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1 Introduction

In the early 20"* century, L. E. J. Brouwer developed the first concept of constructive
mathematics. As the name suggest, constructive mathematics distinguishes from the
classical counterpart by the aim of finding or rather constructing a mathematical object
in order to prove its existence. In classical mathematics we work with axioms which allow
the principle of indirect proofs, also called proof by contradiction. Thereby one assumes
the non-existence of a mathematical object and then derives a contradiction from the
assumption. However, this kind of proof is not valid in constructive mathematics. The
constructive viewpoint requires a verificational interpretation not only of the existential
quantifier but all the logical expressions.

In his time, Brouwer could only convince a few mathematicians. However, he was the
one who laid the foundation of an accurate, structured approach to constructive mathe-
matics. Though, his approach differs from constructive mathematics known today. The
so-called intuitionism is considered to be a philosophy of mathematics, in which mathe-
matics is assumed to be the result of precise, constructive thinking, which produces its
own objects and does not presuppose thern.E]

It took quite some years until a classical mathematician achieved progress in the devel-
opment of constructive mathematics. E. Bishop published a modern version of Brouwer’s
view in his book Foundations of Constructive Analysis in 1967 [I]. Unlike Brouwer,
Bishop’s constructive mathematics (BISH) (see also [5] and [6]) is not contradictory to
classical mathematics. Instead, he developed a large part of the 20" century’s classical
analysis further into constructive analysis. His approach is that for every constructive
theorem and proof in BISH, a counterpart theorem and proof in classical analysis exists.
See also Bishop’s and D. Bridges’s book Constructive Analysis from 1985 [2], which is a
revision and extension of [I].

In 2006 M. Bridger published Real Analysis: A Constructive Approach [3]. He follows
the same path as Bishop; to prove an existing theorem by providing a construction of the
object in question. However, Bridger’s goal was a bit different: he wants to show, that
the constructive approach "makes sense - not just to math majors, but to students from
all branches of the sciences” [3, Preface].

The goal of this thesis is to to study the field of differentiability in constructive anal-
ysis as this is done by Bishop and Bridger. Therefore we have to introduce all relevant
definitions and notions, following Bishop’s book Constructive Analysis [2] and Bridger’s
book Real Analysis: A Constructive Approach [3]. The thesis will be structured as follows:

According to Bishop, we find that in constructive analysis, unlike in classical analysis,
we only work with uniform continuity. This concept and its basic properties are intro-
duced in chapter two, which allows us to study uniform differentiability.

1See Bridges’ and Palmgren’s Constructive Mathematics, 2018 [4]



In chapter three we discuss uniform differentiability by working with Bishop’s elabora-
tion on constructive differentiability. Thereby we use Definitions and Propositions given
by Bishop but structure them in a new way. Besides basic properties of differentiability,
we introduce Bishop’s approximation to Rolle’s Theorem, to the Mean Value Theorem
and to Taylor’s Theorem. These approximations can be proven constructively.

After studying Bishop’s constructive differentiability we continue with the study of
Bridger’s approach to uniform differentiability in constructive analysis. In order to define
uniform differentiability, Bridger provides three different definitions of differentiability
and proves their equivalence. Since Bridger’s definition of differentiability demands for
fewer assumptions, we complete the chapter with additional theorems on continuity.

Finally we compare two approaches to uniform differentiability and discuss their dif-
ferences. Thereby we find out, that Bridger follows more closely the idea of constructive
analysis. In addition, we prove that we can apply Bridger’s theorems on continuity to a
modeled version of Bishop’s differentiability.



2 Bishop continuity

In classical analysis, one can prove that pointwise continuity on a compact interval implies
uniform continuity. However, a proof of the so-called Uniform Continuity Theorem is not
expected to be given in constructive analysis and not a disprove of it either. The concept
of uniform continuity is given by the next Definition. We abbreviate this concept to
continuity, since the classical version of continuity - that is pointwise continuity - is not
used within this thesis. By the assumption of uniform continuity from the start, nothing
essential is lost.

Definition 2.1 (Bishop - continuity). Let [a,b] be a compact interval, a,b € R,a < b
and f : [a,b] = R and wy : RY — R* be functions. The function f is called continuous
on [a, b] if for each positive real number ¢ and for z,y in [a, b] such that |z — y| < wy(e)
we have

[f(z) = fly)l <e

The function wy : € — w(e) is called a modulus of continuity for f on [a,b].
We also say the pair (f,wy) is in Contg([a,]) with

Contg ([a, b]):= {(f,wf) € F([a,b],R) x F(RT,RT) | wy : contB(f)}

and wy : contg(f) 1 Ve>0 Vr,y€la, bl : <|x—y| <wi(e) = |f(z) — fly)] < 5).

The pair (f,ws) € F(J,R) x F(RT,RT) on an arbitrary interval J is in Contg(.J), thus
f is continuous on J, if it is continuous on every compact subinterval of J.

Remark 2.2. 1. F([a,b],R) is the set of all functions f : [a,b] — R.

2. Instead of saying f is a continuous function on [a, b] we may also say f is in C([a, b]).

3. f Vg= maxmel{f(x>7g(x)}

Theorem 2.3. Let [ be an interval in R and (f,wy) and (g,w,) be in Contg(/). Then
there exist moduli of continuity wysiy,wr, and wypy, in F(RT,RT) such that the pairs
(f + g, wrig), (fg,wsy) and (f V g,wpy,) are in Contg([).

If f is bounded away from 0 on every compact subinterval J of I - that is, if |f(x)| > ¢
for all z in J and some ¢ > 0 (depending on J) - then there exists w;-1 such that the pair
(f ' wy-1) is in Contg(I).

Proof. Due to the definition of continuity, it is enough to consider the case in which I is
compact. (f,wys) and (g,w,) are in Contg(/). Thus w; and w, are moduli of continuity
of f and g.

1. Goal: (f + g,wsty) € Contg(])
We begin by writing out, what we must prove.
Let € > 0 be arbitrary, z,y € I s.t. |z — y| < wpig(e) = min{ws(§),wy(5)}. We
must show:

(f+9)(zx) = (f+9(y) <e



Since we know about f and g separately, we rearrange and use the triangle inequality
to obtain

(f+9)(x) = (f+9)W)|=[f(x) +9g(z) = fy) — 9(v)|
<[f(z) = fW)| +]9(z) — g(v)|
< g + g = €.

,wy) are in Contg(/) and
with wyi4(e) = min{ws (%),

The second inequality holds, since (f,wy) and
Witg(e). Therefore (f + g,wysty) is in Contp (L
being a modulus of continuity of f + g.

(g
)
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. Goal: (fg,wyy) € Contp({)
We begin by writing out, what we must prove.
Let € > 0 be arbitrary, z,y € I s.t. |z —y| < wgpy(e) = min{wf(ﬁ),wg(ﬁ)} with

m = max{max{]f(mﬂ :x € I}, max{|g(z)| : z € [}} +1

We must show:
[(f9)(z) = (fo)(y)| <e

By using the triangle inequality we obtain

[(fa)(x) = (f9) ()| = |f(z)g(z) — f(y)g(y)|
= |f(z)g(x) — f(2)g(y) + f(x)g(y) — f(y)g(y)]
<|[f(@)g(z) = f(x)g(y)| + | f(x)g(y) — f(¥)g(y)|
<[f(@)]-]g(x) - g(y)|+\f( )= f@W)l-19(y)]
< |f(@)l5 + 519wl
= (1f@)] +1g >|>-2i
<(m-+m)- £ .

Therefore (fg,wy,) is in Contg(l) with wyy(e) = min{wy(55), we(55)} being a
modulus of continuity of fg.

. Goal: (fV g,wpy,) € Contg(I)
Since it is for x €
f(@) +g(x) | |f(z)—g(z)]

(fVg)(x) = max{f, g}(x) = 9 + 92

we can prove (af,ways) is in Contg(l),a € R\ {0} and (| f|,w)y) is in Contg([).
Then by (f + g,wyiy) € Contg(]) it follows that (f V g,wpy,) is in Contg(1).

Let o € R\ {0},e > 0 be arbitrary, z,y € I s.t. |z —y| < way(e) = Wf(f?\)- Then

(@f)(@) — (@f)W)| = ol f(x) — F@) < o] - — =<
and therefore (af, wqy) is in Contg(I).
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Let € > 0 be arbitrary, z,y € I s.t. |v —y| < wyy(e) = wy(e). Then by using the
inverse triangle inequality we obtain

(D) = (D] = [If @ = F W] < [f(z) = fly)] <e

and therefore (| f|,wyy) is in Contg (7).
Thus it follows that (f V g,wyy,) is in Contg (7).
4. Goal: (f~ ws-1) € Contg([)
f is bounded away from 0 on every compact subinterval J of I. Thus there exists a
¢ > 0s.t. for all z € I we have |f(x)| > ¢. We begin by writing out, what we must

prove.
Let € > 0 be arbitrary, z,y € I s.t. |z —y| < wp-1(e) = wy(ec?). We must show:

() @) = () W)l <e

Since f is bounded away from zero we obtain

e
f(z) y)
_ S ) ol
Lf (@) f ()]
IS
§5;202:€

Therefore (f~!, wy-1) is in Contg(/) with ws-1(e) = wr(em?) being a modulus of
continuity of £~

[]



3 Bishop differentiability

Besides continuity, differentiability is a fundamental property of a function. It describes
the rate at which a function changes. The following section provides the basic properties
of this concept defined by Bishop. The concept introduced in the next Definition is
classically called uniform differentiability. Similarly to continuity, we abbreviate this to
differentiability.

3.1 Definition and basic properties

Definition 3.1 (Bishop - differentiability (Bd)). Let [a,b] be a compact interval, a,b €
R,a < b, let f and g be in C([a,b]) and let §; : RT — R* be a function. The function f

is called differentiable on [a, b] with g being its derivative, if for each positive real number
e and for x,y in [a, b] such that |z — y| < d(¢) we have
[F(y) = f(x) = g(2)(y — 2)| < ely —z].
The function 0 : € — d4(¢e) is called a modulus of differentiability for f on [a,b].
We also say the triplet (f,g,dy) is in DifB([a,, b]) with

Difg ([a, b]):= {(f,g,5f) € C([a, b)) x C([a,b]) x F(R* R | 6 : difB(f)}
and dy : difg(f) & Ve>0 Vz,y€la, b :

(ly = 21 <8 = 1£(y) — f(@) - g(a)y - 2)| < ely 2l

The triplet (f,g,07) € C(J) x C(J) x F(RT,R*) on an arbitrary interval .J is in
Difg(J), thus f is differentiable on J with derivative g and modulus of differentiability o
in J, if f is differentiable on every proper compact subinterval of .J.
df (=)

Remark 3.2. 1. For the derivative g we also write g = f',g = Df, or g(z) =

2. As already mentioned, g is the rate of change of f. This interpretation comes from
the difference quotient
fly) — f(=)

y—x
that approaches g(x) as y approaches x.

Theorem 3.3 (Calculation rules for the derivative). Let I be an arbitrary interval in R
and (f1, f{,0) and (f2, f},d5,) be in Difg(I). Then there exist moduli of differentiability
dp+p, and 0y, 4, in F(RT,R™), such that the triplets

L (fi+ fo, f1 + f5,0p4,) and
2. (fife, fify + fafl, 64 ,) are in Difg(1).

In case f; is bounded away from 0 on every compact subinterval of I, there exists ¢§ i in
F(R*,R"), such that the triplet

3. (fi',—fifi? ;1) is in Difg(I).

In addition, for the identity function id and a constant function h there exist moduli of
differentiability such that

4. <1d, 1, 6id) and
5. (h,0,d,) are in Difg(]).



Proof. Due to Definition it is sufficient to proof the theorem for I being a compact
interval. (f1, f1,95) and (fs, f3,0y,) are in Difg(7), thus oy, and dy, are moduli of differ-
entiability of f; and fo. As f1 € C(I) let wy, be a corresponding modulus of continuity.

1. The modulus of differentiability df, 44, : RT — R* is defined by
£ — min {5f1( ) 5f2( )} We begin by writing out, what we must prove:

Let € > 0 be arbitrary, z,y € I s.t. |y — 2| < df,4+4,(c). We must show
((fr+ f2)(y) = (fr + £2) (@) = (fL + o) (@) (y — o) < ely — =]

Since we know about f; and f; separately, we rearrange and use the triangle in-
equality to obtain

A=|[(fi+ )y) = (i + f2) (@) = (i + f2) (@) (y — 2)]
< (W) — (W) — (K@ — o)+ |(2)) — (L)) — (H)E@) - 2)]

sly—=l

5ly—z|

<ely — x|

The second inequality holds, since (f1, f1,d) and (fs, f3,0y,) are in Difg(/) and

ly — x| < 8p,44,(€). Therefore (fi+ fo, f{ + f5,04,4,) is in Difg (1) with &4, 5, () =
min {5f1 (%) 04, (%)} being a modulus of differentiability of f; + fs.

2. Since fi, fo and fi € C(I) with I being a compact interval, their suprema and infima
on I exists. Therefore we can define

M = max{max{\fl(x)] cx € I}, max{|fo(z)| : v € I}, max{|f3(z)] : 2 € ]}} +1

The modulus of differentiability of f; fs is defined by d¢, s, : RT — RT with

e min {6y, (555), 05 (55), wr (557) }-
Let € > 0 be arbitrary, =,y € I s.t. |y — 2| < (04,4,)(¢). We must show:

(f1f2)(y) = (fif2) (@) = (fifa + f2SD) (@) (y — @) < ely — 2|

By using the triangle inequality, we obtain:

B =|(fif2)ly) = (ff2) (@) = (fifs + fofD)(2)(y — 2)]

= 1) f2(y) — fi(2) fo(@) = fi(2) f5(2)(y — 2) + fol@) fi(2)(y — @)

= (W) f2(y) = fi(y) fo(2) + fr(y) fa(2) = f1(2) falz) — fr(y) fo(z)(y — @)
— fi@) @)y — @) + fo(2) fi(2)(y — 2) + fi(y) fo(2)(y — 2)]

< AWl f(y) = fo(x) = fo(2)(y — 2)]
+ (@) fi(y) = filz) = fiz)(y — 2)]
+1fiy) = i@ f5(2)(y — @)

< 3M—|y—x|

Zdy—ﬂ

The last but one inequality holds, since (fi, f1,dy,) and (fa, f5,dy,) are in Difg([)
and |y—x| < dy,p,(¢). Therefore (flfz, fifs+ faf{,0p,p,) isin leB( ) and a modulus

of differentiability of f1f; is s, 1,(c) = min{dy, (557). 05 (557). wn (557) }-

9



3. As I is compact and f] and f; ' € C(I), set

M::max{max{|f1_1| :xEI},maX{|f{|:m€I}}+1

The modulus of differentiability ¢ gt Rt — R* is defined by

€ — min {(5f1 (ﬁ),wﬁ(ﬁ)}. Let € > 0 be arbitrary, x,y € I s.t. |[y—z| < (5f1_1(5).
We must show:

LN S G i (OIS W .
R (1) L L
By using the triangle inequality, we obtain:
N Ay AV
76 (Cher) o
_ 1 e H@AW)
“TR@Aw| M T T )
_ 1 i e R@AE)
= )~ A~ A -2+ @)y - a) - T -

< M| fi(y) — fil2) = fiz)(y — 2)| + M* ﬁ‘ [fi(@) fi(z) = fi(z) frw)ly — =]

<M

< M?|fi(y) = fi(e) = fi(@)(y — )| + M |fi(@)] [ fi(y) = fi(2)lly — ]
~——

<M

15

2M4|y—96| =ely — x|

The last but one inequality holds, since (fi, Dfi,dy,) is in Difg() and |y — 2| <
d4-1(¢). Therefore (fi',Df" 6 fl—l) is in Difg (/) and the modulus of differentiabil-

ity of fi " is d;-1(e) = min {3y, (557), wr (557) }-

4. The modulus of differentiability diq : RT™ — R* is defined by € — . Let ¢ > 0 be
arbitrary, z,y € I s.t. |y — x| < diq(g). Then:

lid(y) —id(z) —id'(z)(y —2)| =y =2 — Ly —2)| =0 < ey — 7
Therefore (id, 1, diq) is in Difg(7).

5. The modulus of differentiability d;, : Rt — RT is defined by € — . Let ¢ > 0 be
arbitrary, z,y € I s.t. |y — x| < 0p(g). Then:

[h(y) = h(z) = W(2)(y —2)| = e —c = 0y —2)| = 0 < ey — x|

Therefore (h,0,0y,) is in Difg(]).

10



Corollary 3.4. For all n in N there exits an operation 0, : Rt — R™ such that the
triplets (idg, D(idR),dn), . are in Difg(R) with

D(idg) = n -idg (1)
Th function idg is called the identity function on R.

Proof. First we prove equation . To simplify the calculations, we write idg = 2™, x € R.
The proof is by induction on n € N:

dr
dr
The induction hypothesis holds for n € N. Then:

1 by Theorem

dz™t d(z"x)

dx dz
d d(z"
=" - ﬁ + - (dxx ) by Theorem [3.3|[2
=a"+x-na"t by the induction hypothesis.
= (n+1)z"*

Next we have to show for n € N that (idg, D(idg), 6,) € Difg(R).
We know for z,y € R,k € N :

n—1
yn — " = (y . [E) ykxn—l—k
k=0
Thus we can write
n—1
yn " nl,n—1<y _ ZE) _ (y _ I) . Zykxn—l—k _ gl
k=0

Define M = |z| 4+ 1 and suppose |y — x| < 1. Then |y| < M and |z| < M and

k—1
* = 2F| <y — x| D) [yl
p=0

k—1
<ly—al-y MM
p=0
k—1
<ly—af- Y M

p=0
=y —a| kM

11



Then

n—1
" — 2" —na" Ny —a) <[y —al D e =2
k=0

n—1
<ly—a| - Ja" 7k — 2t
k=0

n—1

<y —al- Y Ja" !y — x|kt
k=1

n—1

<ly—z|- Y |y — kM
k=1

n—1
= |y — M"Yk
k=1

o n(n—1
:|y—x|2M 2 (2 )

For n = 1 we are done. Therefore consider the case n > 1. We can set the modulus
of differentiability 9, = min{l, WE(H_D} Then for an arbitrary € > 0,2,y € R with
|x —y| <9, we have

n(n —1)
2

ly" — 2" —na" Ny —x)| = [y — 2PV

<ly—zle

Therefore for n € N holds (idg, D(idg), é,) is in Difg(R).

With Theorem and its Corollary we obtain the following formulas
D(fifs')=fa'(f2Dfi — fiDf>)

D (Z an_kxk> = i ka, pz" !
k=1

k=0
for the derivatives of a quotient and a polynomial.

Theorem 3.5 (Chain Rule). [ and J are arbitrary intervals in R. Let the triplet (£, f', )
be in Difg (/) and the triplet (g, ¢, d,) be in Difg(J), s.t. f maps each compact subinterval
of I into a compact subinterval of J. Then there exists 0,7 : RT — RT such that

(g0 f,(g" 0 f)f',8405) is in Difg(I).

Proof. Due to the definition of differentiability, we may assume that I and J are compact
intervals. (f, f’,ds) is in Difg(/), thus é is a modulus of differentiability of f in I.
As f € C(I) let ws be the corresponding modulus of continuity. d, is a modulus of
differentiability of ¢ in J. The modulus of differentiability dgor : RT — RT is defined by

e — min{w(y()), d¢(5)}, o, B € R.

12



We begin by showing, what we must prove:
Let € > 0 be arbitrary, z,y € I s.t. |y — x| < 6407(¢). We must show:

19(f (W) —9(f(z)) =g (f(2)) f'(2)(y — z)| <ely — x|
We know from |y — x| < 6,0/(c):
L [f(y) = f(@)] < d4(a)
2. |g(f()) —g(f<:c>)—g'(f<x>><f<y)— ()] < alf(y) —f(a:)\
3. |fy) — F@)] < |fw) = f&) = f@)(y — )] + | (@) (y — 2)]

Therefore we have

= l9(f() — 9(f(2)) = ' (f (@) f'(x)(y — )|

<|9(f(¥) = 9(f () =g (f (@) (f (W) = F@D]+ 9" (f@DII(f (W) = f(2)) = f'(2)(y = 2)]
<alf(y) = f@+ 1151 (y) = f(2)) = f(2)(y — o)l

< alf(z)(y — )| +alf(y) — f(z) = [(@)(y —2)| + g1 (y) = fz)) = @)y — 2)l

<allfllily =+ (a+llg'll) - [(f(y) = (=) = f(@)(y —2)]
< allfllily =zl + (a+ llg'll)Bly — =l

As each of the summands should be less than /2, we got

(a+1g15)3 < 5 & 8= (a+lglls)"

3 1€
Al <5 e a=I71s

€
2

As || f'||; might be 0, we set v = (1 + ||f’||1)_1§. Then:
! / 9 13
allf'llely = =+ (@ + l1g'lls) Bly = =l < Sly ==+ 5ly — 2 = ely — 2|

It follows that (g of, (¢ of)f, 5gof) is in Difg (/) with (¢’ o f)f’ being the derivative and
0405 @ modulus of differentiability of go f in I.
0

3.2 Approximate Rolle’s Theorem & the Mean Value Theorem

The following Theorem is the counterpart to Rolle’s Theorem in constructive analysis.

Theorem 3.6 (Bishop - approximate Rolle’s Theorem). Let [a,b],a,b € R,a < b be an
interval, (f, f’,ds) be in Difg([a,b]) with f(a) = f(b). Then for each £ > 0 there exists x
in [a, b] with

[f(z)] <e

Proof. From (f, f’,6;) in Difg([a,b]) we know that the pair (f’,w) is in Contg([a, b))
withwy : RT — RT being a modulus of continuity of f. df is a modulus of differentiability
for f on [a,b]. We choose the points zg, x1, ..., 2, € R such that

3

a=x9 <z <<z, =band |rpy — x| < min{6f<%>,wf/<§>}

13



for all k in (0,1,...,n — 1). Then we have
f(Tpr1) — f( k) = (@) (@rr — ) + flora) — fer) = /(@) (re — 2x)
< fl(@p)(zrer — o) + §|93k:+1 — ]
= (f"(zx) + )|$k:+1 — ]
f'(xx)

< (f'(z +5)|$k+1—$k|

for all £in (0,1,...,n — 1) and therefore it is

n—1
0:f(b)—f(a)=Zf(9«"k+1) (1) <Z (%) + &) |2es1 — 1]
k=0

Thus for at least one k in (0,1,...,n — 1) it holds f’(xk) —e. Furthermore, we have
flaw) = fare) = flaw) — flawe) — @)@ — ze0) + (@) (@ — Tr4a)
€
< §|xk — Tt | + f(@p) (@6 — Th41)

<elzg — zpi| + (@) (Th — Thpa)
= elzr — e | — f(Tre) |2e — Vo
= (e = f(wr41)) |7k — Tppa

for all k£ in (0,1,...,n — 1) and therefore it is

0= f() = FB) = 3 flwn) — f o) Z )k — ]
k=0

Thus for at least one k in (0,1,...,n — 1) it holds f’( k) <

,_.

Since § < ¢ we have for at least one k in (0,1,...,n — 1) either |f'(xy)| < € or
|f'(xx)| > 5. In the first case we are done with the prove. So let’s have a look at the
second case: |f'(zg)| > § for kin (0,1,...,n —1) . From |21 — 2% < wp(5) we know

|f'(xk41) — f'(2x)| < 5. Thus we obtain the property that f'(z441) and f’(xx) are both
positive or both negative. This holds obviously for all k£ in (0,1,...,7n — 1). From above
we know that for at least one value of k we have f’(x;) > —e and for at least one value
of k we have f’(x)) < e. Thus we get that 0 < |f/(zx)| < e for at least one value of k .
[

In classical mathematics Rolle’s theorem implies the mean value theorem, whereas in
constructive mathematics the approximate Rolle’s theorem implies the approximate mean
value theorem. This theorem gives a basic estimate for the difference of two values of a
differentiable function.

Theorem 3.7 (Bishop - approximate mean value theorem). Let (f, ', d;) be in Difg ([a, b]).
Then for an arbitrary € > 0 there exists x in [a, b] with

[£(b) = f(a) = fi(x)(b —a)| <&
Proof. Define the function h(x) on [a, b] by

h(z) = (z—a)- (f(b) = f(a))—f(2)(b—a), = € [a,b].
Then h(a) = —f(a)(b — a) = h(b). By Theorem [3.6| there exists « € [a,b] s.t. |h/(z)] < e

for ¢ > 0. Thus
e > (@) =|f(b) = fa) = f'(x)(b—a)l.
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3.3 Taylor’s theorem

Remark 3.8. A function f on a proper interval [ is (srictly) increasing if f(x) 2, f(y)
whenever z,y € I,x >y. We say f is (srictly) decreasing, if —f is (srictly) increasing.
With theorem we obtain that if the triple (f, f’,d;) is in Difg(/) and f'(z) > 0
(respectively, f'(x) < 0) for all z in I, then f is increasing (resp. decreasing) on I.

Definition 3.9 (n'* derivative). Let the triplets
(f7 Df7 6f)7 (f(1)7 Df(1)7 5f<1))7 SR (f(n_1)7 Df(n_l)a 6)‘("*1))

be in Difg(I) such that Df = f0 DfM = @ D=2 = fn=1) and set Df"1) =
f™ . The function f is then said to be n times differentiable on I with f™ being its n**
derivative. The class of n times differentiable functions on I is recursively defined by

f € Difg™(I) & (f, f',0;)€ Difg(I) and f’ € Difg"(1).
The function f itself may be written f(© or DOf.

We now want to find a polynomial in order to approximate the function f.

Definition 3.10 (Taylor polynomial). Let f € Difg™ (1) and a € I. Then we call

) (g
T i) =3

k

r—a)

the n'"* Taylor polynomial for f about a and for a given value b

nfR) (g
R:= f(b)—zf kf )(b—a)k (2)

is called the remainder term.
Special case: f is infinitely differentiable on an open Interval I = (a — t,a + t), also
written f € Difg®)(I) := (0 Difg™(I). This means f™ exists for all positive integers
neN
n. In that case, if

rnf(nJrl)
——— =0 as n — oo (0<r<t),
n.

then the Taylor series for f about a,

> 4n)(g
Zf '( )(x_a)n7

n.

n=0
converges to f on I.

Theorem 3.11 (Taylor’s theorem). Let f € Difg™*(I) | let € > 0, and a,b € I. Then
there exists ¢ with min{a, b} < ¢ < max{a, b} such that

f(”ﬂ)(c)

n!

R — (b—c)"(b—a)|<e.

where R represents the remainder term, given by .

15



Proof. We start by defining

f*(a)
Kl

M:zl—o—max{‘

'ke(l,...,n)}

In addition we have f € Difg™"V(I), therefore there exits a modulus of differentiability
67 > 0s.t. (f, f,0f) € Difg(1). Set 6(c) = min {1, 357, ws(£) } where wy is the modulus
of continuity for f on [min{a, b}, max{a,b}]. We know it holds either |a — b] < d¢(e) or
la —b] > 0.

First suppose |a — b| < d¢(¢). Then

"k
7l =0 - > 0 - oy
k=0 '
nofk)
-|ro - s - = 50 - o
k=1 '
m | £ (g
<176) ~ fa)l + 3| T2~ ap
bt —
<M
£ - k
<5+ M > 64(e)
k=1
£ SN
< Z —
SeEMY gar=e
k=1
If we choose ¢ = b, the theorem holds.
Now suppose that |a — b| > 0. Consider the function
f/ T f// T
o(@) = F0) ~ @)~ Ty - LDy

[ (=)

n!

(b—2)"—R(b—z)(b—a)*
It holds:

g(a) = f(0) = Shp L5 (b — a)* = Rb—a)(b—a) ' =0 0) =
gb) = f(b)— f(b)—=0—---—0=0 }ﬁgﬂ g(b)

The function g is differentiable on I as a composition of differentiable functions on I. For
the derivative we have:

g ()= —f(X)+ fl(x) = f'(x)(b—2z) —...

(") (5 (n+1)
+ (J; _(1))! (b—2)" ' — —f n!( )(b—x)"—i-R(b—a)_l
Fo )

= b-2)"+Rb—a)?

n!

By the approximate Rolle’s theorem (3.6)), we know that for an arbitrary ¢ > 0 there
exists ¢ € [min{a, b}, max{a,b}] such that |¢'(c)|] < e. Let’s apply the approximate

16



Rolles’s theorem:

(n+1)
@)l = |-L 0oy - < - ol
& ‘R—W(b—x)”(b—a) <e

and the proof is complete.
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4 Bridger differentiability

The following chapter also features differentiability in constructive analysis. This ap-
proach is due to Marc Bridger. Similarly to Bishop, he only uses the uniform version of
continuity, as this is the stronger and more important form of continuity within construc-
tive analysis. For the sake of completeness, we provide Bridger’s definition of uniform
continuity and abbreviate it to continuity.

Definition 4.1 (Bridger - continuity (Brc)). Let E be a subset of R and let f: F — R
be functions in E. Let wy : RT — R* be an operation, called modulus of continuity. The
function f is called continuous on E if for each positive real number ¢ and for x,y in £
such that 0 < |y — x| < wf(e) we have

[f(y) = o) <e.

Note that Bridger, unlike Bishop, does not require E' to be a compact interval. He
takes a similar approach to differentiability. Instead of dealing with the derivative of a
function at a point, he engages himself in the derivative function at an interval. As with
continuity, this notion of uniform differentiability is the one that is most important in
later theory and applications. In order to define uniform differentiability, he provides
three different definitions of differentiability and proves their equivalence.

4.1 Equivalent definitions

Definition 4.2 (Bridger - differentiability 1 (Brdl)). Let E be a subset of R and let
f,9 : E — R be functions on E and let §; : R™ — R* be an operation. The function
f is called differentiable on E with g being its derivative on E, if for each positive real
number ¢ and for z,z 4+ h in E such that 0 < |h| < d7(¢) we have

flz+h) - fz)
h

—g(@)|<e

The operation d; > 0 is called a modulus of differentiability.

Note that Bridger, unlike Bishop, does not require the functions f and ¢ to be contin-
uous and E to be a compact interval. The next definition of differentiability comes from
a slightly change in notation. Let’s write y = x + h, such that h =y — z.

Definition 4.3 (Bridger - differentiability 2 (Brd2)). Let E be a subset of R and let
f,9 : E — R be functions on E and let 67 : Rt — R* be a modulus of differentiability.
The function f is called differentiable on E with g being its derivative on E, if for each
positive real number ¢ and for z,y in E such that 0 < |y — x| < d7(¢) we have

‘—f(y; O gy < (3)

We also say the triplet (f, g, (5f) is in Difp,(F) with
Dif, (E) := {(f,g, 5;) € F(E,R) x F(E,R) x F(R*,R*) | §; - difBr(f)}

and 0 : difg,(f) & Ve>0 Ve, yeE : <O <y —z| < 65(e) = (LWL —g(x)‘ < 5>‘

y—= -

18



Remark 4.4. The quotient in deﬁnition is called the difference quotient of f and
may be written as D(z,y).

Since the difference quotient must be close to g(x) for x € E, let’s take a look at their
difference and call it r(z,y). Before introducing the third definition, we have to define
the following property:

Remark 4.5. r(z,y) — 0 as y — x on £ C R means that for each ¢ > 0 there is a
d(e) > 0 such that |r(z,y)| < e whenever z,y € F and 0 < |y — z| < d(e).

Note that r(z,y) does not have to exist when y = x. Finally we receive the third
definition:

Definition 4.6 (Bridger - differentiability 3 (Brd3)). Let E be a subset of R and let
f,g: E — R be functions on E and let r(x,y) be a function on E defined for z,y € E.
The function f is called differentiable on E with g being its derivative on E, if for x,y € F
with |y — x| > 0 and for r(x,y) — 0 as y — = we have

fly) = f(z) =g(z) - (y—2) +r(z,y) - (y — 2)

We now show that the three definitions of g being the derivative of f are logically
equivalent.

Theorem 4.7 (Equivalence between Brdl, Brd2 and Brd3). For a subset E of R and the
functions f,g: F — R on E, the following statements are equivalent.

1. There is an operation dy : RT — R with the property that for each positive real
number ¢ and for z,x + h in E such that 0 < |h| < d;(¢) we have

<e.

2. There is an operation d; : Rt — R* with the property that for each positive real
number ¢ and for x,y in E such that 0 < |y — z| < d;(¢) we have

‘f(y)—f(x) <.
y—z '

—g(x)

3. There is a function r(z,y) with z,y € E such that

fly) = f(x) = g(z) - (y = 2) +r(z,y) - (y — @)
if [y — x| >0 and r(z,y) > 0asy — z.

Proof. To prove the equivalence of the three statements, it is sufficient to prove the
following implications.

1. (2=3)
Let E be a subset of R and let the triplet (f,g,0;) be in Difg,(£), thus for an
arbitrary € > 0, z,y € E with 0 < |y — 2| < dy(e) it is

fly) — f(z)

- —g(r)|<e
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fy)—f(x)

Now set r(z,y) = — ¢g(x). Thus r(z,y) is defined on F for z,y € E and

0 < |y — z|. We have o
rty) = LI g | +9(x)
& r(z,y) +glz) = LU IE) 1)

y
< r(ry)-(y—2z)+g@) (y—x)= fly) — f(x)

whenever |r(z,y)| < e with z,y € E and 0 < |y — x| < d¢(e).

2. 3=1)
There is a function r(x,y), defined for z,y € E and |y — x| > 0, with the property
that

fy) = f(x) =9(z) (y—z) +r(z,y) - (y — o)
where r(z,y) — 0 as y — x. Now set y = = + h. Then

ol = | HL=E g0
_ f:v+hf>b f(@) _ o)

whenever |r(z,y)| < e with z,y € F and 0 < |y — z| < ds(¢) or rather z,x +h € E
and 0 < |h| < d¢(e).

3. (1=2)
For each positive real number € > 0, let x,2 + h € E such that 0 < |h| < ds(e).
Then
f(x+h})L_f($) —g(l') §5
Now set h =y — . Thus
‘f $+h — f(z) ~ g(w)|= ‘f(l”r(yy—_;)—f(l’) _ (@)
_|f) - f )_g(x)
y—

whenever z,y € E and 0 < |y — x| < d¢(¢).

Therefore the three definitions of differentiability are equivalent.
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4.2 Some basic properties

The modulus of differentiability d;(¢) is not unique; if you have one, any positive smaller
number is also a modulus of differentiability. In contrast, the derivative of a function is
unique as we prove with the following theorem.

Theorem 4.8 (Uniqueness of the derivative). Suppose F is a subset of R and the triplets
(f, g1, (51f) and (f, g2,52f) are in Difg,(E). Then g; = gs.

Proof. Let E be a subset of R and let the triplets (f, g1, §1f) and (f, 92, 62f) be in Difg, (E).
Then we have

l91(2) — g2(2)] = |g1(x) — (y; 3;( “) + f(y; : i(x) - 92(90)‘
< lgi(z) — (y; f; Mf )—92(:20)‘

Both of these last quantities can be made arbitrarily small if 0 < |y — x| is sufficiently
small. As g; and gy are derivatives of f, we can choose another modulus of differentiability
for f such that |y — z| < d(e) = mln{élf( )02, () }. Thus

(o) - LS T = T
)

It follows that g;(x) = go(x) for z in E.

€
2

€
—92(90)’§ 5T5=¢

]
Theorem 4.9. If E is a subset of R and the triplet (f, 1, §f) is in Difg,(F), then f’ is

continuous on F.

Proof. Let E C R and the triplet (f, f’,5f) € Difg(F). The difference quotient is
symmetric in  and y:

Do) = LW @) W) @) S0 0y
y— (y — ) T =y

Set the modulus of differentiability d¢(c) = £. Then if |y — x| < d¢(¢), we have both

D(z,) — /()] < § and [D(y,z) — ['(y)| < & and thus

[f'(y) = (@) = f'(y) = D(y, ) + D(x,y) — f'(z)|
< |f'(y) = D(y, )| + |D(x,y) — f'(x)]
S

Therefore f’ is continuous on E.

]

Corollary 4.10. Let E be a subset of R and the triplet (f, 1, 6f) be in Difg,(F). If £
is a compact interval, then f’ is bounded on FE.

Proof. Let E be a compact interval in R. By Theorem [£.9] f’ is continuous on E. By
Bishop [2, Proposition 4.6], we know that for continuous functions on compact intervals
the supremum and the infimum exist. If a supremum and a infimum exist for a function,
this function is bounded. Thus f is bounded in E.

O
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Theorem 4.11. Let E be a subset of R and the triplet (f, 1, 5f) be in Difg, (E). If fis
bounded on F, then f is continuous in F.

Proof. Let E be a compact interval in R. Then by Theorem [4.10, f’ is bounded on E.
Let B be the bound of f’, hence Vo € E : |f'(x)] < B. Set |y — x| < min{d;(1), 555 }-
By definition of differentiability, we receive

w—f/(x)‘gl;» f(y;:i”(x)'SBH
= |fly) —f@)| < (B+1)|y—z|<e¢
-

Therefore f is continuous in E.

4.3 Examples

Theorem 4.12. The triplet (ef”, e’, (5exp) is in DifBr((—oo, c]) for c € R.
Proof. To prove theorem we have to introduce some properties of the exponential
function: Vax > 0 :

L= <lee—-1<e¢"x

2. 1< or<e’—1

Let € > 0 be arbitrary, z,y in (—o0,¢] with z < y and 0 < |y — 2| < derp(e) = 5. By

ec

using the properties of the exponential function and with y — z > 0, we can follow

y—x<e' " —1<e'" (y—2x)

or rather
" (y—x)<e!—e" <e’-(y—x) (4)
Then
Yy __ X
S —e"”§|ey—e"”|§ey~|y—x|§ec~£:€
Yy—x ec
Therefore the triplet (ex, e’, dm,) is in DifBr((—oo, c]) for c € R.
]
Theorem 4.13. The triplet (In(z), 1,dy,) is in Difg, ([R, 00)) for R € RY.
Proof. Using inequality above, with z — In(z) and y — In(y), we get
z(In(y) —In(z)) <y — 2 < y(In(y) — In(z))
1 1
& ;(y — ) <n(y) —In(z) < —(y — 2)
o1 o) ) 1
y y—x x
Then
In(y) ~ (@) 1|1 1|, ..
y—x x r X
Therefore the triplet (ln(x), %, 5111) is in DifBr([R, oo)) for R € RT.
]
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5 A comparison between Bishop and Bridger differ-
entiability
The last chapters outline Bishop’s and Bridger’s definitions of differentiability in con-

structive analysis. Before comparing their approaches the next paragraphs shortly recap
the definitions.

Definition 5.1 (Bd). Let E be a compact interval in R, f,g € C(FE) be continuous
functions in E and 6y : RY — R* be a modulus of differentiability of f on E. The
function f is called differentiable on E if the triplet (f, g, d¢) is in Difg(E), with

Dif (E) := {(f,g,5f) € C(E) x C(E) x F(RY, R") | ;- difB(f)}
and 0 : difg(f) & Ve>0 Ve, yecE :

(Iy =2l < 8() = £(y) — f(@) = g@)(y —2)| < ely — 2]

Definition 5.2 (Brd2). Let E C R, f,g € F(E,R) be functions in E and ¢; : Rt — R*
be a modulus of differentiability of f on E. The function f is called differentiable on E
if the triplet (f, g,d) is in Difp,(E), with

Difp, (E) := {(f,g, 5;) € F(E,R) x F(E,R) x F(R*,R*) | §; - difBr(f)}

and & : difp,(f) 1 Ve>0Va,ye E: (0 < |y — 2| < §;(c) = |L2=L@ _ g(2)| < &).
f f y—x

The differences are easy to see. Bishop requires E to be a compact interval in R. f
and its derivative are continuous functions. In contrast, Bridger only requires E to be a
set in R and f and its derivative not to be continuous. However, he proves the continuity
of f" and of f if E is a compact interval. See Theorem [4.9) and [4.11]

The task of constructive analysis is to avoid non relevant definitions. Using a less
strict approach, Bridger’s definition of differentiability follows more closely this idea of
constructive analysis. This chapter checks if the Theorems and also apply to
Bishop’s differentiability, if we assume that f and f’ are not continuous.

Therefore we present an appropriate Definition of differentiability.

Definition 5.3 (Bd*). Let E be a compact interval in R, f,g € F(E,R) be functions
and 0; : RT — R be a modulus of differentiability of f on E. The function f is called
differentiable in E if the triplet (f,g,dy) is in Difg"(E), where

Dif*(E) := {(f,g, 5;) € F(E,R) x F(E,R) x F(R*,R") | 5 : difB(f)}

We start by assuming that E is an arbitrary interval in R.

Theorem 5.4. Let E be an interval in R, f, ' € F(E,R) and 6; € F(R*,RT) be
functions, such that the triplet (f, f’,d;) is in Difg"(E). Then f’ is continuous on E or
rather [’ is in C(F).
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Proof. Due to Bishops Definition of continuity, it is sufficient to proof the Theorem for
being a compact interval in R. So let E be a compact interval and let the triplet (f, f',dy)
be in Difg*(E). We have to show, that the pair (f’,ws ) is in Contg(E).

Let € > 0 and x,y € E such that |y — | < wp(e) = df(e) = 5. Then

|f/(y) _f/(x)l _ f/(y) . f(y?iii(ff) + f(y;:i(l') —f’(I)

o W) = I@)| | F0) —f@)

<[ - LT T 2D

@) = S0 = LW =)
) = @)~ @) =)

e L [t

=Tl y— ]2

=¢

Therefore (f',wy) is in Contg(E).
O]

Now we assume that F is a compact interval in R. By Corollary is f’ bounded
on E. We continue by checking Theorem for Bd*.

Theorem 5.5. Let E be an subset of R, f, f' € F(E,R) and §; € F(R*,R") be functions,
such that the triplet (f, f’,0) is in Difg"(E). If f’ is bounded in E, then f is continuous
on E.

Proof. Let E be a compact interval of R and let the triplet (f, f’,d;) be in Difg"(E).
By Lemma is f’ continuous in E. As FE is a compact interval, the supremum and
infimum of f’ exists in £ and f’ is bounded in E. Let B be the bound of f’, hence
Vo e E:|f'(x)] < B. We have to show, that the pair (f,wy) is in Contg(E).

Let z,y be in E such that |y — z| < min{d;(1), HLB} Then

|f(y) = flz) = fx)(y —2)| <1+ |y — 2]
= 1fy) = f@)| <|ly—2|+[f(@)|ly—z|=|y—=z[-(1+B) <e

€
B+1

IN

Therefore (f,wy) is in Contg(E).
[

By assuming that E' is a compact interval and (f, f’,d¢) € Difg*(E), we have now
shown that the Theorems [{.9] and also apply to Bishop’s differentiability. With
Theorem [5.4] and [5.5 we obtain the following Corollary:

Corollary 5.6. Let E be a compact interval in R. If (f, f’,d;) is in Difg*(£), then
(f, f/, (5f> is in leB(E>

Proof. Let E be a compact interval in R and let the triplet (f, f’,d;) be in Difg*(E). By
Lemma and [5.5|are f" and f continuous in E. Thus the triplet (£, f’,ds) is in Difg(E).
O
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In addition, if E is a compact interval, Bridger’s definition of differentiability Brd2 is
equivalent to Bd*.

Corollary 5.7. Let E be a compact interval in R. (f, f’,d¢) is in Difp,(E) if, and only
if, (f, f',0) is in Difg*(E).

Proof. Let E be a compact interval in R and let the triplet (f, f/, d7) be in Difg,(£). Then
for an arbitrary € > 0,2,y € E such that 0 < |y — z| < §¢(e) we have

fly) — f(z)

- —f@)|<e e |fly) = fz) = f@)(y - o) <ely — 2|

]

Last but not least we can conclude that Bridger’s definition of differentiability (Brd2)
implies Bishop’s definition of differentiability (Bd).

Corollary 5.8. Let E be a subset of R. If the triplet (f, f’,d¢) is in Difg, (), then it is

Proof. Let E be a subset of R and let the triplet (f, f’,0f) be in Difp,(E). We know:

(£.1:67) € Dit(B) & ¥ ((.".6) € Difi(1))

ICFE compact

Then by Corollary [5.7] and [5.6] it holds

(( fif6)) € DifBr([)) @ICE Vo (( £.f.6)) € DifB*(I))
50 vy (( £.f.60) € DifB(I)>

ICE compact

ICE compact

It holds
((£:£.67) € Difa(1) ) (£. f'6y) € Dita(E)

ICE compact

]

With Corollary we have shown, that Bridger’s Definition of differentiability (Brd2)
implies Bishop’s Definition of differentiability (Bd). Hence Brd2 is the stronger Definition.
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