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1 Introduction

Within Bishop-style constructive mathematics, or constructive analysis more precisely,
the development of constructive measure and integration theory is especially interesting
and challenging. Since classical measure theory draws heavily on notions of classical
set theory and is highly non-constructive in its character, many central concept cannot
directly be translated into a constructive setting. Bishop himself was not entirely satisfied
with the generality of the measure-theoretic results in chapters 6 and 7 of his seminal
book [Bis67] and developed a new approach to constructive measure theory together
with Cheng in [BC72]. This Bishop-Cheng measure theory (BCMT) is also included and
expanded in Bishop and Bridges’ book [BB85].

Accordingly, the presentation of set theory is a bit different in the two books in order to
meet the demands of the respective measure theories. The set-theoretic operations on the
complemented subsets of a set X were changed to behave better with BCMT’s function
theoretic approach to integration and measure theory, while parts of chapter 3 of [Bis67|
that became obsolete for BCMT were entirely left out in chapter 3 of [BB85|. However,
the general treatment of set theory is rather short in both books. This led to confusions
about e.g. the status of the powerset in Bishop-style mathematics. It seems that in
BCMT the powerset of a set X is itself treated as a set, while in the measure theory of
[Bis67| the powerset is avoided by invoking set-indexed families of subsets instead.

The use of the powerset makes BCMT an impredicative theory and even though BCMT
remains an active area of research!, it is desirable to have a predicative approach to
constructive measure theory. Such an alternative was realized by the point-free, algebraic
approach of Coquand and Palmgren in [CP02], which was further developed by Spitters
in [Spi05] and [Spi06]. This constructive algebraic measure theory is not only predicative,
but also conceived by many as technically and conceptually simpler than BCMT.

However, as already mentioned certain impredicativities were generally avoided by
Bishop in his ’67 book by using set-indexed families instead of the powerset. So, one

might hope that by being more explicit about the use of such families, BCMT can

!There is for example the recent book on constructive probability theory by Chan, see [Chal9], or work
on formalizing BCMT in the proof-assistant Coq, see [Sem19].



be ’predicativized’. Afterall, set-indexed families of sets and subsets are only briefly
introduced in chapter 3 of [BB85| and often appear only implicitly later in the book.
Recently Petrakis has studied these families more extensively in [Pet19a| and [Pet19b]
and has applied his results to the theory of Bishop spaces. A full-scale account of various
kinds of set-indexed families, and their application to different areas of constructive
mathematics, will be given in [Pet20]. In this thesis we want follow this strategy to show
that central parts of BCMT can be done predicatively.

Of course, we have to revisit Bishop’s set theory and introduce all the relevant notions

before we can turn to measure theory. The thesis will thus be structured as follows:

(i) Following Petrakis’ work we will introduce an informal language suitable for Bishop’s
set theory (BST) in the next chapter. This will allow us to talk in more detail about

the fundamental set-theoretic concepts we will need for BCMT.

(ii) After that we introduce families of sets and subsets, indexed by some set  in BST.
In order to use set-indexed families in BCMT we will also introduce families of

complemented subsets and partial functions indexed by some set I.

(iii) Having introduced the necessary technical background, we look at the impredicativ-
ities in BCMT and refine the notions integration and measure space by the explicit
use of set-indexed families in order to introduce what we call pre-integration and

pre-measure spaces that are defined predicatively.

(iv) We give an example of a pre-measure space and show how the pre-integration space

of simple functions over a pre-measure space can be defined.

(v) Finally, we introduce the pre-integration space of canonically integrable functions
over a pre-integration as a predicative version of the complete extension. This
shows that the impredicative totality of integrable functions is not needed in order

to construct the complete extension.

This thesis revisits only some parts of BCMT, so we will sketch a few directions, which

further research using pre-integration and pre-measure spaces could take.



2 Bishop’s set theory

Before we can introduce the various forms set-indexed families we need to discuss the
fundamental notions of Bishop set theory (BST) necessary for formulating Bishop-Cheng
measure theory. Note that even though some things are presented a bit more detailed

here than in [BB85], we still work informally.

2.1 Basics

In this section we will follow [Pet19b] to introduce the basic ingredients of BST.! First
we have a primitive notion of definitional equality := between terms and a primitive
notion of ordered pair (s,t) for some terms s,¢ together with projections pry(s,t) := s
and pry(s,t) :=t. There is also the primitive notion of a totality and a primitive totality
of natural numbers N. Any other totality X is defined through a membership condition
xz € X, i.e. a formula expressing the condition an object x has to satisfy in order to
belong to X. For any totality X, an equality is a formula x =x y defined for z,y € X
such that it satisfies the properties of an equivalence relation. For the primitive totality
N we also have a primitive equality =y. A pair (X, =x), where X is a totality with an
equality =x is a set if the member-ship condition expresses a construction. In particular
(N, =n) is a set. We will often drop the equality of a set if it is clear from the context.
In BST the notion of a function is not primitive but can be derived from the primitive
notion of an asssignment routine (or finite routine). For totalities X,Y an assignment
routine a : X ~» Y assigns to each element x € X an element y € Y, in which case we
write a(x) := y. For any X we have an assignment routine idy : X ~» X, which assigns
each z € X to itself. If (X,=x) and (Y, =y) are sets, an assignment routine f : X ~» Y

is a function if
Ve, o' € X+ v =x 2’ = f(z) =y f(a')

In this case we write f : X — Y and denote the totality of functions X — Y by F(X,Y).

!See [Pet19a] for another formulation. The main difference is that there is a universe of functions Vi
but no dependent assignment routines.



We have an equality =g(xyy on F(X,Y") which is defined by
f=rxyv 9 & VrelX: f(x) =y g(x)

It easy to check that this satisfies the properties of an equivalence relation and for any
two sets X,Y we have the set of functions (F(X,Y),=¢xy)) from X to Y. We say a
function e : X — Y is an embbeding if

Vo, o' € X1 x=x 2 & e(x) =y e(2)
In this case we write e : X — Y. We now want to give an important example of a
totality that is not a set.

Example 2.1.1. Let V be the totality of sets. We have an equality on V defined by
X=y,Y & 3feF(X,Y)IgeF(Y,X)st. fog=pxx idx & go f =pyy) idy

In this case we write (f,g) : X =y, Y However, (Vo,=y,) is not a set, since in this case
we would have YV € Vi, which is not acceptable from a predicative point of view. There
is no general construction to construct a set X € Vg. Since we still have an equality on

Vo, we say that it is a class.

Now let I be a set and consider an assignment routine A\g : I ~» V3. We have a

primitive notion of a dependent assignment routine over Ay, which we will write as

O\ o)

el
and which assigns to each element i € I an element ®; € A\y(i). We have a totality
A(I, ) of dependent assignment routines over \g with equality

P =A(I,xg) UV o Viel: &; =Xo(d) v,

Let X be a set, a subset of X is a pair (A,i4), where Ais aset and iy : A — X is an
embedding. We have a totality P(X) of subsets of X, which is not a set since this would

require that Vy is a set. However, we still have an equality =»(x, that is defined by

(A,ia) =px) (B,ig) = 3f € F(A,B)Ig e F(B,A):Yac A: isla) =x (ipo f)(a)
&VYbe B: ig(h) =x (iAog)(b)



i.e. the following diagrams commute

In this case we say that f and g witness the equality of A and B as subsets and write
(f,9) : A =px), B, as we will often drop the the embedding of a subset if it is clear from

the context. It is easy to prove that in this case f and g are embeddings and

(f)g):A:P(X)B = (fag):A:VoB

The next lemma shows that the witnesses for the equality of subsets are unique. This

fact will be usefull later.

Lemma 2.1.2. Let X be aset and (A,i4) and (B, ip) be subsets of X. Let f,f: A— B
and g,g: B — A be functions such that

° (fjg) : A =p(X) B and
o (f.9): A=px) B
then f =F(A,B) f and g TF(B,A) g

Proof. Let a € A, then is(a) =x ip(f(a)) and is(a) =x iB(f(a)), and hence by
transitivity ig(f(a)) =x in (f(a)) Since ip is an embedding we get that f(a) =g f(a),

and thus f =p4 5 f. By a completely analogous arument we also get that ¢ =pp,4) §- U

For two subsets A and B of X we say that A is a subset of B if there is a function
[+ A — B such that for all a € A we have ia(a) =x (ip o f)(a), i.e. if the following

diagram commutes

In this case we write f : A C B. Again, it is easy to prove that in this case f is an



embedding and we get
ftACB&g:BCA = (f,9:A=px) B

When we discuss BCMT later, most of the subsets we will be concerned with are not
obtained by constructing some set and then some embedding, but rather by seperating
elements out of some existing set. We shall make this precise now. Let X be a set and
P a property defined for elements of X, which is extensional in the sense that it respects

the equality on X, i.e. we have that
Ve,ye X: z=xy = (P(z) = P(y))
Let Xp be the totality with membership-condition defined by
reXp & xeX & P(x)

Then we get an equality on Xp induced by by the equality =x and the assignment
routine ix, : Xp ~» X given by x — x is an embedding. We will usually denote the
subset (Xp,ix,) of X by {x € X : P(z)} and take the embedding as implicitly given.

The next example will be of importance for our definition of set-indexed families.

Example 2.1.3. Consider two sets X and Y, the cartesian product X xY is the totality
defined by the membership-formula

z€EX XY & JreXIyeY st (2:=(z,y))
together with the equality
2 =xxy 2 & pri(z) =x pri(2) & pry(2) =y pry(2’)
In particular X x Y is again a set. consider the following property P on X x X:
P(z) & (z = (z,y) = z=x y)

This is an extensional property and we call the set (X x X ) p the diagonal of X and
denote it by

D(X):=A{(z,y) e X xX: z=xvy}



Definition 2.1.4. Let X be a set and (A,i4) and (B, ip) be subsets of X. Let the union
AU B be the totality defined by the membership-condition

ce AUB & (EIaEAs.t. C::a) or (EIbGBs.t. c::b)
with the equality

c=aqupC & (EIa,a'EAs.t. ci=a&d:=d &a=y a’) or
(EIb,b’eBs.t. ci=b&cd =V &b=p b’)

and embedding

iauB: AUB — X

igla), fc:=aforac A
ig(b), if c:=bfor b€ B

C—

Let the intersection A N B be the set {(a,b) € A x B : iy(a) =x ip(b)} with the
embedding

iAmB:AmB‘—)X

(a,b) — is(a)

It is easy to check that ianp and i sy p are indeed embeddings, turning AN B and AU B
into subsets of X. Later we will see a different way to define union and intersection that

will turn out equivalent up to equality of subsets.

2.2 Complemented subsets and partial functions

So far, we have seen how to talk about sets, functions and subsets in BST. In BCMT
we are however primarily concerned with partial functions and complemented subsets,
which we want to introduce in this section. The operations on complemented subsets
as presented in [BB85| are different from that in [Bis67| and we will present the former
account in order to be able to use them in BCMT. Before we do that we will briefly
introduce partial functions.

Let X and Y be sets. A partial function from X to Y is a triple (A,i4, f) such that
(A,i4) is subset of X and f € F(A,Y). We call A the domain of f and write f: X =Y
if the domain is clear from the context. Let F— (X, Y") be the totality of partial functions



from X to Y with the following equality. We say two partial functions (A,i4, f) and
(B,ip,g) are equal if there are functions ¢ € F(A, B) and ¢ € F(B, A) such that the

following diagrams commute

Y

In this case we will write (¢, ) : (A,i4, f) = (xv) (B,iB,g) or just (¢, V) : f == (xv) g
if the domains are clear from the context. It follows immediatelly that in this case we
also have (p,v) : (A,ia) =px) (B,ip). Using lemma (2.1.2) we can conclude that the
witnesses for the equality of partial functions are unique. Since the domain of a partial
functions can in principle be any subset of X the totality of partial functions cannot be
a set.

Here we will mostly be concerned with real-valued partial functions, i.e. the case
where Y := R. For the totality of real-valued partial functions on a set X we write
F(X):=F (X,R). We want to define the usual (pointwise) operations on F(X). Let
(A,ia, f) and (B,ip,g) be real-valued partial functions and * be any of the operations
+,—,+, A,V on R (Here A,V denote the minimum and maximum of two reals), then we

have a partial function (AN B,igng, f * g) with

fxg:AnNB—=R
(a,b) = f(a) % g(b)

Also for any a € R and any ¢ € F(R,R) we have partial functions (A,i4,a - f) and
(A,iq,¢ o f) that are obtained similarly by pointwise multiplying with a or composing
with ¢.

Since negative definitions are often not very useful in constructive mathematics, we
have to use positive counterparts. Complemented subsets are the positive counterpart to

the complement of a subset.

Definition 2.2.1. Let X be a set and let #x be a binary relation defined on X. Then

#x is said to be an inequality or apartness relation on X if the following conditions are



satisfied:

(i) Ve,ye Xt (z=xy&ar#xy) = L

(i) Vo,y e X : 2 #xy = y#x 2

(ili) Vo,y € X : o #xy = (V2 € X: x#x z0ry #x 2)

We say that two subsets (A,74) and (B,ip) of X are apart with respect to #x if
Vac AVbe B : iA(a) #X lB(b)

In this case we write A][.., B or just A][B if the inequality #x is clear from the context.
A complemented subset of X with respect to #x is a pair of subsets A := (A', A?) such
that Al][;,gXAO.

The notion of an apartness relation is the positive counterpart of the mere negation
of the equality =x. From now on let X be equipped with a fixed inequality #x. We
denote the totality of complemented subsets by PH(X ). Again this totality is obviously
not a set. Still, we have an equality defined on PH(X ) by

A =pll B & Al —P(X) .B1 & AO =P(X) BO

(X)

For complemented subsets A := (A!, A°) and B := (B!, BY) we write A < B if A C B!
and B? C A°. We now want to introduce operations of complented union, intersection
and substraction as well as complementation. Let A := (A, A%) and B := (B!, B) be

complemented subsets and define
e AANB:= (A'nBY (A'nB)u(A°nBY)u(A°nBY))
e AVB:= ((A'nBY)UuA’nBYu(A'nB), A°nBY)
o —A:= (A AY
e A—B:=AAN(—B)

We can prove commutativity and associativity of A and V as well as the following (with

C being a complemented subset):

(i) __A:P] A

[(x)

(i) —(AAB) =, (-A)V(-B)

10



(iii) —(AV B) =, (~A)A(~B)

Pll(x)

(iV) A/\(B\/C):P][ (A/\B)\/(A/\C)

(X)

(v) A\/(B/\C):,P][ (AVB)AN(AVCO)

(X)

The poofs are straightforward though tedious. The definitions of A and V look a bit
complicated and indeed the corresponding definitions in chapter 3 of |Bis67] appear sim-
pler with the same algebraic laws still being provable. However, the definitions presented
here behave much better with the characteristic functions of complemented subsets. Let

2 := {0, 1}, for a complemented subset A := (A!, A°) we define its characteristic function
by

xa:AtUAY = 2
1, z € Al
0, z € A°

T —

So, if we interpret 2 as a subset on R the characteristic function of a complemented

subset is an element of F(X) and it is easy to check that
® XAAB =r(x) XANXB
® XAVB =r(x) XAV XB
® X—A=rx)1l—Xxa

where the operations on the characteristic functions are the pointwise minimum and
maximum that we defined above and composition with the function (1 — ) : R — R.
With this the above properties of the complemented operations can also be proven more

easily. We conclude the section with a final remark on partial functions and inequalities.

Remark 2.2.2. We have a canonical inequality on R that is given by
r#RY & jlr—y| >0

If X is equipped with an inequality #x as well, we take F(X) to be the totality of

strongly extensional partial functions, i.e. for any (A4,i4, f) we assume that

Va,be A: f(a) #r f(b) = ia(a) #x ia(b)

11



2.3 On double series of real numbers

At the end of this chapter we want to consider some aspects of constructive analysis that
will be needed for our discussion of BCMT later. One important point is that converging
or Cauchy sequences of reals are taken to be modulated in order to avoid the axiom
of countable choice. We will also prove a result that is implicitly used in [BB85]| for
crucial results of BCMT but doesnt’t seem to be explicitly stated in the literature on
constructive mathematics.

We will follow the presentation in [Sch06]. A real number is a pair = ((an)nen, M)
consisting of a sequences of rational numbers (a,)neny and M : N — N is strictly increas-

ing such that
Vpe NVn,m > M(p) : |an — am| < —

Two reals z = ((an)neN, M) and y = ((bn)neN, N) are equal, which we write as z =g y,
if

1
VP €N lap@pir) = bl < 5

Note that this is equivalent to

1
Vp e Ndng e NVn > ng : |an—bn\§§

Using this second characterisation of equality it is not hard to show that =g is indeed
an equality on the totality R. The usual operations like addition, multiplication and
absolute value and the order realtions can be defined, and the usual basic properties, like

the triangle inequality, can be derived.

Definition 2.3.1. Let (z,,)nen be a sequence of reals, x € R and M : N — N strictly

increasing. We say that (x,)nen is a Cauchy-sequence with modulus M if

1
Vp e NVn,m > M(p) : |zn — o) §2—p

Furthermore, we say that (x,)nen converges to x with modulus M if
1
Vp e NVn > M(p) : |z, — x| §2—p

Note, that if we use notation like lim,,_,, ;, = z or say that some sequence or series

converges we implicitly assume the existence of a corresponding modulus of convergence.

12



Finally, for our discussion we will need some facts about the convergence of double
series. Reorderings of infinite series have been studied constructively in [BB09]| and
[BBDS13], but we are concerned with a slightly different problem. We want to show that
for some fixed bijection from N to N x N we can rearrange a double series into a single

one if it converges absolutely. Consider the following enumeration of N x N:

(1,22 (1,3)°
2 (2,2)% (2,3)°

Using this pattern as an enumeration of Ny x Ny starting with zero, we would get a

bijection that is quite conveniently expressed by the following function?

C:N()XNQ—)NQ

(z+y)(z+y+1)
2

(z,y) —

That means that our enumeration of N x N corresponds to a bijection ¢ : N - N x N

with inverse
o t(n,m)=c(n—1,m—1)+1

Using this particular bijection we can state the following lemma.

Lemma 2.3.2. Let (xnk)nkeN be a sequence of sequences in R, i.e. an element of

F(N,F(N,R)), and let (yn)neN be the sequence defined by

Im 2= Lo (em)) pra (om)

lLe. Tk = Yp-1(np)- Then Y > xnp converges absolutely if and only if > 4, con-

verges absolutely, in which case we have that
oo o0 oo
DD Tk =D Ym
n=1 k=1 m=1

Proof. First assume that ) >, |zn| exists and for the moment let us also assume that

Tpr > 0 for all n, k € N. Assume that (Zijﬂ m”k)NeN converges to £y, 1= Y, Tp With

2This is why this particular bijection is often used to code pairs in computability theory.

13



modulus M,, and that (22;1 >k xnk)NeN converges to £ := Y >, Zni with modulus
M. We have to construct a modulus M’ : N — N s.t. for p € Nand N > M'(p) we have

N 1
0<£*Zym§27p
m=1

First, consider N > M (p + 1), then

N
Z n < p+1)

Now, consider N > M,,(M(p+ 1) +p+ 1), then
N

1 1 1 1

0< 4, — ; Tnk < oM(p+1) 9(p+1) = M(p+1)2(+D)

Hence

M(p+1) Mn(M(p+1)+p+1)

n=1 k=1
M(p+1) M (p+1) M (M (p+1)+p+1)
1 —
<
S o

Observe that by our choice of ¢ for any N € N and m,n < N we have that o~ (m,n) <
¢ Y(N,N). If we define M, : N — N by M,(N) := ¢ '(N,N), then M, is strictly
increasing. We can now define M’ : N — N by

M’(p);:M( (p+1)V {_/ 1)+p—|—1)))

and for p € N and N > M’'(p) we have that

N M(p+1) Mn(M(p+1)+p+1)
doum= D Y. @ tcNp)
m=1 n=1 k=1

where ¢(N, p) > 0 is the finite sum of the z,; s.t. n > M(p+1) or k > M, (M (p+1)+p+1)

14



but o~ !(n,k) < N. It follows that

N
Now for the general case. Assume that (Zk:l xnk)NeN converges to ly = Y, Tnk
with modulus M,, and that (25:1 >k x”k)NeN converges to £ := Y >, &, with
N n
modulus M. Fl}rthermore, assume that (Zk:1|$nk|)NeN converges to ln = D lTnkl
with modulus M,, and that (Zgzl ka”’“‘)NeN converges to £ := Y > |x,| with
modulus M. We have already shown that Yomlym| = ¢ and may assume that this series
converges with some modulus M’. Without loss of generality we can also assume that
M > M’ because otherwise we can replace M by MV M’. Again, we get for p € N that

M(p+1) Mn(M(p+1)+p+1)

-y > eml<y

n=1 k=1
Thus, if we define M’ : N — N by

M(p+2)
M'(p) i= Mp(Mp+2) v (\/ Mo(M(p+2)+p+2))

n=1

and take N > M'(p) we get

N
=D | < ggrmy + eW.p)l
and
o0 o0 1
|e(N,p)| < > okl <Y lyml < Z lyml < Sy
(n,k) s.t. p~H(n,k)<N, m=>M (p+2) m=M'(p+2)

n>M (p+2) or k>My, (M (p+2)+p+2)

which finishes the first part of the proof. For the converse direction assume that 0=
S, [Ym| exists and that this series converges with modulus M and let £ := 3", y,, and
assume that this series converges with modulus M.

We first have to show that for any n € N, £, := 3", |z,| exists, so fix n € N and let

15



Ny < Ny, then

N1 Ny oo
Z ’wnk| = Z ‘ygofl(n,m)‘ < Z ‘ym’

k=Ng m=Ng m=Np

since p~t(n,m) > m for all m € N. It follows that (Zé\;l’xnkDNeN is a Cauchy-
sequence and hence we may assume that ¢, := >, |,x| exists and the series converges
with modulus M and that lp = )", Ty exists and the series converges with modulus
M. We next have to show that > Zn exists, so let Ny < Ny, then again

>l < > lyml

n=~Np m=DNg

which shows that (Zﬁle g")NeN
Yonln =1L Sofix N €N, let p e N and define N, ,, := M, (N + p) for 1 <n < N. Note
that Ny, > N for all 1 <n < N and

is a Cauchy-sequence and it remains to check that

N N [Nnp N Nnp
T STAES Dl SETRATE) 9 SPo
n=1 n=1 |k=1 n=1 k=1
<2-p (%)
and in particular
N Nn,p o0
() <)) ek = Ypm1(nm |+ > et £ D lyml
n=1 k=1 (n,k) s.t. n>N m=N
or k>Np p>N
=0
Since p € N was chosen arbitrarily we get that ‘6 — Zﬁ;l ol < >0 n|Yml|, which
finishes the proof. O

16






3 Set indexed families

We have seen that a lot of important notions of BST and BCMT give rise to totalities
that, although equipped with a canonical equality, are not sets or can at least not be
treated as such from a predicative point of view. However, we are still able to speak about
these totalities by invoking so-called set-indezed families. We introduce the various kinds

of set-indexed families in this chapter.

3.1 Families of sets

As a first example of a totality that is not a set we considered the universe Vy. It is thus
natural to introduce families of sets before introducing families of subsets, complemented
subsets and partial functions. However, when applying set-indexed families to BCMT
we won't be concerned families of sets. Therefore, the account given here (following
[Pet19b]) shall be rather brief and is just included for the sake of completeness.

Definition 3.1.1. Let I be a set, an I-family of sets is a pair A := (Ao, A1), where
X I~ Vgand A\ : AZ-JED( D F(Ao(i), Ao(j)) is a dependent assignment routine such
that for every (i,j) € D(I) and Ai(7, j) := Ai; we have that \;; := idy,;), and for every
1,7,k € I, satisfying ¢« =7 j and j = k, the following diagram commutes

)\0 (7,

S

Ao(J) o Ao (k)

We call I the index set of the family A, the function \;; the transport function from Xo(7)
to Ao(7), and the dependent assignment routine A\; the modulus of function-likeness of
M. We say that A is an I-set of sets if!

Vi,j el: i:[j ~ )\0(2) =V, /\0(])

!Note that the left to right direction always holds, since for any family of sets we have i =; j =
(Aig Aji) + Ao (i) =vo Ao(d)-
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Definition 3.1.2. Let I be a set and A := (Ao, A1) and M := (uo, p1) be I-families of

sets. A family map from A to M is a dependent assignement routine

U N F(Ao(i), o))

i€l
such that for every i =; j the following diagram commutes

No(i) =5 Ao(j)

po(i) —z—= po(J)

In this case we write U : A = M. We denote by Map;(A, M) the totality of family maps
from A to M, which is equipped with the equality

)\ :MapI(A,ZW) = = VZ S I: \Ijz :F(AO@)#O(")) EfL

If N := (vg,v1) is an I-family as well, then for ¥ : A = M and Z : M = N the
composition W o = : A = N is defined as (¥ o Z); := ¥; 0 ;. The identity family-map
from A to A is the dependent assignment routine Ida : A;c;F(Ao(4), Ao(é)) defined by
(Ida), == idyy)-

Over a family of sets we can define the exterior union and the dependent product, but

since we won’t use these notions in our discussion of BCMT, we just state the definitions.

Definition 3.1.3. Let A := (Mg, A1) be an [-family of sets. The exterior union, or
disjoint union ) ;. Ao(i) of A is defined by

w e Z)\o(i) & Jiel Jx e A7) st w = (4, 2)
(1,2) =5 a0 (hy) = i =1 jand Nij(z) =5,(5) ¥

Definition 3.1.4. Let A := (Ao, A1) be an [-family of sets. The dependent product
[Lics Mo(7) is defined by

O e J[rl) = @ A Ao(i) st Vi, 5) € D)+ Aij(D3) =)
el i€l

P “ILicr M) UV o Viel: &, =Xo(d) v,
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3.2 Families of subsets

We next introduce families of subsets that we will use a lot in our discussion of BCMT.

Definition 3.2.1. Let X and I be sets. A family of subsets indexed by [ is a triple
A= (Ao, &, A1), where Mg : I~ Vo, and £ : \;c;F(Xo(é), X), such that, for every i € I,
we have that £(i) := ¢; is an embedding of A\g(¢) into X (i.e. (Ao(),€i) is a subset of
X). Moreover, A1 : \; yep(r) F(Ao(@), Ao(j)) is called the modulus of function-likeness
of Ao, and for every i € I it satisfies \;; := idy(;), while for every (i, j) € D(I) it satisfies

(Aijs Aji) = Ao(7) =p(x) Ao(j), i-e. the following inner diagrams commute

=01 Ej

We say that A is an I-set of subsets if
Vi,j el: 1=1] & /\0(1) =p(x) )\0(])

Let A := (Mo, &, \1) and p := (po, E, p1) be I-families of subsets of X. A family of
subsets-map is a dependent assignment routine ¥ : A,;F(Xo(¢), uo(é)) such that for

every i € I the following diagram commutes

o(i) —— 2y 1io(d)

\/

Le. W, : Ao(i) C pp(e) for all ¢ € I. In this case we write ¥ : X =x pu. We denote by
Map® 7 (A, ) the totality of family maps from A to p, which is equipped with the equality

v = = s Vi el: ‘lll =F(Ag(8),n0(8)) EZ

Mapf((k,u)

If v:= (v, E',11) is an [-family of subsets of X as well, then for ¥ : A\ =x u and
Z : p =x v the composition ¥ o Z : A\ =x v is defined as (Vo E); := ¥; o O,.
The identity family of subsets-map from A to A is the dependent assignment routine
Idy © Nier F(Xo(4), Ao(4)) defined by (Id)\)i = 1dy(5)-
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Remark 3.2.2. It is easy to check that for any I-family of subsets of X, A := (Ao, &, A1),
we get a family of sets Ay := (Ao, A1). From the definition we get that for ¢ =; j and

j =1 k the following diagrams commute

Ao(4) ok, Ao (k) Ao(4) S Ao (k)
GOSN R S E
Noli) —5 3 X Noli) —53 X

It follows that (Aij o Njg, Akj © Aji) : Ado(i) =p(x) Ao(k). But since we have i =7 k we get
that (AikAri) @ Ao(7) =px) Ao(k) holds as well and we get from lemma (2.1.2) that in

particular Ajj o Ajx =s(xy(),00 (k) ik, 1-€. the following diagram commutes

)\0 (l

>
S

N

Ao(4) v Ao(k)

Furthermore, a family of subsets-map ¥ : A =x p is also a family map ¥ : Ay = M,

since for ¢ =y j the following inner diagrams commute

(7) —>)\oj

\/
/\

0(t) ———7—> 1o(j)
For = € A\o(7) we thus get

(€50 pij 0 i) () =x (ei 0 Wi)(x)
=x €i(z)
=x (Ej o )\Z])(SU)
and since e; is an embedding we get that (,uij o \I’z)(l’) ~po(4) (\I’j © )\”)(m)

Next, we want to introduce the notion of a subfamily that will play an important role

in redefining the notions of measure and integration space in BCMT.
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Definition 3.2.3. Let A := (A\g,&, A1) be an [-family of subsets of X and J be a set
with a function h : J — I. Then by (Ao h) := (Ao o h,E o h, A1 o h) we denote the J
family of subsets that is given by composing all (dependent) assignment routines with h.
Now let p:= (po, E, p1) be a J-family of subsets of X, we say that p is a subfamily of A
via h if there are family of subset- maps U:pu=x (Aoh)and U1 :(Aoh)=x pusuch
that ¥ o U1 “apX (1.0 Id, and U7 o ¥ = Id(xon), i-e. for each j € J the

following diagrams commute

THap’¥ ((Aoh),(Aoh))

idyg () idxg (h(5))

*)/\0

J) —— Mo (h(j = po(j J = to(J
\\ ij% \) j /
€h(5) €h(5)

Remark 3.2.4. If in the above setting u is a J-set of subsets, then h : J — I is an
embedding. To see this, assume that we have j,j’ € J s.t. h(j) =7 h(j’). Then the
following inner diagrams commute

A
Mo (h(5)) % Mo (h(5"))

po(j)
\ }L(J) h(] ) /

Ao (h(J)) W )\0

:-
(S
=

\

It follows that uo(j) =px) po(j’) and thus j =; j" since p is a J-set of subsets.

Finally we can introduce the appropriate notions union and intersection of a family of

subsets, corresponding to the exterior union and dependent product for families of sets.

Definition 3.2.5. Let A := (Ao, &, A1) be an I-family of subsets of X. The interior
union of X is the totality | J;c; Ao(7) defined by

z € U)\o(i) = Jie ] Jx e M(i) st 2= (i,x)
i€l

Let the assignment routine € : (J;c; Ao(i) ~ X be defined by e(i,z) := (). The



equality on J;c; Ao(4) is defined by

(1,2) =Upe, 20ty () 26 €li@) =x £(G,9)

Then ¢ is an embedding, turning (J;c; Ao(7) into a subset of X. The intersection of X is
the totality (1), Ao(7) defined by

Ue (o) & T A Ao(i) st Vi, j €T &(0;) =x g;(T;)
icl el

P =Mics Mo(i) UV .o Viel: ®; =0 (i) v,
For ig € I the assignment routine

e:m)\o(i)‘—>X

el
U — €ig (\I/Z'O)

is an embedding (and as a function in F(();c; Ao(i), X) independent of io, turning

MNicr Ao(4) into a subset of X.

Example 3.2.6. Let (A,i4) and (B,ip) be subsets of X let A := (Ao, &, A1) be the
2-family of subsets given by

e \(0) := A and \o(1) :=B
e cg:=1y and g1 :=1ip
e )\ :=1idy and A1 :=1idp

then it is easy to verify

(Vo()) =pxy ANB  and | JXo(i) =px) AUB

i€2 i€2
Remark 3.2.7. Talking about intersections and unions of subsets includes a lot of data
which we will ignore in large parts later in our discussion of BCMT. In particular we will
not write elements of unions as pairs but rather identify them with their image in X.
Similarly, we won’t write elements of intersections as dependent assignment routines but

treat them like elements of X.
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3.3 Families of complemented subsets

We now turn to set-indexed families of complemented subsets. Just as a complemented
subset consists of two subsets that are apart, a family of complemented subsets consists

of two families of subsets that are apart at every index. We follow [Pet19c| in this section.

Definition 3.3.1. Let X be a set with a fixed inequality #x and I be a set. An
I-family of complemented subsets of X is a sextuple X := (A}, EL AL A, €0, A)) where
Abi= (A, €L AD) and A0 := (A}, €9, A)) are both I-families of subsets of X such that

Vie I: A() ][ A()

We denote by Ao(i) := (Aj(2), A)(¢)) the complemented subset associated to i € I. We

say that A is an I-set of complemented subsets if
Vi,j el: i:[j = )\0(1) =pllx) )\0(])

If v = (v}, B, 1], 1, E°,1Y) is an I-family of complemented subsets as well, then a
family of complemented subsets-map from A to v is a pair ¥ := (¥! ¥Y) such that
Ul Al = vl and U0 : A0 = x 10 We denote by Map;(’ M()\, v) the totality of family of
complemented subsets-maps from A to v, equipped with the equality of componentwise
equality of family of subsets-maps. Concatenation of family of complemented subsets-

maps and the identity map are also defined componentwise in the canonical way.

To talk about measure-spaces in BCMT predicatively we also need the notion of a

subfamily of complemented subsets.

Definition 3.3.2. Let X := (A}, &L, A A, €9, A9) be an I-family of complemented sub-
sets of X and J be a set with a function h : J — I. Then by (Aoh) we denote the J-family
of complemented subsets that is given by composing all (dependent) assignment routines
with h. Now let v := (1}, E*, vi, 10, E°,1¥) be a J-family of complemented subsets of X,
we say that v is a subfamily of A via h if there are family of complemented subset-maps
¥ from v to (Ao h) and ¥~! from (Ao h) to v such that ¥ o &1 X L) Id, and
Tlow=

J

Map 1L((xon),(Aoh)) Id(xon)

By remark (3.2.4) it follows directly from the previous definitions that if in the above
setting v is J-set of complemented subsets, we have an embedding h : J — I.
At the end of this section we want to give an example of a canonical family of comple-

mented subsets that can be constructed for any inhabited set, the family of detachable
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subsets of a set. Classically, the detachable subsets are in a one-to-one correspondence
with the subsets of X.

Definition 3.3.3. Let X be an inhabited set and let 2 := {0, 1}. Let #x be the following
inequality on X:

v#xy = If €F(X,2) st. f(x) # f(y)

Let 6 = (65,1, 65,69,€9,69) be the F(X, 2)-family of complemented subset of (X, #x)
with F(X,2)-families of subsets ! = (&§,€%,61) and §° = (83,E°,87) given by the

following data:

e For f € F(X,2) we have that §}(f) == {z € X : f(z) =2 1}
and 63(f) :=={x € X : f(z) =2 0}

e The embeddings 5} : 65(f) = X and E?C : 60(f) = X are all defined by x — x for
any f € F(X,2).

e The transport maps 5}9 : 65(f) — 04(g) and (5?9 :69(f) — 63(g) are all defined by
x +— x for any f =px,2) -

For f € F(X,2) we define 8o(f) := (63(f),60(f)) to be the associated detachable com-

plemented subset.

Remark 3.3.4. It is not hard to check that #x actually defines an appartness relation
on X and that & actually defines a F(X,2)-family of complemented subsets w.r.t. this
inequality. Moreover, we have that 63(f) U d0(f) =px) X and Xoo(f) =rF(x.2) [ for any
f € F(X,2). Using this, one can immediately see that

Vg €F(X,2): f=wx29 © do(f) =pix, do(9)

i.e. that 0 is actually a set of complemented subsets.

3.4 Families of partial functions

Finally, we introduce families of partial functions. Since a partial function consists of a
subset (its domain) and a function on that subset, a family of partial functions consists of
a family of subsets (the family of domains) and a dependent assignment routine, assigning

to each index a function on the respective domain.
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Definition 3.4.1. Let X,Y and I be sets. An I-family of partial functions from X to
Y is a quadruple A := (Mg, &, A\, F'), where

° )\0 3 N VO
o & NicrF(Xo(i), X), such that, for every i € I, we have that £(i) := ¢; is an
embedding of A\o(7) into X

* At N jep F(Ro(i), Ao(4)) is called the modulus of function-likeness of Ao, and
for every i € I it satisfies Ay := idy,(;), while for every (i,j) € D(I) it satisfies
(Aijs Aji) = Ao(2) =p(x) Ao(J)

o F': LicrF(Xo(@),Y) such that, for every i € I, we have that F(i) := f; and for
(i,7) € D(I) and = € Ao(i) we have that fi(z) =y (fjo \ij)(2).

i.e. for (i,5) € D(I) the following diagrams commute

Y
We say that A is an I-set of partial functions if
Vi,jel:i=1j & fi=rxv fj

If M := (uo,F,u1,G) is an [-family of partial functions from X to Y as well, a
family of partial functions-map from A to M is a dependent assignment routine ¥ :

Nicr F(Xo(@), po(4)) s.t. for every i € I the following diagrams commute
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We denote by Map—Y (A, M) the totality of family of partial functions-maps from A to
M, which is equipped with the equality

)\ :Mapi(_\Y(A,M) = = VZ S I: ‘I’z :]F(/\O(i)ali()(i» EZ

Composition of family of partial functions-maps and the identity map are defined just

like for family of subsets-maps.

Remark 3.4.2. Note that any [-family of partial functions A := (Ao, &, A1, F) we get
an induced I-family of subsets (Ag, &, A1), which we may call the family of domains. It
follows directly from the definitions that a family of partial functions-map is also a family

of subsets-map between the respective families of domains.

Definition 3.4.3. Let A := (Ao, &, A1, F) be an [-family of partial functions from X
to I and J be a set with a function h : J — I. Then by (A o h) we denote the
J family of partial functions that is given by composing all (dependent) assignment
routines with h. Now let M := (uo, E, p1; G) be a J-family of partial functions, we say
that p is a subfamily of A via h if there are family of partial functions-maps ¥ from
M to (Aoh)and U~! from (A o h) to M, such that ¥ o ¥~! Zkap X~V (ar.nr) 1dns and

Ulow ZuapX Y (Aoh),(aon)) 1d(Aon), 1-e. for each j € J the following diagrams commute.

g Y g Thi) This)
/—> Tfhzx /—> nge\

0'*>)\0 ' *Hto 0'*>>\0

Note that this means (¥, \I/]_l) : gj == xv) fay) forany j € J .

Remark 3.4.4. If in the above setting M is a J-set of partial functions, we get that
h:J — I is actually an embedding. This follows from the fact that any family of partial
functions-map is a family of subsets-map on the family of domains, which allows us to

use the proof given in remark (3.2.4).
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4 Measure theory

So far, we have considered some of the fundamental notions of BST and we have in-
troduced the corresponding notions of set-indexed families. In this chapter we want to
apply these tools to BCMT. Not only will our reformulation be predicative but we also

can develop central parts of BCMT entirely without the axiom of countable choice.

4.1 On the impredicative character of BCMT

The basic notions of BCMT are integration and measure spaces. Their definitions in
[BB85| are already somewhat problematic from a predicative point of view. Moreover,
the complete extension of an integration space, which plays a crucial role in BCMT, takes
the class of integrable functions to a be set. As we will see below, this is not acceptable
predicatively, a fact which has been pointed out repeatedely in the literature. In fact,
the development of algebraic constructive measure theory mentioned in the introduction
specifically addresses this problem and proposes a solution by giving a new point-free
approach.

However, we are interested in a solution that still works within BCMT or BISH more
generally. In the next section we will take an in-depth look at the impredicativities
present in BCMT and single out three particular problems that a predicative account
needs to address. Two of those problems can be resolved by refining the definition of an
integration and a measure space. This will lead us to the notions of a pre-integration and
pre-measure space that, among other things, make explicit use of set-indexed families.
The third problem concerns the integrable function and our proposal for its solution will

be postponed to the last section of this capter.

4.1.1 Three problems

Consider the definition of a measure space as given in [BB85, p. 282]:

A measure space is a triple (X, M, p) consisting of a nonvoid set X with an
inequality #, a set M of complemented sets in X, and a mapping u of M
into R*, such that the following properties hold. [...]
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and likewise that of an integration space [BB85, p. 217]:

A triple (X, L,I) is an integration space if X is a nonvoid set with an in-
equality #, L a subset of F(X), and I is a mapping of L into R such that
the following properties hold. |...]

The question now arises, how we can speak about or define sets of complemented subsets
and real-valued partial functions if the totalities P!l(X) and F(X) are not sets. Defining
these sets by seperating them out of the totalities of complemented subsets or partial
functions by some extensional property is not possible. However, at least the phrase "L
a subset of F(X)" seems to suggest such a reading.

This first problem is easily resolved using the tools introduced in the previous chap-
ter. We defined sets of complemented subsets or partial functions to be certain kinds of
set-indexed families. It is safe to assume that Bishop had these notions of sets of comple-
mented subsets or partial functions in mind, but did not explicitly mention the respective
index sets in order to make BCMT more accessible to classically trained mathematicians.

We want to make sure that we work absolutely predicatively and thus introduce the
required indexing explicitely. A measure space is thus actually a quadruple (X, I, A, u)
where X is an inhabited set with a fixed inequality #x, I is some index-set, A is an [-set
of complemented subsets of X and p is the measure, such that certain conditions hold.
Similarly, an integration space is thus actually a quadruple (X, 1, A, f ) where X is an
inhabited set with a fixed inequality #x, I is some index-set, A is an I-set of real valued
partial functions of X and [ is the integral, such that certain conditions hold.

The second problem is a bit more serious. Consider the second defining property of a

measure space in [BB85, p. 282|:

(10.1.2) If A and A A B belong to M, then so does A — B, and p(A) =
w(ANB)+ u(A— B).

Formally, with the indexing being made explicit, this condition looks as follows:
Vie IVB e PI(X): <E|j e Is.t. Ao(j) = Ao(d) A B>
= (BRIt M) = Xli) ~ B & pha(0) = phali) + (Mol )

This means that the definition of measure space contains universal quantification over
P][(X ), a totality which is not a set. From a predicative point of view this is not an
acceptable definition. In his '67 book Bishop was much more cautious regarding this

problem, giving the follong definition of measure space (see |Bis67, p.183|):
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[...] Let § be any family of complemented subsets of X [...| Let 9% be a
subfamily of § closed under finite unions, intersections, and differences. Let

the function p : 9 — ROT satisfy the following conditions |...]

Here a measure space takes the form (X, I, A, J,v, u), where A is an I-family and v is a
J-family of complemented subsets s.t. A is a subfamily of . The measure p is defined
on the ‘smaller’ family A and the ‘larger’ family v works as a substitute for the totality
PI(X). The troubling defining condition then takes the form:

IfAeMifBeg andif ANB € M, then A — B € M and p(Ad) =
WA B)+ u(A— B)

This means that we can replace quantification over ’P][(X ) by quantification over the
larger index set J.

Before we put everything we discussed above together to give a precise and predicative
definition of integration and measure space we want to mention the third problem that
is also the most serious one. Consider the definition of an integrable function over some
integration space (X, L, ) in [BB85, p. 222

An element f of F(X) is an integrable function if there exists a sequence ( f;,)
of functions in L such that >, I(|fn|) converges and, and f(z) =, fu(z)
whenever | fn(x)| converges. The sequence (fy,) is called a representation

of f|...] in L. We write L; for the class of integrable functions.

It has been pointed out that this class L; is in general not a set, since its membership
condition explicitly involves the totality of partial functions. However, the complete
extension of an integration space contains L; as its set of partial functions, on which
the extended integral is defined. Our strategy to resolve this problem is to replace L
by something smaller that actually constitutes a set of partial functions and show that

working with that smaller family is actually sufficient to construct the complete extension.

4.1.2 Pre-measure and pre-integration spaces

Before tackling the third problem mentioned in the previous section, we have to give
precise definitions of the notions of integration and measure space that we want to work
with. We argued that sets of complemented subsets and partial functions should explicitly
be treated as set-indexed families. This forces us to make a few choices on how to express
the defining conditions of integration and measure spaces. In BCMT a measure is a

function on a set of complemented subsets and an integral is function on a set of partial
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functions. Since we are concerned with set-indexed families rather than simple sets we
have to make precise what kind of functions measures and integrals actually are. Also,
the definitions of measure and integration spaces involve certain closedness conditions
that we want to rewrite in a way that allows us to avoid the use of choice principles.

In his paper "Mathematics as a numerical language" Bishop makes a suggestion on

how to formalize the measure theory of his ’67 book:

A measure space is a family M = {A; }ser of complemented subsets of a set
X [..], amap p: T — R and an additional structure as follows: [...] If ¢
and s are in T, there exists an element sV ¢ of T such that Ag < A; U Ag.
Similarly, there exist operations A and ~ on T, corresponding to the set-

theoretic operations N and —.
- |Bis70, p. 67]

Translating this to BCMT, there are two main ideas here to consider:

(i) The measure of a measure space is a function defined on the index-set of the set of
complemented susets and likewise is the integral a function on the index-set of the

set of partial functions.

(ii) Set theoretic operations under which the complemented subsets of a measure space
are closed are introduced via operations on the index-set corresponding to those set-
theoretic operation. The same applies to the function-theoretic operations under

which the partial functions of an integration space are closed.

Putting everything together we arrive at what will be called pre-integration and pre-
measure spaces. For the remainder of this thesis we want to show that important parts of
BCMT can be recovered using these predicative notions rather the original measure and

integration spaces as defined in [BB85]. We start by introducing pre-integration spaces.

Definition 4.1.1. Let X be an inhabited set with inequality #x, I aset, A = (Ao, A1, &, F)
an I-set of real-valued partial functions and [ : I — R a function. Furthermore, assume

that we have assignment routines

- i RxI~1T
+ i IxI~1T
ERE S
Ay D~ 1T
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Then (X,I,A, [) is called a pre-integration space if the following conditions hold

(PIS1) Vi,j € I Ya,b € R we have
® fai=rx) afi
o firj=reo fitfj
o fli =rx) |fil
® fr) =rx) finl
and we have that [(a-i+b-j)=pa[i+b[]
(PIS2) Vi € I Ya € F(N, 1), if
e Vm € N: fyn) >0 and
o (:=limy oo [ Y pq (k) = pey [ (k) exists and £ < [i
then there is z € Ao(i) N (Npen Ao(@(n))) st € := 372 fa)(x) exists and
U< fi(z).
(PIS3) Jie Ist. [i=p1
(PIS4) Vi € I, for a,3 € F(N,I) defined by a(m) = m - (Ai(m~! - i)) and B(m) =

m~1 - (A1(m - |i])) we have that £ := lim, o0 [ a(n), ¢ := lim,_,o [ B(n) exist
and ¢ =g [ and ¢ =g 0.

Remark 4.1.2. From (PIS1) and the fact that A is an I-set of partial functions it
follows that the assignment routines -, +,| |, A1 are functions. Also note that we can
define operations V, A : I — I by iVj = j+3-(i—j+|i—j|) and iAj := —((=i) V(—7))
for 7,5 € I such that fiv; =#x) fi V f; and finj =z fi A fj-

Definition 4.1.3. Let X be an inhabited set with an apartness-relation #x, I, J sets,
A= (ALALEL AN %) an T-set and v = (¢, v1, BY, 10,09, EY) a J-set of comple-
mented subsets of X s.t. A is a subfamily of v (i.e. we have an embedding h: I < J
and family maps ¥, ¥~! that we take as implicitly given) and p: I — R>( a function.
Furthermore, assume that we have assignment routines A : J X J ~» J, V: J X J ~ J
and ~: J ~ Jyaswellas A: I X T~ I, V:IXxI~ Iand~:1Xx1I~ [s.t. forall

1,7 € I we have
o h(iNj) =y h(i) Nh(j)
o h(iVj) =y h(i)V h(j)

o h(i~j) =y h(i)A ~ h(j)
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Then (X, I, A, J,v, 1) is a pre-measure space if the following conditions hold:

(PMS1) Vi,j € J we have
o V(i AJ) =yl Vo(i) Ao())
o vo(i V) =pliy, vo(i) Vro(d)
o vo(~ i) =piix, —o(1)

and for 4, j € I we have that u(i) + (§) =r p(i V j) + p(i A j).

(PMS2) Vi € I Vj € J: If thereis a k € I s.t. h(k) =5 h(i) A j, then there exist | € I
s.t. h(l) =5 h()A ~ 7 and p(i) =g p(k) + u(l).

(PMS3) Ji € I s.t. p(i) > 0.

(PMS4) Vo € F(N, 1) : If £ := limy,—y00 u( /sy @(n)) exists and ¢ > 0, then there is a
2 € Npen Ao(a(n)) (ie. N,en Ao(@(n)) is inhabited).

Remark 4.1.4. Let ¢,j € I, then it follows that
® Xo(i A J) =piix, Aoli) A Ao(d)
® Xo(iV 7) =5y, Aoli)V Ao(J)
® Xo(i ~ J) =5l x) Aoli) — Xo(J)

from (PMS1) and the fact A is a subfamily of v. Also it follows from (PMS2) that
w(i) =p@Nj)+p(i~j) forali,jel.

At the end of this section we want to give a concrete example of a pre-measure space.

We have alredy seen that if we equip any set X with the inequality

v#xy = 3f €F(X,2) st f(x) # f(y)

We can define the F(X, 2)-set of detachable subsets, which classically corresponds to the
powerset of X. The perhaps simplest example of a measure space in classical measure
theory is the o-algebra of all subsets together with the Dirac-measure, i.e. the measure
concentrated at a single point. We want to give an analogous example for pre-measure

spaces.!

!This example was first described [Pet19c]|, but appears here in a slightly different form since we use a
different notion of pre-measure space.
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Let X be inhabited with x¢g € X and equiped with the inequality #x defined above.

From now on we regard 2 as asubset of R. Define

Hzo - F(X, 2) — RZO
[ f(zo)

We have to introduce operations on F(X,2), so let f,g € F(X,2) and define
e fAg:=fg
» fVg=Ff+g—1Tfg
o ~fi=1—Ff

Then (X,F(X,2),8,F(X,2),6,1s,) is a pre-measure space, where the embedding
idp(x,2) * F(X,2) — F(X,2) and the identity family maps make & into a subfamily
of itself and the operations are the ones defined above for both index-sets.

It remains to verify (PMS1)-(PMS4). Recall that for any f € F(X,2) we have that
Xéo(f) =#x) J and that complemented subsets are equal if and only if their characteristic

functions are equal as partial functions, which gives us
® 50(f A g) =piix 90(f) A dolg)
® 8o(fV9) =piix, G0(f) Vdolg)
® do(~ f) =plix, —00(f)
Moreover, we have that
tao () + Bao(9) = f20) + g(@0) — f(20)g(@0) + f(20)9(20) = pay(f V 9) + Hao (f N g)

which finishes the verification of (PMS1) and we have that

tizo (f) = f(@0) (1 = g(z0)) + f(20)g(x0) = piae (f ~ ) + e (f A g)

which finishes the verification of (PMS2), since the first part of (PMS2) holds trivially.
To check (PMS3), observe that for 1 € F(X,2), the constant function 1, we have that
Uzo (1) = 1. Finally let a € F(N,F(X,2)) be such that

o= s Aon) = g Tl owteo

n=1
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exists and ¢ > 0. Then ¢ = 1 and in particular ay(z¢) = 1 for all n € N, which means
20 € Npen 06 (). This proves (PMS4).

4.2 The pre-integration space of simple functions

In this section we start with a pre-measure space (X, I, A, J, v, 1) and want to construct
the corresponding pre-integration space of simple functions. Together with the previous
example of the pre-measure space of detachable subsets with the Dirac-measure this gives
us a first example of a pre-integration space. We start by proving a few basic facts about

pre-measure spaces (see [BB85, p. 283-284]).
Lemma 4.2.1. Let i € I s.t. \}(i) = 0, then pu(i) =0

Proof. Assume that u(i) > 0 and let o € F(N, I) be given by a(n) := i for all n € N.
Then (i) = limm—o0 #( Apy a(n)) > 0 (in particular this limit exists). By (PMS4)
we get that (0,eny Aj(a(n)) =px, Ab(é) is inhabited, which is a contradiction. Hence
w(i) = 0 by Lemma (2.18) of [BB85] and the fact that u(i) > 0. O

Lemma 4.2.2. Let i1, ...,i,, € I and define F:= (;_; (Aj(ix) U Aj(ix)), then there is a
jelst xolj) = (0, F).

Proof. For each k = 1,...,n we have that Xo(ix ~ ix) = (0, \§(ix) U A)(ix)). It follows
that )\0(\/221 ik ~ Zk) = \/Z:l Ao(ik ~ ’Lk) = (@, F) ]

Lemma 4.2.3. Forall j, iy, ...,in € I and define F := (7_,;(Aj(ix) U AJ(ix)) there is a
kel st. Ao(k) = (A(5) N F,A)(5) N F) and p(k) = p(j).

Proof. Let | := \/j_yir ~ i € I and define k := j ~ [ € I. Note that Ao(k) =
A NE A7) N F) by lemma (4.2.2). Since Ag(j AL = (0, A§(5)UN(F)) NF), we get
that pu(j A1) = 0 by lemma (4.2.1). Thus by (PMS2) we get that
u(g) = p(g A + p(k) = p(k)
O

Lemma 4.2.4. Let 4,j,i1,...,i, € I and define F := (j_; (A\3(ix) U XJ(ix)), F; =
M) UNG(D), Fy o= Aj(j) UNG(J) and F' := F;NFjNF. I x5y (2) < Xag(j) () for every
x € F', then p(i) < u(j).

Proof. Let i',j € I be s.t.
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o Ao(if) = (Ag() N F", Aj(i) N F)
o Xo(5') = (\o(4) N ", A3(5) N E)
They exist by lemma (4.2.3) and we have u(i) = p(i') and p(j) = wu(j’). Since we have

Xao(i) N Xao(j) = Xao() on F', it follows that j' A" =7 i'. Let k := j' ~ i, then by
(PMS2) we get that

O

We now want to introduce the set of simple functions over our pre-measure space. To
do this we first have to define an appropriate index set, construct the family of simple

functions over this index set and show that this family is indeed a set of partial functions.

Definition 4.2.5. Let X be a set with an apartness-relation #x, I be a set and A =
(A5, AL EL A N, £9) an I-family of complemented subsets of X. The set S(I) is the
totality D, (R x I)™ with the equality:

(ak, ik)iey =s(r) (b J0)far € > k- Xag(in) =70 D be* Xaolie)
=1 =1

We define the S(I)-family of (real-valued) partial functions A = (Mg, A1, €, F') as follows:

(1) Xo:S(I)~» Vy is the the assignment-routine given by

(arsin)imy = () (Ao(ik) U AG(ix))
k=1

(i) € Apes) F(Ao(v), X) is the dependent assignment routine that associates each
v = (ag,ik)p_; with the embedding e, : (p_; (Aj(ix) U A)(ix)) < X induced by

the embeddings 5}k and sgk
(il)) A1 s A,wes F(Ao(v), Ao(w)) is the dependent assignment routine that associates
each (v,w) € S(I) with the function Ayy : Ag(v) — Ao(w) s.t.
® Ay i=idy,(y) and

o (Apw, Awy) Witnesses the equality v = S(I) w.?

2Here we use lemma (2.1.2), i.e. the fact that two functions witnessing an equality of subsets are equal.
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(iv) F: Npesry F(Ao(v), R) is the dependent assignment routine that assigns each v :=

(ak,ik)p—y the function fy := D711 ar - Xag(p)-

Note that from the definition of the equality =g(;) it immediatelly follows that A is
an S(I)-set of partial functions. Also note that this construction can be done for any
I-family X\ of complemented subsets. We now return to the case where we have a pre-
measure space (X, I, A, J,v, 1) and want to show that we can define an integral on S(I)
that allows us to construct the pre-integration of simple functions. We first have to
prove a few lemmas that use the additional structure on the index set I provided by the

pre-measure space.

Lemma 4.2.6. The assignment routine

disjrep : S(I) ~ S(I)

(akvik)Z:1H< > an( N~V ik)>f:{1,.

f(k)=1 f(k)=1 f(k)=0

]

is a function and as such identical to idg(yy, i.e. for allv € S(I) we have v =g disjrep(v).
If for v € S(I) we have that disjrep(v) := (b, j¢)j~, then the Ao(j¢) are disjoint, i.e. for
distinct £ and k we have X, () - Xao(,) = 0 on (A§(x) U (k) N (A5 (e) U (e))- For
v € S(I) we call disjrep(v) the disjoint representation of v.

Proof. Let v := (ay,ix);_,. For a function f: {1,...,n} — 2 define j; € I by
= (A i)~ (Vi)
fk)=1 f(k)=0
Then
M) =( A o)A (A =)
f(k)=1 f(k)=0

Using this it is easy to verify that we have

Dk Xaoli) =F0 D < > ak) *Xaali)

k=1 fA{L,..n}—=2 * f(k)=1

Now let f,g : {1,...,n} — 2 be distinct functions, i.e. there is a k € {1,...,n} s.t.
f(k) = 1 but g(k) = 0 or vice versa. For such a k we get that A\}(jf) C Aj(ix) and
M(ig) € AJ(ix) or vice versa. This implies that Xg(jif) and Ag(jy) are disjoint. O
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Lemma 4.2.7. For each v := (ay,ix)j_; € S(I) we have

;ak'ﬂ(ik): > <Zlak>'ﬂ(jf)

L n}—=2 S f(k)=
where j € I is defined for f: {1,...,n} — 2 as in the proof of the previous lemma.

Proof. Let F := (i_;(A§(ir) UN)(ix)), without loss of generality we can assume that for
every k € {1,...,n} we have \}(ix) U AJ(ix) C F since otherwise we can consider i} € I
s.t. Ao(ih,) = (A(ik) N E, A (i) N F). By lemma (4.2.3) we have that u(ix) = u(i}) for
each k € {1,...,n} and since for each f: {1,...,n} — 2 the domain of x,(;,) is I (with
Jjr € I as in the proof of lemma (4.2.6)), we have that

= (f({)\:1 Ao(%)) A (f/\ — Mo (i ) ( /\ Ao (i ) ( /\ —)\o(z’%))

(k)=0 1(k)=0

For k € {1,...,n}, let P(k) be the set of functions f : {1,...,n} — 2 s.t. f(k) =1. Note
that for each x € F' we have

reN(r) & r¢€ U Ao (jf) and
feP(k)

reN(ix) & ze () My
fep(k)

It follows that xx,(i,) = V fep) Xao(jy) on F and since M(ik) U XY (i) C F we get that

Ao(ik) =V repy Aoliy)-
Furthermore, note that for any i,7 € I s.t. Ag(¢) and Ag(j) are disjoint we have that

A5 (1) NAL(5) = 0 and thus by lemma (4.2.1) it follows that u(iAj) = 0. Hence by (PMS1)
1(in) = 3= pepr) 1(Jf)- Using this it is easy to see that

zn:ak’u(lk Zak ( > (Jf))
k=1

feP(k)

- > (X a)-utp

fA{1l,..,n}—=2 kst feP(k)

= Z ( Z ak)'ﬂ(])

F{1,..n}—=2  f(k)=1
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Lemma 4.2.8. Let v := (ag, ix)}_;, w = (b, je) )y € S(I) be s.t.

m

Z Ak " XXo( 1k) Z X o (o)

/=1

mrauxeﬁu:(n;ﬂua%)uxa%»)m

/N

Nz (Mg (je) U )\8(32))), then

Proof. Without loss of generality we can assume that n = m and for each k € {1,...,n} we
have i =y ji, because otherwise we can add appropriate indices with coefficient 0 to both
functions respectively. Now, assume that a > b, i.e. that >°)_,(ar — bg) - w(Xo(ix)) > 0.
By lemma (4.2.7) we get that

2 (Z%-Zbk)

f{l..n}=2 f(k)= flk)=

By (2.16) of [BB85| there is a function f : {1,...,n} — 2s.t. (Zf 1A= (k)= ) >
0 and pu(jr) > 0. From the proof of lemma (4.2.1) it follows that there isan x € )\0( 7) C
F. For each k € {1,...,n} we get that

Xao(in) () =1 & f(k) =

and thus
> ak—zak X (ir) (2 <Zbk Xl (@) = > b
F(k)=1 F(k)=1
which is a contradiction. Hence a < b. O

We can now define the integral on the simple functions and show that it is indeed a

function.

Lemma 4.2.9. The assignment-routine

/_wgaan

(ks ir)pey = Y ak - ulix)
k=1
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is a function.

Proof. Let v := (ak,ir)j_;, w := (bg,je)y2; € S(I) be s.t. v =gy w (i.e. fo =rx) fuw)
and let F':= A\g(v) N Ao(w). We thus have f, < f,, on F and f, > f,, on F, and thus by
lemma (4.2.8)

(/vd,ug/wd,u &/vd,uz/wd,u) - /Udu:/wdu

O]

It remains to show that (X,S(I),A, [ _du) is a pre-integration space. For this we
need two more lemmas. Since we don’t want to use countable choice, the next lemma

and its proof is a bit more involved than lemma 10.8 in [BB85, p. 284].

Lemma 4.2.10. Let ST(I) := {v € S(I) : f, > 0}, then there is a function ¢ : N — ST(I) — I
with N — (¢n : ST(I) — I), s.t. for all N € N and v € S(I) we have

o Ao(dn(v)) UG (¢ (v) € Ao(v)
o Vz € A)(dn(v)): fulz) < N1
o ((dn(v)) < 2N [vdp

Proof. Fix N € N and let v € ST(I) and disjrep(v) := (ay, ix)f_;. Then a; > 0 for all
k=1,..,n. Let f,g:{1,...,n} — 2 be functions s.t.

(i) Vke {1,...,n}: f(k)vgk) =1
(i) f(k)=1 = ap, < N~}
(iii) g(k) =1 = ap > (2N)~!

Such f and g exist by corollary (2.17) of [BB85]. We have that

<Vk €{l,..,n}: f(k) = 1) or <3k €{l,..,n} st g(k)= 1)

Now assume we have another pair of functions f/,¢" : {1,...,n} — 2 s.t. the conditions
(i)-(iii) hold. Let f”:= fVv f' and ¢" := gV ¢'. It is easy to verify that f”,¢" also fulfill
(1)-(iii).

Since there are only finitely many pairs of functions {1, ...,n} — 2 s.t. (i)-(iii) hold and

they are closed under taking (pointwise) maxima we can consider the mazimal functions
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O, Yy 2 {1, ...,n} — 2 s.t. (i)-(iii) hold. In particular they will be given by

) I OV
Jg:{1,...,n}—2 3f:A{1,...,n}—2

(f,9) fulfill (i)-(iii) (f,9) fulfill (i)-(iii)

Now, let

Vi (i ~ig), i VE € {1,...,n}: pu(k) =1

e (ku(k)zl “‘7) ~ (vzil(i’“ - ik))’ else

Notice that this is a valid case distinction. In order to verify that ¢x(v) does indeed
satisfy the three conditions of the lemma, observe that Xo(\Vj_;(ix ~ ix)) = (0, Ao(v))
and for iy :=V\/y, (1)1 ik we have

\/ i, ~ i) = (A(iv) N Xo(v), XD (30) N Ao (v))

First assume that <sz e{l,...n}: @u(k) = 1). Then for j := \/}_, (ix ~ ;) we have
¢n(v) =1 j and clearly Aj(5) UAJ(j) € Ao(v) and (Vz € N)(j) : fu(z) < N71). Note
that (2N)~! . Xxo(j) < fo on Ag(v). From this, the third property follows by lemma
(4.2.8).

If (Hk € {1,.on} (k) = o), e, Yy(k) = 1, let j = iy ~ \/7_ (i ~ i).
Then we have ¢y (v) =; j and clearly Aj(j) U AJ(4) C Ao(v). Let x € AJ(j). Then
T € Ny, (k)=1 A (i) and thus f,(z) = 0 or there is a k € {1,...,n} with p,(k) = 1 s.t.
x € Aj(ig), in which case f,(z) = ar < N~! since the Ag(i) are disjoint. In either case
the second condition is fulfilled.

Using lemma (4.2.3) and the fact that the Xg(i) are disjoint we get that

W) =ui) = Y i) < Y @) < N [ vd

Yo (k)=1 Yy (k)=1

Here the last inequality follows from lemma (4.2.8) using the fact that on A\g(v) we have
Do (k)=1 Tk X (i) < So-

It remains to check that ¢y is a function. So let w € ST(I) s.t. v =gy w (ie.
fo =rx) fw) and disjrep(w) := (bg, j¢)j~,. Since A is an I-set of complemented subsets
it suffices to check that Ao(¢n(v)) =5y, Ao(Pn(w)).

Note that by the above remarks Xx,(¢y(v)) @0 Xxg(¢n(w)) have the same domain
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Ao(v) =px) Ao(w). Now, assume that for 2 € Ao(v) we have X,y @) (T) = 1, ie.
A(¢n(v)) is inhabited and we have x € Aj(ix) for some k € {1,...,n} with 1,(k) = 1.
Thus f,(x) = ax > (2N)~! > 0 and since f, = f, we must also have = € \}(j) for some
¢=1,...,m. Moreover, by = aj, > (2N)~! and hence v,,(¢) = 1 by the maximality of 1),,.
It follows that = € A} (i) where iy, = wa(€)=1 o

Also note that since A\j(én(v)) is inhabited there is a k = 1,...,n s.t. ¢,(k) = 0 and
hence we get that ay > N~ and A\}(iy) is inhabited by the maximality of ¢,. Thus,
since f, = fu, there is an £ = 1,....,m s.t. by > N~! and A\}(j,) is inhabited, i.e. there
isal =1,.,mst ¢,¢) =0 and ¢n(w) = iy ~ Vyoy (e ~ jo). It follows that
Xao(én(w))(Z) = 1. Repeating the argument for € Ao(w) with xx,(gy(w))(T) = 1 we

can conclude that

(M(en(2) U (@n(0)) = Ao(w) = do(w) = (M(6w (w)) UN (6 (w) )
L Vo €M) Xagow) (@) =1 € Xagon(w) (@) =1
which finishes the proof. O

Lemma 4.2.11. Let v := (ay,ix);_; € S(I) and ¢ > 0 bes.t. f, <con Aog(v). Leti e
be s.t. f, <0 on A)(i) N Ag(v), then for every e > 0 there exists a j € I s.t.

(i) A() UAG() S Ao(v)
(i) Yo e () : folz) >e
(iii) (j) > e (v dp — 2ep(i))

Proof. Again w.l.o.g. we can assume that the Ag(ix) are disjoint (otherwise replace v by
disjrep(v)). Let f,g: {1,...,n} — 2 be functions s.t.

(i) Vk € {1,...,n} : either f(k) =1or g(k) =1
(i) f(k)=1 = ap < N}
(iii) g(k) =1 = ax > (2N)~!

Such f and g exist by corollary (2.17) of [BB85]. We have that

(Vk e{1,.,n}: flk)= 1) or (Hk: e {1,..,n}: g(k) = 1)

In the first case, let j € I be such that Ao(j) = (0, \o(v)) (such a j exists by lemma
(4.2.2)). Then clearly A\3(5) UA}(j) € Xo(v) and Vo € N)(j) : fo(x) > € is vacuously
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true. By lemma (4.2.1) u(j) = 0, so in order to check (iii) we need to prove

2ep(i) > /v dp

which follows from lemma (4.2.8) and the fact that f, < 2exx,@) on Ao(v)N(AG(E)UAG(4)).
This inequality holds since a; < 2¢ for all k and f, < 0 on AJ(7) N Ag(v).

Now assume that (Elk e{l,..,n}: g(k) = 1) is inhabited. Let j’ :=\/ ;)_; ik and
J€TIst. Xo(j) = (AU N Ao(v), A§(5") N Ao(v)). Then clearly Aj(5) UA)(4) C Ao(v). If
x € A\}(j) then in particular = € A\}(ix) for some k € {1,...,n} with g(k) = 1 and hence
fo(@) =a > e.

For each k € {1,...,n} let ji := iy Ai and define w := (ag,ix A i)}_; € S(I). Using
lemma (4.2.8) we get that

/vduﬁ/wdu

= Y anGr) + Y arnli)

F(k)=1 g(k)=1
<2:( Y w) + e X i)
f(k)=1 g(k)=1

< 2ep(i) + cp(j)

Note that the Ag(j) are disjoint, which allows us to make the following estimates for

the last inequality:

and

Theorem 4.2.12. (X, S(I), A, [ _dp) is a pre-integration space

Proof. We first have to define the required assignment routines, so let v,w € S(I) s.t.
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disjrep(v) := (ag, ix)}_, and disjrep(w) := (by, j¢)j~, @ € R and define:

a-v:=(a-ag,ig)p—
V4w = ( a,ii), an,zn) (bl,jl),...,(bm,jm))
o] :=
A1 (v) =

(lawl, ix)j=1
(ak A Lyik) =
It is easy to check that these assignment routines fulfill (PIS1).

By (PMS3) there is ani € I s.t. pu(i) > 0. Let v := (u(i)~1,i) € S(I), then [v du =1,
which verifies (PIS3). Let v € S(I) with disjrep(v) := (a, i)}, and «, 8 € F(N, S([))
be given by a(m) = m - (A1(m~1-v)) and B(m) = m~t - (A1(m - |v])) for m € N. Let
My € Nbest. My>a;V..Va, and m > My. Then fu) = fv, ie. a(m)=gu) v
and thus lim, o [ a(n) du = [v du. Now, let My € Ns.t. My < |ag| A ... A |ay| and
m > M. Then

[ 8tm) du= 23" i) "0
k=1

It remains to check (PIS2). So let v € S(I) with v := (ag,ix);_, and o € F(N, S([))
st. for all n € N we have fo,) > 0 and £ := Y772, [a(k) du exists and £ <
Jidp. Let M : N — N be the (strictly increasing) modulus of convergence with which
(Zzzl [ a(k) du)zo:l converges to £ € R, i.e. for each p € N we have that

M (p)
EZ/oz(k:)dM: Z / d,u<—
k=1
Let i := \/j_; ix and note that f, = 0 on AJ(i). Furthermore take ¢ > 0 s.t. f, < con
Ao(v) and define
o r:=[vdu—1¢
o c:=1/2(1+ ,u(i))_lT
o a:=1/c(r —2ep(i))

Define the strictly increasing sequence n : N — N by n(1) := 1 and for n > 2 by
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n(n):=M(2n+ 14 p)— 1, where p € Nis s.t. 277 < ae. Then for n > 2 we have that

n(n+1)—

1
kz(: / ) dp < 9+
n(n)
Let 7 € F(N, S(I)) be given by 5(n) := S{"* )" a(k) for all n € N. Let g € N be s.t.

q~' < eand for k> 2let ji := por,(7(k)) with ¢ as defined in lemma (4.2.10). It follows
that Aj(jx) U AJ(jx) € Ao(v(k)) and for all z € AJ(ji) we have f.(z) < 2 %¢ and

. (k+1) .
pli) < 5 [k du < 27

Furthermore, let j € I be s.t. for w := v — v(1) we have that A}(j) U A)(j) € Ao(w) and
for all x € A}(j) we have f,(z) > ¢ and

)= ([ d=22i)) = 7o 2 =

Such a j exists by lemma (4.2.11), since we have 0 < f,(;y < £ and thus f, < f, < con
Ao(w) and fi, < fy = 0 on AJ(i). Finally, let § € F(N, I) be given by §(n) :== AL_o(j — ji)
for n > 2. We now claim that ¢ := lim,,_,c ,u(é(n)) exists and that

€/>u i

k=2

I\D\Q

From this claim it follows by (PMS4) that there is an inhabitant

€ (Y A(E() = A50) N ([ M)

neN neN

For k > 2 we get that f, ) (z) < 2 k¢ and thus ¢/ := lim, o fam) (@) = 22021y (@)

exists and

Fol@) =" = fo(@) = fyy( va e-Y 2te=2>0
=fuw(z)

This completes the verification of (PIS2) so it remains to proof the claim.
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For m > n > 2 we have:

0 < u(d(n)) —u(d(m)) by lemma (4.2.4)

=pu(G—\ i) -G-\V i)
k=2 k=2

VIRV

k=2 k

=2

() m m m
<V oan) < D uln < Y. 27
k=n+1 k=n+1 k=n+1

It follows that the sequence (p(8 (n)))n cy 18 @ Cauchy-sequence and hence its limit exist.
Furthermore, we get

lim pu(3(n)) = lim p(j — k\_/2jk)
L Y
> p(7) = lim_p(\/ jr)
k=2

[e.9]
> (i)~ Y2 taz 5 >0
k=2

Note that we used the following inequalities: Let A, B,C' € I, we have

lemma (4.2.4)

(#) w(A—B)"EY (A = p(ANB) > p(A) - u(B)

(#) (A= B)— (A= C)) = p((A—B) A (~AVC))
=pn(((A=B)—A) V(AN (C-B)))
< w(A-A)-B) + pAN(C-B)<pu(C-B)

<pu(A—A)=0 by lemma (4.2.1)

(
(

(#%%) p(AVB-B)=pu(A-B)V (B - B)) < u(A— B)+u(B - B) < u(4)
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This finishes the section on the simple functions. Note that most arguments have been
directly translated from section 10 of chapter 6 of [BB85] to our setting of pre-measure
and pre-integration spaces. However, we were able to make certain things more precise,
like the formulation and proof of lemma (4.2.10) and the proof of theorem (4.2.12) and

thus avoided using the axiom of countable choice.

4.3 Complete extension of a pre-integration space

Recall that we haven’t addressed the most serious problems of BCMT from a predicative
perspective. The construction of the complete extension of an integration space relies
on the assumption that the totality of integrable functions forms a set, which is not
acceptable from a predicative viewpoint. For the remainder of this thesis we want to
propose a solution to this problem. As we will see it suffices to consider the totality of
canonically integrable functions, which does form a set, in order to construct the complete

extension.

4.3.1 The 1-norm of a pre-integration space

Before we can give a predicative account of the complete extension of a pre-integration
space, we have to make precise in what way this extended pre-integration space is the
completion of the first one. In this section we will show how we can define a norm on the
index set of the set of partial functions of a pre-integration space. We start by proving
some basic results about pre-integration spaces (see [BB85, pp. 217-218]) that will be

useful later.

Lemma 4.3.1. Let i € I and a € F(N, I) be such that for all n € N we have f,(,) > 0
and >, [ a(n)extists and [i+>, [a(n) > 0. Then there exists x € A\o(i) N, A(a(n))
such that » 7 fom)(x) exists and fi(z) + 3, fawm)(z) > 0.

Proof. Let N € Nbes.t. Y0 vy [a(n) < 3([i+ >, [a(n)), then using induction,
we get that

[e%s) N N
ng\;ﬂ/a(”)</i+;/a(n)=/<i+;a(n)>

From (PIS2) it follows that there is a 2 € Ag(i) N[, A(a(n)) such that Y77 v 1 fom)(2)
exists and f;(x) + Zgzl famy(®) > 2702y fam)(x). Now the result follows since for
all n € N we have that f,,) > 0. O

46



Lemma 4.3.2. Viel: f; >0 = fiZO

Proof. Let i € I and assume that f; > 0 but [i < 0. Consider the sequence (0-7,0-1, ...)
then fo.; =rx) 0fi = 0 and >, [0-4 =0 and [(—i)+ >, [0-4 > 0. Hence, by
lemma (4.3.1) there is an & € \o(7) s.t. —fi(z) + >, 0fi(x) = —fi(z) > 0 which is a

contradiction. O
Lemma 4.3.3. Vie I: |[i| < [li

Proof. The result is immediatelly obtained by applying lemma (4.3.2) to |i| —i and |i| +1
respectively. O

Lemma 4.3.4. Let i,j € I be s.t. for all z € X\g(7) N Ao(j) we have f;(x) < f;(x), then
Ji<]Ji

Proof. Consider j —i € I, then A\o(j — i) =p(x) Ao(i) N Ag(j) and thus fj_; > 0. Hence,

by lemma (4.3.2)
[i-[i=[u-0=0

O]

In classical measure theory one often identifies integrable functions that agree almost
everywhere and the normed space L' is then defined modulo this equivalence relation.
The positive, constructive counterpart is to identify functions in the complete extension
of an integration space that agree on a full set. Proposition 2.12 in [BB85, p. 227| then
tells us that we can define the 1-norm modulo this equality. Since, we don’t have recourse
to the notion of a full set in a predicative setting, we have to introduce the 1-norm a bit
differently.

Theorem 4.3.5. The relation =/ defined for i,5 € I by

i=j e /]z’—j]:O

is an equivalence relation on I and the assignment routine [ : (I, :f) ~ R given by
i — [ is a function. Moreover, the functions - and + make (I, =) into a R-vector

space with neutral element 0 - p, where p € I is s.t. [p = 1, which exists by (PMS3).
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The function

[ _lli: I —Rxo

il = [l

Defines a norm on (I, = +,0-p).

Proof. First, we have to check that = I defines an equivalence relation on I. Reflexivity
follows by (4.3.2) and from the fact that fj,_; = [fi — fil = 0 for all s € I. Fori,j €I
we have |f; — fj| =z |fj — fi| and thus |i — j| =7 |7 — ], since A is an I-set of partial
functions. This establishes the symmetry of = Ik For transitivity let 4,5,k € I s.t i = f J
and j =, k. For any = € Ao(2) N Ao(j) N Ag(k) we have that

fiieg) (@) = [fi(2) — fi(@) + fu(z) — f;(@)] < flimm (@) + fljx/(2)

and thus by lemma (4.3.4)

os/u—ﬂ:/ﬁ—k+k—ﬂs/u—m+/w—ﬂ:o

which means that ¢ = j. For i = j, we have 0 < |[i—[j| < [li—j] =0 by lemma
(4.3.3), and hence [ = [ j which proves that [ : (I, =) ~ R is a function.

It follows directly from (PIS1) that +,- satisfy the associativity, commutativity and
distributivity laws of a vector-space on the set (I,=y). Since for all 4,5 € I if i =; j then
[i = [j by lemma (4.3.2), it follows that these laws also hold for (I,= r)- It remains
to check that 0 - p is indeed a neutral element that and additive inverses exist. But this
follows from ¢ +0 - p =i and 7 — 1 =r0-p for all + € I, which we get using lemma
(4.3.2).

It remains to check that || _[|; defines a norm (I,=). Let i € I, we have to show that

lil1 =0 & i=;0-p

Using the fact that A is an I-set of functions, we get that [i — 0 - p| = |i| — 0 - p, which
by lemma (4.3.4) and (PIS1) gives us the desired result. The other norm axioms can be

obtained similarly. O
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4.3.2 The pre-integration space of canonically integrable functions

In our predicative setting we don’t have that the totality of integrable functions forms
a set. However, in Bishop-Cheng measure theory two integrable functions are identified
if they agree on a full set. Each integrable function f has a representation (f,), and
agrees with the canonically integrable function® > Jn on a full set, namely the domain
of the canonically integrable function. To construct the complete extension as the metric
completion w.r.t. the 1-norm it thus suffices to only consider the canonically integrable
functions. In this section we will show that we can actually construct the set of canoni-
cally integrable functions and construct the corresponding pre-integration space that will

be the complete extension.

Definition 4.3.6. Let (X,I,L, [) be an pre-integration space. We define the set of

representations to be the totality

L= { a € F(N,I) : i/]a(nﬂ exists }

together with the equality
o =y B = (FOH €F,, Z fa(n)) =F(X) (Fﬂ7 eF,ga Z fﬁ(n))

where for «, 8 € I
F, = { x € ﬂ)\o(a(n)) : Z]fa(n)(xﬂ exists }

with embedding ef, : F, = X induced by the embeddings €,(,) and (Fj, ef,) is defined
accordingly. We define the set of canonically integrable functions to be the I1-family of

partial functions A; = (v, v1, E, G) given by
e 1y : I; ~ Vj is the assignment routine given by vp(a) := Fj.

® I Aoer, F(vo(a), X) is the dependent assignment routine that maps each a € I
to the embedding e, :=ef, .

® V1 Npenn) F(vo(@), 1(B)) is the dependent assignment routine that maps
each (o, 8) € D(I1) to the function vag : vo(a) — vo(B) s.t. Vaa := idyyn) and

(Vaps Vga) Witnesses the equality a =7, 8.4

3This terminology is due to Bas Spitters, see [Spi02, p. 24].
“Here we use the fact that two functions witnessing an equality of subsets are equal.
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® G: \uer, F(vo(@),R) is the dependent assignment routine that maps each o € Iy
to the function g, : vo(a) — R that is given by ga(z) := > 77 ga(n) () for each
x € vo(a).

Remark 4.3.7. It follows directly from the definition of =, that A; is an [j-set of

partial functions. Furthermore the assignment routine
h:I~ Il
i (4,0-4,0-14,...)

defines an embedding since for 7, j € I we have

t=1j < fz =F(X) fj
& </\O(i)75iafi +>0- fi) =7 (x) ()\o(j%@j’fj +> 0. fj>
n=2 n=2
& h(i) =r, h(j)

since one can easily verify that \o(i) =px) vo(h(i)) and X\o(j) =»x) vo(h(jF))-

Let a, 8 € I1 and a € R. We can define the following functions
+1 L xL =1

a+1 8= (a1), 5(1), a(2), B(2)..),
1 _RxL —6L

a1 o= (aal),ca),..),
| 1:h— 1

lali == (la)], a(), (~1)-a(1), [a(D)+a@)[~la(1)], a(2), (~1)-a(2), [a()+a(2)+a3)|-|a(D)+a(2)],...),
/\} L — L

AL (@) = (1ra(1), a(1), (=1)-a(1), 1A(a()+a(2))~1A((1)), a(2), (~1)-a(2), IA(a(1)+a(2)+a(3) ~1A(a(1)+a(2))....)
See [BB85, p. 224| to check that
® Ja+.8 =F(x) Ya T+ 98
® Ja1a =Fx) A9a
® Jlal; =Fx) |9al

® Irl(a) =Fx) Ja N1
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Note that for construction of these sequences no choice principles were needed. Further-
more we get that these maps are compatible with h: I < Iy, i.e. fori,j € [l and a € R

we have that
o h(i+j)=n h(i) +1 h(j)
o hia-i)=r, a1 h(i)
o h(lil) =n [h(1)h
o n(Aw(i)) =1, AL(R(i)

In the following we will thus drop the subscript 1 for all of these functions.
Finally the assignment routine [} : Iy ~» R given by [, a:=3" [«a(n) is a function.
To see this let a =7, § and assume that [} a #r [, 3. Take a € R and N € N s.t.

e 0<3a< ‘ana(n) —anﬁ(n)‘
A ZZO:NH [le(n)| < a
o > oini1 [la(n) = B(n)| <a

Then

i /\a(n)! + f: /\a(n)—ﬁ(n)|<2a

n=N-+1 n=N-+1

< i/a(n)—i::l/ﬁ(n) I
<2 [ (atn) = 5) > J1atn) = s} -a

N
> (aln) - B(n))‘

< i/(a(n)—ﬂ(n)) g/

Thus by (PIS2) for the pre-integration space (X, I, A, [) there is a € ([0, Mo(a(n))) N
(N, Ao(B(n)) st. X, [ fawm)(@)] and 32, | fam)(x) — fam) ()| both exist and we have

) %) N
Z ‘fa(n)(l‘” + Z ’fa(n)(x) - fﬁ(n)(‘r” < Z (fa(n)(‘r) - fﬁ(n)(x))‘
n=1
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Hence, >, |fgm)(z)| exists and thus

[e%S) N o0
0< Z |fa(n)(x)| < (fa(n)(x) - fﬁ(n)(x)) - Z ’fa(n)(m) - fﬁ(n)(x”
n=N+1 n=1 n=N+1
<D (famy (@) = fomy (@)
n=1

But this is a contradiction since a =y, 8 implies that ) fom)(z) =r >, fam) (7). It is
also clear that [, k(i) = [ i for all i € I. We will thus drop the subscript 1 here as well.

We now prove some basic properties of I and Aj. Again, all of the arguments are
taken from section 2 of chapter 6 of [BB85].

Lemma 4.3.8. Va € I : |[a| < [lof

Proof. From the definition we get that

/]a\ = lim
n—oo

Now assume that ‘f a‘ > [l]a, then there is n large enough s.t.

> ak)
k=1

/ S a(k)| < Z/a(k) _ |/Za(l~c)
k=1 k=1 k=1
This is a contradiction to lemma (4.3.3). O

Lemma 4.3.9. Let a € I; be s.t. for all € vy(a) we have go(x) > 0, then [a > 0.

Proof. For ¢ € I define

1 1
.= 2+ 2
i 5 ]z|+2 i
_ 1 i 1
i 5 lil =5

Then fi+ =z f:r and f;- =z, f; . Let a € I, then by assumption we have that
>, Jam)t and >, [a(n)” exist and that

/a::nz_:l/a(n):;/a(nﬁ—;/a(n)_
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Furthermore, we have for € vo(a) that Y | foem ()| exists if and only if >, £ (x)

a(n)

and ) foj(n) (z) exist, in which case

S L @) =D @) = galw) > 0
n=1 n=1

Now, suppose that [« < 0 and take ¢ > 0 s.t. 3. [a(n)” <3 [a(n)” — 2. Also
take N € N large enough s.t. 302\ [a(n)” < e. We have that

g/a(n)++ni§;1/a(n)_ <é/a(n)_ +2n§+l/a(n)— 9 < é/a(n)_

Hence, by (PIS2) there is a € [, (Ao(a(n)) s.t. >, f;(n)(:n) and ), f;(n)(m) exist ,

and thus also ) |fan)(2)| converges, i.e. x € vp(a), and we have

S N s
Z_:lfo—i_(n)(x) < Z:lfc:(n)(x) < Z_:lf;(n)(x)

it follows that go(2) = 3, fa(m) (%) < 0, which is a contradiction and thus [« >0. O

Lemma 4.3.10. Let o, 8 € I1 bes.t. forall z € vo(a)Np(F) we have that g (x) < gs(z),
then [a < [ .

Proof. Consider 8 — o € Iy, then 1p(f — a) =px) vo(a) Nvy(B) and thus gg_o > 0.

Hence, by lemma (4.3.9)
[ [a=[G-a=z0

Lemma 4.3.11. There is a function ¢ : [y - N — I s.t. for every a« € I; and n € N
we have that ¢(a,n) =B =p, aand Y, [|8(k)] < [|af +27".

O

Proof. Let @« € I and n € N. Let M : N — N be the modulus of converengence of
the sequence (Y7L, [la(k)[)>_ and N := M(n + 1), i.e. we have Y32y, [la(k)| <

2-(+1) Let 3 € F(N, 1) be given by

(ZNja(k:), a(N +1),a(N +2), )

k=1
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Then Y, [|8(k)| < Y, [la(k)| and thus g € I, i.e. ¢(a,n) := [ is well-defined.
Furthermore, we clearly have vy(8) =px) vo(a) and gg =#x) ga-

For m > N we obtain, by using lemma (4.3.10), that

S 1
> [l < [18001+ g

()« (o]
() A5 )
S/(}ia@ ) +k%1/\a<k>r+2nlﬂ

< [ ([3ew]) + 2

By the proof of lemma (4.3.8) we have that

lim Y a(k:))z |a]
i [ ([Sem)) = f

which finishes the proof. O

We are now able to prove the predicative, constructive version of Lebesgue’s series
theorem. The proof generally follows the proof theorem 2.15 in [BB85|, but we have
to be a bit more cautious, since we don’t have a notion of a full set at hand and thus
have to work around arguments that rely on properties of full sets. Again, using lemma
(4.3.11) instead of a more straightforward translation of 2.14 in [BB85| allows us to avoid

countable choice.
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Theorem 4.3.12. Let I' € F(N, 1) be s.t. >, [IT'(n)| exists. Then there is an o € I
s.t.

vo(a) C { x € m vo(D(n)) - Z|g r(n) ()| exists }
n=1 n=1

and Vz € vy(a): ng(n)

Furthermore, for any a € 11 fulfilling the above condition we have

Proof. Let A :={z € (7_;n0(L(n)) : Y02 |9 (2)| exists} and ig : A < X be the
embedding induced by the er(,). Let

For each n € N let 3, := ¢(I'(n),n) with ¢ as in lemma (4.3.11), i.e. B, € I; is s.t. for
all n € N we have ,, =1, I'(n) and

;/lﬂn(k)l < /|r(n), 4 on

It follows that 7| 3272 [|fs, ()| exists. Let

B —{xe ﬂ ﬂ)\o B (k iifﬁn exists}
n=1k=

neN keN

and let the bijection ¢ : N — NxN be given as in section (2.3) and let w € F(N, I') be given

by a(n) := ﬂprl(@(n))(prQ(cp(n))) Then by lemma (2.3.2) we have that >>7, [|a(n)] =
S > [ 1Ba(k)| exists (i.e. a € I1). Moreover, we clarly have functions ¢ and ¢~*
s.t.

D m Ao(a(n)) =px) ﬂ ﬂ Xo(Bn(k))

neN neN keN
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By lemma (2.3.2), for any = € [, oy Ao(a(n)) we have that Y72 | | fo(n)(2)] exists if and
only if >77° | 377 | fa, (k) (¥(2))] exists, while for any @ € (,,cny Npen Ao(Bn(k)) we have

that Y07 3021 | fa, k) (@) exists if and only if Y07 | fom) (! (2))] exists. It follows
that

vo(ar) == { x € ﬂ Xo(a(n)) : Z | fa(n) ()| exists } =px) B

neN n=1

and furthermore, again by lemma (2.3.2), the following diagrams commute

I/()(Oé) B
@B_/
gazzn fa(n) Z:n Zk fﬁn(k)
R

For n € N we have an embedding e, : 19(8,) < vo(I'(n)) (in fact e, = vg,1(,)) and thus
by the definition of B we have an embedding €}, : B < 1y(f3,,) s.t. the following diagram
commutes

B s uy(B)

j £ \zkmk)

X g wl() 5o R

Moreover, for m,n € N we have ep(,) © e, 0 €;, =g(5.x) €r(m) © €m © €, and thus the maps
en 0 e, give us an embedding €' : B — (), cyv0(I'(n)). By the commutativity of the
above diagram, we get that for x € B

Z|gr (e ZZ fon)(@)] < 00
n=1k=1
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Hence, €' : B < A and following diagram commutes

ga—z fa(n gA:anF(”L)

This proves the first part of the theorem.
Now fix N € N and let o« € I; s.t. that it satisfies the conditions of the first part of
the theorem. Let v := |a — Y. T'(n)| € I;. Now let § € F(N, I) be an enumeration of
the terms
—(1) —(2) —7(3)
1Bn+ ()] [Bn4+1(2)]  [Bn+1(3)]
|BN+2(1)| I5N+2(2)\ !ﬁN+2(3)|

into a single sequence using the bijection ¢ : N — N x N. Then, by lemma (2.3.2) we
have that

Z/ra I—Z/v )+ zz/wn )| < oo

n=N+1k=1

(i.e. 6 € I) and for each x € 1(J) we have that

S hm@ = Y D Ifsum @ =D Fymm (@)
n=1 m=1

n=N+1 k=1

Z |90y ()] = g7 (2)

n=N+1
[e's) N
Z |90 (n) () - Z grn) ()
n=N+1 n=1
>0
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By lemma (4.3.9) it follows that [ ¢ > 0 and hence

0§/< n)>:/7=ni::1/7n

Zz/wn 1< Y ([relser

n=N+1 k=1 n= N+1
and the last expression converges to 0 for N — oo, which finishes the proof. O

N
a— ZF(
n=1

Corollary 4.3.13. For all a € I; we have

N

]\}gnoo/\a—Za(n)] =0

n=1

Proof. It is immediate to see that « satisfies the condition of the first part of theorem
(4.3.12) for the sequence I'(n) := a(n), where a(n) is identified with its image under the
embedding h. O

With Lebesgue’s series theorem at hand we can now show that the canonically inte-
grable functions form a pre-integration space and as such the complete extension of the

pre-integration space (X, I, A, [).
Theorem 4.3.14. (X,I1, Ay, [) is a pre-integration space.

Proof. We have already established (PIS1) in remark (4.3.7). Let T' € F(N, I;) be such
that ¢ := znfgp(n) exists and for all n € N we have that gr,) > 0, let @ € I; be
such that £ < [ o. Without loss of generality we can assume that g, > 0. Otherwise let
= |a| + a and let IV € F(N, I;) be given by I''(1) := |a| and I'(n) := I'(n — 1) for
n > 2. Then gy > 0 and Y, [IV(n) = [|a| + ¢ < [o/. Showing (PIS2) for o’ and I
also gives the desired result for o and I'.
Lete > 0bes.t. /+3c < [aandp € Ns.t. 277 <. Forn € Nlet 3, := ¢(F(n),n+p)
with ¢ as defined in lemma (4.3.11), i.e. 8, =, I'(n) and

Z/m < [Im+ gy < [T+ 5

Let N € N be large enough so that

.fa<f|2k ro(k)| +¢
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® D >N+l Jla(k) < e

Such a N exists since o € I1 and

lim
N—oo

o= [

N
D alk)
k=1

Then Y, >, [18n(k)]| exists and

gi/’ﬁn(k”"‘ i /‘a\<nz::l/l“(n)+2e</a—€</

k=N+1

N
> _alk)

k=1

Since (X,I,L [) is an integration space there is a = € ([,, do(a(n))) N (N, o (T'(n)))
s.t.

N

Z fa(k) (CL‘)

k=1

S Mauw@l+ D famw (@) <

n=1k=1 k=N+1

it follows that z € vo(a) N (N, 1(T'(n))), >, 19rm) ()| exists and

D orm@) =D faw@) <D0 s (@)]
n=1

n=1k=1 n=1k=1
N 00
< Zfoc(k)(l‘) - Z fa(k)(x)
k=1 k=N+1

IA

Y fa(@)| = |9a(@)] = ga(x)
k=1

This finishes the verification of (PIS2). For (PIS3) let i € I be such that [i = 1, then
[ h(i)=1.

To verify (PIS4) let a € I and € > 0. By corollary (4.3.13) there is an i € I s.t.
[la—i| <¢/3. Forr >0 and « € I; define a A7 :=r-(A1(r~!-a)). Take N € N s.t.
JiANN > [i—¢/3 then for all r >0

lemma (4.3.10) I
’/a/\r—/i/\r §/|a/\r—i/\r] < /\a—i<

3
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Hence for all n € N

/aZ/a/\nZ/a/\N>/i/\N—§>/i—23€>/a—6

It follows that lim, oo [ @ An = [a. Now take m € N s.t. [|i| Am™! < </2. Using the

inverse triangle-inequality and lemma (4.3.10) we get that

Jratar=tinri< [l =1 < fla-i<

for all » > 0, and thus for n > m

o< [lalan < flalam™ < flinm+ 5 <545 <

which finishes the verification of (PIS4). O

Theorem 4.3.15. The embedding h : I — Iy is norm preserving and (I,=,|_[1)
becomes a dense subspace of (I, =, [|_|1) through h.

Proof. This follows directly from (4.3.13). O

Theorem 4.3.16. I is complete with respect to || 1.

Proof. Let I' € F(N, I1) be a Cauchy-sequence with strictly increasing modulus M : N —
N, i.e. for each p € N and n,m > M(p) we have that [|T'(n) — I'(m)| < 27P. Define
A € F(N,I;) by A(1) := T'(M(1)) and A(n) := T'(M(n)) — T'(M(n — 1)) for n > 2.
Then Y, [|A(n)| exists and by theorem (4.3.12) there is an « € I; s.t.

a—> Ak)
k=1

n—0o0

—0

o -], = |

With some modulus of convergence M’. Now, let p € Nand n := (M'(p+1))V (M (p+1)).

Then for m > n we have

o= Tm)ly < lla = M@, + [T @) = Tomlly < s + 51 = o7

i.e. I converges to a in the norm || _||; with modulus

M":=(M'(_+1) v (M(_+1))
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5 Conclusion

This thesis consisted of two parts. The first part was concerned with Bishop’s set theory.
Following [Pet19a] and [Pet19b| we introduced an informal (or semi-formal) language to
define the basic notions of BST along with those notions we need for BCMT. Moreover we
gave a detailed account of the various forms of set-indexed families. The general theory
of these families and their application to different areas of constructive mathematics will
be studied extensively in [Pet20|. We restricted ourselves to the parts needed for BCMT.

In the second part saw how we can apply the idea of set-indexed families to constructive
measure theory and work towards a predicative reconstruction of BCMT. To that end
we introduced the notions of pre-integration and pre-measure space as a predicative
counterpart to integration and measure spaces and revisited central parts BCMT building
on these two notions. In particular we have given a concrete example of a pre-measure
space, namely the pre-measure space of detachable subsets with the dirac measure, we
have shown that for any pre-measure space we can construct the pre-integration space
of simple functions and we have shown that the complete extension of a pre-integration
space can be constructed predicatively by only considering the canonically integrable
functions.

Of course, there are a lot of remaining questions that need to be resolved in order to
show that the notions of pre-integration and pre-measure space can be applied fruitfully
to get a predicative account of BCMT. One important open task is to define the pre-
measure space of integrable sets induced by the completion of a pre-integration space.
The problem here is that we have to introduce two families of complemented subsets,
the set of integrable sets and the larger family that takes the place of the totality of all
complemented subsets. It seems that there is no canonical way of introducing this larger
family. A related open task is to give the appropriate axioms for a complete pre-measure
space. Again, it seems that there are some non-canonical choices to be made and it
would be really interesting to see if all of section 10 of chapter 6 of [BB85| can be made
predicative, using our notion of pre-integration and pre-measure-space.

Another big issue is the treatement of measurable functions that play a crucial role in

BCMT and especially its applications to e.g. constructive functional analysis. From the
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predicative point of view, the totality of measurable functions is not a set since it contains
all integrable functions. There have been metric approaches to measurable functions, e.g.
in [Spi02] and [Spi06] the space of measurable functions is defined as the completion of
the space of integrable functions equipped with a certain uniform structure and in [Ish17]
the space of measurable functions is the completion of an (elementary) integration space

with respect to the pseudo-metric

I, g) = / (If —gl A1)

It would be really interesting to see if it is possible to apply our strategy (to define the
complete extension predicatively) to the measureable functions, i.e. if one could define a
set of ‘canonically measurable’ functions and show that its index-set when equipped with
the corresponding topological structure is the completion of the pre-integration space of
canonically integrable functions.

Finally, it would be quite desirable to formalize the work presented here. As already
mentioned, parts of BCMT are already formalized in the proof assistant Coq, whihc
is impredicative, in [Sem19|, but it seems that our predicative account could lead to a
formalization that carries a lot of computational content that is otherwise destroyed by

impredicativities or the use of choice principles.
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