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1 Introduction

Many mathematicians accept classical mathematics (CLASS) as it is taught in universi-
ties. The statements one can prove in CLASS are highly abstract and therefore captivate
with its "simplicity" and clarity. But one should be careful to confuse clarity with in-
sight. For example lets think about the theorem T in CLASS that for every bounded
sequence of real numbers there exists a least upper bound, which itself is a real number.
Even if the assertion of this theorem seems to be intuitively clear, we should take a more
detailed look at the information this theorem provides. Therefore lets define a concrete
case.

Let (xn)pen+ be a sequence of real numbers, such that

G(n) :< 2n+ 2 is a sum of two primes

0, G(n) holds
Ty =
1, —(G(n) holds)

for every n € NT,

This sequence is well-defined, as we can decide for every natural number if G(n) holds
or not, simply by checking all prime numbers smaller then 2n + 2.

Now theorem T predicts a least upper bound x of the sequence (z,),. Clearly this least
upper bound has to be 0 or 1, but no one expects that we can decide which one of the
two cases holds, as this would solve the Goldbach conjecture. So one could say that in
CLASS the assertion of existence of an object only asserts the existence of a box with a
special property, but we can’t open the box and take a look at the (value of the) asserted
object. Hence the assertion of existence in CLASS is "incomplete", in the sense that it
has no computational meaning. This means most properties we deduce reflect the general
structure of a system and thus won’t provide an understanding of how to construct the
predicted object in a concrete case.

Moreover this notion of existence shifts the attention of practising mathematicians from
the observed system to the emergent properties and structures. In particular it changes
the point of view, as we try to understand a system observing it not from the inside, but
from the outside.

Constructive mathematics (CM) tackles this problem by using different definitions of
the logical connectives. These constitute the Brouwer-Heyting-Kolmogorov interpreta-
tion (BHK-interpretation). In this thesis we’ll discuss CM based on the style of Bishop
(BISH). So the following formulation of the BHK-interpretation is in short what Bishop
says about the logical connectives in his book [3], the statements about negation and



falsum are from [6] but express what seems to be generally accepted in the literature:

PAQ A proof of P A Q, is a proof of P and a proof of Q)
PVvQ A proof of PV Q), is either a proof of P or a proof of @)
P=qQ A proof of P = (@), is a rule that converts any given

proof of P into a proof of Q)
Ve € A P(x) A proof of Vx € A P(x) is an algorithm which for any
x € A returns a proof for P(x)

dzx P(z) A proof of 3x P(z), is a specific element
x and a proof that P(z) holds

il There is no proof of L

-Q A proof of =@, is a proof of Q =1

Of course there are some obvious questions arising from these informal definitions:
What is a proof?
What is a rule or algorithm?
What can we say about the collection of all proofs?

To answer these questions, and ultimately answer the question: "What is construc-
tive mathematics", we will promote a more exact treatment of Bishop-style constructive
mathematics (BCM). Since

an answer provided from a formal treatment of BCM, that cannot be "cap-
tured" by BISH itself, is not necessarily the "right" answer

(Petrakis in [6] p. 156), we work within BISH. In the first part of this thesis we will
formulate precisely some notions Bishop used and we will define some necessary exten-
sions, which we need for a more formal treatment of CM. Then we will present an exact,
but informal, BHK-interpretation with the use of Bishop set theory (BST) hoping that
this brings more clarity about what CM is within BISH. We will finish the thesis by
discussing how such a more precise analysis looks like. Except for the interpretation of
the integral in section 5, that is done for the first time here, this thesis is based on [6].



2 Basics of BST

The informal approach to constructive analysis of Bishop and Bridges in [3| was perfect
for showing that constructive analysis can be done, since the resulting analysis is very
similar to read to classical mathematics. But in this thesis we focus on a more formal
level. Therefore we use the semi-formal, Bishop set theory (BST) as presented in [4],
where it is called constructive set and function theory (CSFT), and [6]. This theory
formalizes the basic notions of BISH like set, membership to a set and function (while
the last one grounds on the informal term of an algorithm).

The first subsection will focus on the fundamentals we need in this thesis. The second
subsection will review some more developed concepts.

2.1 Fundamentals

As already stated before, in this subsection we will review some of the fundamentals
of BST, which we need for the more developed concepts in the subsection "Necessary
extensions". Compared to [4] or [6] some ideas will be simplified or only special cases are
explained.

We will begin with the primitives of BST. These are the expressions which can’t be
defined in terms of the other ones and which we use for their definition:

1. The collection of natural numbers N, together with its equality =, its operations
and order.

2. The equality by definition ":=".
3. The equivalence by definition ":<".

4. Pairing. For two terms a,b we have the ordered pair (a,b). We can refer to the
entries with the also primitive projections pry(a,b) := a and pra(a,b) := b.

5. A totality is either the set N or the totality X is defined by a membership condition
Mx ie. € X :& Mx(x). Mx(x) is called the membership formula for X.
One can say that a membership condition describes what has to be done in order
to construct an element of the totality. It is not necessary that the membership
condition is decidable for any object.

6. The notion of a finite routine or an algorithm is left undefined in [4]. In [2] p. 154
an informal explanation of an operation is given, which fits our notion of a finite
routine or algorithm:

"The notion of an operation (rule, algorithm, algorithmic process, finite rou-
tine, mechanical operation) is fundamental. We understand that an operation
is a finite, concrete object which can be given by a list of instructions. These
instructions must be explicit in nature, and must call only for the perfor-
mance of "mechanical" computations — no creative activity (such as solving




problems) must be required, and no element of chance (tossing a die) or of
free choice must be involved. ... but these are partial operations, i.e. they
may at some arguments be undefined." (underlining differs from [2])

The logical framework of BST is first-order intuitionistic logic with equality. The other
fundamentals can be defined in terms of the primitives.

Definition 1 (Collections). Let X, Y be totalities with membership formulas M x, My-.
We say X and Y are definitionally equal X :=Y if [Mx(x) :& My (x)].
X is inhabited if there is a x such that M x (z) holds. If we defined an equality on X,
we have:
X is inhabited < J,ex(x =x )

We may define an equality on X, "=x". In order to do so, we define an equality formula
Eqy (z,y) which satisfies the properties of a equivalence relation. We define x =x y <
Eqx(z,y). If the related totality is clear from the context, we also write x = y. We
identify the totality with equality with the pair (X, =x). Most of the time we just write
X and think about the related equality =x as implicitly given.

The totality of sets Vy with its equality =v,, defined as followed

X eVy:& X is a set
X =y, Y& Jrerx,y) Jgerv,x)((f,9) : X =y, V) (3.1)

where
(f,g): X =y, Y& gof=idx & fog=idy

is a class. All other totalities with equality, which membership condition includes quan-
tification over Vy, are classes as well. We omit the simple proof for the equality =y,
satisfying the properties of an equivalence relation.

A preset is a totality, for which we know what it means to prove its membership
formula. In particular for a formula that only uses bounded quantification (quantification
over sets) the BHK-interpretation expresses what we have to do. A set X is either N or it
is a preset together with an equality defined on it. This definition of a set is not a formal
definition, but a recommendation. Precisely, a set is an element of Vg; our "definition"
tells us what we should define to be in the totality V.

For two sets X,Y, we define their product X x Y by

z€ X XY & JpexIyey(2:=(2,y) )
z=xxy 7 & pri(z) =x pr1(zl) & pra(z) =y Pr?(zl)~

X xY is aset, as the equality obviously satisfies the conditions of an equivalence relation
and the construction of an element reduces to the construction of an element of X and
an element of Y.



Remark. In the definition of the preset, it is not necessary that the membership formula
is decidable. For example lets define the following formulas on the natural numbers:

G(n) :< 2n is the sum of two primes
P(n) : Vysn( G(m))

As we don’t know if the Goldbach conjecture is provable, we don’t know if P(n) is
decidable for any n € NT. Anyway we know what we have to do to prove P(n) for a
concrete n € NT. Thus the totality X, with

neX:wneN" & P(n)

is a preset.

Also whenever the membership formula of a totality includes quantification over Vg, we
don’t know how to interpret this quantification and thus don’t know how to prove it.
Hence a class can’t be a set.

The totality Vy is defined in a open ended way. This means that whenever we define
a totality X, which reflects the aforementioned intuition of being a set, we add to the
definition of Vg that X is an element of V.

Definition 2 (Non dependent assignment routines). Let X, Y be totalities.

A non dependent assignment routine o : X ~ Y from X to Y is a a finite routine,
that assigns to each element x € X an element y € Y. We write a(z) := y and write
assignment routine, instead of non dependent assignment routine unless we want to
highlight the non dependency .

Now assume X,Y being sets. Then an assignment routine f : X ~» Y is called an
operation. An operation f: X ~~ Y is called a function if it respects equality, i.e.

vx,z’GX( T =g = f(x> -Y f(.’I}/) )

holds. We write f: X — Y.
A function f : X — Y is an embedding from X to Y, if x =x ', whenever f(z) =y f(2').
We will write f: X < Y.

Let X,Y, Z be totalities.
Two assignment routines f : X ~» Y and g : X ~» Y are definitionally equal, we write

f:=g,if
Veex ( f(z) :==g(z))

For two assignment routines f : X ~» Y and g : Y ~» Z, we define the composition
assignment routine g o f by

gof: X~ Z, go f(x):=g(f(x))
for every z € X.

For any set X we define the identity function idx
idy : X = X, idx(z) :==x
for every z € X.



Definition 3 (The set of functions). The totality of all functions from the set X to the
set Y, is denoted by F(X,Y") and equipped with the point-wise equality.

feFX,)Y):e Juxsv(fi=9)
f=rxy) 9 Veex( f(z) =y g(z) )

Obviously =p(xy) satisfies the properties of a equivalence relation. Therefore this totality
is a set, because Mp(x,y) expresses: to prove Mp(x y)(f) one has to define an appropriate
function and prove its definitional equality to f. So its clear what we have to do in order
to prove the membership formula.

Since every function f: X — Y we define is definitionally equal to itself, f € F(X,Y)

Definition 4. Let I be a set and g : I ~ Vg a non dependent assignment routine. A
dependent assignment routine over ug is a finite routine uq, which assigns to each ¢ € 1
an element p1(2) in po(z). We write

it N po(i)

i€l
Their totality is denoted by A(I, uo). It is equipped with the point-wise equality
1 =a v1 e Vier( (i) =400 v1(i))
and is a set with an argument similar to the one that the totality of all functions is a set.

Definition 5. A subset of a set X is a pair (A,i4), where A is a set and i4 : A — X.
Usually we write A instead of (A,i4) and implicitly think of i4 as given.
The totality with equality of all subsets of X, is denoted by P(X). It is defined by

(Ayig) e P(X) = Aisaset & ig: A— X

(A,ia) =px) (B,iB) & 345839841409 =rB,x) iB & iof =puax) i)

f

/\4
A%B
X

Since the membership condition of P(X) contains quantification over Vy, P(X) is a class.

Definition 6. A formula P(z) on a set X is called an extensional property, if it satisfies

Vayex([z=xy & P(x)] = P(y) ).



The extensional subset of X generated by P, Xp, denotes the totality with equality
that is defined by

reXpeoreX & P(x)
/ /
T=Xp T =T =XxT

Clearly Xp :={z € X | P(x)} is a set, since X is a set.

The notion subset is justified, because the pair (Xp,ix,), with ix, : Xp — X;
ixp(z) =z, is in P(X).

Important to mention, is that with this definition the property P(x) on X is equivalent
to the membership to the set Xp.

As an example lets consider the set X and the property P(z,2') :< x =x a’. P(x) then
is an extensional property, since equality is transitive, and generates the subset D(X) of
X xX

D(X):={(z,2") e X x X |z =x 2/}

which we call the diagonal of X. It inherits the equality from X x X.

Note that it is also possible to define a new equality on Xp. E.g. in section 5 the set
of real numbers will be defined as a subset with a different equality than the superset. If
we do so, Xp still is a set and for the same reason, as before, a subset of X.

2.2 Necessary extensions

This subsection deals with the idea of set indexed families and important concepts that
depend on them.
We will use these new concepts to interpret the logical connectives in section 3.

2.2.1 Set-indexed families of sets

Definition 7. Let I be a set and D(I) as before. Then an I- family, or a family of sets
indexed by I, is a pair A := (Mg, \1).

Ao~V (7.1)
Ao A FQo(i), M), Mi(i, ) = Nij for (i,7) € D(I)  (72)
(4.9)€D(I)

such that the following properties hold:
D7.1 For every i € I, we have \j; := idy;)
D7.2 For 4,4,k € I such that ¢ =7 j and j = k, the following diagram commutes

Ao(1) Ao ()

10



For (i,7) € D(I) the function \;; is called the transport map from A(i) to Ag(j) and
the dependant assignment routine \; the modulus of function-likeness of \g. The last
term comes from the following property:

(Nijs Nji) = Ao(2) =vy Ao())

Proof. By definition we have that idy, ;) := A\ii := Aji o Aij and
idAo(j) = /\jj = >\ij o /\ji

Example 1. Let I,J be sets and A := (Mg, A1) be an I-family. We define p := (uo, 1)
by:

Mo - IxJ— VOz MO(%]) = )\0(7‘)
for every (i,7) € I x J, and

mE A F(po(i, 5), po(i', 5)),
((8:9),(#,3"))eD(IxJ)

1 gy gy = (0, 5), (7,57) = Mo(i) — Xo(@),
H(i g 1) (2) = Niir ()
Then p = (po, 1) is an I x J-family, as we have:
D7.1 for every (i,7) € I x J, we have i j)i.5) = i := idx(3) := idy (i 5)

D7.2 for (i,j), (¥, 5'), (i"),5") € I x J such that (i,j) =1y (¢',5') and (7',j) =1xs
(i”,j”), we have 1 =7 ¢/ =7 7. Hence:

:u(i,j)(i”,j”) = )\ii” = Ai’i”oz\“/ = M(i’,j’)(i”j”) (e] M(l,])(Z,,J,)

We call p the canonical extension of the I-family A onto I x J. We will write \(¢, j)
instead of u(i,j) for any (i,5) € I x J and get

Y(igerx( Xo(d,5) = Ao(i) )

2.2.2 The exterior union of a family of sets

We will use the exterior union of set indexed families to interpret the existential quanti-
fier. So we use the the notion of a Y-set for it, referring to the type theoretic 3-type.

Definition 8. If I is a set and A := (g, A1) an [-family of sets, then the totality
Yiero(2) is called the exterior or disjoint union of A or the X-set of A. Tt is defined
by the following membership condition and equality

w € VierAo(1) & JierTperg) (w = (i,2) )
(1,2) =5, no() (b 2) e i=r] & Nj(x) =5 2’ (8.1)

It is natural to consider the totality X;crAo(7) to be a set.

11



We proof that the equality =y, _,5,(;) satisfies the properties of an equivalence relation.

Proof. Let (i,7), (§,y), (k, z) € XierAo(i). Thensince i =7 i and \j;(z) = idy ;) (7) := =,
we have

(iv 33) —Xicrho(i) (iv .13)
Next we assume (i,7) =x,_,z() (J,¥). So we have i =; j and therefore j =/ i, because
"=r" is an equivalence relation. Additionally by the definition of the transport maps:

. (iazv):('» )
z = idyg ) (%) = M) == N (@) Eng iy Njila)

holds. Hence we have (j,y) =x,,26) (i 2)-
Finally, if we have (i, z) =301 M) (J,y) and (j,) =301 M) (k,z) by definition and
transitivity of "=;", we get ¢ =7 k. The validity of

ik () 1= ANje(Aij (7)) =x0k) Nik(Y) =xo(k) 2

follows from the definition of equality 8.1 and D7.2. Thus we have (i,7) =x,_, ), (k; 2)-
Hence the equality satisfies the properties of an equivalence relation. O

Example 2. Let X,Y be sets. 2 :={0,1} clearly is a set. The coproduct X +Y can be
defined as a X-set.
First we define the 2-family of X and Y A(X,Y) := ()\é(’y, )\f’y) by:

A 10,1~ Yy, AV (0) =X, AV (1) =Y
and
XY, XY
AT X
(i,7)eD({0,1})
AY(0,0) = ddx, AV (1,1) = idy
Now we can define the coproduct:
X+Y =) A" ()
ic€2
This set has the required property, we expect from the coproduct
VaexVyey ((0,2),(1,y) € D A ()
i€2

First and second projection of the 3-set of A, pri(A) and pra(A), are important to for-
malize choosing an object of the pair. Therefore it is interesting to make their definitions
precise. The first one is implemented as supposed

pri(A) s Y AV (i) = 2,

1€2
pri(A)(i, z) :=1

12



for every (i,2) € > .co )\())(’Y(i). The second one is a dependent assignment routine

pra(A) : A Xo(i),
(1,2)€X 12 2T (0)

pra(A)(i, z) := pra(i, 2) == z

for every (i,2) € > e )\())(’Y(i).

2.2.3 Dependent functions over a family of sets

There are several reasons to invent dependent functions. One is to generalise the carte-
sian product, this is shown in detail in [4] and the special case of the product of two sets
is shown in the example below.

The main application of this concept in this thesis is the use in the interpretation of the
universal quantifier.

As functions are a special kind of non dependent assignment routines, dependent func-
tions are a special kind of dependent assignment routines.

Definition 9. Let I be a set, A := (Ao, A1) be an I-family of sets. The membership con-
dition of and the equality on the totality I1;c;\o(4), called the set of dependent functions
over A or the Il-set of A, are

NS H)\o(i) =9 € AL, No) & Yijepm)(0(F) == ¢ =) Nij(@i) ) (9.1)

el
b =M,crn(i) P & Vier( di =x0) 5 ) (9.2)
It is natural to consider the totality [[,c; Ao(i) to be a set

The equivalence =q,_, 5, (;) satisfies the properties of an equivalence relation, since the
set of dependent functions over a family of sets is an extensional subset of A(I, Ag).

Example 3. Like mentioned above the Il-set can be seen as a generalisation of the
cartesian product. Therefore we will proof the equality to the cartesian product of two
sets

H)\()(Z')X’Y =V X xY

ic2
where XY are sets and A(X,Y) := ()\é(’y, )\f’y) as in example 2. To proof the state-
ment, we have to show that 3.1 holds. Let X,Y, A(X,Y) be as given. We define

F o™ = X x ¥ 7(6) = (60, 61)
€2
g: X xY =[] (@)Y 9(2,y) = ¢uy
1€2

13



where
Pry * A )‘O(i)a
i€2
ay(0) == € AV (0) pay(1) ==y € X (1)

forevery x € X and y € Y. So f, g are well defined and as can eagily be seen they respect
equality. In particular they are functions. Hence

fog(z,y) = flg(x,y)) = f(bay) = (2y(0), ay(1)) := (,y)

90 F(8) = 9(£(8)) = 9(0, 61) = Pguin 2 &
(*) Popopr (0) = ¢0 = ¢(0) & (,0¢0¢1(1) = (bl = ¢(1)

for (z,y) € X XY, ¢ € Iiear)"" (i).
So fog=1idxxy and go f = idn_@)\x,y(i) and therefore X xY =y, Hiez)\é(’y(i).

0

Example 4. The second projection of a Y-set is even a dependent function.
Let the definitions and premises as in example 2. We define the ), 5 Ao(7)-family

>4 = (of, o) by
o Z)\o(i) ~+ V,
i€2
06 (i, ) = Ao(i),
ot (4, 2), (', ) = Niar-
o is well defined, what follows from the definition of A, and o satisfies D7.1 & D7.2:

A . .
Oli,2)(i,2) = Nii 7= ilrg (i) = 1ga (i )

A c— Ny — e A A
Oli,2) (k27 = ik 7= Amk © Nim 1= O 0y (k 21 © O3 2) (")
for (4,2), (m, 2'), (k, 2") € 3 ;5 Ao(4), such that (i,2) =5, _, x,@) (m,2) and
(m, 2") =5, a0 (K, 27).
Moreover, if (i, z) = y (¢',2'), then

ie2 Mo(i
pra2(A)(i,2) ==z 26,{0%5 Avi(2") = A (pra(A) (7', ')

Therefore the second projection pra(A) is a dependent function over ZA.

2.2.4 Basic families of sets

In the following we will discuss some general schemes to generate new set indexed families
of sets.

We start with the extension of some basic concepts, that we already defined for sets, on
I-families. Namely functions between I-families, the construction of the disjoint union of
two I-families and the construction of the product of two [-families. All of these concepts
are "point-wise generalisations" of the basic ideas.

14



Proposition 10. Let I be a set, A := (Ao, A1), M := (po, p1) be I-families of sets.
i) The pair F(A, M) := (F(Xo,po), F(A1, 1)) is an I-familiy of sets, we define for
every ¢ € I

F(Xo, o) : I ~ Vo, F(Xo, po)(2) := F(Xo(4), po(i))
and
IF(/\l,,ul) : A F( F()\O7M0)(i)vF()‘07MO>(j) )7
(i,5)€D(I)
F(A1, p1)ij = F(A1, 1) (4, 5) : F(Ao(4), po(3)) — F(Ao(5), po(4)),
F(A1, p1)i (f) 2= pij o f o Aji,
for every f € F(Ao(7), po(i))-

ii) The pair A + M := (Ao + po, A1 + p1) is an I-familiy of sets, we define for every
iel

Ao+ po : I~ Vo, (Ao + p0) (@) = Ao (i) + po(4)
and
AL+ pa A F( Ao(4) + po(2), Ao(d) + po(d) ),
(i,7)€D(I)
(A1 + p1)ij o= (A + 1)@, 5) = Ao(@) + po(2) = Ao(J) + po(J),
(A1 + p1)i5(0,2) == (0, Aij (@),
(A + )i (L, y) = (1,25 (y)),
for x € \o(7) and y € po(7).
iii) The pair A x M := (Ao X po, A1 X p1) is an I-familiy of sets, we define for every
1€1
)\0 X Mo : I~ Vo, ()\0 X Mo)(i) = )\0(1) X uo(i)
and
Ao A F( o) x pold), Ao(d) x po(4) ),
(4,5)€D(I)
(A1 X p1)ig = (A x ) (8, 5) = Ao(d) X po(d) = Ao(5) x po(d),
(A x pn)ij (s y) o= (Mg (@), paij (V)
for z € A\o(7) and y € po(7).

Proof. First we notice that [ is a set by premise and all of the pairs are of the correct
form. An assignment routine I ~~ Vg and a corresponding dependent assignment routine.
So to proof the proposition we have to show for every pair that it fulfils the two conditions
D7.1 and D7.2.

15



i) D7.1: Let i € I, f € F(A\o(2), uo(2)) be arbitrary. Then we have:

Vaeno(i) ( FA, 11)ii(F) (@) 7= pii 0 f o Nii(@) := idy i) 0 [ o iy, (2) = f(2) )

and thus F(A1, p1)ii(f) := f. Since f € F(Ao(¢), uo(7)) was chosen freely, F(A1, 1)1 :=
idp(n(i),p0(i)) 18 constructively valid.
D7.2: For i,j,k € I such that ¢ =7 j and j =7 k, we have for all

f e F(o(), u(i)):

Vaero () ( FOM 1)k 0 F(A1, p1)ij (f) (2)
= F (A1, 1) k(g o f o Aji)(x)
= ik o pij o fodjio )\kj(ﬂﬁ)
1= pik © f 0 Agi(z)
= F(Ar, p1)ir(f)(2) )

and thus F(Ar, 1)k 0o F(A1, p1)ii(f) == F(Ar, 1) (f). Since f € F(Ao(4), po(4))
was chosen freely, F(A1, 1) 0 F(A1, p1)ij := F(A1, p1)ax is constructively valid.

Therefore the pair F(A, M) := (F(Xo, o), F(A1, p1)) is an I-family.

ii) D7.1: Let ¢ € I be arbitrary. Then we have:

Veero () ( (A1+11)ii (0, )
= (0, Nii(2)) := (0, idyy (5 (7)) :== (0, 2)
= idxg (i) +uo(i) (0, 7))

Vyeuo(i)( (M+41)ii (1, y)
= (L, pii(y)) := (Lid,o ) (y) = (1)
= idxg (i) +uo(i) (1, 9) )

and thus (A1 + p1) i 2= 9y (5) 40 (i) -
D7.2: For 4,4,k € I such that : =; 5 and j =7 k, we have:

Vaero() ( (Artpa)jk o (A1 + p1)i5(0, )
= (M + 1)k ((0, Aij(2)) := (0, Aji, © Aij())
= (0, i () == (A1 + p2)ix (0, ) )

Vyeuo() ( (Ar+p1)jk o (M + p1)ij (1, y)
= (A1 4 pa) e (L pij (y) o= (L, w0 paj (y))
= (1, pix(y)) == (M1 + p1)a(1,y) )

and thus (A1 + p1)jk © (A1 4 p1)s5 := (A1 + p1)ak is constructively valid.
Therefore the pair A + M := (Ao + po, A1 + p1) is an I-family.
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iii) D7.1: Let i € I be arbitrary. Then we have:

Vaero (i) e i) ( (A1 xp1)ii (2, y)
= (Nii(@), i (y)) = (idxo () (), id () (y)
= (:L‘a y) = id}\o(i)xuo(i)('ma y) )
and thus (A1 X p1) i 2= 9dx (3 x o (4) -
D7.2: For 4,4,k € I such that ¢ =7 j and j =1 k, we have:
Vaero(i)yeno(@) ( (M xp1)jk 0 (A x p1)ij(z,y)
= (A1 x 1) e (Nij (), pig(y))
1= (Ajr 0 Aij (), ik © pij(y))
= (A (@), pi(y)) = (A1 x p1)ir(2,y) )

and thus (A1 X p1)jk © (A1 X p1)ij := (A1 X p)qk is constructively valid.
Therefore the pair A X M := (Ag X po, A1 X p1) is an I-family.

O]

So far we discussed families that are indexed by any regular set. As stated in definition
1 for two (index) sets their product is a set. Consequently all the above assertions apply
to the product, too. It is also possible to construct new families that are uniquely defined
for such special index sets, though.

Proposition 11. Let I, J be sets and R := (po, p1) be an (I x J)-family of sets, where:
po : I x J ~ Vo, p1 A F(po(i; ), po(i's "))
((3,9),(#.5"))ED(Ix.J)

P1 ((Zvj)v (ilvj/)) = P3,5)3E 5

i) For a fixed j € J, we can construct the "restriction" of R to I x {j}.
This new family A7 := (X, ) is an I-family. We define, for every i € I:

N T~ Vg, X (@) == poli, 5)
and

)‘{ : A F(pO(,LvJ)apO(,L,’]))a
(i,i'eD(I)
X (8,1") := Xjyy = po(i, 3) — po(d, 7), N 7= Pig) (it j)-
ii) For a fixed ¢ € I, we can construct the "restriction" of R to {i} x J.
This new family M? := (uf, i) is an J-family. We define, for every j € J:

i

,uf) 2~ Vo, 1o(g) == po(i, j)
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and

tuzl : A F(PO(Z,])aPO(%]/)) )
(4.4’€D(J)
1105, 3") = w0+ po(is g) = po(i, '), [0 7= Pg) ")
Proof. We will proof case i). The case ii) is done similarly. ‘
To prqof that the pair M : ()\6, A]) is an I-set for every j € J, we have to show that )\6
and ] are well-defined and the properties D7.1 & D7.2 hold. All of these statements
follow immediately from the definition of R.

Let j € J be arbitrary, but fiexd.
N} is well-de fined: By definition of R, po(i,7) is a set, for every i € I.

Because p0(i,7) := Xo(4), for every i € I, we immediately get that )\6 is well-defined.

A is well-defined: Let i,i € I. We have to show that X/, is a function. Clearly this
is valid, sin@e )\gl., = P(ij)(,j), Where the later one is a function by definition of R.
Therefore ] is well-defined.

D7.1:For i € I, we have:

Niir 7= Pig)(0.9) 7= gy icg)
D7.2: For i, k,m € I such that i = k and kK = m we have:
Nem © ik 3= Plkg)md) © Pli.g) (k) = Plid)m) 7= Nign-
Therefore the pair M : ()\6, /\]1) is an I-set for every j € J. O

Proposition 12. Let I,J be sets and R := (pg, p1) be an (I x J)-family of sets, where:
Po : I xJ~ VO, pP1: A F(p(](ia.j)7p0(i/7j/))7
((5,9),(#.5"))ED(Ix.J)
p1((6,),(7',3) = pag )
i) The pair ' R := (Z1po, £'p1) is an I-family of sets. We define, for i € I:
1 1
Zpo : I ~ Vg, (Zpo) (i) 1=ZP0(iaj)
JjeJ

and

1
Zpl : A F ZPO(’i?j)vaO(i/’j) s

(ii")eD(I) jEJ jEJ
1 1
(Zm) = (Zm) (6d") Y po(i,5) = > poli’, ),
it jeJ JjeJ

1
(Z p1> (G,2) = (G Py .a) (@)

for j € J and x € po(i, j)-
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ii) The pair S22 R := (£2pg, ©2p1) is a J-family of sets. We define, for j € J:

2 2
> po:d ~ Vo, (Z po> (7) =Y poli.j)

el
and
2
Zpl : F (Z PO(%])yZPO(%]@) ;
(4,5")€D(J) il il
2 2
<Z pl) = <Z Pl) (.]7.]/) : Zp0(2>j) - ZPO(iaj/)v
g3’ i€l el

2
(Z m) - (2) =0 Py ) (7))

fori € I and z € po(i, 7).

i) The pair [T' R := (IT" po, [1" p1), is an I-family of sets. We define, for i € I:

1 1
[Tro: 1~ Vo, <Hpo> (i) == [ poi, )

jeJ

and

1
Hp1 : A F (H po(’i,j), Hpﬂ(ilvj)> )
(1)

(ii')eD jeJ jeJ
1 1
(H p1> = <Hp1> (i,d') : [ polir4) = T pold', 4),
it jed JjeJ

1
[(H P1> ) (¢)] = p(ig)(i ) (D)

for j € Jand ¢ € [[,c; po(é, ).

iv) The pair [[* R := ([]? po, [I> p1), is a J-family of sets. We define, for j € J:

2 2
[Tro: 7~ Vo, (Hﬂo) (7) :== [ L ol 5)

el
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and

2
le : A F <Hp0(i,j),HPO(iaj/)> )
()

(4,7")eD i€l iel
2 2
<Hp1> = (H p1> (G,4") : [T poCisd) = [ poli, 4",
54! iel iel

2
(Hm) (@) = PG5 (i),

Y

29 i

for i € I and ¢ € [[;c; po(i, J).

Proof. Asin the proof for the previous proposition we have to show for all the constructed
pairs, that both assignment routines are well-defined and that the properties D7.1 & D7.2
in the definition of a set indexed family are satisfied.

i) (leo) is well-de fined: In the previous proposition we constructed the J-family
M?:= (ub, pt) for a fixed i € I. Therefore (S'pg) (i) := Sjeypf(4), for every i € I,
is a set and (Elpo) is well-defined.

(5'p1) is well-defined: Let (i,i') € D(I) be arbitrary. We have to show that
(Zl p1> _is a function.
First we”show that the assignment routine is well-defined. For every (j,z) €

Zje] Po(i,j)l

1
(Z Pl) (J, ) = (4, pajy(ir.5) (@) € Zpo(i/aj)

jed

and so the assignment routine is well-defined.
Now we show that the assignment routine is a function. Let (j,x),(j',2') €
> jespo(is ) be such that (j,z) =5, (i) ('s2"). Thus by definition we have

i=17" & (@) =poig T

and, since i =7 7' and Py 18 a function
PG (E) = PGy © PG () =po(i ) Pl (E)
and therefore

P )i, Py i.3) (T) = Pligyar 31 (&) Zpo(ir g7y Pl (&)- (*)
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With that in mind, it is easy to show that (Elpl)ii, is a function:

(Z p1) (4, 2) := (4, p(ijy (v 5) ()

(%) .
=5y politg) (G P (@)

“(2n)

where (i,1"), (j, x), (j/, ') are characterized as above.
Hence (Elpl)ii, is a function.
D7.1: Let i € I be arbitrary, likewise (j,z) € X;crp0(3,7)-

<Z Pl) (7, 7) = (4, (ij) () () = (J, idpy i jy (7))

= id(zmpo@,j))(jv @) = id(s1 0y (7, )

Because i and (j,x) were chosen freely,

<Zpl> CE (s )i

is constructively valid.
D7.2: Let i,k,m € I such that i =7 k & k =y m. Then:

1 1
(Z pl> o (Z ,01> j,x) : (Z m) (45 P(i.5) (k) ()
km ik km

= (J5 Pk,5) (m,j) (PG (k) (7))

1
= (J, Pli,j)(m,j) (®)) = (Zm) (J, )

for every (j,z) € (Z /)0) (1) and therefore

() o) = (),

So the pair Zl R := (Zlpg, Blpy) is an I-family of sets.

ii) The proof is similar to the one of the case i).
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iii) (Hl p0> is well-defined: In the previous lemma we constructed the J-family
M? = (ub,u}) for a fixed i € I. Therefore (Hl p()) (1) := HJeJ,Uo( i), for ev-
ery i € I, is a set and (Hl p(]) is well-defined.

(Hl p1> is well-defined: Let (i,i") € D(I) be arbitrary. We have to show that

(Hl p1> ~is a function. First we show that (Hl pl) is a well-defined assignment
i’ 13!
routine. Therefor let ¢ € [[,c; po(4,j) and j, " € D(J), then:

PG5 (P5) = by

and thus, since p(; jny( j) is a function:

PG.3N G 5) © P i) (D) = PGgr ) (D5)
For ¢ € [[;c;p0(i,j) and j € J, we have

1
P(ir )i 3") KH Pl) (¢)] = p(ir g)(@r,3) (PG r5) (85))
it j

= PG )15 (P, @ 9) © Plig) i) (85))
= Pt ) (i3 (PG, 5) (B57))
= P (D50)

-|(11n) @]

0 (Hl ,00) _(¢) is a dependent function and (Hl po) _is a well-defined assign-

ment routine.
It is also a function as for ¢, ¢ € HjeJ po(i,7), such that ¢ = ¢, holds:

Dj = ¥j
for every j € J, and

1
[(le) W] = P 5) (65)
K43 J 1
= Pig)(ir.5) (P5) = KH m) (sO)]
i’ 7

(n pl) ) = (H pl) )

22
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Hence (Hl p1> is well-defined.
D7.1: Let i € I be arbitrary, likewise j € J and ¢ € [[,c; po(é, 7). Then

1
[(H Pl) ) (¢)] = p(i7j)(i,j)<¢j>
= idﬂo(iaj)(qu)

= ¢ 1= {idnje, po(irj) () ;

Because i, j and ¢ were chosen freely,

1
(H '01> = idl‘[jero(Lj)

is constructively valid.
D7.2: Let i,k,m € I such that i =7 k & k =y m. Then:

1 1
[(H p1> ° (H P1> (¢)] = Pk,g)(m.g) © Pling) (k) (95)
km ik j
1
= P6,) mag) (05) 1= [(Hf“) (¢)]
im J

for every j € J and therefore

(1), (11 = (1l

So the pair [T' R := (IT" po, [1* p1), is an I-family of sets.

iv) The proof is similar to the one of case iii)

O
Definition 13. Let X,Y be sets. We define:
Z Y = Z Ao(x)
z€X z€X
for every z € X, where
Ao X =V, Xo(z) =Y, (13.1)
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and
Mo N FQo(e) do(@), (13.2)
(z,2")eD(X)
Apz = M(z,2'): Y =Y,
Aza! (y) =Y
Thus A := (Ao, A1) clearly is a X-family and > Y is a well defined set.

Now let X,Y be sets and A := (Mg, A1) be a Y-family. Then the canonical extension of
Aonto Y x X is a Y x X-family and

1
}jwm:(2)0w> (13.3)

rzeX

is well defined. ) Ao(y) is a Y-family by proposition 12.
For the sets Y1, ..., Y,, the Y71 x ... x Y,,-family A and ¢ € {1,...,n} by definition of the
exterior union and proposition 12 we have that

Z /\0(y1a~--yn) (13-4)

Yi€Y;

is well-defined and either a Y7 x...xY;_1 x Y11 x...xY,-family or (in the case n = 1) a set.

Similarly we can define for dependent functions:
The set

IIY:=1I]

rzeX rzeX

where A is like in (13.1) and (13.2).
The Y-family

1
I 2o = (H >\0> (v)
zeX

where A is like in (13.3).
And we get the set, Y1 X ... X Y;_1 X Y11 X ... X Y-family respectively,

H )\o(yl, ceny yn)

Yi€Y;

by the definition 9 of dependent functions, proposition 12 respectively, where A is like in
(13.4).
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Let k,I,n,m € NT, A® € {3,]]} for 1 < i <k, Y1,..., Y, X1,..., X, be sets and
Z1, ..., Z; be sets such that

Vieq1,... 1 3je{i,... maxfnmp ( Zi =YV Zi = X )
& Vicj<nTi<i<i(Yji=2;)

Then we will write
AZ¢1€Z¢1 e Azikezik )\O(Zﬂ-(l), ceey Zw(n))

instead of

Az ez, ( .. (AZikEZik Ao(Zr(1ys e s zﬂ(n))) .. )

where i1, ...,7; € {1,...,1} and 7 : {1,...,n} = Nt 7(q) := i s.t. Z; := Y, for every
g € {1,...,n}. With the definitions we made this is well defined.

So if we combine II- and >-operators this combination is well defined, as long as the
underlying object is a set or an arbitrary set-indexed family.
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3 The BHK-interpretation of BISH within BST

Now we have all the notions to formulate the BHK-interpretation of BISH within BST,
as done in [6]. Important to mention is the "set-dependence" of this formulation i.e. the
totality of proofs for any given formula ¢ we consider has to be a set. In particular it
has to be clear what a proof for the given formula is. In return any totality of proofs
we obtain by the logical connectives is a set as well (definition 14). In the case, that a
formula ¢(z) depends on a given variable z of a set X, the totality of proofs of ¢(x) for
any given x € X has to be a set. Therefore we also consider set-indexed families of proof
sets (definition 15).

As an example of application and a suggestion how to define a proof set for "atomic"
formulas, in section 4 and 5 we present parts of a proof-relevant approach to Bishop
Constructive Analysis (BCA).

Definition 14 (set dependent BHK-interpretation - Part I). Let ¢, ¢ be formulas in
BISH such that the corresponding totalities of all proofs Prf(¢) and Prf(y) are sets. We
define:

Prf(¢p A @) := Prf(¢) x Prf(yp),
Prf(¢ V ¢) := Prf(¢) + Pri(yp)
Prf(¢ = ¢) := F(Prf(¢),Prf(y))

)

Given the X-family Prf? := (Prfg,Prf(f) of a formula ¢(z) on a set X, we can define
the proof set of a quantification of ¢(x) over the set X.

Therefore let X be a set, ¢(x) be a formula on X and the family Prf? := (Prfg’, Prfd))
be given, i.e.

Prfg : X ~ Vo, Prfg(w) = Prf(p(x))
for every z € X, and

Prf(f : A F( Prfg(x),Prfg(x') ),
(z,2")ED(X)
Prfix, = Prf(f(x, 2') : Prf(é(z)) — Pre(p(x))

for (z,2") € D(X) satisfies the properties D7.1 & D7.2.
We define:

Prf (Voexd(2)) := | [ Pref(a) = [] Pre(e(x))

zeX reX
Prf (Jpexd(x)) == »_ Pref(z) = »  Pre(¢(z))
zeX reX

Note that the definition of 3 is a generalisation of V, while the definition of V is a
generalisation of A.
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Remark (Treatment of negation). In [6] Petrakis mentions that the treatment of a
negated formula =) as the implication ) =1 is problematic in BST. That is because
it has to be Prf(L) := (), if we accept the BHK-interpretation as presented in the
introduction. The use of the empty set in BISH is problematic though, thus the status
of F(Prf(Q), () is problematic, too. Anyway Bishop managed to avoid most of negation,
so we will avoid its treatment in this thesis.

The constructions below generalise the definitions we made in definition 14 on proof
families indexed by the set which the formula is defined on. They make use of the families
we defined in section 2.2.4.

Definition 15 (set dependent BHK-interpretation - Part IT). Let X, Y be sets, ¢(x), ¢(x)
be formulas on X and the X-families Prf? := (Prfg,Prff), Prf? := (Prf{,Prfy) be
given. To the formulas

(@ N p)(x) & o(x)
(¢ Vo)(z) & o(x) ,
(¢ = 9)(2) 1= o(z) = ¢(z)
we associate the following X-families:
Pr£?\¥ .= Prf? x Prf¥,
Pr{®V? .= Prf? + Prf?,
Pr{?=% .= F(Prf? Prf¥)
Let the X x Y-family Prf? of a formula 6(z,y) on X x Y be given, i.e.
Prf : X x Y ~ Vo, Pred(z,y) = Prf(f(z,y))

for every (z,y) € X x Y, and

Prff : A F(Preg(z,y), Preg(a, y),
((z,y),(=",y"))€D(X xY)

Pref, .y = PrEi (@, y), (¢',9)) : Pre(8(x,y)) — Pri(6(a’,y))

for ((z,y), (2',y")) € D(X) satisfies the properties D7.1 & D7.2.
We define for x € X

(Vy0)(7) = VyeyO(z,y),
(3y0)(x) = Fyevb(z,v)

and associate the following X-families in a canonical way to these formulas
1
prvf .= HPrfe,

1
privv? = ZPrfG.
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For the sake of clarity we will write down the last two families more detailed. We have:
1 1
prf"f .= (H Prf%,HPrf?) ,
(HPrf ) H Prfo x,Y) H Prf(0(x,y))

yey yey
1
(H Prf?) : H Prf(0(z,y)) — H Prf(0(z',y))
zx!  YEY yey

and

1
prevf . ( Prfg,ZPrﬁ) ,

<Z Prf Z Prfo x,y) Z Prf (6
yey yey
1
(Z prf§> 3 Pet(0(r.y) — 3 Pre(0(a. )

yey yey

for x € X and (z,2') € D(X).

Remark. For any formula ¢ we call and element p € Prf(¢) of its proof set a witness
of ¢. We write p : ¢.

This definitions make precise that in BST whenever we use the existential quantifier
in a property P(z) on a set X, we demand a witness that this existence holds. This
means we have to construct an appropriate object. Therefore we can avoid the use of
the Axiom of Choice in our proofs, as we already defined how to choose such an element
in the construction of the proof element of a statement.

For example the following statement:
Let (z)n € F(NT,R). Then:

(z5,) is convergent if and only if it is a Cauchy sequence

expressed as a formula we have:
Conv(z,,) < Cauchy(z,)

The set dependent BHK-interpretation tells us how a proof element p := (p1,p2) of this
formula looks like. Specifically:

p € F(Prf(Conv(zy,)), Prf(Cauchy(zy,))) x F(Prf(Cauchy(z,)), Prf(Conv(z,)))
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where p; and po are assigned in the canonical way.
Next we notice that

n

Conv(zy,) < Jper(xy — )

and thus by the BHK-interpretation, proofing this statement means to construct an
element of

Prf(Conv(zy,)) := Z Prf(z, = x).
zeR

All in all, to construct the element ps we have to define a specific function that assigns
to every member of Prf(Cauchy(z,)) a specific element of Prf(Conv(z,))

=", er Pri(zn, = ). So to construct p» we have to give a construction of such an ele-
ment z € R, for every element of Prf(Cauchy(x,)). Therefore we don’t need the axiom
of choice in this case, because we specify the choice function we use.

As Petrakis mentioned in [5]: "The use of some choice is an indication of missing
witnessing-data'.
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4 A proof-relevant approach: general schemes

In the definition of our BHK-interpretation, we have to define the proof sets of our
underlying formulas (atomic formulas). In this section we define such proof sets, for
some special kind of formulas. In order to assign the set of all proofs to every x € X, for
a given set X, we use a X-family.

Additionally we point out some simplifications for the construction of members of proof
sets. The main part is carried out in [6] and [5].

Proposition 16 (General Scheme 1 (GS1)). Let X,Y be sets and Q(z,p) be an exten-
sional property on X x Y, i.e. for z,2’ € X and p,p' €Y

[r=x2 & p=yp & Q(z,p)] = Q(',p).
In addition let the property P(z) defined by
P(2) i 3pev (Q(a.p)).

Then P(x) is extensional and we can define the X-family

PrfMemb’ := (PrfMemb}  PrfMemb!)
by

PriMembl : X ~ Vj PriMembl (z) := {p € Y|Q(x,p)}

for every z € X, and for p € PrfMembl (z) and (z,2') € D(X)

PrfMemb! : A F( PrfMemb) (), PrfMemb} (2') )
(z,2")eD(X)

PrfMembl , := PrfMemb! (z,2’) : PrfMembl (z) — PrfMemb) ('),

PriMemb’ ,(p) := p.

For every x € X, PrfMemb(I; (x) is by definition the extensional subset of Y generated by
Q(z,.). An element p of PrfMembl () is called a witness or modulus for P(x) and we
will write p: & € Xp : & Q(x,p); p: x € Xp can be read as: "p witnessing that z € Xp".

Proof. First we proof that P(z) is an extensional property. If x =x 2’ & p =y p’ such
that Q(x,p) holds, we get Q(z/,p) by the extensionality of @ and hence P(z2/).

Next we proof that PrfMemb! := (PrfMemb)’,PrfMemb!) is a X-family. To do so, we
show that PrfMembg) and PrfMemb{D are well-defined and the properties D7.1 and D7.2
are satisfied. For every z € X, PrfMemb} (z) is an extensional subset of Y. So PrfMemb}’
is well-defined.

If (z,2') € D(X) and p € PrfMemb)’(z), then by the extensionality of @ we get Q(z’,p)
and thus Q(2/, PrfMemb’ ,(p)). So p := PrfMemb! ,(p) € PrfMemb!’(2') and PrfMemb’ ,
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is well-defined. PrfMembfx/ is also a function, since for every p’ € PrfMemby (x) such that
p =y p/, clearly
PrfMemb’ ,(p) := p =y p’ := PriMembl ,(p')

zx!
holds. As (z,2') € D(X) was chosen freely, PrfMemb! is well-defined.
The properties D7.1 and D7.2 remain to show.
D7.1 & D7.2: For (x,2), (2/,2") € D(X) we have:

P .
PrfMemb,, (p) =P = ZdPrfMembé)(z) (p)
PrfMemb’, , o PrfMembl ,(p) := p := PrfMembl . (p)
for all p € PrfMemb)’(x). Hence the properties are satisfied. O
Example 5. Let X,Y be sets and R(x;,2z2) a relation on X such that

R(%l,lﬁ) = E|pEY( Q(@'l,l’Q,p) )

where Q(x1,x2,p) is an extensional property on X x X x Y.
Then R(z1,x2) is extensional and GS1 defines the X x X-family

PriMemb” := (PrfMembl’, PriMembl).

There is a trivial generalisation, which we will use later in the examples. For simplifi-
cation we present it in the following.

Proposition 17 (General Scheme 2 (GS2)). Let X,Y, Z be sets and Q(x,p,z) be an
extensional property on X x Y x Z,i.e. for x,2’ € X, p,p' €Y and 2,2/ € Z

[z=x2 & p=yp & 2=27 & Q(z,p,2)] = Q,p, 7).
In addition let the property P(z) defined by
P(x) & ey Feez(Q(z,p, 2)).
Then P(z) is extensional and we can define the X-family
PrfMemb’ := (PrfMemb}  PrfMemb!)
by
PrfMemb) : X ~ V PriMemb) (z) := {(p,2) € Y x Z|Q(z,p,2)}
for every z € X, and for (p, 2) € PrfMemb} (z) and (z,2') € D(X)

PriMemb{ : A\ F(PrfMemb{ (x),PrfMemby (a') )
(z,2")eD(X)
p P o._ P n . P Py
rfMemb, , := PrfMemb; (z,z') : PrfMemb; (v) — PrfMemby; (z'),
PriMembl ,(p, z) := (p, 2).
For every x € X, PrfMemb’ () is by definition the extensional subset of Y x Z generated
by Q(z,.,.). An element (p, z) of PrfMemb’ () is called a witness or modulus for P(x)

and we will write (p,2) : ¢ € Xp & Q(z,p,2); (p,2) : * € Xp can be read as: "(p, 2)
witnessing that € Xp".
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Proof. Since GS2 is the special case of GS1, where we substitute the set Y in GS1 by
the set Y x Z, the validity of GS2 is immediate. O

Remark. Of course this scheme can be generalised on a property P(z) on X of the form

P(:E) = ElplEXl .. ’HpnGXn( Q(xvplv 7pn) )

for an extensional property Q(x,p1,...,pn) on X X X1 X -+ x X,,.

Definition 18. So we can define proof sets for properties given by an existential formula
independently from the exact BHK-interpretation we defined in the previous section. We
will use this idea, to define the proof sets of atomic formulas i.e.

Prf(z € Xp) := PrfMemb) (z),

Prf(R(x1, ) := PrMembl!(z1, z2)
where P is a property on a set X given by an existential formula like in proposition 16,
and R is a relation on a set X given by an existential formula like in example 5.

Therefore the fundamental relation of our framework is not membership, but membership-
with-evidence.

The following proposition points out how to define an assignment routine from one
(extensional sub-)set to an other extensional subset. This may be very obvious, but it
underlines the idea behind GS1 and GS2.

Proposition 19 (General Scheme 3 (GS3)). Let X, X', Y,Y”’ be sets and the properties
P(x), P'(2'), defined by

P(z) & Jpev (Q(z,p) )
P(') = Fpey (Q'(2',p) )
where Q(z, p) is extensional property on X x Y and Q'(2/,p’) is extensional property on
X' xY'.
To define an assignment routine fpp : Xp ~» X, it is sufficient to define:

1. an assignment routine
f:Xp~X

2. a dependent assignment routine

Py A A PrfMembéD/(f(x))

2€X pePriMembl (x)

Then fppr : Xp ~» X}, frp(x) := f(x) € X}, is well-defined. If f is a function, fppr
is a function as well.
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Note that for P(z) :<> 3,en(p =n 1) we have Xp := X. This holds because

P(x) is tautology

M, (2) o Mx(z) & P(x) Mx(z)

Then in 2. the d.a.r. reduces to ®;: A cx PrfMemb)” (f(z)), since PrfMemb)’ () doesn’t
depend on z. In this case fppr : X ~» Xps

Of course every assignment routine (function) on X, can be easily restricted to an
assignment routine (function) on Xp/. Therefore in 1. it is also possible to define
f X ~ X'. With the implicitly given embedding ix, : Xp — X, we get foix, :
Xp ~ X' foix,(z):= f(x), what satisfies our needs.

Proof. Let * € Xp be arbitrary and p € PrfMemb} (z) its witness. Since f is a an
assignment routine, f(z) € X’ and ®;(x)(p) € PrfMemb)’ (f(z)) is a witness for P'(f(z)).
Consequently f(z) € Xpr and fppr is well-defined.

If f is a function fpps clearly is a function. O

Corollary. Let X,Y be sets and P(x) defined as in GS1, then:

w: PrfMemb! (z
we H PrfMemb) (z) :< Aeex o ()
veX & V(J:@’)ED(X)( Wz ~PriMemb)’(z) Wy )

Proof. Let X,Y be sets and the property P(x), defined by

P(z) 1 FHev (Q(z,p) )

where Q(x,p) is extensional property on X x Y.
Then:

w e H PrfMemb) (z) :&

{ w € A(X, PrfMemb?)
zeX

& Y(aarenx)(ws ~Prilemb] (z) PrfMemb)), (w.) )
- { w1 \yex PriMembd (z)
& Yewrepx)(we “Prilembl (z) Wa’ )
U

Proposition 20 (General Scheme 4 (GS4)). Let X, X', Y,Y” be sets and the properties
P(z), P'(2'), defined by
P(z) ¢ Fhey (Q(z,p) )
P(a) = Fpey (Q'(2',p) )
where Q(z, p) is extensional property on X x Y and Q'(2/,p’) is extensional property on
X' xY'.
If

w: A (PrfMemb}, (), PrfMemb)’ (z)),
reX

w(z)(p) :==T(p)
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for every € X and every p € PrfMembl (r) and T € F(Y,Y’) is well-defined, then w is in
the IT-set of PrfMemb? =" := (PrfMemb) =" PrfMemb!="") := F(PrfMemb’ PriMemb’”).

Proof. By proposition 10, we have
PriMemb) =" : X ~» Vo,  PreMemb) =7 (z) := F(PrfMemb) (z), PrfMemb)’ (2))
and
PriMembf =" : |\ F(PreMembd) =" (z), PreMemby =" (2)),
(z,2")ED(X)
PrfMembij/ .= PrfMemb! = (z,2') : PrfMembéD:}P/(az) — PrfMembOP:P/(x/),
(%)

PreMembl " := PrfMemb’, opo PrfMembl, : p
T p T T

To show (¥), let (z,2') € D(X), p € PrfMemb} ="' (z). Then we have:

vzePrfMembéD(z’)( PrfMembejpl (p)(z) == PrfMembf;/ o p o PrfMembl, (2)
:= PrfMemb’, o p(PrfMemb’, (2))
:= PrfMembl , (p(2)) := p(2) )
and (*) holds.

Next we will prove that w is in the II-set of PrfMem
By assumption w is already a d.a.r.. Therefore, we only have to show:

/

Viawryen(o)( = PreMembl " () 1= wyr ) ()
Thus for every (x,2’) € D(X) we have to prove the equality of the two functions w, and

Wy -
Let (z,2') € D(X) and p € PrfMemb!’(z) be arbitrary. We have:

wz(p) == T(p) := wa (p)

Since p was freely chosen, w, := w,,. Hence (**) is satisfied and

w € [] F(PreMemb (x), Pretend)” (x))
zeX
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5 A proof-relevant approach: examples

In this chapter we give some examples for the general schemes and also try to provide an
idea how our proof-relevant approach to BCA looks like. The numbers at definitions and
propositions refer to the ones in BB85. Remarks and notations are additional and manly
for simplicity. We use paragraphs of the form P... B in definitions, for simple proofs.
Being familiar with BB85 is only needed if one wants to see how the presentation of
proofs differs from Bishop’s. Otherwise this chapter is for illustration only.

Definition 2.1. (The real numbers) A real number is a sequence of rationals z :=
(%) nen+ which is associated to a function p € F(NT,N*1) such that p witnessing z to be
in R. So the membership condition for R is given by:

reR:&zxe F(N+,Q) & HpGF(N+,N+)(p S R)
1
P:7 € RS Vient Vi nop) (|Tm — Tn| < E) (2.1.1)
P p: z € R is extensional: Let z,2/ € F(NT,Q) and p,p’ € F(NT,N*t) such that
p:re€R&p=1p & x=1'. Because the equality on the set of functions from one
set to another is pointwise, we have:

1
vk€N+vm,n2p(k):N+p’(k)(E > |z — 20| =0 |z}, — ),
Thusp’: 2’ ¢ R. B

We define X := F(NT,Q),Y := F(N*,N") and Q(z,p) :< (p: x € R), then from GS1
we get the corresponding F(NT, Q)-family of proofs:

PrfMemb™ := (PrfMemby, PrfMemb} ),
PrMembl (z) := {p € F(N*,N") | p: z € R}

for every z € F(NT,Q).

Note that we use the equality of the set F(NT, Q).

If we construct z € R we have to define an appropriate p € F(Nt,NT). Therefore every
constructed x € R can be seen as a pair (z,p) s.t. p:x € R. We will refer to this p for
any given x € R by p,.

Additionally we define a new equality on R. Otherwise R would inherit the equality
of its superset F(NT,Q), which doesn’t satisfy our needs. For two reals z,y € R the
equality is defined by:

T =R Y ¢ Jyepn+t nh) (W T =R Y)

. 1
w:r =R Y w>idyt & Vient Vnswi) ([Tn — yn| < 5)
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By the same argument as above, w : x =g y is an extensional property and therefore we
get the R x R-family (here R refers to (R, =g+ g))):

PrfMemb™® := (PrfMemb,*, PrfMemb  *),
PrfMemb; ® (z,y) := Prf(x =g y) := PrfEq® (v,y) := {w e F(NT,NT) | w: = =g y}

for every (z,y) € R x R,

Proposition 2.2. The equality of real numbers is an equivalence relation

Proof. For the reflexivity id : N*™ — N7 id(k) := k satisfies our needs, for symmetry of
x =g y the assigned witness is clearly also the witness of y =g x. To prove the tran-
sitivity, let x,y,2 € R such that =g y and y =g 2 and wyy, Wy, in PrfEq¥(z,y) and
PrfEq®(y, 2) respectively. With wy, : NT — N, w,.(n) := max{wy(2n),w,.(2n)} we

have
1 1 1

—+ == *.)

2; 2

and obviously wy, > idy+. Therefore x = z and our new equality is transitive. Thus
the equality is an equivalence relation.

\v/jGN""VnZwm(j)Oxn = zn| < |Zn = Ynl + |Yn — 20| <

Remark. From now on we denote by R the set (R, =g) and by Ry the set (R, =g+ g))-

Definition 2.4. Let x := (%n)n, ¥ = (yn)n € R and a € Q. We define:
(Z) Tty= (xn + y’rz)nGNJr
(17) o = (a, o, @y o) pen+
(ii1) =z := (—n)pen+
(iv) max{z, y} := (max{n, yn})pen+
(v) |z| := max{—z,z}

Proposition 2.5. The sequences we defined in Definition 2.4 are real numbers.

Proof. To proof the proposed, we have to find a witnessing function for each sequence.
Let v, e F(NT,N") st. y:z€Rand p:yeR

(i). We define w : Nt — Nt w(k) := max{x(2k), ¢(2k)}. Then w : z +y € R, since we
have:

VeentVimnswk) (@ +Y)m — (@ +Y)nl = |Tm + Ym — 20 — ynl

< fom = al + lym — 0] < 5+ 52 =7 )
= [Em I m = 58 T ok Tk

(ii). We define w : NT — N w(k) := k, which trivially satisfies (2.1.1).
(i71). We define w : NT — Nt w(k) := x(k). Thus we have

vkeN+Vn,m2w(k)(|(_x)n — (=2)m| = |Tm — x| <
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and therefore w: —z € R
(iv). We define w : NT — NT, w(k) := max{x(2k), p(2k)}. Then
w:max{z,y} € R, since we have:

vkEI\va,nzw(k)( |max{x, y}n - max{a:, y}m|

< |xn_xm’+|yn_ym| < —+
(v). Follows immediately from (ii¢) and (iv).
The defined assignment routines in (i)-(v) all respect equality, we omit the simple con-
structions of the witnessing functions to the reader, and therefore are functions by GS3.
Notation. For a totality X we write X2 for X x X. For z € R]% we write:

z1 :=pry(z) & z2 :=pry(z)

Analogue for R.

Definition 2.10. Let 2 € R. We define:

r € R eIt Ny (w iz € R ),
1

w:xTE RZ Z@VkENﬁ-Vme(k)( Tp,(m) > _% )

& w Z idN+

P w : z € RZ is extensional: Let (z,y) € D(R) and wyy : © =g y. Further let

(w,w') € D(F(Nt,N1)). We define:

6:Nt - N (t) := max{p,(w(t)), py(t), idy+(t), wey(t)}
for every t € N*. If w : € RZ we have, for any ¢,k € N* and m € N7, s.t.
m > w(k)
Ypy(m) Z To(t) = [Ypy(m) — Zo(w)|
> o) — ([Yp,(m) — Yo + Vo) — Tow)l)

> o) = |Yp, (m) — Yoyl — Yoy — Tow)l
1 1 1

Since t € NT is arbitrary, we have

1

Ypy(m) = —
> 1
— w(k)

1

P

=k
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Hence w' : y € RZ, since the equality on F(NT,NT) is pointwise. H
For z,y € R, we define:
r<py:y—zecR

Let X := R2)Y := F(NT,N*) and Q((z,y),w) & (w : z <g y). GS1 defines the
R2-family

PrfMemb=¥ := (PrfMembs*, PrMemb ™),
PrfMemb%R (z,y) == {w e F(INTN") |w:z <py}

Definition 3.1. (Convergent sequences) Let zp € R and (xp,),en+ € F(NT,R). We
define:

Convy, ((Tn)nen+) € Joerm n+) (C 1 Tn > 20)

n 1
C: Tp — T = vk€N+Vm,nzC(k)(|xn — .7}0| < %)

P C : xz, & =z is extensional: Let ((z,),(y,)) € D(F(NT,R)) and (C,C") €
D(F(Nt,Nt)). If C : z,, = x0, we have:

VieN+Vim,n>C k)=t ' (k) ([Yn — To| =R |20 — 20| < %)

Thus we have: C' : y, — zo. W
Let X := F(NT,R),Y := F(NT,N*) and Q,,((z,),C) :& C : x, = xo. By GSI we get
the F(NT, R)-family
PrfMembCo™+0 := (Prfllemby " *0, PriMemb. " *0),
PreMemb, " 0 (2,)) 1= {C € F(NT,N) | Ot 2 % 20}
Further we define for a given sequence (x,), € F(NT R):
Conv((zn)n) = EIHEERE';DIePrfMembﬂg(a:)( Conve((zn)n) )

Consequently the associated proof set is given by the formal BHK-interpretation:

Prf(Conv(zy,)) := Z Z PrfMembgonvx (zn)

z€R p, ePrfMemb ()

From now on we write < for <g. Definition 2.4(ii) gives rise to an embedding Q — R
and therefore every element of Q can be identified with an element in R.

Definition 3.2. (Cauchy sequences) Let (z,)pen+ € F(NT,R). We define:
Cauchy ((zn)nen+) 1 Joerm+ n+)(C : Cauchy ((zn)pent))

1
C + Cauchy((2n)nen+) € Vren+Vimn>c () (12 = @m| < )
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P C : Cauchy((zy),ent ) is extensional: Let ((zy,), (yn)) € D(F(NT,R)) and (C,C") €
D(F(NT,NT)). If C : Cauchy((zn)pen+ ), we have:

1
ket Vimn>0(k)=ys (k) ([Yn = Y| =R [Tn — 2m| < 7)

Thus we have: C" : Cauchy((yn)pen+)- B

Let X :=F(N",R),Y :=F(N",N*) and Q((x,),C) :& C : Cauchy((zyn),en+). By GSI1
we get the F(NT, R)-family
Pr{MembC®Y :— (PrfMemb "™ PrfMemb| "),

PriMemb™ ™ ((z,)) := {C € F(N*,N*) | C : Cauchy((z,)pen+)}-

Theorem 3.3. A sequence (z,), € F(NT,R) converges if and only if it is a Cauchy
sequence.

Proof. Let (z,), € F(N',R). For every n € Nt | p,, : 2, € R are the associated witnesses
to the x,,. To proof the statement we have to construct an element

(1 € F(Prf(Conv(z,)), PriMemby ™™ (z,,)) (part 1)
and an element

(y € F(PrfMemby ™™ (z,,), Prf(Conv(z,,))) (part II)
Part I: We define the function

(1 : Pre(Conv(zy)) — PreMembs ™ (z,),
¢1(z,ps,C) : NT — NT,

Conv, . .
for every k € N* and (z,p,,C) € > cp szePrfMemb](]f(x) PrfMemby """ (z,). Since p, is a
function, (1(x, ps, C) is a function, too. (; is well defined, because we have:

kent Vimn 1 (2.05,0) (0) =y p2(28) ( [Tn = T
=l —x+z—xn| <|r,—z|+ |Tm —2
NS

— 2k 2k Kk

and hence () (, py, C) € PrEMemb ™™ (x,,). Therefore () is a function, because for every

((z,ps,C), (y,py, C")) € D Z Z PrfMembocon"l‘ (2n)

z€R p, cPriMemb (z)
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we have

Vien+ ( CL(@, pa, C) (k) = pa(2k) = py(2k) := Gy, py, C")(K) )

Thus Cl (37, pJ?? C) PrfMembC"Luchy( Cl (y, py, C/) .
Part II: We define the functlon

Cy : PrEMemb ™™ (x,,) — Prf(Conv(z,)),
C(q) = (y,id,C)

where y € R, id € PrfMemby(z) and C' € PrfMemb °"*(x,,) are defined as follows.
Let ¢ € PrfMembCémChy(ﬂvn)7 we define

p: Nt — Nt p(k) == q(3k)
and
y: Nt 5 Q, Yk = [ 1100) i 30)
~—~—
eR
D e
pu(k)(fik)—th rational approximation of z,,x,)
Then with
id : Nt — Nt id(k) ==k
,we have

Vien+Vimn>id(k)=k( |Um = Ynl = [(@1m) )p,m 3m) = (@u(n) )p,u gy 3n)|
= 1 @um) pysmy (3m) = (C(m) ) (3)

F Tpum) = Tum) = Tu(n) T Lu(n)|

< 1 @0(m) ) p oy 3m) = Tu(m) |+ [Zp(m)

— (@) puiy 3| F [ Zuim) = Tug)|

and therefore id : y € R.
Now we will construct the modulus of convergence C. We begin by defining

C:Nt - NT, C(k) := max{q(3k), 3k}
Thus we get

Vien+Vnzcw)([Tn =yl = |Tn — Yn + yn — Yl
< on = 2um) + Zu) = (@pm))p @m)| + 1Yn =yl

< |2n = Zu)| + 1% um) = (@um))p @ | + 19 =yl
1 1 1 1

“mtmtm i)
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and C : z, = v.

So the a.r. (3 is well defined. Clearly it also is a function, since the equality on
Cauchy . . .

PrfMemb, (xy,) is pointwise.

All in all ¢; and (o fulfil our needs and (1, (2) is our witness of the statement. .

Definition 4.1. Let a,b € R. We define the the finite closed interval [a,b] as an
extensional subset of R. Therefore we define the property P(x) on R.

Plz):e a<z&z<b

7

This property is extensional, because the property ” < 7 is extensional on R. Now we

can define:

[aa b] =Rp
T € [a,b] & J, gerntnty(@ia <z & B:x<D)
GS2 implies the corresponding R-family of witnesses:
PriMembl®?) = (PreMemb™” PreMembl™?),
PrfMemb([)a’b](x) = {(a,8) e F(N",NT) x F(N",N") |a:a <z & B:x <b}.

We say the interval [a, b] is nonvoid, if we can construct a real number = € [a,b]. The
finite closed interval [a, b] is compact if it is nonvoid.

Definition 4.5. (Continuous functions) Let a,b € R and f € F([a,b],R). We define:
Cont(f) e Jscrm+ r+) (0 : Cont(f))
1
0 : Cont(f) & Vyen+Vayelap (|2 =yl < 0(k) = [f(z) = f(y) = 1)

P 6 : Cont(f) is extensional: Let (f, f') € D(F([a,b],R)) and (4,¢") € D(F(Nt,RT))
such that ¢ : Cont(f). Then:

IN
= =

Vien+ Vo yen( 12—yl < 6(k) =n+ 8'(k) = |f'(z) = f' ()] =r | f(z) — ()]

Vien+ Vo yean (2 =yl < 8'(k) =x+ 6(k) = [f'(z) = f' ()] =k |f(z) — ()]

IN

holds. Thus ¢’ : Cont(f’). B

Let a,b € R, X := F([a,b],R),Y := F(NT,R") and Q(f,5) := § : Cont(f). Then GS1
defines the F([a, b], R)-family:

PriMemb®°" := (PrfMemb§ ", PrfMemb{ ™),
PrfMemb| ™ (f) := {§ € F(N*,R*) | § : Cont(f)}.
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We denote by C([a, b], R) the totality with equality of continuous functions on [a, b]. From
above it immediately follows that this totality is an extensional subset of F([a,b,], R).

Definition 6.1. For the formulation of the integral below, we need some abbrevia-
tions.

Let nym € Nand a = a; < ag < ... <a, =b € R, then the sequence P := (ay,...,a,) is
called a partition of [a, b].

A partition @ := (b1, ...,bn) of [a,b] is a refinement of P, if the following holds:

Vie{l,...7n}3je{17,._7n}( bj =aq; )

In addition to the above variables, let f be a continuous function on [a,b]. We define

n—1
=Y flai)(ai1 — ay),
=1

and

Theorem 6.3. (The integral) Let a,b € R such that the interval [a, b] is compact. Then

V feC((a,blR) Vs cprememsCont (5) Fser ( Convy((S(f, a,b,1))nen+) ) (6.1)

holds.
We call this limit of (S(f,a,b,n)), the integral of f from a to b and write

/abf(:r)da:

Consequently we define the integral on a given compact interval [a,b] as the dependent
function:

/ 11 11 > PriMemby ™ (S(f, a,b,n))

feC([a,b],R) §; €PriMemb§ont(f) sER

Proof. The witness of our statement (6.1) is an element of

H H Z Z PrfMembgonVS((S(f, a,b,m)),) (6.2)

f€C([a,b],R) § s ePriMemb§ont (f) SER pePrMemby (s)
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Theorem 3.3.part IT gives us an element (o of

F | PrEMembs ™™ ((S(f, a, b, n) Z Z PreMemb ™ ((S(f, a,b,n)),

SER peprMemb] (s)
So it suffices to construct an element o of
11 11 PriMemby ™™ ((S(f, a,b,n)),)
f€C([a,b],R) & s EPTEMembont(f)

because then the dependent function (2 o o is an element of (6.2).
We define

o ] 11 PreMemb ™™ ((S(f,a,b,n))n),
F€C([a,b],R) & s EPTEMembont ( f)
a(f,0r): NT - NT,
b—a

ors, (k) =a(f,d7)(k) = [mw

for every k € Nt where [.] denotes the ceiling function.

Next we prove that o is well defined. Let a,b € R and [a,b] a compact interval. Ad-
ditionally assume f to be a continuous function on [a,b] and J; € PrfMemb§°"(f) an
arbitrary modulus of continuity of f

Let t,m,n € N* such that m“, —@ < 04(t). We define the partitions:
b—a
C = (CO7 R Cn) Vi€{07.'.7n}( C=a+1 o )
b—a
D := (d07 ceny dm) Vie{o,...,m}( d’L =a -+ - )

and the common refinement of C and D, obtained by ordering the numbers cg, ..., ¢y, dg, --., dm
in an increasing sequence.

E = (e, ..., ek) Vieto

Since we can order the sequences (£)?_; and (-£)™ on Q in an increasing sequence, this
is also possible for the sequences C' and D.

We write ZZC to denote the summation over all indices j € {0, ...,k} such that ¢; < e; <
Ci+1-

r-1y( e < eiy1)

.....

Then
n—1 k-1
IS(f,C) = S(f,E)| = Zf(ci)(ci+1 —¢) — flej)(ej1 — ;)
i=0 Jj=0
n—1




Analogue we have
1S(f,D) = S(f,E) <t7 (b—a)

thus by triangle inequality

|S(f,0)—S(f,D)| < |S(f,C)—S(f,E)|+|S(f,D)—S(f,E)‘ §2(b_a)t_1

Hence if we choose t := k- 2[b — a], we get

=

|S(f7aab7n)_5(f7a7b7m)‘ = |S(f,0)—S(f,D)| §2(b_a‘)t_1 <

In particular we have:

< og ) < 200

b—a

m

1
vkEN"'\v/mZUfﬁf (k) : E
=

< b;(k - 2[b— a)
Therefore with (6.3) we get:

Oyt Cauchy ((S(f,a,b,n))n)

Also o(f) is a dependent function because we have:

b—a
Uf,5f(k) = Rsf(k ] 2“)— a*|)~|
b—a

=S am—an | =5

for every k € N*, f € C([a,b],R) and (dy,4%) € D(PrfMemb°™t(f)).

Finally we conclude that o is a dependent function, since for (f, f') € D(C([a, b}, R

Vs, cprememsGont (1) 07 = PreMembd*(55) € PriMembi ™ (/') )
V(;f,eprfMembgom(f/)( Opr = Prfl"[emb?f}nt (8;1) € PrEMembl " (f) )

and

of.8; only

V(;feprfMembgom(f)( a(f)(dy) :=oys, depen; on s of 5 = a(f)(65))
Uf75f0nly ,
\v/éf/eprfMembgom(f’)( a(f)(éf/) = O'f75f, depen; on 5f 0'f/76f/ = O'(f )(5]”) )

holds. So o(f) = o(f’) and o is a dependent function.
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6 Conclusion

The exact BHK-interpretation we presented in this thesis, reveals the algorithmic struc-
ture of several constructive proofs. Namely the proof of all statements, which funda-
mental property can be expressed as an extensional existential formula. This holds for
fundamental properties like continuity of a function, that are witnessed by a modulus of
some sort. But it is also possible to give proof-relevant definitions for several concepts
of BISH, as we did for the set of reals R or the relation <g. Since every extensional
property P on a set X is equivalent to the membership to the set Xp, our proof-relevant
approach extends the exact BHK-interpretation. Thus it provides an interpretation of
prime formulas that express membership with evidence. Moreover, through the "intro-
duction" of proof-relevance we can avoid the use of choice in the corresponding proofs.
So all in all this more precise treatment of BCM, helps us to better understand how
proofs of subformulas of a given formula ¢ build the set of proofs, thus a witness of ¢.
We note that the relevant information of a proof of a formula, the witness, is a precisely
described mathematical object. Hence the exact BHK-interpretation helps us to better
understand the computational content of proofs in CM and therefore provides a better
understanding of what constructive mathematics is.

However further research about the treatment of negation has to be done.

The semi formal framework (BST) we used for our interpretation also closes ranks be-

tween BISH, MLTT and HoTT. It enables the translation of several concepts and results
from MLTT and HoTT into BISH, as carried out in [6].
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