
showing dy is symmetric. Finally,
dy(z,z) = d(I_l(:E),I_l(z)) < d([‘l(:v),l_l(y)) + d(]‘l(y),l_l(z))
= dy(z,y) +dy(y, 2), (B.16)

proving the triangle inequality for dy and completing the proof that dy constitutes a
metric. That [ provides an isometry between (X,d) and (Y,dy) is immediate from

(B.13). o



B METRIC SPACES 159

Corollary B.19. Letn € N, let d : C* x C* — R be a metric, and let I be the map
from (B.12). Then

dp: R xR — Ry, do(z,y) :=d(I Y (z), I (v)), (B.17)

defines a metric on R*" such that (C",d) and (R*",d,) are isometric (with the map I
providing the isometry). Moreover, the map d — d, is bijective between the set of metrics
on C" and the set of metrics on R*", |

Proposition B.20. Let n € N. If || - || constitutes a norm on the vector space C" over
C in the sense of Def. 1.19, then

I lle s R —RE, l@n g1, 2 gl = [, 0)s - (@) (BL18)

defines a norm on the vector space R*™ over R such that (C™,|| -||) and (R*, || - ||.) are
isometric (with the map I from (B.12) providing the isometry — even more precisely,
if d and d,. denote the respective induced metrics, then the relation between d and d, s

given by (B.17) ).

Proof. Exercise. [ |

Example B.21. Let n € N, p € [1, o0], and let ||-|| denote the p-norm on the vector space
R" over R, i.e. [lz]| := (377, |2|P)/? for p < oo and ||z|| = max{|z,| : j =1,...,n} for
p = oo. Then it is an exercise to show

[ lle: C —Rg, (21, za)lle = ([l - - [2al)] (B.19)
defines a norm on the vector space C" over C.

Remark B.22. As a consequence of Th. 1.97, every norm on the normed vector space
C™ over C generates precisely the same open subsets of C" — in other words, there is
only one norm topology on C". Analogously, there is only one norm topology on R" as
every norm on the normed vector space R™ over R generates precisely the same open
subsets of R™ Moreover, Prop. B.20 shows that the open sets of the norm topology on
C" are actually precisely the same as the open sets of the norm topology on R?".

Theorem B.23. Let n € N, A C C". Then A is bounded in the normed vector space
C" over C if, and only if, A is bounded in the normed vector space R*" over R.

Proof. Exercise. [ |
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C Differential Calculus in R"

C.1 Proof of the Chain Rule

Proof of Th. 2.28. As usual, we first consider the case K = R. Since f is differentiable
at £ and g is differentiable at f(£), according to Lem. 2.21, there are functions ry :
R" — R™ and r, : R™ — RR? satisfying

re(h) = f(€+h) = f(§) = DF(E)(h), (C.1a)

ro(h) = g(f(&) + 1) — g(f(€)) — Dg(f(&))(h) (C.1b)
for each h such that ||h||2 is sufficiently small, as well as
im M = im ry(h) =

llz—>0 ||| 0 llz—>0 172 . (C2)

Defining rgop : R" — RP by

_J@onE+n —(goN© - (Da(f(8) o DF©))(h) for&+he Gy,
Tgor(h) == )
0 otherwise,
(C.3)

it remains to show

. 1gof(h)
lim 221 =0. CA4
h=0 || hll2 (C4)

For each h € R™ with ||h]|2 sufficiently small, we use (C.1) to compute

(90 £)(&+h) = g(F(€) + DFE)R) +r4(h))

9(£16) + Dg(F(€)(DFER) +r1(h)) +7,(DFE0) +74(h) )
(C.5a)

implying

Paos(B) = Dg(F(£)) (r4(R)) + 14 (DFE)R) +7s()). (C.5b)

From Th. 1.69, we know that Dg(f(&)) is Lipschitz continuous with some Lipschitz
constant L, € Ry. Thus, for each 0 # h € R",

[Psr© ()], _ Ly Irsm,
1 =Tl

0< (C.6a)
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implying
e ()|

20 C.6b
h—0 |72 ( )

due to (C.2). Thus, to prove (C.4), it merely remains to show

s(orem o),

o ||h||2 d
To that end, we rewrite, for D f(£)(h) + r(h) # 0,
ro(DEOM) +rim)|| IDFO®) + e rg(Df () +75(m)|
2 = 2. (C.8a)
7]l 1R]lz [|Df€)(R) + (R,
Next, note
S DFE)(h) +
lim || Df(&)(h) +rp(B)[l,=0 ‘& lim ; ( SRR >H =0. (C.8b)

h—0 h—0 HDf (h) +7¢(h HQ

Once again, from Th. 1.69, we know that Df(§) is Lipschitz continuous with some
Lipschitz constant L; € R{, implying

IS +re®)l, _ [DFEM, + [Irs(h)
e - I

I <Lj+1 (C.8c)

for 0 # ||h||2 sufficiently small. Combining (C.8a) — (C.8¢) proves (C.7) and, thus,
(C.4). Together with (C.3) and Lem. 2.21, this shows that g o f is differentiable at £

with D(g o f)(€) = Dg(f(€)) o Df().

In the case K = C, we can apply the case K = R to obtain the differentiability of
Re(go f) = (Reg) o f and of Im(g o f) = (Img) o f at &, and, in consequence, the
differentiability of g o f at £&. Moreover, to verify the chain rule, we use the chain rule
of the case K = R to compute

D(go f)(§) = DRe(go f)(&) +iDIm(go f)(E)
= D((Reg) o f)(§) +iD((Img)o f)(€)
= DReg(f(€)) o Df(€) +iDImg(f(€)) o Df(€)
= Dg(f(€)) o Df (&), (C.9)

thereby completing the proof. |
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C.2 Surjectivity of Directional Derivatives

We finish the proof of Th. 2.38 by showing that, for n > 2, the map

n

D: 5(0) — [~a,al, D(e):=Vf(&)-e=) ¢0;f(&), a=[V [l (C.10)

J=1

is surjective (we already know from (2.46) that D(e) € [—a, a] for each e € S1(0)). We
also recall epax =V f(£)/, €min = —€max; D(€max) = @, D(emin) = —a.

The idea is to rotate eyay into ey,. This can be achieved using a suitable function
p:[0,1] — S1(0) CR", p=(p1,..-,Pn)

We have to define p differently, depending on n > 2 being even or odd. To this end, let
(€1,...,€n) := €max. 1f 1 is even, then define
v Pj - [Ovﬂ-] — [_171]a

€jcosf +e€;sinf  if jis odd,
pi(0) = { ! o

je{l,..n} —€j_1sinf +¢;cosf if j is even;
(C.11a)
if n is odd (note n > 3 in this case), then define
Pj - [Ovﬂ-] — [_171]a
(€ cos 0 + €j41sin 6 if j <n —2is odd,
—€j_15in0 + € cost if j <mn—2is even,
je{l\i”7n} p;(0) = { En-2 cosf ++/e2_; +esinf if j=n—2 (C.11b)
en_lcosé’—%sinﬁ if j=n—1,
\encose—%sinﬁ if j =n.

For the sake of readability, we assumed €, 1 # 0 or €, # 0 in (C.11b). There is always
at least one jo € {1,...,n} such that ¢;, # 0. If jo ¢ {n — 1,n}, then one merely needs
to interchange the roles of jy, and n in (C.11b).

Clearly, for every n > 2, each p; is continuous, i.e. p is continuous.

Next, we verify that p, indeed, maps into S1(0) (which, in particular, implies each p;
maps into [—1,1]): If n > 2 is even, then, for each odd j < n — 1, one has

(05(0)? + (11 0))°

= (e;c080 + €j415in0)* + (—¢;8in 0 + €11 cos )
v = e? cos? f + 2¢j€ej4q cosfsinf + E?H sin? 6 (C.12)
+ e? sin 6 — 2¢;€;41 cossinf + €?+1 cos? 0

= e?(cos2 0 + sin® @) + e?+1(cos2 6 + sin® 0) = €]2~ + €?+1;
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implying

n n

o @)= _(ps(0)* =D =1 (C.13)
’ j=1 j=1

If n > 3 is odd, then (C.12) still holds for each odd j < n — 4. Additionally,

(Pa=2(0))" + (pa-1(0))” + (pu(0))”
= €7 cos? 0 + 2€11/ €3 + €2 sinfcos O + (€5 + €3) sin® 0

€1 €5 € €3
+ e2cos’f — 2——2— sinfcosf + 21 22 sin?
\/62—{—63 €&+ €
2 2
€1 € .
+e3cos’ ) — 2———— : sin 6 cos 0 + sin? ¢

v Vv 62 + €3 €2 + Eg (C.14)

0€[0.7] = (6% + e% + eg) cos2 6
2¢1 (65 + €2 — €3 — €2)

2 2
\/ €5 + €3

€3+ €3
=(E@+ea+e)(cos?d+sin’f) =€ ,+e |+ e,

sin @ cos 0

i.e. (C.13) is true also for each n > 3 odd.

Clearly, D is also continuous and, thus, so is Do p : [0,7] — [—«, «a]. Moreover, as
sin(0) = sin(7) = 0, cos(0) = 1, cos(m) = —1, we obtain

AR (s =¢; A pilm) =—6), (C.15)
implying
Y, (PO =ems A Dop)@=a A pm=emn A (Dop)(r)=—a).

(C.16)
The continuity of Dop and the intermediate value theorem [Phi25, Th. 7.57] imply Dop
to be surjective, i.e. D must be surjective as well.
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