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Please read carefully each of the following statements, decide whether it is true or false and tick
your answer accordingly. In case more than one answers (other than True or False) is given,
please tick the one you consider correct.

Each correct answer gives one point. Each false answer gives zero points. The optimal total
sum is 40 points.

Exercise 1: a. The axiom of foundation is the following formula

∀x(∃y(y ∈ x)→ ∃y(y ∈ x ∧ ¬∃z(z ∈ x ∧ z ∈ y))).

o True o False

b. ZF ` ∃x(x ∈ x).

o True o False

c. The following axiom of ZF proves the formula

∀x(x /∈ y ∨ y /∈ x).

o Extensionality o Replacement o Foundation o Union

d. (Kard ∈ V ) ∨ (On−Kard /∈ V ).

o True o False

Exercise 2: The operations below are between ordinals.

a. rn(y) < rn(x)→ y ∈ x.

o True o False

b. rn(ω · ω + ω) = rn(ω · ω + ω + 1).

o True o False

c. ω · ω + ω ∈ Vω·ω+ω+1.

o True o False

d. {rn(x) | x ∈RR R} is bounded in On.

o True o False



Exercise 3: a. If λ > ω is a limit ordinal, there exists the immediate previous limit ordinal to
λ.

o True o False

b. If F : On→ On is increasing i.e., ∀α,β∈On(α < β → F (α) < F (β)), then

∃α∈On(F (α) < α).

o True o False

c. If F1, F2 : On→ On such that

{α ∈ On | F1(α) = α} is a closed and unbounded class,

{β ∈ On | F2(β) = β} is a closed and unbounded class.

Then the class
{γ ∈ On | F1(γ) = F2(γ) = γ} is closed and unbounded.

o True o False

d. Please give an example of an unbounded class of ordinals which is not closed.

Exercise 4: a. The transitive closure of {0, 1, {ω}} is
o {ω} o ω + 1 o ω + 2 o ω ∪ {ω, {ω}}

b. If λ is a limit ordinal, then Vλ |= Infinity axiom.

o True o False

c. cf(ωω) = ω.

o True o False

d. ωcf(ω3)
3 ≤ ω3.

o True o False

Exercise 5: The following relations and formulas are absolute for transitive models of ZF−:

a. x ∈ u× v.

o True o False

b. x ∈ dom(r).

o True o False

c. α is a limit ordinal.

o True o False

d. u = P(v).

o True o False



Exercise 6: a. V 6= L.

o True in ZF o False in ZF o Undecidable in ZF

b. HOD is an inner model of ZF.

o True in ZF o False in ZF o Undecidable in ZF

c. There is no well-ordering on (
⋃
P(ω))HOD.

o True in ZF o False in ZF o Undecidable in ZF

d. ∀n∈ω(Ln ( Vn).

o True in ZF o False in ZF o Undecidable in ZF

Exercise 7: a. Con(ZF)→ Con(ZF + V 6= L).

o True o False

b. V = L→ V = HOD.

o True o False

c. V = L→ ¬GCH.

o True o False

d. Con(ZFC)→ Con(ZFC + V 6= L).

o True o False

Exercise 8: a. u ∈ Def(u).

o True o False

b. x1, . . . , xn ∈ u→ {x1, . . . , xn} ∈ Def(u).

o True o False

c. x, y ∈ Def(u)→ x ∪ y /∈ Def(u).

o True o False

d. u is transitive → u ⊆ Def(u) ∧ Def(u) is transitive.

o True o False



Exercise 9: Suppose that <P,≤,1> is a set of conditions contained in a countable and tran-
sitive model M of ZFC.

a. For every p ∈ P and every G generic over M it holds KG({< ∅, p >}) = ∅.

o True o False

b. Suppose that p, q ∈ P such that p, q are incompatible. Then there exists G generic over M
such that p /∈ G.

o True o False

c. If G is P-generic over M and

∀p∈P∃q1,q2∈P(q1 ≤ p ∧ q2 ≤ p ∧ q1, q2 are incompatible),

then G ∈M .

o True o False

d. If G is generic over M and
∀p,q∈P(p ≤ q ∨ q ≤ p),

then G /∈M .

o True o False

Exercise 10: Suppose thatM is a countable transitive model for ZFC, P is the set of the finite
partial functions from ω to 2 i.e.,

P = {p | p ⊂ ω × 2 ∧ |p| < ω ∧ p is a function},

while p ≤ q ↔ p ⊇ q. Also, G is P-generic over M and Φ is a name for
⋃
G.

a. ∅  Φ is a function from ω̂ to 2̂.

o True o False

b. ∅  1̂ ∈ rng(Φ).

o True o False

c. {< 0, 1 >,< 2, 1 >}  Φ(1̂) 6= 0̂.

o True o False

d. {< 0, 0 >,< 10, 1 >,< 11, 1 >}  Φ(1̂) = 0̂.

o True o False


