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Abstract

The theory of C-spaces was analyzed in 2015 by Martin Escard6é and Chuangjie Xu. The
analysis included the embedding in Limits spaces and Kleene-Kreisel-spaces and the
extraction of a computational content was studied. The construct of Bishop spaces was
designed in 1967 by Errett Bishop and elaborated in 2012 by Douglas Bridges. In 2015
the theory of Bishop spaces was developed by Iosif Petrakis and Bishop topologies were
further explored, which are defined as sets of functions.

The goal of this thesis is to compare these two theories. Analogies will be found
by investigating properties regarding C-spaces, which are already known for Bishop
spaces. Examples are the inductively definition of the least topology | | P, for a given
subbasis Py C F(2N, X) as well as explicit examples and the embedding of every C-
space P = (X, P) as superset of (X, Const;,.(2N, X)) and as subset of (X,F(2N, X)).
This thesis also includes the definition of the product P x @ = (X x Y, P x Q) for
C-spaces P = (X, P) and Q = (Y, Q) as well as the relative C-space P|y = (Y, P|y) of
the C-space P = (X, P) for Y C X. Also properties of morphisms between C-spaces like
the Yoneda-lemma or the | |-lifting of openness are explored.

After repeating those properties for Bishop-spaces the analysis focuses on relationships
between C-spaces and Bishop spaces. First, C- and Bishop-continuous functions between
2N and R will be compared and examined for commonalities. Therefore we can establish
wounding by means of this connections between general C-spaces and Bishop spaces.
Bishop- respectively C-spaces are defined by

Fpr={f:X—>R|VpeP(fopec Mor(C,R))}and

Pr = {p:2N — X |Vf € F(f o p € Mor(C,R)) }, which satisfy useful properties like
preserving products or relative spaces for a subset Y C X.



Zusammenfassung

Die Theorie der C-Raume wurde 2015 von Martin Escardé und Chuangjie Xu analy-
siert. Dabei wurde unter anderem die Einbettung in Limit spaces und Kleene-Kreisel-
Rédume und die Extrahierung eines rechnerischen Gehalts untersucht. Das Konstrukt der
Bishop-Rdaume wurde 1967 von Errett Bishop entworfen und 2012 von Douglas Bridges
ausgearbeitet. 2015 wurde daraus von Iosif Petrakis die Theorie der Bishop-Raume ent-
wickelt und Bishop-Topologien, welche als Mengen von Funktionen definiert werden,
untersucht.

Ziel dieser Masterarbeit ist der Vergleich dieser zwei Theorien. Dafiir werden zunéchst
einige Eigenschaften, die fiir Bishop-Rdume bereits bekannt sind, fiir C-Raume verifi-
ziert und dadurch Analogien festgestellt. Als Beispiele sind die induktive Definition der
kleinsten Topologie | | Py zu einer gegebenen Subbasis Py C F(2N, X) sowie explizite
Beispiele dazu und die Einbettung eines jeden C-Raumes P = (X, P) als Obermen-
ge von (X, Constj. (2N, X)) und als Teilmenge von (X, F(2N, X)) zu nennen. Aufer-
dem werden das Produkt P x Q@ = (X x Y, P x Q) zweier C-Rdume P = (X, P) und
Q = (Y, Q) und der zugehorige C-Raum Ply = (Y, P|y) zum C-Raum P = (X, P) fuir
Y C X definiert und Eigenschaften von Morphismen zwischen C-Rdumen, wie etwa das
Yoneda-Lemma oder die Erhebung von Offenheit bzgl. | | erforscht.

Nachdem im Anschluss diese Eigenschaften fiir Bishop-Réume wiederholt werden, wer-
den Wechselwirkungen zwischen C-Rdumen und Bishop-Raumen gesucht. Dafiir wer-
den als erstes C- und Bishop-stetige Funktionen von 2NN nach R miteinander verglichen
und auf Gemeinsamkeiten untersucht, um anschlieflend mit deren Hilfe Verbindungen
zwischen allgemeinen C- und Bishop-Rdumen herzustellen. Durch die Mengen
Fp={f:X—>R|VpeP(fope Mor(C,R))} und

Pp = {p:2N = X |Vf € F(fop € Mor(C,R)) } werden Bishop- bzw. C-Topologien
definiert, die niitzliche Eigenschaften wie die Erhaltung von Produkten oder von zuge-
horigen Raumen fiir eine Teilmenge Y C X besitzen.
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1 Introduction

The concept of constructive mathematics has already been developed in the early 20"
century with its best-known proponent being L. E. J. Brouwer. Here mathematics is
done with intuitionistic logic. But Brouwer could only convince a few companions of
his view that classical mathematics would be insufficient for a numerical meaning. The
difference between classical and intuitionistic logic is that while in classical logic we
work with stability axioms V¥(——RX — RX), where R is a relation symbol distinct from
L, which allow the principle of indirect proofs, in intuitionistic logic we only work with
ex-falso-quodlibet axioms VX(L — RX), where R again is a relation symbol distinct from
L. Here L denotes falsity and —A is defined by —=A := (A — _L). More information
about classical and intuitionistic logic you find in [11].

Nowadays, many mathematicians have changed their opinion and constructive math-
ematics is practiced in many different fields of mathematics. A great deal to this E.
Bishop had with his book [3] published in 1967. His achievement, in contrast to Brouwer,
was that his system of constructive mathematics (BISH) does not contradict classical
mathematics. His approach is that if p is a proof of A in BISH, then there exists a classical
proof p. of A;, where A, is the classical reading of A.

For an example let A be the following statement: "If f : [0, 1] — R is continuous, then
sup f exists." In BISH this holds by definition of continuity: A function f : [0,1] — R is
continuous if and only if it is uniformly continuous and sup f is shown to exist.

In classical mathematics, continuity of f is defined by pointwise continuity, and it is
shown that it is also uniformly continuous.

Based on Bishop’s work and on D. S. Bridge’s paper Reflections on function spaces, 1.
Petrakis developed in [10] the theory of Bishop spaces in 2015. Here a Bishop space
consists of an inhabited set and a Bishop topology, which is defined as a set of functions.
Almost simultaneously, the theory of C-spaces was investigated by M. Erscard6 and C.
Xu in [8], [13] and [14]. In their investigation, a C-space consists of an inhabited set and
a C-topology defined by a set of functions.

Since the usual definition of topology is non-constructive, this new approach is quite
interesting. These two definitions have similar approaches with the goal to construct a
topology by functions. The difference between the two theories is that within the theory
of Bishop spaces the critical set is the domain of the functions in the topology and the
codomain is IR, while in the theory of C-spaces this set is the codomain and the domain
is the Cantor space 2N. Nevertheless, the respective dissertations already studied similar



1 Introduction

aspects, which suggests a certain relationship.

This Thesis analyses wether there are further analogies in order to build a bridge between
the two theories. For this, we work with Bishop’s system of constructive mathematics
BISH. First, analogical results like in the theory of Bishop spaces are found in the theory
of C-spaces. After repeating some facts from [10], the morphisms between 2NN and R
are investigated, since here we have an interface by taking the critical set equal to 2N in
the theory of Bishop spaces and equal to R in the theory of C-spaces. Afterwards, this
connection will be expanded for arbitrary Bishop respectively C-spaces. This expansion
will have some valuable properties w.r.t. the initial results.



2 C-Spaces

2.1 Basic Definitions

211 Definition Here N is the set {0,1,2,...}. The set {1,2,3,...} is denoted by
NT.

2.1.2 Definition The Cantor space 2N is the set of all functions « : N — 2. We
denote an element a of 2N by a = (ag,a1,a,...), where a; € {0,1}, for all i €
IN.

The standard metric p on the Cantor space is defined by

p(a,B) :==inf{27" | & =, B}

for every &, 8 € 2N. Forn € N and « = (g, a1,a2,...) and B = (Bo, B1,B2, - - - ) ele-
ments of the Cantor space &« =,  denotes, that it is a; = ;, for all

ie{0,...,n—1}.

This metric is constructively well-defined (see footnote in [10, page 146]).

2.1.3 Definition The set of all functions of type 2N — X, where X is a set, is de-
noted by F (2N, X). We denote the set of all constant functions of type 2N — X by
Const (2N, X)), the constant function on 2N with value x € X by X € Const (2N, X).

2.1.4 Definition A function f : (X,d) — (Y, b) between inhabited metric spaces X
and Y is called uniformly continuous if for every € > 0 there exists wy (€) > 0 such that
forevery x,y € X

d(x,y) <ws(e) —b(f(x),f(y)) <e
The function ws : R™ — R¥, e > wy (€) is called the modulus of uniformly continuity for

f

10



2 C-Spaces

2.1.5 Definition Let C (X) be the set of uniformly continuous maps of an inhabited
metric space X i.e.,

C(X)= {t : 2N — X | tis uniformly continuous} .

2.1.6 Lemma

c(zN) :{t:ZN—>2N

Vm € N 3n;(m) € N Va, g € 2N
(& =) B— £®) = £ (B) }

Proof. Let t : 2N — 2N be a uniformly continuous map. Hence, for every € > 0 there
exists a wy (€) > 0 such that for every a, g € 2N it is

p(a,B) < wi(e) — p(t(w),t(B)) <e

> inf {27" |0 =, B} <wi(e) — inf {277 [ t(a) =n t(B)} <e.

This means that for every m € IN we can find n¢(m) € IN such that

& =pymy B =t (&) =m t ()

2.1.7 Definition We also denote C (2V) by C.

2.1.8 Corollary

N Ve > 0 3ns(e) € N Va,p € 2N
CR)= {’“2 R (= B [Hw) — H(B)| < e)}

and
C2) = {t:ZN—>2|EInt€]NVtx,ﬁ€2N(a = B — t(a) :t(ﬁ))}.

Since 2 C R we get C (2) C C (R).

The two sets C and C(IR) will have crucial roles in this thesis. C is needed for the defini-
tion of C-spaces, while C(IR) will be one of the analyzed sets in chapter 4.

11



2 C-Spaces

2.1.9 Definition A C-spaceis a pair P = (X, P), where X is an inhabited set and P is a
so called C-topology i.e., P is a set of functions of type 2NN — X, called probes, with the
following clauses, also called the probe axioms:

(CS1) All constant maps are in P i.e., Xy € P for every xg € X.

(CSy)peP —teC—potel,

oN__ PPy

Cot
poteP

7N
(CS3) For all n € N and for all families {p; € P | s € 2N} the unique map p : 2N —
X, p(sa) := ps(a),isin P.

For two C-spaces P = (X, P) and Q = (Y, Q) amap f : X — Y is called C-continuous or
a C-morphism between X and Y, if f o pisin Q, for every p € P.

X ! Y

P>p
foreQ

21N

We also write f € Mor(P, Q).

2.1.10 Remark
e (CSy) implies Const (2N, X) C P.

e In (CS;) we see that for every probe p € P and for any uniformly contiuous map
t : 2N — 2N the composition p o t is again a probe of P.

2.1.11 Proposition (CSs3) is equivalent to

(CS4) For all po, p1 € P the function p* : 2N — X, defined by p*(in) = p;(a), fori € {0,1},
isin P.

The proof of this proposition and other properties of C-spaces, that will not be repeated

in this thesis, are given in Chapter 3.3 of [13], Chapter 2 of [8] and Chapter 2.2 of
[14].

The goal is to attain a category of C-spaces. For this, we give the definition from [1],
before we search for a concrete category of C-spaces.

12



2 C-Spaces

2.1.12 Definition The following data is required to produce a category:
e Objects: A,B,C,...

Arrows: f,g,h,

For every object A there is an arrow 14 : A — A, called the identity arrow of A.

For each arrow f, there are given objects dom () and cod( f), called the domain and
codomain of f. To indicate A = dom(f) and B = cod(f), we write f : A — B.

e For arrows f : A — Band ¢ : B — C with cod(f) = dom(g) there is an arrow
gof:A— C,called the composite of f and g.

This data needs to satisfy the following conditions:
e Associativity: ho(go f) =(hog)o f,forallf: A—B,g:B—C,h:C — D.
e Unity: foly = f =1pof,forall f: A — B.

2.1.13 Proposition We take the C-spaces as the objects and the C-continuous maps as the
arrows. Then we get the category of C-spaces, called CS.

Proof. o 1p = Idx.

e LetP = (X,P),Q = (Y,Q) and S = (Z,S) be C-spaces, g € Mor(P,Q) and
s € Mor(Q,S). Then the compositionso g : X — Z is in Mor(P,S), since if we
fix some p € P, we getthatgo p € Q, thus

(sog)op=so(qop)€S.
(Y, Q)

Mor( P% seMor(Q,S)

ogeM
X P) soqgeMor(P (Z,S

7
‘ /‘K

13



2 C-Spaces

2.1.14 Proposition Theset C = {t : 2N — 2N | t is uniformly continuous} is a C-topology
on 2N,
Proof. We have to verify the three probe axioms:

(CSp) Letw : 2N — 2N o s a(a) = (®g, &7, @z, ... ) be a continuous function. For all
a, B e 2Nitisw(a) = (ag, &1, a2, ...) = &(B), in particular & € C.

(CSz) Letp € Cand t € Ci.e, forall m € IN there exists a n,(m) € IN such that for all
a, B € 2N itis
X =n,(m) p— p(zx) —m p(IB)

and for all m € IN there exists a 11;(m) € N such that for all a, B € 2N we get

& = m) B — (&) =n H(B).

Let now be m € N arbitrary. We choose 1.t (m) = ny(n,(m)) € N, then we first get for
all o, B € 2N:
24 Hpot (m) :B — t(w) ny(m) t(ﬁ)

Moreover, we know
t(lx) ny(m) t(.B) - p(t(“)) =m p(t(ﬁ))
Because of that we have found a n,0;(m) € N, such that for all a, g € 2N it is

X =, (m) B— (pot)(a) =m (pot)(B)-

(CS3) Let po,p1 € Cie, for all m € N there exists a 1n,,(m) € IN such that for all
a, B € 2N we get
& =y, (m) B — po(&) =m po(p)

and for all m € IN there exists a 1, (m) € N such that for all a, B € 2N it is

&=y, (m) B —> p1(a) =m p1(P)-
We need to show that the function p* : 2N — 2N defined by p*(in) = p;(a), fori € {0,1}
}feltnnfé IN be arbitrary. We take i, (m) := max {ny,(m), np, (m)} . For a, p € 2N with
& =g (m) B we now get

X :npo(m) ﬁ and a :npl (m) ;B

and therefore

p*(0a) = po(a) =m po(B) = p*(0B) and p*(1a) = p1(a) =m p1(B) = p*(1B).

Thus for np« (m) = max {n,,(m), ny, (m) } + 1 we get the uniformly continuity of p*. [

14



2 C-Spaces

2.1.15 Definition We call C = (2N, C) the Cantor C-space.

2.1.16 Proposition C (R) is a C-topology on R.

Proof. (CS1) Leta: 2N — R,a — a(a) = a € R be a continuous function. Let € > 0.
For all a, B € 2N we get

a@) = a = a(p),
hence
a(a) — a(B)| = 0 < e.
Therefore a € C (R).

(CSy) Lett € C(R) and s € C i.e., for every € > 0 there exists a n;(e) € IN such that for
all o, B € 2N we get

& =ne) B — [Ha) —t(B)| <€

and for every m € IN there is a n5(m) € IN such that for all o, f € 2N we get

& =p,m) B — s(&) =m s(B).

Let € > 0 be arbitrary. We choose 1;05(€) := ns(n¢(€)) € N, then for all , € 2N with
X =y, (c) Bitis
S(D‘) —n(e) 5(5)/
hence
[(tos)(a) = (tos)(B)| <e.
On this account tos € C (R).
(CS5) Let po, p1 € C(R) i.e., for every ey > 0 there exists a 11, (€g) € IN such that for all
a, B € 2N we get
&=y, (ey) B [Po(a) — po(B)| < €

and for every €; > 0 there is a 11, (€1) € N such that for all , € 2N it is

&=y, (&) B [p1(a) — p1(B)| < er.

Let € > 0 be arbitrary. We take 7, (e) := max {np,(€), 1, (€)}. For all o, B € 2N with
x =g . (e) PpWe get
4
& :”PO (€) ﬁ and « :”Pl (€) :B

and accordingly

[p*(0a) — p*(0B) = |po(a) — po(B)| < €
and

P (1a) = p(1B)| = |pr(a) = p1(B)] < &,
hence for n,- (€) := max {np,(€),n,,(€) } +1 we get p* € C (R). O

15



2 C-Spaces

2.1.17 Definition The C-space Real is definedby R = (R, C (R) ).

2.1.18 Proposition For every inhabited metric space X the space (X, C(X)) is a C-space.

Proof. We just give a sketch here, since we follow the same procedure as in the proofs

before.
(CSy) Obviously, Const(2N, X) C C(X).

C
(CSz) We take wpot(€) := n¢(wy(€)) as the modulus of uniformly continuity for p o t,
for given moduli w, () for p € C(X) and n,(-) fot t € C.

(CS4) We choose wy+ (€) := max {wp, (€),wp, (¢) } + 1 as the modulus for p*, for given
moduli wy,(-) for po € C(X) and wy, (-) for p1 € C(X), where p*(in) = pi(«), for
i€ {0,1}. O

2.1.19 Definition For an inhabited metric space X we denote the uniform C-space by

2.2 Inductively generated C-Spaces

As in chapter 3.4 of [10], we define the least C-topology generated by a given set
Py CF (2N, X).

2.2.1 Definition Let Py C F (2N, X). The least C-topology | | Py generated by Py is defined
by the following clauses:

i) poGPngoGUPo.
i) x e X —x € |]P.
iii) pe|/Pp —t€eC — potel]h.

iv) po,p1 € UPy — p* € ||Py, where p* is defined by p* (ix) = p; (a), for every
ie{0,1}.

We call Py a subbase of | | P.

Obviously, | | Py is a C-topology. We also note that the rules of the inductive definition of
L| Py have finitely many premises.

These clauses induce the induction principle Indy on | | Po:
Vpo € Po(A(po)) —
Vx e X(A(x)) —

16



2 C-Spaces

Vpe Py Vte C(A(p) — A(pot)) —
Vpo,p1 € UP(A (po) — A(p1) — A(p*)) —
Vp e UPy(A(p)),

where A is a property on F (2N, X). Therefore, if we start with a constructively gras-
pable subbase Py, the generated least C-topology | | Py C F (2N, X) is constructively
graspable.

2.2.2  Proposition Suppose Py, P; C F (2N, X) and P = (X, P) a C-space.
i) |Py C P <« Py C P.
ii) Pp € P — [P C Y Pr.
i) JPoULP C LU (PoUP).
iv) L (LUPo) = LI Po.
v) U(PonP) CUPyNL Py
Proof. i) By Py C || Py C P, the (—) direction follows immediately. The converse
direction we show by induction. For py € Py we get pg € P by our hypothesis.
Since P is a C-topology, x € Pforx € X. If p € ||Py, such that p € P, then

pot € P, foreveryt € C by definition. Suppose next that po, p1 € | | Pp such that
po, p1 € P. By definition, p* € P.

ii) We use the («—) implication of i) and get Py C P, C | [P, — [Py C || P;.
iii) Since Py, P; C Py U Py, the claim follows directly.

iv) Py C | (L Po) by definition and | | (|| Py) C || Py byi)and | |Py C | |Py.
v) We use again ii) and the fact that Py N P; C Py, P;.

d

2.2.3 Proposition (| |-lifting of morphisms) Ifh : (X,[JP) — (Y,Q), then h is C-
continuous if and only if for all pg € Pyitishopg € Q e,

Vpe| |Po(hopeQ)+— VpyePy(hopy€ Q).

17



2 C-Spaces

Proof. By definition of continuity we gethop € Q, forall p € | | P.
Let po € Py, then since py € | | Py by i) we also get h o pg € Q.

po€Po
oN__ T X
Qsh h C-continuous
op

Y

The other direction is shown by induction. Our premise is that for all py € Py we have
hopy € Q. To prove the continuity of & we have to show that h o p is in Q, for all
p € L) Py. By the induction principle Ind,, we need to prove:

i) Vpo € Py (hopo € Q).

ii) Vx e X (hoX € Q).

iii) Vp € [JP) Vt € C(hop e Q — ho(pot) € Q).

iv) Vpo,p1 € Py (hopp e Q — hop1 € Q — hop* € Q).
i) The claim follows exactly by our premise.

ii) Let ¥ € Const (2N, X). Then hoX € Const (2N,Y), thushox € Q, since Qis a
C-topology.

iii) Letp € [JPyand t € C.Ifhop € Q, thenho (pot) = (hop)ot € Qby (CSy) of
Q

iv) Let po,p1 € UPy. If hopy € Q and hop; € Q, then we get (hop*) (in) =
(hopi) (a) € Q.

2.3 Examples of C-spaces

I We want to find the finest C-topology on X, in the sense of the smallest collection of
probes. We work similarly to section 3.3.3 in [13].

2.3.1 Definition A function p : 2N — X is called locally constant if there is a m, € N
such that for all &, B € 2N it is

a=p, p—>pa)=p(B).

m, denotes the modulus of local constancy of p. We write Const;,, (Z]N, X) for the set of
locally constant functions 2N — X.

18



2 C-Spaces

2.3.2 Corollary Consty, (2N,2) =C(2).

2.3.3 Lemma Consty (2N, X) isa C-topology on X, for any inhabited set X.

Proof. (CSy) Obviously it is Const (2N, X) C Const;o. (2N, X) .
(CS;) Let p € Constyy. (2N, X) and t € C ie., we find a m, € N such that for all
a, B € 2Nitis
=, p—rpa)=p(p)
and for all m € IN there exists a 1; (m) € IN such that for all a, g € 2N we get
& =) B — (&) =m £ (B)-

We choose o = ny (mp,) € N, then forall a, g € 2N it is

& =y p—> 1 (@) =m, t(B)
and
t(@) =m, t(B) — p(t(@)) = p(t(B))-
Therefore we have found a m,.; € IN such that forall a, € 2N it is
& =y p— (pot)(a) =(pot)(p),
hence p ot is locally constant.

(CS%) Let po, p1 € Constyoe (2N, X) ie., there are my, and m,, € N such that for all
a, B € 2N we get

(04 =m,, B — po (&) = po (,B)) and (oc =m,, B—p1(a) =p1 (ﬁ)) :

We consider 11, = max {1y, my, } . Then for a =, p we geta =, Band & =, P.
For p* : 2N — X, p* (ia) = p; (), for every i € {0,1}, we see now

p* (0a) = po («) = po (B) = p* (0B)

and
p(la) =p1(a) =p1(B) =p" (1B).

Consequently, with the modulus of constancy m,- = max {mp,, m,, } +1 we get p* €
Constyoe (2N, X) . O

It is trivial that Const;,, (ZN, ZN) C C, hence every locally constant map on 2N s also
uniformly continuous.
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234 Lemma For any C-space P = (X, P), every locally constant map 2N — X is in
P.

Proof. Let p : 2N — X be locally constant with m € IN its modulus of constancy. We take
s € 2™ and define p; : 2N — X, ps (a) := p (sa), for & € 2N. Now

ps (@) =p(sa) = p(sp) = ps (B),
for any a, B € 2N. Thus, ps is constant, hence in P. By (CS3) we get p € P. O

These two lemmas show that Constj,. (2, X) is the finest C-topology on X. Because of
that, for every C-topology P of X we have

Consty, (2N,X) CPCF (2N,X) .

Since | |@ C Consty,, (ZN, X) by proposition 2.2.21), we get | |© = Const;y, (ZN, X) .

2.3.5 Definition A C-space P = (X, P) is called discrete if for every C-space Q =
(Y, Q) all functions X — Y are continuous.

2.3.6 Proposition A C-space P = (X, P) is discrete if and only if P = Constyy, (2N, X)
ie., Mor((X, Constyoe (2N, X)), Q) =TF(X,Y).

Proof. Let (X, P) be a discrete C-space. According to lemma 2.3.3, we also consider the
C-space (X, Constj,e (2N, X) ). Since (X, P) is discrete, the identity function

(X, P) = (X, Constyy (2N, X) ) is continuous. By the definition of continuity we get that
every probe in P is also locally constant.

For the converse, let Q = (Y, Q) be a C-space and f : X — Y a map. For the discreteness
of (X, Constyoe (2N, X) ) we need to show the continuity of f. We prove this by induction
on p € Consty,e (2N, X).

x— 1y

Constyoe(X)2p fopeQ

N
(1) If pis constant, f o p is also constant, therefore f o p € Q.

(2) Let p be written as fiot, where p € Constj,c (2N,X) andt € C, and with the
induction hypothesis f o f € Q.
Then fop=fo(pot)=(fop)oteQ.
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(3) Let p be defined by p (ia) = p; (a), fori € {0,1}, where for po, p1 € Constjoc (2N, X
we have the induction hypothesis fop; € Q, fori € {0,1}. Since we geta a € 2N
for every B € 2N such that B = ix, where i is either 0 or 1, we conclude (f o p) (B) =

(fop) (ia) = (fopi) (&) hence fop € Q. O

Because of the previous proposition we call Const;, (2N, X) also the discrete C-topology
of X.

II With the least C-topology | | Pp we can construct many examples. We already have
seen that| |@ = Constyy, (2N, X). The following propositions will also yield

o | |Idn =C.

[ee]

e | ]i =C(R), wherei: 2N s R is defined by i(a) := %ﬁ
n=0

e |[{m, | n € N} = C(2), where 7, : 2N — 2 is defined by 71, (&) := .

2.3.7 Proposition | |Id,n = C.

Proof. Let Py = Idyn : 2N — 2N,
i) We get that Id,n € | | Id)n.
ii) The constant maps 2N — 2N are in | | Idy.

iii) We have to test the combinations of elements in | | Id,n and elements in C. Since
sotisagainin C, fors,t € C, it suffices to look at simple compositions.
Lett € C.

o ldynot=1t€C,thusC C | |Id,n.
e cot = ¢ for c,¢ constant.
Since Idyn € C and Const (2NV) € C, we pool i)-iii) and get C C | | Idyn.
iv) For po, p1 € C we get p* € C, because C is a C-topology.
All together we get | | Id,n = C. O

2.3.8 Definition We define the function log, : R — R by

(x)

log,(x) := }]:17' for x >0,

(2)

X
whereln : R™ — Ris defined in [4, page 57], by In(x) := [ t~1dt, for x > 0.
1
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2 C-Spaces

2.3.9 Proposition The following conditions are satisfied:

i) For the function E : R — R™ defined by E(x) = 2* we get

E(log,(x)) = x, for x € R" and log, (E(y)) =y, fory € R.

ii) log,(x - y) = log,(x) +log, (y), for x,y > 0.

Proof. i) By the definitions of log, and E it is

E(log,(x)) =E (EE;;) — 21?1((3 = exp GEE;; -ln(2)> =exp (In(x)) =z,
for x > 0, by [4, page 58] and

_In(Ey)) In@) In(ep(y-In2)) y-In@2)
log, (E(y)) = In(2) ~ In(2) In(2) ~ In(2) =Y

fory € R.
ii) By definition of log, we get

log,(x-y) = lriilx(z;/) = ln(xl)n—é—zl)n(y) = Egi + Egi = log,(x) + log,(y)-

2.3.10 Proposition For the functioni: 2N — R defined by

we get i € C(R).

Proof. Let € > 0. We choose 1;(€) := log,(2) 4 1, then for all a, B € 2N with « =ni(e) B
we get

) o0 a oo [ee) [X oo “ _
i) —i(B)| = | Yy Bl |y BBy S
n=0 n=0 n=0 n=n;(e)
<1
SRR A
D‘Vl_ n

= Z S Z Y i — =€,

nom(e) 2 nlme 24 2mO

hence i € C(R).
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2 C-Spaces
2.3.11 Proposition | |i = C(R).

Proof. i) By definition, i € | ]i.
ii) Obviously, Const(2N,R) C | |i.
iii) Lett € C. Then

(iof)(@) = i(t@) = ¥

n
Let € > 0. We choose no4(€) 1= ny(log,(1) 4+ 1), then for all a, B € 2N with
x =, () Ppweget

hence

|(fot)(a) = (iot)(B)| = [i(t(w)) —i(t(B))| =

n=0 2" n=0 2"
© (Ha)) — (F © ta)), — (¢
_ Z(< ))nzn((ﬁ))n | ¥ (#( ))nzn((ﬁ))n <
n=0 n=log,(1)+1
© (W), - (1B)), | |
> 2 = Qo (D1 oD

n=log,(3)+1
henceiot € C(R). Therefore, by proposition 2.3.10 we conclude C(R) C | |i.
iv) Since C(RR) is a C-topology, we get no further elements of | | i, hence C(R) = | |i.
O

2.3.12 Definition The function 7t,, : 2N — 2 is defined by 7, (a) = &y, for any a € 2N,

LI{7t. | n € N} we also denote by || 7.
nelN

2.3.13 Proposition || 7, = C(2).
nelN

Proof. (2) Since C(2) = Const,.(2N,2) by corollary 2.3.2 and since Consty,. (2N, 2) is

the finest C-topology on 2, itis C(2) C || 7.
nelN

(C)Let f € || m,. We use the induction principle Ind , with the property A(f) : f €
nelN
C(2).
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2 C-Spaces

i) Let f € {m, | n € N} i.e., there exists a nyp € N such that f = 7. Ifa, p € 2N
such that « =, ;1 B, then

Ttno (&) = &ng = g = Tty (B),
hence f € C(2).
ii) Let f € Const(2N,2). Since Const(2N,2) C C(2), it is obviously f € C(2).
iii) Let f = fot, where f € || m,, f € C(2)and t € Ci.e., there is a n; € N such
nelN
that for all o, B € 2N we get
% =, B— F(a) = F(B)
and for every m € N exists a n;(m) € IN such that for all a, B € 2N it is
& =y, m) B — H(@&) =m t(B).
We choose 17, := ni(ny), then forall a, p € 2N with =n;,, B we get
(&) =, H(B),
hence . 5 ) .
(fot)(a) = f(t(a)) = f(£(B)) = (fo)(B).
Because of that we get f = fot € C(2).

iv) Let fo, 1 € U 7w, fo, fi € C(2) such that f(in) = fi(a), fori € {0,1} i.e., there
are nys, ny, En%\l such that for all &, B € 2N and fori € {0,1} we get
& =p, p— fi(a) = fi(B)-
We choose 7iy := max {ny, ny, |, then for all a, p € 2N with « =i, B and for

i€ {0,1} we get
flin) = fi(a) = fi(B) = f(iB),
hence for 1y := max {ny,ng } +1itis f € C(2).

I If (X, Py) and (X, Py) are C-spaces, then (X, Py N P,) is a C-space.
(CS1) Since Const (2N, X) C Py and Const (2N, X) C P, we get
Const (ZN, X) CPNphb.
(CSy) Letp €e PPN Pyie, p € Pyand p € P,. Since P; and P, are C-topologies, we get
pot€ Piandpot € Py, forallt € C,hencepot € P NDPDs.

(CS4) Let po, p1 € PN Pyie., po, p1 € Py and po, p1 € Po. Now p* : 2N — X, defined by
p* (ia) = p; («) for i € {0,1},isin P; and P5, hence p* € P; N P,.
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2 C-Spaces

IV For two C-spaces P = (X,P) and Q = (Y, Q) we define their product P x Q :=
(X xY,PxQ)by

PxQ:=| [{(p.q) | p€PqecQ}.

2.3.14 Proposition The product P x Q satisfies the universal property for products i.e., for
every C-space T = (S, T) and for every f € Mor (T, P) and g € Mor (T, Q) there exists a
unique h € Mor (T, P x Q), such that f = 11y o hand § = 7 o h are satisfied, where 111 and
717 are the projections to X and Y, respectively.

X XxY

m 70

Y

Proof. First we show that the projections are C-continuous. We prove this for 711, and for
11, we use the same approach.

It suffices to verify that 71 o (p,q) € P for every p € Pandgq € Q. This follows
immediately, since 7t 0 (p,q) = p € P.

We defineh : S — X x Ybyh(s) = (f(s),g(s) ), forevery s € S. Then
f=mohand g = moh.

It is obvious that & is the only function with these properties. Finally we have to show
that /1 is C-continuous. First we see that f or € Pand gor € Q, for every r € T, since f
and g are C-continuous. For every r € T we get

(hor)(a) =h(r(a)) = (f(r(a)),8(r(@))) = ((for)(a),(gor) (x)) € PxQ,
hence h € Mor (T,P x Q). O

2.4 Morphisms between C-spaces

In this section we investigate C-continuous functions. It will be demonstrated that
every probe of a C-topology is C-continuous. We will explore the consequences to
morphisms after restricting the domain or the codomain, before introducing impor-
tant topological terms like isomorphism and openness for the theory of C-spaces
later.

The following lemma is also proven in [8] and [14], but in a different way.
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2 C-Spaces

2.4.1 Lemma (Yoneda) Forany C-space P = (X, P)amap2N — X is a probe if and only if
it is C-continuous i.e., if P = (X, P) is a C-space, then P = Mor (C, P).

Proof. Let P = (X, P) be a C-space, f : 2N — X a map.
Let f be a probe on X i.e., f € P. We consider an arbitrary t € C. Since C is a C-topology
and f ot € P with (CS;) for P, we get the C-continuity of f by definition.

oN_ Sy
Cst Fotep
2]N

For the converse direction let f be C-continuous i.e., for C = (2N,C) and P = (X, P) it
is fotin P, forevery t € C.

oN f C-continuous
—

Cot
foteP

2]N

We have to verify that f € P. This is easy, by taking t = Id,n as the identity map, which
is clearly uniformly continuous. O

2.4.2 Corollary The following hold:

C = Mor(C,C).
C(R) = Mor(C,R).

The result of the previous corollary is that C is the set of all C-continuous functions
between 2N and 2N, and C(IR) the set of all C-continuous functions between R and
R.

2.4.3 Lemma Supposethat P = (X,P),Q=(Y,Q),P1=(X,P1), P=(X,P), Q1 =
(Y, Q1) and Qy = (Y, Qa) are C-spaces. Then the following hold:

i) Const(X,Y)={y |y €Y} C Mor(P,Q).

ii) If Q1 € Qo, then Mor(P, Q1) C Mor(P, Qz), while Q1 T Qy does not imply that
Mor(P, Q1) € Mor(P, Q). Moreover, we have that

Mor (73, (Y, Constloc(ZN,Y))> C Mor(P,Q) C Mor <73, (Y,IF(ZN,Y))>.
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iii) If Py C Py, then Mor(P,, Q) C Mor(Py1, Q), while Py C Py does not imply that
Mor(P,, Q) € Mor(P1, Q). Moreover, we have that

Mor((X,lF(ZN, X)), Q> C Mor(P,Q) C Mor((X, Constyo. (2N, X)), Q) )

Proof. i) Sinceyop € Const(2N,Y), we getjop € Q, for every p € P.

ii) Ifh € Mor(P, Q1), thenwegethop € Q1 C Qy, forallp € Pie, h € Mor(P, Q).
Since we have derived the double inclusion Const;,.(2N,Y) C Q C F(2N,Y) for
every C-topology Q on Y, we get

Mor <73, (Y, Constloc(ZN,Y))> C Mor(P, Q) C Mor <73, (Y,]F(ZN,Y))>.
Now we choose Q1 = Const;o.(2N,Y) and Q, = F(2N, Y). First we see that
Mor (79, (Y,IF(ZN,Y))> =TF(X,Y), ()

since hop € F(2N,Y), forevery p € Pand h € F(X,Y).

X heF(X,Y) y

P>p
hopeF(2N,Y)
2]N

On the other hand

h € Mor (73, (Y, Constyye (2N, Y))) < Vp € P(hop € Const;p.(2V,Y)).
If P = Const;,.(2N, X), then
Mor((X, Consti. (2N, X)), (Y, Constloc(ZN,Y))> =F(X,Y).

heF(X,Y)

X Y

Constye (2N, X
oioc )2p hop€Consty,. (2N,Y)
2]N
Hence, for P = (X, Constjo. (2N, X)) we get the required equality

Mor(P, Q1) = Mor(P, Q).
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iii) If h € Mor(Pa, Q), then we get ho py € Q, for every p» € P». Hence, hop; € Q
for every p; € Py C Py, thus h € Mor(Py, Q).
By the double inclusion Const;,.(2N, X) C P C F(2N, X) for every C-topology P
on X, we get

Mor((X,]F(ZN, X)), Q) C Mor(P,Q) C Mor((X, Constyoe (2N, X)), Q).

Now we take P; = Const,. (2N, X) and P, = F(2N, X). By proposition 2.3.6 we
know that

Mor((X, Consty,e (2N, X)), Q) =F(X,Y).

heF(X,Y)

X Y

Constyo. (2N, X)2p hope0

Z]N

On the other hand
he Mor<(X,]F(2N,X)), Q) +——Vp e F2N, X)(hop € Q).
If Q = F(2N,Y), then by () we get
Mor((x,lF(zN,X)), (Y, F(2N, Y))) =F(X,Y),

hence for Q@ = (Y, F(2N,Y)) we get the required equation.
O

244 Definition A function f : X — Y is an injection, written 1 — 1, if forall x,y € X
itis

f)=fly) —x=y.
Obviously, then for every y € f(X) there exists an unique x € X such that f(x) = y, and
the inverse function f~1 : f(X) — X is well-defined.
A function f : X — Y is surjective or onto if for every y € Y there exists at least one x € X
such that f(x) = y.
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2.4.5 Definition Let P = (X,P) and Q = (Y, Q) be C-spaces. A C-morphism & €
Mor(P, Q) is called C-monomorphism, or h € Mono(P, Q) if for every C-space S = (Z, S)
and for all k,I € Mor(S,P) itis

(hok=hol) — (k=1).

k1 I

zZ X Y

We call h a C-isomorphism between P and O, if there is some j € Mor(Q, P) such that
joh: Idxandhoj: Idy.

A C-isomorphism between P and P is called C-automorphism of P.

We call h a C-epimorphism, if for every C-space S = (Z,S) and for every k,I € Mor(Q, S)
itis

(koh=1oh) — (k=1).

Z
koh
k
X h Y
I
loh
Z

We denote the set of the C-epimorphisms between P and Q by Epi(P, Q).
If a C-epimorphism # is onto Y, we call it a C-set-epimorphism. The set of the C-set-
epimorohisms is denoted by setEpi(P, Q).

2.4.6 Proposition h € Mono(P, Q) ifandonlyifh € Mor(P,Q)andhis1—1.

Proof. If his 1 — 1, then for every k,I € Mor(S,P) withhok = hol we get

h(k()) = (hok)(z) = (hol)(z) = h(I(2)),

hence k(z) = I(z) i.e., h € Mono(P, Q).
If h € Mono(P,Q) and if x1,xp € X such that h(x;) = h(xy), then for k = X7 and
I =x; € Mor(P, Q) we get

hoxi =hoXxy,

hence x1 = x5 i.e., X1 = x». O
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2.4.7 Proposition A C-morphism h € Mor(P, Q) is a C-isomorphism if and only if h is a
C-monomorphism onto Y and h=1 € Mor(Q, P).

Proof. If h € Mor(P, Q) is a C-isomorphism, then there exists a j € Mor(Q,P) such
thatjoh = Idx and hoj = Idy. Ifk,1 € Mor(S,P) such thatho k = h o, then we get

k=Idxok= (joh)ok=jo(hok)=jo(hol)=(joh)ol=1Idxol =1,

hence h € Mono(P, Q).
Ify € Y, then for x := j(y) € X we get

h(x) = h(j(y)) = (hoj)(y) = ldy(y) =y,

hence hisonto Y.
If g € Q, then, since j € Mor(Q,P),

hlog=1Idxo(h'oq)=(joh)o(h ' og)=jo(hoh ')og=joldyoq=joq€P,
hence h=1 € Mor(Q,P).

The converse direction is obvious by choosing j := h~! € Mor(Q, P). O

2.4.8 Proposition Let P and Q be C-spaces. If h € Mor(P, Q) such that his 1 — 1 and
onto Y, then h=1 € Mor(Q, P) if and only if for every q € Q there exists a p € P such that

q=hop.

Proof. By definition, h~! € Mor(Q,P) if and only if i1 0 g € P, for every g € Q.

y h~teMor(Q,P) x

Q>q
h~logeP

2]N

If g € Q, then we define p := h~! 0 g and we get thatg = h o p.
For the converse we have that h ! og =h~'o (hop) = p. O

Obviously, setEpi(P,Q) C Epi(P, Q). Classically we can show, that there is no C-
epimorphism in CS which is not a C-set-epimorphism:

Suppose there are C-spaces Q = (Y,Q), Q" = (Y/,Q’) and a functionk : ¥ — Y’ €
Epi(Q, Q') which is not onto Y’. Because of that there exists some y, € Y’ such that
vy & k(Y). Let X be a set containing at least two points and P = (X, Constj,c (2N, X)).
If I € Mor(Q',P), then we define j : Y/ — X as follows: if y € k(Y), then j(y) =

I(y), and j(yo) # I(yo). Since Mor(Q’, (X, Constloc(ZN,X))) = F(Y’, X) we get that
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j € Mor(Q’,P). By the definition of k we have that / o k = j o k and at the same time
1 #j.

Based on proposition 2.4.8 we define the openness of a C-morphism.

2.4.9 Definition Let P and Q be C-spaces. A C-morphism h € Mor(P, Q) is called
open, if for every g € Q there exists a p € P such thatg = h o p.

X h Y

P>p
7€Q

2N

2.4.10 Proposition (| -lifting of openness) If P = (X, P), Q = (Y, | Qo) are C-spaces
and h € setEpi(P, Q), then

querElpeP(qozhop)—>Vq€|_|Q03p€P(q:hop).

Proof. i) If g = g0 € Qo, then we just use our premise.

ii) For a constant function 7 : 2N — Y, we find, by the surjectivity of , a xg € X such
that hi(xp) = g(a) for any a € 2N. Hence, if we define p : 2N — X, p(a) = x for
every a € 2N we getg=hop.

iii) If g = goot, where t € C and qo € | ] Qo such that g9 = h o py for some py € P,
then
g=qoot=(hopo)ot=ho(poot),
where pgot € Pby (CS,).

iv) If q(in) = qi(a) for i € {0,1}, where q; € || Qo such that g; = (h o p;) for some
pi € P,i € {0,1}, then for p : 2N — X defined by p(ia) = pi(a), fori € {0,1}, we

get
q(ia) = gi(a) = (hop;)(a) = h(pi(w)) = h(p(ia)) = (hop)(in),
henceg =hop.
O

2411 Remark In the theory of C-spaces the | |-lifting of openness can be shown
directly, while in the theory of Bishop spaces this takes more effort (see [10, page 56]).
The well-definability lemma and the ¢/-lifting of openness need to be proven first, before
the \/-lifting of openness can be shown.
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2.4.12 Proposition Let P = (X,P) be a C-space and e : X — Y a bijection. Then
there is a unique C-topology Qp on Y such that e is a C-isomorphism between P and Qp =

(Y, Qp).

Proof. We define Qp := {e, | p € P}, wheree, =e¢op.
X ¢ Y

Obviously, ep € Const(2N,Y), for p € Const(2N, X).
Foranyp € Pand t € Citis

epot=(eop)ot=eo(pot)=epo.

For p* € P defined by p*(ix) = p;(«), for i € {0,1}, where p; € P such thate,, € Qp,
we get fori € {0,1}

ey (i) = (e 0 p*) (i) = (eo pi)(®) = ey, (a).

Hence, Qp is a C-topology on Y.

Since for every p € Pitise, = eop € Qp, we conclude e € Mor(P, Qp).

Since for every e, € Qp there exists a p € P such thate, = e o p, we have that ¢ is an
open C-morphism, hence by proposition 2.4.8 a C-isomorphism between P and Op.
Suppose now that Q is a C-topology on Y such that e is C-isomorphism between P and
Q = (Y, Q). Since e € Mor(P, Q), if we fix some p € P, then there is a g € Q such that
gq=eop=cepie,QpCQ.

Since e is open, we have that for every q € Q there existsa p € P such thatg =eop,
hence, if we fix some g € Q, we have thatg =eop =¢,ie, Q C Qp. O

2.5 Relative C-spaces

In this section we will study what happens if our set X is restricted to a subset Y C
X. Is there a C-space on Y, depending on a given C-space on X? And if there is
one, which properties does it satisfy? How does it, for example, react with building
products?

2.5.1 Definition Let P = (X, P) be a C-space. For Y C X inhabited, we define the
C-space Ply = (Y, P|y) by the topology

P|Y = I_lQO,Y/
Quy = {p e P|Vae2N(pa) eY)}.
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Pl|y is called the relative C-topology of P on'Y, P|y the relative C-space of P on Y. We denote
r:(X,P)— (Y,Ply).

252 Example C(R)|>» =[]{c € C(R) |Va € 2N(c(a) €2)} = C(2).

253 Lemma Let P = (X, P) bea C-space and P|y = (Y, P|y) the relative C-space, for
Y C X inhabited. If p|y € Ply, then there exists a p € P such that Idy o p|y = p, where
Idy : Y — X, Idy(y) = y. In particular, we get Idy € Mor(Pl|y, P).

N PPy

Idy
Ply>ply

Y

Proof. We use the induction principle Ind,, with the property
A(ply) : 3p € P(Idy o ply = p).
i) If ply € {p € P |Va € 2N(p(a) € Y)}, then (Idy o p|y)(a) = p|y(a) € P.
ii) If p|ly € Const(2N,Y), then we get Idy o p|y € Const(2N,Y) C Const(2N, X) C P.
iii) Letg|y € P|y with Idy ogly =g € Pand t € C, then
Idyo(qlyot) = (Idyoqly)ot=goteP,
since P is a C-topology.
iv) Let poly, p1ly € Ply with Idy o p;|y = p; € P fori € {0,1}, then we get

(Idy o p*|y)(ia) = Idy(p*|y(ia)) = Idy(pily(a)) = (Idy o pily)(«) € P,

where p*|y : 2N — Y is defined by p*|y(ia) = p;|y(a), fori € {0,1}.
O

2.54 Proposition If P = (X,||P) is a C-space, then the relative C-topology on some
inhabited Y C X is given by

(|_| Py)ly := |_|Q00,Y,
Quoy := {po € Py |V € 2N(po(a) € Y)}
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2 C-Spaces

Proof. We need to show that | | Qoy = | ] Qoo,y, Wwhere
Qoy ={pellP|Vaec2N(p(a) €Y)}.

(D) Since Quo,y € Qo,y, we get by proposition 2.2.2 ii) that | | Qoo,y € [l Qo,y-

(C€) By proposition 2.2.2 i) it suffices to show that Qo y C [ ] Qqo,y. For this, let p € Qo y
i.e., p € || Py such that for all « € 2N itis p(a) € Y.

i) If p € Py, then obviously p € Qqo,y, hence p € || Qqo,y-

ii) If p € Const(2N, X) such that for all « € 2N it is p(a) € Y, then we get p €
Const(2N,Y) C || Qoo,y-

iii) If g € Qo,y such that g € | ] Qoo,y and if t € C is arbitrary, then got € || Qoo,y by
(CS2) for L Qoo,y-

iv) Let po, p1 € Qo,y such that po, p1 € || Qoo,y- For p* : 2N — X defined by p*(ia) =
pi(a) , fori € {0,1}, we get p* € | Qoo,y by (CS%) for | Qoo,y-

O]

This proposition yields the | |-lifting of relativity. The next step is an investigation of
what happens to morphisms between restricted sets.

2.5.5 Proposition For C-spaces P = (X, P),S = (Y, S) and for inhabited sets A C X, B C
Y the following hold:

i) P|4 is the smallest C-topology Q on A satisfying the property Id 4 € Mor(Q, P).
ii) Ife: X — B, thene € Mor(P,S) «— e € Mor(P,S|p).
iii) Ife : X — Y, thene € Mor(P,S) — e|a € Mor(P|a,S), wheree|y : A — Yis
defined by e| o(a) = e(a) for every a € A.

Proof. i) Bylemma2.5.3, Idy € Mor(P|a,P).
Let Q be a C-topology on A such that Id4 € Mor(Q, P). This means that Id oq €
P for every q € Q. Since we have already seen that Ids o p|4 € P, for every
pla € P|a, we conclude P4 C Q.
ii) By definition,
e € Mor(P,S) «—VpePleopeS)+—
+— VpePleop €S|p) «—
+— e € Mor(P,S|p).
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2 C-Spaces

iii) By definition,
e € Mor(P,S) «—VpePleopeS) —
— Vpla € Pla(elaopla €5) «—
> e|la € Mor(Pla,S).

ela

X ¢ Y A Y
Pap SES Plazpla sES
2N 2N

O]

This demonstrates that the restriction of the codomain does not affect the continuity of
a map, while the restriction of the domain preserves the continuity, but the expansion
backwards does not do so.

2.5.6 Proposition For C-spaces P = (X,P),S = (Y,S) and A C X, B C Y inhabited sets
we get (P X S)|axp = P|a x S|s.

Proof. By definition,
(P><S)|AX3:|_|{h€P><S|Va€2N(h(ac)€A><B)}: O
={(ps) ePxs|VacN((ps)a) € AxB)} =
—| | {(p,s) €PxS|YaeN(pa) € Asa) € B)} _
= J{(pla,slB) | pla € P|a,slp € S|p} =
= P|a x S|p.

The result of this proposition is that relativity preserve products.

35



3 Bishop spaces

The facts summed up in this chapter have already been explored in [10], therefore there
will be no proof here. We will merely be giving an overview of facts that are of interest for
this thesis, since analogical results for the theory of C-spaces were part of the previous
chapter. For a better reading, we use the same structure of chapter 2, even if this may
differ from the sequence of the items in [10].

3.1 Basic Definitions

3.1.1 Definition We denote the set of functions of type X — R by F (X,R). The
constant function on X with value a € R is denoted by 7, the set of all constant functions
of type X — R by Const (X, R).

3.1.2 Definition If a function ® : R — R is uniformly continuous on every bounded
subset B of R, then & is called Bishop continuous i.e., for every bounded subset B of R and
for every € > 0 there exists wq, p (€) > 0 such that forall x,y € B

¥ =yl S wap(e) — [ (x) =P (y)| <e.

The function we g : RT — RT, e — we p (€) is called a modulus of continuity for ® on B.
A continuous function can also be written as a pair (P, (we 5) oy )- The set of Bishop
continuous functions is denoted by Bic (R). Similarly, by Bic (Y) we denote the set of
real-valued continuous functions defined on some Y C R such that they are uniformly
continuous on every bounded subset of Y.

3.1.3 Definition An inhabited metric space (X, d) is locally compact if each bounded
subset can be included in some compact subset of X. It is compact if it is complete and
totally bounded.
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3 Bishop spaces

3.1.4 Definition If (X,d) is a locally compact metric space, a function f : X — R is
called Bishop continuous if it is uniformly continuous on every bounded subset of X i.e.,
for every bounded subset B of X and for every € > 0 there exists wy p (€) > 0 such that
forallx,y € B

d(x,y) <wsp(e) — |f(x) - fy) <e

The function wf g : RT — R, € — wy g (€) is called the modulus of continuity of f on B.
The set of all Bishop continuous functions from X to R is denoted by Bic (X).

3.1.5 Definition Iff,g € F(X,R),e > 0,and ® C FF (X, R), we define

U(g, fre) = vxe X(|g(x) - f(x)[ <e),
U (P, f) :+— Ve >03g € D(U(g, f€)).

3.1.6 Definition A Bishop space is a pair F = (X, F), where X is an inhabited set and F
is a so called Bishop topology i.e., F is a set of functions of type X — R with the following
clauses

(BS7) All constant maps arein Fi.e.,, @ € Ffora € R.

(BS;) feF—g¢g€F— f+g€F

(BS3) fe F— ® € Bic(R) — ®of €F,

X f R
deBic(R)
Fodof
R

(BSy) f € F(X,R) — U (F, f) — f € F.

3.1.7 Definition For two Bishop spaces F = (X,F) and G = (Y,G)amaph: X — Y
is called a Bishop morphism from F to G if gohisinF, forevery g € G.

X h Y

eG
F>goh §

R
We write h € Mor (F,G).

3.1.8 Definition The Bishop spaces as the objects together with the Bishop morphisms
as the arrows build the category of Bishop spaces BS.
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3.1.9 Remark (BS;)implies Const(X,R) C F.

3.1.10 Definition For (f,),.n € F(X,R) we denote by f, — f that f, converges
uniformly to f i.e., for every € > 0 there exists ny € IN such that for all n > n¢ and for all
xe X

[fu (%) = f ()] < e

3.1.11 Proposition (BSy) is equivalent to
(BS)) fu CF— fEF(X,R) — f, = f — f€F.

3.1.12 Proposition IfF is a Bishop topology on X, then
2_ 2,2
o fg= (f+g)2f g
o Af,
o —f,
o max{f, g} = f+g+2\f—g|,
e min{f, g} = —max{—f,—g} and

* |fl
are in F, for every f,¢ € Fand A € R.

3.1.13 Definition The Cantor space is defined by the Bishop space C = (2N, Bic(2)N).
3.1.14 Definition We call R = (IR, Bic (R) ) the Bishop reals.

3.1.15 Proposition For every compact metric space X, the set C,,(X,R) of all uniformly
continuous functions of type X — R is a topology, called by Bishop the uniform topology on X.
We denote this space by

UX) = (X, Cu(X,R)).

38
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3.2 Inductively generated Bishop spaces

3.21 Definition Let Fy C F (X,R). The least Bishop topology \/ ¥y generated by Fy is
defined by the following clauses:

i) fo € Fo — fo € V Fo.
i) aeR—ae\F.
iii) fe VFp— g€ VFy— f+g€ VF,.
iv) f € VFg — ® € Bic(R) — ®o f € \/ F.
v) Ve >0(ge VFy— U (g f,€)) — f € VF.
We call Fy a subbase of \/ F.
These clauses induce the induction principle Ind, on \/ Fy:
Vfo € VFo(P (fo)) —
Va e R(P(a)) —
Vf,§ €VE(P(f) — P(3) — P(f+g8)) —
Vf € VFo V® € Bic(R) (P(f) — P(Pof)) —

erVF0<Ve>03g€ VFo(P(g)AU(g, f€)) —>P(f)> —

Vf € VEo(P(f)),
where P is any property on FF (X, R).

3.2.2 Proposition Suppose that Fy,F1 C F (X, R)and F = (X, F) a Bishop space.
i) VFg CF+— FyCF.
ii) Fg CF; — \VFy C \/ Fy.
iii) VFoUV Fy C V (Fg UF,).
iv) \/ (VFo) =V Fy.
v) V(FonF) CVFyNVF.
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3 Bishop spaces
3.3 Examples of Bishop spaces

I Const (X,R) and F (X, R) are Bishop topologies on X. We call F (X, R) the discrete
Bishop topology on X.
For every Bishop topology F on some inhabited set X we get

Const (X,R) CFCF(X,R).

II Through the least Bishop topology \/ Fo we can construct Bishop topologies:
\/ @ = Const (X,R)

\/ Idg = Bic (R)

\/ Ty = Bic(2)N, where 71, (¢) = a,for every a € N,

neN

I If (X, Fq)and (X, F,) are Bishop spaces, then (X, ¥, N Fy) is a Bishop space.

IV For two Bishop spaces F = (X, F) and G = (Y, G) we define their product F x G =
(X xY,FxG)by

FxG:=\/({fom|feFlu{gom|gecG}).

3.4 Morphisms between Bishop spaces

3.4.1 Lemma (Yoneda) IfF = (X,F)isa Bishop space, then F = Mor(F,R).

3.4.2 Corollary The following hold:
Bic(R) = Mor(R,R).
Bic(2)N = Mor(C,R).

3.4.3 Lemma Supposethat F = (X,F),G = (Y,G),F1 = (X, Fp), Fo = (X, F2),G1 =
(Y, Gq) and G, = (Y, Gy) are Bishop spaces. Then the following hold:

i) Const(X,Y) C Mor(F,G).

ii) G € Gy — Mor(F,Gy) C Mor(F,G1), while Gy C Gy does not imply that
Mor(F,Gz) C Mor(F,Gy). Moreover, we have that

Mor (.’F, (Y,]F(Y,]R))) C Mor(F,G) C Mor <.7-', (Y, Const(Y,]R))).
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iii) i C F, — Mor(F1,G) C Mor(F,,G), while F; C F, does not imply that
Mor(F1,G) C Mor(F,, G). Moreover, we have that

Mor((X, Const(X,]R)),g) C Mor(F,G) C Mor<(X,]F(X,lR)),g>.

3.44 Remark In the proof of this lemma it is used that
Mor <.7-', (Y, Const(Y,]R))) =TF(X,Y),

for any Bishop space F = (X, F).

3.4.5 Proposition (\/-lifting of morphisms) Suppose that F = (X,F) and
Go = (Y, Go) are Bishop spaces. A function h: X — Y € Mor(F,Go) if and only if for all
g0 € Goitisgooh € F.

3.4.6 Definition Suppose that F, G are Bishop spaces and h € Mor(F,G). Wecallh a
Bishop-monomorphism, or h € Mono(F,G), if

VH (Ve,j € Mor(H,F)(hoe=hoj— e=]j)).

We call h a Bishop-isomorphism between F and G if there is some e € Mor(G,F) such
thateoh = Idx and hoe = Idy. A Bishop-isomorphism between F and F is called a
Bishop-automorphism of JF. We call h a Bishop-epimorphism if

VH (Ve,j € Mor(G, H)(eoh=joh — e=])).

We denote the set of the Bishop-epimorphisms between F and G by Epi(F, G). We call h
a Bishop-set-epimorphism if it is onto Y. We denote the set of the Bishop-set-epimorphisms
between F and G by setEpi(F,G).

3.4.7 Proposition
i) h € Mono(F,G) ifand only if h € Mor(F,G) and his1—1

ii) h € Mor(F,G) is a Bishop-isomorphism if and only if h is a Bishop-monomorphism onto
Y and h=! € Mor(G, F).

3.4.8 Proposition Suppose that F and G are Bishop spaces. If h € Mor(F,G) such that h
is1—1landontoY, then h™' € Mor(G, F) if and only if for every f € F thereexistsa g € G
such that f = goh.
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3.4.9 Definition We call a Bishop-morphism i € Mor(F,G) open if
VfeF3ge G(f=goh).

3.410 Lemma (Well-definability lemma) Suppose that X,Y are inhabited sets, h : X —
YisontoY,® CF(Y,R)and f : X — R.If f € U(®oh), then the function

ffiY - R,
fAy) = fH(n(x)) = f(x),
foreveryy €Y, is well-defined i.e.,
Yy, xp € X(h(x1) = h(x2) — f(x1) = f(x2)).

3.4.11 Proposition (U-lifting of openness) Suppose that X,Y are inhabited sets, h : X —
YisontoY,® CF(X,R)and ® C F(Y,R). Then

Vo € ® 0 € O(pp = O o h) —> Vp € U(P) 30 € U(O)(p = o).

3.4.12 Proposition (\/-lifting of openness) If F = (X,\/ Fy),G = (Y, G) are Bishop
spaces and h € setEpig;s,(F,G), then

Vfo€FoIg e G(fo=goh) — Vfe\/FoIge G(f =goh).

3.4.13 Proposition If F = (X,F) is a Bishop space, and e : X — Y a bijection, there
is a unique Bishop topology Gg on Y such that e is a Bishop isomorphism between F and
g,’F = (Y/ GF)

3.5 Relative Bishop spaces

3.5.1 Definition If F = (X, F) is a Bishop space and Y C X is inhabited, the relative
topology on Y is defined by

Fly :=\/Goy,
Goy == {flv | f € F}.

We call the corresponding Bishop space F|y = (Y, F|y) the relative Bishop space of F on
Y. We denoter: (X,F) — (Y, Fl|y).
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3.5.2 Proposition If F = (X,\/ Fy) is a Bishop space, then the relative topology on some
inhabited Y C X is given by

(\/ Fo)ly := \/GOO,Y/
Gooy := {foly | fo € Fo}.

3.5.3 Proposition Suppose that F = (X,F),H = (Z,H) are Bishop spaces, and Y C
X, B C Z are inhabited.

i) Fly is the smallest topology G on'Y satisfying the property Idy € Mor(G,F).
ii) Ife: X — B, then e € Mor(F,H) <— e € Mor(F,H|p).
iii) Ife: X — Z, then e € Mor(F,H) — e|y € Mor(F|y,H).

3.5.4 Proposition If F = (X,F),G = (Y, G) are Bishop spaces and A C X,B C Y are
inhabited, then (F X G)|axp = F|a X G|3.
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4 Connections between C-spaces and Bishop spaces

In this chapter, the goal is to establish a relationship between the two theories. First,
we have a look at maps of type 2N — R, since we already have explored a C-space
with the critical set equal R and a Bishop space with the set equal 2V. After finding a
connection for these special maps we will try to expand the results for arbitrary C- and
Bishop spaces.

4.1 Continuous functions of type 2N — R

Here we analyse properties of the two sets
C(R) = Mor (C,R) = {f:zN S R|VeeC(foce C(IR))}
and
Bic(2)N = Mor (C,R) = {f :2N 4 R | Vr € Bic (R) (rof € Bic (2)N)}.

feMor(C,R) feMor(C

N 2N

reBic(R
% Bic(2)N>rof

41.1 Remark In corollary 2.4.2 and corollary 3.4.2 we have already demonstrated that
(R, Mor(C,R)) is a C-space and (2N, Mor(C,R)) is a Bishop space. Now we want to
investigate if the C-continuous functions of type 2N — R build a Bishop topology on
2N and the Bishop continuous functions between 2N and R a C-topology on RR.

Before we can prove this, for the second clause of a Bishop topology we need that C(IR),
the C-continuous functions between 2N and R, is closed under +.
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4 Connections between C-spaces and Bishop spaces

412 Lemma C (R)isclosed under +ie., f +g € C (R) forevery f,g € C (R).

Proof. Let f,g € C (R) i.e., there are ny and ng € IN such that for all , f € 2N we get

“:nle—>f(lX):f(;B)

and

& =n, p— g(a) = g(p)-

We choose 14, := max {ng, ng}, then for all a, f € 2N with a =n;,, B We get
(f +8)(w) = f(a) +g(a) = f(B) +8(B) = (f +8)(B),
hence f + ¢ € C(R). O

4.1.3 Theorem (2N, Mor (C,R)) is a Bishop space.
Proof. (BSy) Leta € Const (2N, R). For every c € C we geta o c € Const (2N, R), hence
aoc € C(R). Consequently, a € Mor (C,R).
(BSy) Let f,g € Mor (C,R) i.e., for every c € Citis
foceC(R) andgoc € C(R).
Let now ¢ € C be arbitrary. Then
(f+g)oc=foctgoce C(R)
by lemma 4.1.2.

(BS;) Let f € Mor (C,R) and @ € Bic (R) i.e., for every c € C and for every €s,. > 0
there exists a n foc(e foc) € IN such that for all a, B € 2N it is

& =p(ere) B [(foc)(@) = (foc)(B)] < é€fo

and for every bounded subset B of R and for every eg > 0 there is a we g(€p) such that
for all x,y € B we get

X —y| < wop(ep) — |P(x) — D(y)| < €o.

Let now € > 0 be arbitrary and we choose 71(gof)oc(€) = ffoc(Wa,5(€)), then for all

o pe2Nwitha =, . itis

[(foe)(@) = (foc)(B)] < wap(e),

(Pof)oc

and thus

[(@of)oc)(a) = ((@of)oc)(B)| =[(Po(foc))(a) = (Po(foc))(B)| =
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= |@((foc) (@) —@((Foc)(B)] <e,
hence ® o f € Mor (C,R).

(BS,,) Let (fu)new € Mor(C,R) and f € F(2N,R) such that f, - fi.e., forevery e, >0
there is a nyp € IN such that for all n > ng and for every & € 2N itis |f,(a) — f(a)| < €.
Since (fu)nenw € Mor(C,R), we get f, o p € C(R), for every p € C and for every n € N
i.e., for every €f,., > 0 there exists a 17,0, (€f,05) € N such that for all o, f € 2N it is

u :”fnop(efnop) 5 — ‘(fﬂ © p) (“) - (fﬂ © P) (:B)‘ < €f,op-

We have to verify that f € Mor(C, R). For this, let be € > 0. We choose €, := %e and
np(€) 1= Npo1dy (3€), then for all a, B € 2N with a =us(e) P We get

u0) = () = (o Tdon) (8) = (fo = 1) ()] < 3,

for every n € IN, hence for n > ng it is
[f(a) = £(B)] = [f(a) + fula) — fu(a) + fu(B) — fu(B) — f(B)] <
< f(@) = fu(@)| + | fu(B) = f(B)| + | fula) = fu(B)| < e.

1 1 1
<e,=jz€ <ey,=3z€ <z€

414 Theorem (R, Mor(C,R)) isa C-space.
Proof. (CSy1) Leta € Const(2N,R) and r € Bic(R). Then roa € Const(2N,R), hence
roa € Bic(2)N.

(CSy) Let f € Mor(C,R) and t € Ci.e., for every r € Bic(R), for every bounded subset
B of 2N and for every ¢,, 5 > 0 there exists a 71,.f,(€r0¢) > 0 such that forall &, € B we
get

&=y, (en) B |(rof)(@) = (ro f)(B)] < €rof

and for every m € IN there is a n(m) € N such that for all o, 8 € 2N it is
X Za(m) B H@) = H(B).

Let B be a bounded subset of 2N and € > 0. We choose Myo(fot) (€) 1= 1(Mrof,B(€)), then
foralla, p € Bwitha =, . () P weget

t(lX) RIG) t(,B)

and hence

[(ro(fot))(@) = (ro(fot))(B)] = |((rof)ot)(a) = ((rof)ot)(B)] =
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= |(ro f)(t@)) = (ro f)(t(B))| < e.
On this account, fot € Bic(2)N.

(CS4) Let fo, fi € Mor(C,R) such that f(in) = fi(a), for i € {0,1} i.e., for every
r € Bic(R) itis
ro fo € Bic(2)N and ro f; € Bic(2)N

i.e., for every bounded subset B of 2N and for every € > 0 there are Mrofy (e) and
fyof (€) € N such that for all o, € Bit s

&=y, (e) B—(rofo)(@) = (ro fo)(B)| < e

and

&=y, (&) B—[(rofi)(a) = (ro fi)(B) <e.

Let Bbe abounded subset of 2N and € > 0. We choose 7i,of (€) := max { 1,05, (€), 1o, (€) },
then foralla, p € Bwitha =; () pand fori € {0,1} we get

|(ro f)(ia) = (ro f)(iB)| = |(ro fi)(w) — (ro fi)(B)| < e
Hence for n1,o¢(€) := max {n,of,(€), nyof, (€) } + 11is f € Bic(2)N. O

Since both sets 2N and R produce C- and Bishop spaces with the topologies Mor(C, R)
and Mor(C, R ), a connection between the two topologies is likely. In the next theorem,
we will demonstrate that the C- and the Bishop continuous functions between 2N and R
are the same.

4.1.5 Theorem The following holds: Mor(C, R) = Mor(C,R).

Proof. (C) Let f € Mor(C,R) i.e, forevery t € C we get fot € C(R) i.e., for every
t € C and for every € > 0 there exists a n fot(e) € N such that foralla, 8 € 2N it is

& =n ) B [(fot)(a) = (fot)(B)| <e

Let r € Bic(R) i.e., for every bounded subset B of R and for every € > 0 there exists a
wyg(€) > 0 such that for all x,y € B we get

[x =y < wrple) — |r(x) —r(y)| <e.

We have to verify that r o f € Bic(2)N i.e., for every bounded subset B’ of 2N and for
every € > 0 we have to find a .7 (€) € N such that forall a, p € B itis

=y @ B—Irof)(a) = (rof)(B)| <&
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Let B’ be a bounded subset of 2N and € > 0. Let B := {f(a) | « € B'}. We choose
Nyof,p (€) 1= Nford,y (wr,p(€), then forall w, f € B’ with & = (e) Bwe get

_nrof,B’

|[f(@) = f(B)] = |(f o Idyn) (&) — (f o Idpn) (B)] < wrp(e),

hence

|(ro f)(@) = (ro f)(B) = [r(f()) =7 (f(B))] <e.
Therefore f € Mor(C,R).

(D) Let f € Mor(C,R) i.e., for every r € Bic(R) we getro f € Bic(2)N i.e,,
for every r € Bic(RR), for every bounded subset B’ of 2N and for every e > 0 there exists
afpofp (€) € N such that for all a, p € B’ itis

« =00 B |(ro f)(@) — (ro f)(B)] <e.
Lett € Ci.e., for every m € IN there is a n¢(m) € IN such that for all «, B € 2N we get

« =) B — H(&) = H(B).

We have to verify that f ot € C(R) i.e., for every € > 0 we need to find a n¢,;(e) € N
such that for all &, B € 2N it is

& =n ) B [(fot)(a) = (fot)(B)] <e

Lete > 0. We choose 11fc¢(€) := ¢ (11,5 01,5 (€)), then for all a, B € 2N with « =nsu(c) B
we get

t(a) :nmzw o5 (€) t(ﬂ)

and accordingly

[(fot)(@) = (fFot)(B)| = |f(tw) = f(t(B))| <e,
hence f € Mor(C,R). O

4.1.6 Definition We use the notation Mor(C,R) := Mor(C,R) = Mor(C,R).

4.1.7 Corollary C(R) = Bic(2)N.

Proof. By corollary 2.4.2, corollary 3.4.2 and theorem 4.1.5 we get
C(R) = Mor(C,R) = Mor(C,R) = Bic(2)N.
O
After proving the equality of C- and Bishop continuous functions between 2N and R, we

also suggest a dependence between the C- and the Bishop continuous functions between
2N and 2N as well as between R and R.
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4 Connections between C-spaces and Bishop spaces

4.1.8 Proposition The following hold:
i) Mor(C,C) = Mor(C,C).
ii) Mor(R,R) = Mor(R,R).

Proof. i) This is exactly corollary 3.15 in [9].

ii) (C) Let f € Mor(R,R) i.e., for every g € Bic(R) we get go f € Bic(R) i.e.,
for every ¢ € Bic(IR), for every bounded subset B of R and for every €gorp > 0
there exists a wgof,(€g0r,8) > 0 such that for all x,y € Bitis

|x =yl < Wgopp(€gorp) — [(g0f)(x) = (g0 f)(y)] < €gorp-

R feMor(R,R) R
Bic(R)>gof gEBic(R)
R

Let t € C(R) i.e., for every €; > 0 there exists a n¢(e;) € N such that for all
a, B € 2N we get
& =) B— [Ha) —t(B)| < er

We have to show that f ot € C(R).

R feMor(R,R) R

C(R)>t
foteC(R)

2]N

Let € > 0. We choose 1o (€) := n¢(wiapos,s(€)), then for all o, p € 2N with

x :njot(e) IBWe get
t(a) —t(B)] < Wragor,B(€),

hence

[(Fob)(@) = (Fon)(B)] = | F((w) = F(E(B)| =
= |(Idg o ) (t(a)) — (Idr © f) (£(B))| < e.

(2) This direction will be seen by the example 4.2.15 iii).
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4 Connections between C-spaces and Bishop spaces

4.1.9 Definition We also write

Mor(C,C) := Mor(C,C) = Mor(C,C).
Mor(R,R) := Mor(R,R) = Mor(R,R).

4.2 Relationships between general C- and Bishop spaces by means of con-
tinuous functions

This section focuses on finding connections between the two theories for arbitrary spaces.
For this we define a set Fp for a given C-topology P and a set Pr for a given Bishop
topology F. We will notice that these sets again build a Bishop respectively a C-topology.
These relations also satisfy some interesting properties which will be explored in this
section.

4.2.1 Definition Let P = (X, P) be a C-space. We define

Fp:={f:X—=R|VpeP(fope Mor(C,R))}.

xR

P>p
fopeMor(C,R)

2N

4.2.2 Theorem Fp = (X,Fp) isa Bishop space.

Proof. (BS;) Let f € Const(X,R) and p € P. Then f o p € Const(2N,R) C Mor(C,R),

hence f € Fp.

(BSy) Let f,g € Fpie., fop € Mor(C,R) and go p € Mor(C,R), for every p € P. Then
(f+8)op=fop+gope Mor(CR),

since Mor(C, R) is a Bishop topology. On this account, f + g € Fp.

(BS3) Let f € Fpi.e., fop € Mor(C,R) for every p € P, and let ® € Bic(R). Then

(Pof)op=Po(fop) € Mor(C,R),
hence ® o f € Fp.

(BS}) Let (fu)nen C Fp and f € F(X,R) such that f, 2 f i.e., for every €, > 0 there
exists a g € IN such that for all n > ng and for every x € Xitis |f,(x) — f(x)| < €.
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4 Connections between C-spaces and Bishop spaces

Since (fu)new C Fp, we get f, o p € Mor(C,R), for every p € P and for every n € IN.
We have to verify that f € Fp. For this, let p € P. It suffices to show that (f, o p) —
(f o p), since Mor(C, R) is a Bishop topology.

Let € > 0. We choose nfop(e) := ny, then for every n > nfop(e) and for every a € 2N we
get p(a) € X, hence

[(fuop)(@) = (fop) (@) =|fu(p(@) = f(p(a))| <e.
O

4.2.3 Definition We call Fp = (X, Fp) the related Bishop space of P = (X, P) and Fp
the related Bishop topology of P.

4.2.4 Definition Let F = (X, F) be a Bishop space. We define

Pp = {p:2N—>X|Vf€F(fop€Mor(C,R))}.

oN Py
f€F
Mor(C,R)>fop
R

4.2.5 Theorem Pz = (X, Pr) is a C-space.

Proof. (CS;1) Let p € Const(2N,X). For every f € F we get fop € Const(2,R) C
Mor(C,R), hence p € Pg.
(CSy) Letp € Prand t € C. For every f € Fitis

folpot)= (fop) ote Mor(C,R),

€Mor(C,R)

since Mor(C,R) is a C-space.

(CS4) Let po, p1 € Pg. For p* : 2N — X defined by p*(ia) = p;(a), fori € {0,1}, we get
forevery f € Fand fori € {0,1}

(fop")(ia) = (f o pi)(a) € Mor(C,R),

hence p* € Pr. O
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4 Connections between C-spaces and Bishop spaces

4.2.6 Definition We call Px = (X, Pg) the related C-space of F = (X,F) and P the
related C-topology of F.

Since we have found a link between C-spaces and Bishop spaces, we will transform
these results into the language of categories. After giving the definition of a functor from
[1] we will apply this for the categories CS and BS.

4.2.7 Definition A functor
F:C—D

between categories C and D is a mapping of objects to objects and arrows to arrows,
such that the following conditions are satisfied:

i) F(f: A— B) = E(f) : F(A) — E(B),
ii) F(1a) = 1p(a),
iii) F(go f) =F(g) o F(f).

F(A) 0 F(B) Tg)> F(C)
F(gof)

4.2.8 Theorem Let P = (X,P)and Q = (Y, Q) be C-spaces and r € Mor(P, Q), hence
P and Q are objects and v : X — Y is an arrow of CS. Then f : CS — BS defined

by
B(X,P) = (X, Fp),
B(r) =r,
is a functor between CS and BS.
Proof. i) Forr € Mor(P,Q)itisrop € Qforall p € P.

Let f € Fg, then foq € Mor(C,R) for every g € Q. We have to verify that

fopB(r) € Fp.
Let p € P, then

(fep(r))op=(for)op=fo(rop) € Mor(C,R).
€Q
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4 Connections between C-spaces and Bishop spaces
7N
ropeQ

reMor(P,Q)

(Y. Q)

(X, FP) ﬁ(r):r

(Y, Fq)

€F
Fp3fop(r) Jefa

R
ii) By definition, B(Id x p)) = Id(x,p) = Id(x Fy)-

iii) Lets : (Y,Q) — (Z,S) be a C-morphism between Q and a C-space S = (Z,S).
Then B(sor) =sor = B(s) o B(r).
(X,P) ——(Y,Q) ——(Z,5)

O]

4.29 Theorem Let F = (X,F)and G = (Y, G) be Bishop spaces and h € Mor(F,G),
hence F and G are objects and h : X — Y is an arrow of BS. Then 7y : BS — CS defined
by
7(X,F) = (X, Pr),
v(h) = h,

is a functor between BS and CS.
Proof. i) Forh € Mor(F,G)itisgoh € Fforall g € G.

Let p € Pg, then fop € Mor(C,R) for every f € F. We have to verify that

v(h)op € Pe.
For this, let ¢ € G. Then

go(y(h)op) =go(hop) = (goh)op e Mor(C,R).
cF
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4 Connections between C-spaces and Bishop spaces

F>goh

PF9p
Y (h)opePg

N
11) By deflnltlon, rY(Id(X,F)) == Id(X,F) = Id(X,PF)'

iii) Let I : (Y,G) — (Z,H) be a Bishop morphism between G and a Bishop space
H = (Z,H). Theny(loh) =1oh = () oy(h).

(X,F) —"~(Y,G) —~ (Z,H)

4210 Remark The following hold:
i) B(X,P) = Fp.
ii) v(X,F) = Pr.

4211 Lemma LetP = (X, P)bea C-spaceand F = (Y, F) a Bishop space. Then
i) Fp = Mor(P,R).
ii) Py = Mor(C, F).

Proof. i) Fp={f:X >R |VpeP(fopec Mor(C,R))} =

:{f;X—HRWpEP(VtEC((fOP)OfECUR)))}

:{f;X_HR]VpGP(VtEC(fO(POf)GC(R))>}

—{f: X > R|¥p eP(fop €C(R))} =
= Mor(P,R).
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4 Connections between C-spaces and Bishop spaces

ii) PFZ{p:ZN—>Y|erF(fopEMor(C,R))} =

~{ps2¥ oy v e B(vg e g (fop) € Bie@) ) |

= {p 2N Sy vfe F(Vg € Bic(R)((gof)op e Bic(Z)N)>}
={p:2N S Y |Vf cF(fope Bic(Z)N)} =
= Mor(C, F).

O

4.2.12 Proposition Let P = (X, P) be a C-space and F = (Y, F) a Bishop space. Then the
following hold:

l) P - P(Fp)'
Proof. i) (C) Letp € P. For f € Fp we get that f o p’ € Mor(C,R), for every p’ € P,
especially itis f o p € Mor(C,R), hence p € Pg,).
(2) By the previous lemma we get P,) = Mor <C, (X, Mor(P, R))) Letp €

Pg,), thenitis
Vg € Mor(P,R)(gop € Bic(2)N).

Since ¢ € Mor(P,R) «— Vh € P(goh € C(R)) we get

Vg(Vh S P(goh € C(]R))) (go pE BiC(Z)N).

By corollary 4.1.7 we conclude that p € P.
ii) (C) Let f € F. For p € Pgp we get that f'op € Mor(C,R), for every f' € F,
especially itis f o p € Mor(C, R), hence f € Fp,.
(2) By the previous lemma we get Fp,) = Mor<(X, Mor(C, .’F)),R). Let f €
F(pF), then it is
Vg € Mor(C,F)(fog € C(R)).
Since g € Mor(C,F) <+ Vh € F(ho g € Bic(2)N) itis

Vg(Vh €F(hoge BiC(Z)N)> (fog € C(R)).
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4 Connections between C-spaces and Bishop spaces

By corollary 4.1.7 we conclude that f € F.

4.2.13 Remark By the previous proposition we get
v(B(X,P)) = (X,P) and
B(v(X,F)) = (X, F),

hence  and v are inverse functors.
p

(XI P) - (X/ FP) (X/ F) - (X, PF)
Idx i Idx J'B
(X/ PFP) (X/ FPF)

4.2.14 Proposition Let Py = (X, P1) and P, = (X, P,) be C-spaces, Fy = (Y,F;) and
F> = (Y, Fp) Bishop spaces. Then the following hold:

i) bbCcpP— Fp2 - Fpl.
ii) F1 CF — PFZ - PFl-
Proof. i) By lemma 2.4.3 we get that Mor(P,, Q) C Mor(P;, Q) for any C-space Q,
hence by lemma 4.2.11 we get Fp, C Fp,.

ii) By lemma 3.4.3 we get that Mor(G, F,) C Mor(G, F;) for any Bishop space G,
hence by lemma 4.2.11 we get Pg, C Pf,.

O]

This proposition yields that if P; is a sub-C-topology of P,, then the related Bishop
topology Fp, is a superset of Fp, and respectively if F; is a sub-Bishop topology of F»,
then the related C-topology P, is a superset of P, .

4.2.15 Examples of related C- and Bishop spaces
i) B(C) = p((2N,C)) = (2N, Mor(C,R)) = (2N, Mor(C,R)) is the Bishop space C.

ii) Y(R) = ’y((]R,Bic(IR))) = (R, Mor(C,R)) = (R, Mor(C,R)) is the C-space R.
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4 Connections between C-spaces and Bishop spaces

iii) B(R) = ﬁ((]R, C(]R))> = (R, Mor(R,R)) and on the other hand
B(R)

iv) ,B((X, ConsthC(ZN,X))) = <X, Mor((X, ConsthC(ZN,X)),R)> = (X,F(X,R)),
by proposition 2.3.6.

v) ,B((X,]F(ZN,X))) = <X,Mor<(X,]F(2N,X)),R>> = (X, Const(X,R)).

B(7(R)) =R = (R,Mor(R,R)).

vi) 7(C) = 'y<(2N, Bic(Z)N)> = (2N, Mor(C,C)) and on the other hand
(€)= 1(B(C)) = C = (2%, Mor(C,C)).

vii) ’y((X, Const(X,]R))> = (X, Mor <C, (X, Const(X,IR)))) = (X,F(2N,X)) by
remark 3.4.4.

viii) ')/((X,]F(X,]R))> = (X, Mor <C, (X,]F(X,]R))>> = (X, Constjoc (2N, X)).

The following two propositions demonstrate that building related C- and Bishop spaces
preserve products.

4.216 Proposition Let P = (X, P)and Q = (Y, Q) be C-spaces. Then

foQ:j:PX:FQ'

N

B (X xY,PxQ) B

(X, Q)

XFp XXYFPXQ YFQ

N

XXYFPXFQ
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4 Connections between C-spaces and Bishop spaces

Proof. By the definitions of products and respective Bishop spaces we get

e PxQ=(XxY,PxQ),wherePxQ=L]{(p,q) | pe€P,qgeQ}.
* Fipxg) = (XxY,{f:XxY—>]R|V(p,q) ePxQ(fol(pq) eMor(C,R))}).

p), where Fp = {fp: X - R |Vp € P(fpop € Mor(C,R))}.

e Fp = (X,F
Y,Fq), where Fo = {fo: Y - R | Vg € Q(fgoqg € Mor(C,R))}.

e Fo=(Y,

o Fp X Fg= <X><Y,\/({fp07'[1 | fr e FptU{fgom |erFQ})).
It suffices to investigate the Bishop topologies.
V({frpom|fpeFplU{foom| fo€Fo})=
=V ({(fr.fo) : XxY > R| fr € Fp, fg € Fo} ) =

:V<{(fPer)3X><Y—>1R|VP€P/EIGQ((fp,fQ)o( ,q) € Mor(C,R)) ):
:V<{(fpzfQ)¢X><Y—>1R!V(Pz ) € PxQ((fr, fo) o (p, EMorCR)})
:\/FPXQ:

:FPXQ- D

4.2.17 Proposition Let F = (X,F)and G = (Y, G) be Bishop spaces. Then
'P(}-Xg) = Px X Pg.

"

v X><YF><G Y

(X, ,G)

(X, Pg) XxYPM; (Y, Pg)

N

XXYPFXPG
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4 Connections between C-spaces and Bishop spaces

Proof. By the definitions of products and respective C-spaces it is
e FxG=(XxY,FxG),where
FxG=\V({fom|feFtu{gom|geG}).
* Pirvrg) = (X XY, Ppxg), where
Pexc = {p:2N = X x Y| ¥(f,g) € F x G((f,g) o p € Mor(C,R))}.
e Px = (X, Pg), where Pp = {pg : 2N — X | Vf € F(f o pr € Mor(C,R)) }.
e Pg = (Y,Pg), where Pg = {pg : 2N — Y | Vg € G(g o pg € Mor(C,R))}.
o PrxPg=(XxY,U{(pr.rc) | pr € Pr,pc € P}).
It suffices to analyze the C-topologies.
U {(pr pc) | pr € P pc € Po} =
= {(pr pc) | Vf € F(f o pr € Mor(C,R)),Vg € G(go pg € Mor(C,R))} =
= U{(pr. pc) | V(f,8) € Fx G((f,8) © (pr, pc) € Mor(C,R)) } =
= Prxc =
= Prxc. 0

4.218 Lemma Let f € F(X,R). Then

Vp €| |Po(fop € Mor(C,R)) «— Vp € Py(f o p € Mor(C,R)).

Proof. (—) is clear, since Py C | | .
(+—) We use the induction principle Ind,.

i) For p € Py we just use our premise.
ii) For p € Const(2N, X) itis f o p € Const(2N,R) C Mor(C, R).
iii) For p = pg o t, where py € | | Py such that f o pg € Mor(C,R) and t € C, itis
fop=fo(poot)=(fopy)ote Mor(C,R).
iv) For p* : 2N — X defined by p*(ix) = p;(a), where p; € || Py such that f o p; €
Mor(C,R), fori € {0,1} we get for a = i& € 2N

(fop)(a) = (fop @) = f(p*(ir)) = f(pi(@) = (f o p:) (@),
hence f o p* € Mor(C,R).
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4.2.19 Proposition Let P = (X, |]Py) bea C-space, then F p, = Fp,.

Proof. By the previous lemma we conclude

Fup = {f: X+ R|Vpe||R(fopeMor(CR))} = O
={f:X—>R|VpePR(fopeMor(C,R))}=
= Fp,.

This proposition yields the | |-lifting of building related Bishop spaces.

4220 Lemma Letp € F(2N,X). Then

Vf e \/Fo(fop € Mor(C,R)) «+— Vf € Fo(f o p € Mor(C,R)).

Proof. (—) is clear, since Fy C \/ Fy.
(<—) We use the induction principle Ind\,.

i) For f € Fp we just use our premise.
ii) For f € Const(X,R) obviously f o p € Const(2N,R) C Mor(C, R).

iii) For f = fo + go with fo,g0 € V Fo such that fyop € Mor(C,R) and goop €
Mor(C,R) itis

fop=(fo+go)ep=(foop)+(gop) & Mor(C,R).
iv) For f = ¢ o fy, where ¢ € Bic(R) and fy € \/ Fo such that fo o p € Mor(C, R) itis
fop=(¢ofo)op=¢o(foop) € Mor(CR).

v) Suppose that e > 0 and fy € \/Fj such that fo o p € Mor(C,R), and for every
x € Xitis|fo(x) — f(x)| <e. Then

fop=(fop)—(foop)+ (foop) = ((f = fo) op) +(foop) € Mor(C,R).
%/

<e
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4 Connections between C-spaces and Bishop spaces
4.2.21 Proposition Let F = (X,\/ Fy) bea Bishop space, then Py g, = Pg,.

Proof. By the previous lemma we conclude

Py, = {p : 2N X | Vf € \/ Fo(f o p € Mor(C,R))
= {p 2N L X | Vf € Fo(fope Mor(c,R))} =
= Pg,.

= O

—

The result of the previous proposition is the \/-lifting of building related C-spaces. By
the following proposition we verify that for inductively generated C- respectively Bishop
spaces we get inductively generated related Bishop respectively C-spaces.

4.2.22 Proposition Let P = (X, || D) be a C-space and F = (Y,\/ Fy) a Bishop space.
Then there exist G(Py) € F(X,R) and Q(Fg) € F(2N, X) such that

i) Fyp, =V G(P),
it) Pyg, = L1 Q(Fo).

Proof. For G(Py) := Fp, and Q(Fy) := Pf, the claim follows directly. O

4.2.23 Corollary Let P = (X,||Py) be a C-space and F = (Y,\/ Fy) a Bishop space.
Then

i) LUPy = Q(G(R)),
i) VFo =V G(Q(Fo)).

Proof. By proposition 4.2.12 and proposition 4.2.22 it is
) UPo = Py = Plvem) = LQ(G(R)).

i) VFo=Fp,p) = F( 6) ~ V G(Q(Fo)).

uQ
g

Of course finer sets than G(Py) and Q(Fy) can exist. Some have already been ana-
lyzed.
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4.2.24 Examples

o Fj1, = Fc = Mor(C,R) = Bic(2)N = né/N o

o Fj; = Fo(r) = Mor(R,R) = Bic(R) =V IdR.
* Flyo = Feonst, (v x) = F(X,R) = VF(X,R).
o Fponx) = Fpon x) = Const(X,R) = VO.
o Pyiay = Paie(r) = Mor(C,R) = C(R) = | Ji.
® Py n, = Pgigon = Mor(C,C) = C = ] ld,n.

nelN
* Pyop = PConst(X,lR) = IF(Z]N/ X) = UIF(ZN,X)_
o Py(xr) = Prxr) = Consto. (2N, X) = @.

The following two propositions lead to the result that building related Bishop respec-
tively C-spaces also preserve relativation.

4.2.25 Proposition Let P = (X, P)beaC-spaceandY C X. Then F(p,) = (Fp)|y.
(X, P) ——— (Y, Ply)

(X,Fp) — (Y, Fpyy)) = (Y, (Fp)ly)

Proof. By the definitions of related spaces and respective Bishop spaces it is

e Ply={peP|Vae2N(pa)cY)}.

o F(p‘y) = {f Y - R | VP|Y S P|y(f0 p|Y S MOT(C,R))}

e Fp={f:X—R|VpeP(fope Mor(C,R))}.

o (Fp)ly =\ ({frly | fp €Fr}) =
~\/ <{f:Y—>]R|Vp€P(fop€Mor(C,R))}> -
={f:Y>R|VpePly(fopeMor(C,R))} =
= Eeepy-
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4.2.26 Proposition Let F = (X,F) be a Bishop space and Y C X. Then Py, =
(Pe)]y-
(X,F) —= (Y,Fly)

(X, Pe) —— (Y, Pg},)) = (Y, (Pr)ly)

Proof. By the definitions of related spaces and respective C-spaces we get

o Fly =V ({flv | f€F}).

o Py = {p:2N = Y [ Vfly € Fly(flyop € Mor(C,R))}.

o Pp={p:2N = X |Vf € F(fop € Mor(C,R))}.

. (pF)\Y:u{pepFwaezN(p(a) GY)} -
:|_|{p:2N—>Y]Vf€F(f0p€Mor(C,R))} =
:|_|{p:2]N—>Y|Vf€F|y(fop€Mor(C,R))} =

= Pg|y)-
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The following questions and facts need further elaboration:

i) The Tychonoff embedding theorem

The general Tychonoff embedding theorem for Bishop spaces says that a Bishop
space F = (X, Fo) is completely regular if and only if F is topologically embed-
ded into the Euclidean Bishop space R¥. This theorem is proven in [10, page 133].
To find an analogous theorem for C-spaces, definitions for apartness and for topo-
logical embedding are needed. The difficulty here is that the set X we are interested
in is the codomain of a probe in a C-space P = (X, P). It may is possible to solve
this problem by defining by means of the respective Bishop space.

A C-space P = (X, P) could be called completely regular if the Bishop space Fp =
(X, Fp) is completely regular i.e.,

VfEFp(f(x) =fly) — x=1y).

IfP=(X,P),Q = (Y,Q) are C-spaces, a function e : X — Y could be a topological
embedding of P into Q if e is a C-isomorphism between P and Q,(x)-

It remains unclear, how the respective space, now called X (Py) = (X(Po), P(Po)),
for a C-space Py = (X, || Py), of the Euclidean Bishop space R should look like
for C-spaces.

The respective general Tychonoff embedding theorem would read

Suppose that Py = (X, || Po) is a C-space. Then, P is completely reqular if and only if P
is topologically embedded into the C-space X (Py).

If one could prove that the existence of a Bishop-isomorphism e : X — RE()
between Fp, and REI) le(x) s equivalent to the existence of a C-isomorphism
¢: X(Po) — Xbetween X' (P)|;x) and Po, then by means of the general Tychonoff
embedding theorem for Bishop spaces the respective general Tychonoff embedding
theorem for C-spaces could be verified by the following way:
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Py is completely regular

> Fp, = (X, Fp) = (X,\/ G(B)) is completely regular

+— Fp, is topologically embedded into the Euclidian Bishop space REM)
< Je: X — REW) Bishop-isomorphism between Fp, and RG] e(X)
+— 3&: X(Py) — X C-isomorphism between X' (Py)|sx) and Py

+— Py is topologically embedded into X'(Py).

ii) Restrictions on X for C-spaces

While in this Thesis the definition of a C-space is just repeated, in [13] also a
derivation of how to get this specific definition is explained. The beginning is at
the definition of quasi-topological spaces introduced by Spanier in [12]:

A quasi-topological space is a set X endowed with a quasi-topology.
A quasi-topology on X assigns to each compact Hausdorff space K a set Q(K, X) of
functions of type K — X such that:

a) Const(K,X) C Q(K, X).
b) If ' : K" — K is continuous and g € Q(K, X), thengot' € Q(K/, X).

c) If {t; : K; = K}, is a finite, jointly surjective family and g : K — X is a map
withgot; € Q(K;, X), forevery i € I, then g € Q(K, X).

A function f : X — Y between quasi-topological spaces X and Y is called continuus
if foge Q(K,Y), for every g € Q(K, X).

f continuous

foqeQ(K,Y)

By considering just one compact Hausdorff space, the Cantor space 2N, and by
restricting the jointly surjective finite families of continuous maps to the covering
families {cons;},c,n, where conss : 2N — 2N is defined by conss(a) = sa, we get
the definition of a C-space. It also follows that the category CS is cartesian closed.

In comparison to Bishop spaces we note that for every functions in a Bishop
topology the critical set X performs as the domain, hence we have no restriction
on it.

In C-topologies we always start with the compact Hausdorff space 2N as the
domain and have C-continuous maps as probes. Since for continuous functions
the image of a compact set is again compact in classical mathematics, we should
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study the relation between the images of 2N under the probes and the compact
subsets of X.

Fan functional

In this Thesis mainly results of [10] are studied in C-spaces. By means of the bridge
we have found that it is possible to transform the results of [13] into the theory of
Bishop spaces.

For example in chapter 3.5 the fan fuctional
fan : N2 — IN,

which C-continuously calculates least moduli of uniform continuity, is defined.
Maybe this could help to study the FAN functional

FAN : Mor <2N, (]N,IF(IN,]R))) — N
® — FAN (@)

Ve, ﬁ(:x(FAN (®)) = B(FAN (®)) —> d(a) = <I>(ﬁ)>

mentioned in [10], chapter 8.

One could also try to find a fan functional
fan : RN — R,

which Bishop continuously calculates least moduli of uniform continuity in BS.

While the existence of exponentials has already been proven in the theory of C-
spaces, this is still an open question in the theory of Bishop spaces. It is expected
that BS is not cartesian closed, as it is the case in the category of topological spaces
Top. It would be interesting to determine cartesian closed subcategories of BS.
We denote the set of them by BS.. Now one could also investigate the following
points:

Limit spaces and Kleene-Kreisel-spaces
The definition of limit spaces is given in [13], chapter 4 by:

A limit space is a set X together with a family of functions x : N& — X, written as
(x;) = X and called convergent sequences in X, satisfying the following conditions:

a) The constant sequence (x) converges to x.

b) If (x;) converges to X, then so does every subsequence of (x;).
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c) If (x;) is a sequence such that every subsequence of (x;) contains a subse-
quence converging to X, then (x;) converges to Xo.

The collection of convergent sequences in X is called the limit structure on X. A
function f : X — Y of limit spaces is said to be continuous if it preserves convergent
sequences i.e.,

((xi) = Xeo) — ((fxi) = fXoo).
The category of limit spaces and continuous maps is denoted by Lim.
By the lemmas 4.2.3 and 4.2.4 we get functors between Lim and CS:
e The functor G : Lim — CS is given by
a) For any limit space X, the limit probes form a C-topology on X.

b) For any two limit spaces X and Y, a function X — Y is limit-continuous
if and only if it is continuous w.r.t. the limit probes.

e The functor F : CS — Lim is given by

a) For any C-space X, the probe-continuous maps Ne — X form a limit
structure on X.

b) For any two C-spaces X and Y, if a function X — Y is probe-continuous
then it is limit-continuous w.r.t. the above limit structures.

Now one could try to compose this functors with the functors g : CS — BS
and 7y : BS — CS. Here we have to restrict the functors to . : CS — BS. and
Yc : BSc — CS. Then there is to verify if the compositions
Beco G : Lim — BS, and
Foy.:BS, — Lim
are functors between the category Lim and BS..

BSC

After this, one could also investigate like in [13], chapter 4, if limit spaces may
form a reflective subcategory or an exponential ideal of Bishop spaces, if F o 7y, :
BS, — Lim preserve finite products and if . o G : Lim — BS, is cartesian closed.

In remark 4.2.13 we have demonstrated that f(y(X,F)) = (X,F) for a Bishop
space F = (X, F). Does this equation also hold for . and -y.? If this would be the
case, then by lemma 4.2.10 of [13] we notice:
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If F = (X, F) is a Bishop space such that «y.(X, F) is a discrete C-space, then

((BeoG)o(Fory))(X) =X.

If all the above questions can be answered by yes an analogous assertion for the
Kleene-Kreisel spaces defined in [13] can be made:

The Kleene-Kreisel spaces can be calculated within BS, by starting from the natural
numbers object and iterating products and exponentials.

v) In [10] the relationship between the category Top and the category of quasi-
topological spaces is explored. Now it would be interesting to see if a similar
relationship could exist between BS and another category. An approach could
be the investigation of the Bishop spaces generated by C-spaces. Do these spaces
again build a category? If this holds, then the suggestion is that this category
is cartesian closed and exponentials exist, since it is the case in the category of
C-spaces. One could also compare the cartesian closed subcategories of BS we
mentioned before with the Bishop spaces generated by C-spaces.

Of course this is just a small list of questions that can be worked out in the future.
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