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Abstract

Chu categories were first introduced to generate *-autonomous categories from closed symme-
tric monoidal categories. A special case of the Chu construction, so called Chu spaces were
used later on in other areas of mathematics, e.g game theory or quantum logic. In this thesis
we present an overview of the theory of Chu categories, as well as a few examples in which the
Chu construction actually relates to topics that are not related at first sight. Furthermore we
examine the relation of the Chu construction to other categorical notions, especially whether
the existence of certain objects, like for example products, in the base category implies the
existence of such objects in the Chu category.

Another important tool in category theory are so-called Grothendieck constructions, which
have already been examined in relation to Chu categories. We strengthen this relationship by
giving a Grothendieck construction that can be associated to any Chu category and is in fact
equivalent.

At last we present a few generalizations of Chu categories, e.g. the generalized Chu
category which has its origin in the examination of the category of predicates.

Zusammenfassung

Chu-Kategorien wurden eingefithrt, um aus einer geschlossenen, symmetrisch monoidalen
Kategorie eine x-autonome Kategorie zu gewinnen. Spéter wurden Chu-Ré&ume, ein Spezialfall
der Chu-Kategorie, in anderen Bereichen der Mathematik wie Spieltheorie oder Quantenlo-
gik genutzt. In dieser Arbeit wollen wir zum einen einen Uberblick iiber die Chu-Konstruktion
sowie einige Beispiele geben, in welchen die Chu-Konstruktion auch in scheinbar nicht verwand-
ten Fachbereichen angewendet werden kann. Ebenso untersuchen wir das Verhéltnis der Chu-
Konstruktion zu anderen kategoriellen Konstruktionen, insbesondere ob sich die Existenz von
Objekten wie z.B. Produkten in der zugrunde liegenden Kategorie auch auf die Chu-Kategorie
vererbt.

Ein weiteres wichtiges Hilfsmittel in der Kategorientheorie sind sogenannte Grothendieck-
Konstruktionen, welche schon in Zusammenhang mit Chu-Rédumen untersucht wurden. Wir
vertiefen diesen Zusammenhang und geben eine Grothendieck-Konstruktion, welche zu jeder
gegebenen Chu-Kategorie vollfithrt werden kann und zu dieser dquivalent ist.

Zu guter Letzt geben wir noch einige Verallgemeinerungen der Chu-Kategorie an, z.B.
die verallgemeinerte Chu-Kategorie, welche der Untersuchung der Kategorie der Pradikate
entsprang.
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Chapter 1

Introduction

Chu categories were introduced by P.-H. CHU in his master’s thesis Constructing *-autono-
mous categories, which formed the appendix of the book x-Autonomous Categories by M.
BARR [Bar79|. Later on, with the emergence of linear logic, an invention by J.-Y. GIRARD,
a “logic behind logic”, as he calls it in his paper |Gir87]|, it was shortly after discovered by
R. SEELY, that x-autononmous categories are in a crucial relationship to linear logic. A
special kind of Chu categories, the so called Chu spaces have found their way into theoretical
physics and theoretical computer science, where they are used to model systems with quantum
features [Abr12| and game theory.

1.1 A (brief) history of the Chu construction

A (not complete) historical overview of the developments of the theories used to define the
Chu construction as well as related topics is summarized in the following table.

1964 F. LAWVERE introduces cartesian closed categories in his paper [Law64], in which
he establishes the cartesian closed category of sets as an alternative foundation to
set theory and therefore lays the foundation for category theory as a base theory for
mathematics.

1979 M. BARR introduces x-autonomous categories in his paper [Bar79] and H.-P. CHU
introduces his Chu categories in his master’s thesis which forms the appendix to this

paper.

1987 J.-Y. GIRARD introduces linear logic, a logic in which the usual implication A = B
is broken into two operations, !A and A — B, where the cut-axiom no longer holds,
so A&A — B is not the same as A — B. The classical implication can then be
expressed through !A — B.

1989 R. A. G. SEELY discovers in his paper [See| that Chu categories can be used to model
parts of linear logic.

1991 Chu spaces are first used under the term “games” by Y. LAFONT and T. STREICHER
in their paper [LS91].

1.2 Goals & structure of this thesis
The goals of this thesis are twofold.

e We want to present the usefulness of the Chu construction as the correct frameworks
for certain questions arising in mathematics, e.g. how to represent the notion of a
topological space using a certain Chu space.

e Secondly we want to present the rich theory surrounding the Chu construction itself, as
the Chu construction itself exhibits interesting properties depending on the properties
of the category it is built upon.



The thesis is structured in the following way.

2

The Chu construction

In this chapter we introduce symmetric monoidal categories as well as x-autonomous
categories. Furthermore we introduce cartesian closed categories, a special kind of closed
symmetric monoidal categories and discuss their relation to A-calculi, who are special kinds
of type theories. We then present the definition of the Chu construction over a cartesian
closed category and an object v € %p. Lastly we specify Chu spaces, which are objects of
the category Chu(Set, X) for an arbitrary set X.

Chu representations

In this chapter we present a few examples of representations of categories like the category
Top of topological spaces or the affine category Aff(%, c) over a category € with an object
c € %p. All of these representations are distinct from the strict representation we present
in section 4.2. By constructing the representation of the category of topological spaces we
demonstrate that non-cartesian closed categories can be embedded into Chu constructions.

The Chu functors

In this chapter we construct the strict representation of a cartesian closed category € into
its Chu construction with an arbitrary object v € 6. We then make the rules of assigning
the Chu category to an object, 4y > v — Chu(%,v) and to a pair (%¢,v) — Chu(%,~)
rigorous by the internal and the global Chu functor.

The Chu construction and categorical constructions

In this chapter we discuss the interaction of the Chu category with the dual category and
the product category of two cartesian closed categories, ¥, 2. To be more precise we
want to show that the product category of two Chu categories Chu(%,~) x Chu(Z,d)is
isomorphic to th Chu(% x 2,(v,d)). As the opposite category of a cartesian closed
category need not be cartesian closed, we define the coChu construction.

The Chu construction and limits

In this chapter we discuss the interaction of the Chu construction with limits. We start
by dissecting the interaction of the Chu construction with products, one of the simplest
form of limits. Finally we prove that Chu(%,~) is bicomplete if the base category & is
bicomplete.

Generalizations of the Chu construction

In this chapter we present various generalizations of the Chu construction. Our first
generalization is the generalized Chu category, which allows arrows a x = — Iy(y) for a
fixed endofunctor I': 4 — ¥ instead of just arrows a x x — . Next we generalize the Chu
category via a Grothendieck construction which allows us to imitate the Chu construction
in categories which are not cartesian closed. Then we generalize the Chu construction
to products with arbitrary many factors using the previously obtained Grothendieck
construction. At last we find a Grothendieck construction equivalent to the generalized
Chu category.

The Chu construction and topoi

As Chu spaces are objects of a category Chu(Set, K) and Set is the prime example of a
topos, we want to examine whether the category Chu(Set, K) is a topos. To this end we
dissect the hypothetical subobject classifier in Chu(Set, K) and finish by concluding from
this discussion that such a subobject classifier can not exist, ergo Chu(Set, K) is not a
topos.
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1.3 Contributions & Material

The main contribution of this thesis does not lie within the proof of a special theorem, but
in presenting the material surrounding Chu categories in a unified fashion.

2

The Chu construction

This chapter consists entirely of presentation of known results. Our approach to symmetric
monoidal categories and *-autonomous categories is due to [Bar79] and [BW20]. For our
definition of cartesian closed categories we use [Awol0], but his definition of a cartesian
closed category is the same as in [BW20]. Our definition of a Chu space is due to [Abr18].

Chu representations
The material of this chapter is due to [Pet21]|, we simply gave proofs where they were
omitted in this text.

The Chu functors
The material in this chapter is due to [Pet21|, we simply gave proofs where they were
omitted in this text.

The Chu construction and categorical constructions

The lemma of the first section is due to [Man17], we only altered the proof slightly. The
material of sections 5.2 — 5.6 is due to our own work which was inspired by correspondence
with the advisor of this thesis, I. PETRAKIS.

The Chu construction and limits

The material of the first section we came up with after reading [Manl7|. The material
of the second section is due to [Manl7|, although we alter his proof using an equivalent
characterisation of bicompleteness due to [Awo10].

Generalizations of the Chu construction

The material of the first four sections, is either due to |Pet21] or originated from correspon-
dence with the author, I. PETRAKIS. The last three sections are due to our own work,
which was again incited by I. PETRAKIS.

The Chu construction and topoi
The material of this chapter is due to our own work which was incited by I. PETRAKIS.

All illustrations in this thesis were created by the author using the TikZ-package.



Chapter 2

The

The Chu construction first arose as a way to generate x-autonomous categories, which them-
selves are special forms of closed symmetric monoidal categories. Hence we start by introducing

Chu construction

these special kinds of categories.

2.1 Symmetric monoidal categories

Definition 2.1 (Symmetric monoidal categories). Let @ be a closed category. It is
symmetric monoidal if there exists a bifunctor ®: ¢ x € — % and an object T. We often
write A ® B instead of ®¢(A, B) for A, B € 6. Furthermore, if (f, f'): (C,D) — (E,F) is
an arrow in € x €, we write f ® f’ instead of ®1(f, f’). The bifunctor ® and T must fulfil

the following axioms.

(SMCy)

(SMCy)

(SMCs)
(SMCy)

(SMCs)

(SMCg)
(SMCr)

For all A, B, C € %) there must exist an isomorphism
aapc: A® (B®CO) = (A® B)® C.

For all A € 6, there must exist an isomorphism r4: A® T =LA

For all A, B € 6y there must exist an isomorphism s4 p: A® B =y BoA.
For all A, B € % the diagram
A® (T ®B) e (A T)® B
(1A®TA)O(1A®ST,B)\ A]-B
A® B
commutes.
For all A, B,C, D € %y the diagram
1
A® (BeC)o D)%% q (Be (C® D)) "2 (4@ B) @ (C & D)

C’«A,B®C,Dl laA@)B,C,D

(A® (B®C)) @ D (A®B)®C)® D

aa,B,c®lp

commutes.

For all A, B € 6y we have sy pospa = 1lagp-

For all A, B,C € %, we have that
A0 (BoC) P24 0 (CoB) L (AeC) o B
aA,B,Cl 5A,C®lBl
(A®B)®CWC®(A®B) W(C®A)®B

commutes.

10
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Remark 2.2. Some authors (for example M. BARR in [BW20]) define a monoidal category
without the axiom (SCM3) and instead only require there to be an additional isomorphism
T ®A — A which has to be equal to 74 05T 4 in the case that the category is also symmetric.

Definition 2.3 (Closed symmetric monoidal categories). A symmetric monoidal category
is said to be closed if for every A € % the functor A ® -: ¥ — % defined by

(A® -)o(B) =A® B,

(A@-n(f)=1a0f
has a right adjoint denoted by A — -. We call this right adjoint the internal hom-functor.
We shall illuminate these rather abstract notions at the example of the category of sets.

Example 2.4 (The category Set). We first define the category Set. Its objects are sets A
and its arrows are functions f: A — B between sets. Now we establish a closed symmetric
monoidal structure on Set. For this we need to define ®, T,—o. Let A, B be arbitrary sets.
We then let

A® B ={(a,b) | a € A&b € B}, the product set,
T =1 = {0}, the one-object set,
A—B={f: A— B}, the function set.

This establishes the desired structure and gives a first idea why A — B is called the “internal
hom”!. The elements of A —o B are exactly the elements of Homse(A, B).

This example gives a slightly false impression, as A — B naively “is equal” to the Hom-set
Homset (A, B), but this can not hold in general, as this would mean that the objects of a closed
symmetric monoidal category are always sets. A less illustrative, but more accurate approach
is to observe that the internal hom has similar properties as the “ordinary” Hom. We have
introduced the internal hom A — - as the right adjoint of A ® -. But as the ordinary Hom
can be made a functor Homg (-, -): € °P x% — Set, it is sensible to ask whether a similar
result holds for the internal hom. And unsurprisingly, we have - — -: €°P x¥ — €. A
proof of this can be found in [nLa21b, Proposition 3.1]

Now originally the Chu construction was used to obtain a x-autonomous category from a
closed symmetric monoidal category. But before we can define x-autonomous categories we
need to examine —o a little further.

Lemma 2.5. Let € be a closed symmetric monoidal category and A, B,C € %y. Then there
exists a unique arrow capc: (A — B)® (B — C) = (A — C) adjoint to a composition of
evaluations.?

Proof: As A® - is the left adjoint of A — -, we know that for every B, C' € % there exists
an isomorphism
Homy (A ® B,C) = Homg (B, A — C).

We use this by setting B = A®C' and considering the identity 1 4_.c. The identity corresponds
to an arrow eqc: A® (A — C) — C, which we shall call the evaluation of A and C. Now
we can consider the following compositions of arrows.

eA,B®lp oc

A® (A — B)® (B — C) B® (B — C) 2% C.

By using the left-adjointness we obtain a unique arrow cq pc: (A — B)®@(B — C) = (A —o
). Q.E.D.

L As Set also carries a cartesian closed structure, we will later denote A — B by B.
2We will give a sufficient definition of evaluations in the proof.



12 2.2 Cartesian closed categories

An x-autonomous category is a category of the following type.

Definition 2.6 (x-autonomous categories). A closed symmetric monoidal category % is
a *x-autonomous category, if there exists a duality functor (-)*: € °? — €, such that for all
A, B € % there exists an isomorphism d4 p: A —o B — B* —o A*.3 This isomorphism has to
adhere to the following condition.
(#-ACq) Let A, B,C € %) be given. Define s := sp+_oa* c+—op* to be the isomorphism from
property (SMCs) of symmetric monoidal categories. Then the diagram

(A—~B)®(B—-(C) —22% . A oC
dA,B®dB,C’l ldA,c

(B* — A*) @ (C* — B*) A% or o 4®

has to commute, where the arrows are those arising from the definition of a symmetric
monoidal category.

We are not going to use this general approach, but instead focus our attention on cartesian
closed categories, an even stronger notion of a category, which we will describe next.

2.2 Cartesian closed categories

Definition 2.7 (Products). Let € be a category, I be an arbitrary set and ¢; be a family
of objects of ¥, indexed by I. A product of (c;)ic.s is an object P together with arrows
pr,;: P — ¢;, fulfilling the following universal property.
Let C € %y be an object of € together with an arrow f;: C — ¢; for every ¢ € I. Then
there exists a unique arrow F': C' — P such that for every i € I the diagram

L\

P =

commutes.

Remark 2.8. It can be shown that products are unique up to unique isomorphism, if they
exist, which justifies writing J],c; ¢; for the product. We will not denote the arrows pr; of
the product explicitly, except when it is required to evade confusion. If I is the set with two
elements we write a1 X ag instead of Hie] a;.

Definition 2.9 (Exponentials). Let 4 be a category such that for all objects ¢1,c2 € 6
the product ¢ X ¢y exists. Suppose we are given a,b € %y. An exponential of b and a is an
object b* € 6y together with an arrow evaly,: b* x a — b fulfilling the following universal
property.
Let d € 6p be an object with an arrow f:d X a — b. Then there exists a unique
f:d— b* making the diagram
evaly
b* x a .
f>< 14\ f
dxa

b

3We write A* instead of (-)§(A) for an object A.
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commute. The arrow f is called the transpose of f whereas evaly, is called the
evaluation morphism.

Definition 2.10 (Terminal objects). Let € be a category. A terminal object of € is a
object T such that for every C' € %) there exists a unique arrow !¢c: C — T.

Definition 2.11 (Cartesian closed categories). A category % is cartesian closed, if it
fulfills the following requirements.
e The category % admits all finite products, i.e. for every finite set I and all families
(ci)icr of objects of € the product [[;.; ¢; exists.

e For all objects a,b € 6y the exponential b* exists.

e There exists a terminal object T € %j.

Remark 2.12. If class of objects of a cartesian closed category is non-empty, the requirement
that there exists a terminal object T can be dropped, as any product over the empty set,
[Licy ci already is a terminal object. So the last condition can be seen as a way to ensure that
% actually contains objects and the empty set must not be considered when talking about
cartesian closed categories.

The way one obtains that a cartesian closed category is in fact a closed symmetric monoidal
category is the obvious one. We state this as the following lemma.

Lemma 2.13. Let € be a cartesian closed category. The bifunctor @: € x € — € is given
by (A, B) — A x B, and the object T is the terminal object of the category €. The right
adjoint of (A x -): € — € is given by the functor B — B4,

Proof (sketch): The conditions (SMC;) — (SMC7) with the exception of (SMCz) are obvious,
as all the products involved are naturally isomorphic. The condition (SMCs) will be proven
as lemma 6.15. To see that the functors (A x -) and (-)# are adjoint, one needs to prove
that

Homg (A x B, D) = Home (B, D?)

for all B, D € 4. But this isomorphism is given by sending an arrow f: A x B — D to its
transpose f: B — DA. Q.E.D.

2.3 Typed A-calculus

J. LAMBEK and P. J. SCcOTT introduced a special kind of type theory, so called “typed \-
calculus” in their paper [LS84| and related these calculi to cartesian closed categories. In this
section, we aim to give a short overview of the topic.

We are going to modify the version of J. LAMBEK and P. J. SCOTT, as they introduce
cartesian closed categories as positive intuitionistic propositional calculi and require them to
have a weak natural numbers object, which we did not do. Therefore we will follow [BW20).

Definition 2.14 (Typed \-calculi). A typed A-calculus is a formal theory consisting of
three classes of types, terms, and equations. We will reserve the membership symbol “€” for
the metalanguage to symbolize that a term is of a given type, so we would for example write
a € A for the expression “a is of type A”. These types, terms and equations have to adhere
to the following axioms.
Types:

(A\-Ty1) There exist a type 1, which we call basic type.

(A\-Tys) If A and B are types, there exist types A x B and BA. We call A x B the product
type and B# the function type.
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Terms:

(A\-Tm;) For each type A there exist countably many terms z, i = 1,2,... of type A,

i

which we call variables of type A. We will not always denote the variables by ar:f,
but sometimes by z € A, if the circumstances are understood.

(A-Tmg) There exists a term * of type 1.

(A-Tms) If a € A,b € B and ¢ € A x B, there exists a term (a,b) of type A x B and two
terms 74, p(c) € A, 7y p(c) € B.

(A\-Tmy) If f € B4 and a € A, then there exists a term ep (f,a) € B.
(A-Tms) If z € A and ¢(z) € B, then A\yead(z) € B4

Before we move on we define what it means for a variable to be bound in a term. A variable

x is bound in ¢(z), if ¢(x) is of the form A et (z) for a term 1. A variable x is free in ¢(x)

if it is not bound. A term a is substitutable for x in ¢(z) if all free variables in a are free in

¢(a).

Equations:

(A-Eq1) Equations are of the form a =x o/, where a and a’ are terms of the same type A

and X is a finite collection of variables such that all occurences of free variables
in a and o’ are contained in X.

(A»-Eq2) The equations a =x d are symmetric and transitive, which means that if we
are given equations a =x a’,a’ =x a” where a,d’,a” € A and X contains all
free variables of a,a’,a”, then @’ =x a,a =x a”. Furthermore the equations are
reflective, ergo we have a =x a for all terms of such that X contains all free
variables of a.

(A»-Eqs) Let a =x @' be an equation and X C Y. Then a =y a’. We will abbreviate this
rule by
a=xa
a=yad
(»-Eqq) Let a,b € A and f € BA. Furthermore let ¢(z),¢'(z) € B. Suppose we are given

equations a =x b and ¢(r) =xy(y) ¢'(z). We then obtain equations ep 4(f,a) =x
ep.A(f,b) and Agead(z) =x A\gead’(z). We abbreviate these rules by

a=xb o(z) =Xu{z} ¢'(z)
5B,A(f> a) =X €B,A(fa b) )\J:EA¢<$) =X )‘xEA¢/(x)

(A\-Eqs) The following list of equations has to hold.

e For all a € 1 we have a =x .

e Foralla € A,b € B we have the equations 7({a, b)) =x a and 7’({a,b)) =x b.

For all ¢ € A x B we have (r(c),7'(c)) =x c.

For all terms ¢(z) € B such that a is substitutable for x holds the equation
eB,4(Agcad(z),a) =x é(a).

For all f € B4 with a variable z such that z is not free in f holds the equation

AecaeBA(f, ) =x f.

Let ¢(z) € B and 2’ be a term substitutable for z in ¢(z) such that 2’ is not
free in ¢(x). Then the equation A\zcad(x) =x Apread(x’) holds.
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One way of obtaining a typed A-calculus is by creating it from a cartesian closed category.
This is done in the following way.

Lemma 2.15. Let € be a cartesian closed category. We obtain the internal language L(%)
of € in the following manner.

e The types are the objects of €, where the type 1 is the terminal object T and the tyes
A x B and B? correspond to the product and the exponential respectively.
e The terms of L(%) are the ones required to exist by \-Tmy — X\-Tms.

o The equations of L(€) are the ones required to exist by A\-Eq; — A-Eqs.

This internal language is a typed A-calculus.

Proof: See [LS86, Section 11]. One only needs to consider the fact that we do not demand the
existence of weak natural number objects in our cartesian closed categories and the existence
of the basic type N in a typed A-calculus as well as the existence of I(-, -, -). Q.E.D.

On the other hand we can also generate a cartesian closed category from a given typed A
calculus L.

Lemma 2.16. Let £ be a typed \-calculus. We construct a cartesian closed category C(L) in
the following way.
e The objects of C(L) are the types of L.

o The arrows of C(L) are (equivalence classes of) pairs (x € A, ¢(z)), where x is a
variable of type A and ¢(x) is term of type B with only free variable x. An equivalence

(x € A, ¢(x)) = (2" € A, 2p(a")) is given if and only if p(x) =(2y V().

e The identity arrows 14 are obtained by the pairs (x € A,x). The composition of two
arrows (x € A, ¢p(x)): A— B, (y € B,¢¥(y)): B — C is given by (v € A, (d(x))): A —
C.

Now the cartesian closed structure of C(L) is given as follows.

e The terminal object is the basic type 1.
e The arrow 'x: A — 1 is given by (x € A, %).

o The projection pry: A X B — A is given by (z € A x B,n(2)), and the projection
prp: Ax B — B is given by (z € A x B,7'(z2)).

e The unique arrow q: C — A X B stemming from two arrows (z € C,¢(2)): C — A, (2 €
Z,(2)): C — B is the arrow (z € C,{(¢(z),¢(2))).

e The unique arrow from an object C to the exponential B4 given by an arrow (z €

Cx A ,¢(2): CxA— Bis the arrow (x € C, A\yead((x,v))).

o The evalution morphism for an exponential, evalp 4: BA x A — B is given by
evalp 4 = (y € B4 x A,EB’A(W(y),W/(y))).
Proof: See [LS86, Secion 11|. Again one needs to consider the differing definitions of typed

A-calculi and cartesian closed categories. Q.E.D.

Now the main result is to show that typed A-calculi and cartesian closed categories are
“essentially the same”. For this one first constructs the category of typed A-calculi, which
requires the notion of a morphism between A-calculi. To this end we define translations.

Definition 2.17 (Translations). Let £, £’ be given typed A-calculi, we define a translation
®: L — L' by the following data:
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(Trly) If A is a type of L, then ®(A) is a type of £. Furthermore if a € A is a term of
type A in L, then ®(a) is a term of type ®(A) in £’. Additionally, for all variables

A o(A)

zt we require ®(z') = x; " and if a contains no free variables, so does ®(a).

(Trly) The translation preserves the type constructors, i.e. we have ®(12) = 1, and for
all types A, B in £ we have ®(A x B) = ®(A) x ®(B) where the product type on
the right hand side is in £. We also require ®(B4) = ®(B)®“). The term forming
operators are preserved up to equality, i.e.

D(ma,8(c)) = Ta(a),08) (P(c), P(Aecad (7)) = Ap@)cna)P(P()).

(Trl3) The translation preserves equalities, that is if we are given an equality a =x b in
L, we obtain an equality ®(a) =g, ®(b). Here the set ®(X) is given as

O(X)={P(z) |z € X}.
With this definition we can define the category of A-calculi.

Definition 2.18. The category \- Calc consist of the following data.
e Its objects are A-calculi L.

o Its arrows ®: £ — L' are translations.

Now we only need the category of cartesian closed categories, ccCat. We will discuss this
category later in section 4.4 with greater detail, but in now suffices to know that its objects are
cartesian closed categories ¢ and its arrows are product preserving functor F': ¢ — %", those
are functors that for every a,b € € there exists an isomorphism Fj,: Fy(axb) — Fy(a)x Fy(b).
With this at hand we can state the main result.

Theorem 2.19. Consider the functor L: ccCat — A - Calc assigning to each cartesian closed
category € its internal language L(%). Consider also the functor C: \-Calc — ccCat
assigning to each typed A-calculus the cartesian closed category C(L). Then L, C are inverse
functors, hence

ccCat = A -Calc.

2.4 The Chu construction over a cartesian closed category

Definition 2.20 (The Chu category over a ccc). Let € be a cartesian closed category
and v € 6y. Then the Chu category Chu(%,~) is defined by the following data:
e The objects of Chu(¥,~) are triplets (a, f,z) such that a,x € € and f: a x © — 7 is
an arrow in €.

e The arrows of Chu(%, ) are pairs (¢, ¢7): (a, f,z) — (b, g,y) where ¢, ¢~ are arrows
¢T:a—b, ¢y — x such that the diagram

1o X~
axy —>axzx

¢+X1yl if

bxy —F—7

commutes. Sometimes we call arrows in Chu(%’,~y) Chu morphisms.

e The composition of two arrows (¢, ¢7): (a, f,z) — (b,g,y) and (Y, 7): (b,g,y) —
(¢, h, z) is given by

W9 )o(e,¢7) =W oot 6" 0u).
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e The identities are given by 1(, s ,) = (14, 12) for (a, f,x) € Chu(%,v)o.

Theorem 2.21. Let € be a cartesian closed category and v € 6. Then Chu(%,v) is a
category.

Proof: We show that the definition of Chu(%,) gives indeed a category. For this we show
the following:

1. Well-definedness: Let (a, f,z),(b,g,y), (¢, h,z) € Chu(%¢,7)o be given and assume we
have two arrows

¢=(¢",07): (a. f,2) = (b,g,y),  »="97): (bgy) = (c.h,2).
Then the arrow ¢ o ¢: (a, f,x) — (¢, h, z) is well-defined.

2. Associativity: For (a, f,z), (b, g,v), (¢, h, z),(d, 7, s) € Chu(%,v)o and
0=(07,07): (a,f,2) = (b,gy), =" Y7): (b,g,y) = (¢ b, 2),
¢=(¢",¢7): (c.h,z) = (d, j,5)

holds the following equality:

(potp)ol =do(pob).

3. Identity: For any (a, f,z) € Chu(%,v)o exists an arrow 1(, f.y: (a, f,2) — (a, f,z),
such that for any (b, g,v), (¢, h,z) € Chu(%,v)pand 0 = (07,07): (a, f,z) = (b,9,y),¢ =
(pT,97): (e, h,z) = (a, f, ) the equalities

l(a,f,x) @) "L/} = "Lﬂ and 0o 1(a,f,x) =0

hold.

Ad 1: Suppose these objects and arrows are given. As T o¢™:a —cand ¢~ 0" : z — x
it remains to check the commutativity of the diagram

1ox (¢~ oy™)
Z —>aXT

But we can compute

fo (1a X ((b_ow_)) =fo(lax¢ )o(lgxv)
=go(¢pt x1,)0(1yx™) (as (¢7,¢ ) is a Chu morphism)
=go(Lyx¢7)e(¢" x 1)  (by [Pet21, p. 2])
=ho(¥T x1,)o(¢" x1,) (as (vp",97) is a Chu morphism)
=ho((TopT)x1,) (Associativity in &)

Hence the composition is well-defined.
Ad 2: Let the objects and arrows required be given. The composition is defined through
(porh) = (¢pT o™, 9h~™ 0¢p™). So we can easily compute

(potp)ol = (¢t oyt ip" 097 )o(07,07) (by definition)
= ((¢*ogt) ol 070 (v 0¢7)) (by definition)
= (¢t o (@t 0b"), (0 0yp )og) (Associativity in %)
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= (0", ¢ ) o (¥t ofT,070y) (by definition)
=¢o(yob). (by definition)
Ad 3: Let (a, f,r) € Chu(%,v)o. We set 1(,p4) := (14, 1z). First we have to show that the
diagram
axz =2 g x

laxlxl lf
f

axXr ———m>y

commutes. But this follows trivially. So 1(, ,) defined as above is indeed an arrow in
Chu(%,7)1. Now let the arrows 6 = (07,07): (a, f,z) — (b, g,y) and ¢p = (T, 97): (¢, h,2) —
(a, f,z) be given. We then conclude

00l(gfe =00 (1s,1z) (definition of 1(4 f.4))
= (0T o0ly,1,007)
= (0T, 1,007) (definition of 1,)
=(01,07) =0, (defintion of 1,)
g )0 = (14,1z) 0% (definition of 1(4 ¢ )
= (La 09t 9 01,)
= (T, 01,) (definition of 1,)
= (T, 97) = (defintion of 1,)

Q.E.D.

2.5 Chu spaces

In many other areas of mathematics, for example when examining physical systems, one
restricts ones interest to the special case of Chu spaces. These are objects of Chu categories
Chu(Set, K') where K € Sety. It is immediate that the objects of Chu(Set, K) are sets
themselves, so a Chu space is a set itself. It can be described in the following way.

Definition 2.22 (Chu spaces). Let K be a set. A Chu space over K is a triple (A, f, X)
where A, X are sets and f: A x X — K. The category of Chu spaces over K is Chu(Set, K).

Now we can apply various set-theoretical notions to Chu spaces. In the following we denote
by K4 for sets K, A the function space

KA :={h: A— K}.

Definition 2.23 (separable/extensional/normal Chu spaces). Let (A, f, X) be a Chu
space over B. We then call (4, f, X)
o separable, if f: A — X B, defined through the clause

Va € AVb e B(f(a))(b) = f(a,b)
Is an injection,
e catensional, if f: B — X4, defined through the clause

Va € AVb e B(f(b))(a) = f(a,b)

is an injection,
e biextensional, if (A, f, B) is both separable and extensional,
e normal, if BC X4 and f: A x B — X is given by f(a,b) = b(a).
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Chu representations

In this chapter we give various examples of embeddings of categories arising in other areas of
mathematics into Chu categories.

3.1 A Boolean representation of Top

We want to show to model the theory of topological spaces using our Chu construction. For
this we present the approach of [Pet21|. First we define the following category.

Definition 3.1 (Category of topological spaces). The category of topological spaces Top
is defined as follows.

e The objects of Top are pairs (X, Tx) where X is a set and Tx € B(X) is a topology on
X4

e The arrows ¢: (X1,T1) — (Xg,T5) are continuous maps.
Remark 3.2. In the following we let 2 be the set containing exactly two elements, 0 and 1.

Definition 3.3. Let ET°P: Top — Chu(Set, 2) be defined through the following clauses.
e For (X,T) € Top, we set EJOP(X, T) = (X,exr,T) where € x 7 is defined as follows.

E)QT:X'XT—>Q7
(a:,G)r—>{

1, zedG,
0, z¢@G.

o If f: (X,T) — (Y,S) is a continuous map, we define EIOp(f) = (f, f71), where
f~': 8 — T is the map assigning to each open set U C Y its preimage under f,
fHO).

Proposition 3.4. The rule ETP: Top — Chu(Set, 2) is a functor.

Proof: The well-definedness can be seen, as ES—OP(X, T) € Chu(Set,2) and (f, f~1): (X, exr
,T) — (Y, €y, S). The commutativity of the diagram

1xxft

X xS+ XxT

fxlgl lGX,T
€

Yx§ 2.9

is immediate. We show that ET°P fulfils the axioms of a functor.
e Preservation of identities: Let (X,T) € Top be given. Then 1x is the usual identity on
X. We see 1)}1(U) =U, so EIOp(lx) = (1x,17). Furthermore 1EJOP(X’T) = (1x,17),
which proves the hypothesis.

4We denote by PB(X) the power set PB(X) = {U C X}.

19
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o Compatibility with composition: Assume we are given (X,T),(Y,5),(Z,V) € Top and
arrows f: (X, T) — (Y,5),9: (Y,S) = (Z,V). Then

E®(gof)=(g0f,(gof) ™ =(g90f,f Log )= (9,9 o (f.f )
= E]°P(g) o E[°P(f). Q.E.D.

Now we specify what we mean when we call a functor a representation.

Definition 3.5. Let &, % be categories and F': &/ — 9 be a functor.
e The functor F' is injective (surjective) on objects, if Fy is injective (surjective).
e The functor F is injective (surjective) on arrows, if Fy is injective (surjective).
e The functor F' is faithful, if for every a,b € % the map
Fap): Homg(a,b) — Homg (Fo(a), Fo(b)),
f= Fi(f)
is an injection.
o If F,y) is an surjection for every a,b € ¢, then F'is full.
e The functor F'is an embedding if F' is injective on objects and faithful.

e The functor F is a representation if F' is a full embedding.

e The functor F' is a strict representation if F' is injective on arrows and a representation.
Theorem 3.6. The functor ET°P: Top — Chu(Set, 2) is a representation, i.c. a full embedding.

Proof: We check the following:

First we have to check that for every (X,T),(Y,S) € Top, the arrow E&g’; 7).(v,8)) 18 &
.. . . . T . T ..
bijection. For our convenience we shall write E( )E?Y) instead of E(&”T%(Y, )" By definition

E&?y) : Topl ((X7 T)a (Y7 S)) - Chu(Set, 2)1 ((Xa eX,T7 T)7 (}/’ eY,S? S))

maps [ to E;r °P(f). We check injectivity and surjectivity separately.

Injectivity: Suppose we have f: (X,T) = (Y, 5),g: (X,T) —= (Y, ) with E;°®(f) = E°®(g).
This means (f, ') = (9,97 '), so f = g, so injectivity is proven.

Surjectivity: Suppose we have ¢ € Chu(Set, 2)1((X, exr,T), (Y, €y75,5’)). This means we
have ¢ = (¢*,¢~) such that

X xS x T

¢+><1Sl lEX,T

Yx§ 29
commutes. By the definition of Chu(Top,2) we know that ¢: X — Y is an arrow in Top.
We seek to show that ¢~ = (¢)~!. For this we employ a topological argument. Let G € S
be an open set. Consider (¢*)~(G). Choose y € (¢7)~1(G). Then

1=€yg O(QS+ x 15)(y, G) =€x,T o(lx x ¢ )(y,G).

This means that y € ¢~ (G). As this works with all y € (¢7)"!(G), we have the inclusion
(¢T)HG) C ¢~ (G). To see ¢~ (G) C (¢7)~H(G), simply observe that if z € ¢~ (G) for any
x, then

l=exro(lx X ¢ )(z,G) =€y,5 o(¢* x 1g)(x,G),
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so x € (¢7)71(G). This shows ¢~ = (¢7) !, and we have

(6, 07) = E{(¢T).

So we have shown that ET;py) is a bijection. Next we show the injecitivity on objects. This
can be seen rather simply. If

By (X,T) = (X,exr,T) = (Y, €y.s,5) = EgP(Y, 9),

then X =Y and S = T. This shows that ET°P is a full embedding. Q.E.D.

Next we shall examine the remarks of [Pet21, p. 7).

e The category Top is not a cartesian closed category, hence we can not use the Chu
representation of a cartesian closed category.

Self-explanatory. A treatment of the question what (usable) cartesian closed subcategories
of Top exist can be found in [Ste67].

The definition of €x 1 is classical.

This stems from the fact that we use the law of the excluded middle, (xz € G)V—(z € G),
in the definiton of € x 7, an assumption that does not always hold in intuitionistic logic.

(X,exr,T) is separable if and only if T is Tp.

Assume (X, ex7,Y) is a separable Chu space. This means that

X —

( Exr(z): T—2 )

U —EX,T (a:, U)

is an injection. Now assume we are given =,y € X with x # y. Hence €xp(z) #
€xr(y), so we obtain a U € T such that exr (x,U) #€xr (y,U), which means that
eithere e UNydUorxzgUANyecU.

On the contrary, assume T is Tp. This means that for every x,y € X with z # y there
exists U € T such that either x ¢ UANy € U ory ¢ U ANz € U. This already means
that exr (z,U) #exr (y,U), so €xr(z) # €xr(y).

(X,exr,T) is always extensional.

To see this we have to show that

éX,T(U): X =2
U}_)< T —EXT (:E,U))

is an injection. To see this, assume we have U,V € T with U # V. Without loss of
generality there exists x € X with x € U,x ¢ V, otherwise switch U and V. Hence
exr (z,U) #exr (z,V) and Exr(U) # Ex (V).

The special properties of a topology T on a set X play no role in the above, i.e. this
representation applies to more general categories.

One sees that the only time the property of a category was used, was when the additional
data gained from the fact that f: X — Y is continuous was defined to acquire a map
f~': S — T. But this additional requirement can be demanded independently from the
fact that T is a topology.
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3.2 A normal Chu representation of Aff(Set, X)
We first define the affine category over an arbitrary category.

Definition 3.7 (The affine category). Let ¢ be an arbitrary category and ¢ € 4. The
affine category Aff(%,c) is defined as follows.
e The objects of Aff(%, c) are pairs (A, F') where A € 6y and F' C Homg (A4, ¢).
e The arrows h: (A, F) — (B, G) are arrows h € ¢ such that for every g € G we have
gohekF.

We seek to show that the rule (A, F') — (A,evalyp,F) defines a full embedding of
Aff(Set, X') into Chu(Set, X ). First we show that this is a functor.

Proposition 3.8. The rule ff: (A, F) — (A,evalyp, F) defines a functor Aff(Set, X) —
Chu(Set, X).

Proof: One sees that the rule is well defined for objects as (A, evalyg p, F) € Chu(Set, X),
because A, F' € Set, by the definition of Aff(Set, X') and evaly p: A x F' — X by definition
as

evalgyp: AX F = X, evalyp(z,f)= f(x)

for F' C Set;(A,X). To see that the rule is well-defined for arrows, one takes an arrow
h: (A, F) — (B,G) in Aff(Set, X). This is a morphism h: A — B such that go h € F' for
every g € G. We define 2ff, (h) = (h, h) where

h:G—F, g~ goh.

We have to check the commutativity of the diagram

Ax G s By g

lleB levalB,G

evaly

Ax F — X.
As we have

(evaly po(la x ﬁ))(a,g) =evaly p(a,goh) = (goh)(a)
= g(h(a)) = evalpg(h(a),9) =
= (evalBGo h x1¢g) )(a,g)

for every (a,g) € AxG, it follows that eval g po(14 x h) = evalp go(hx1g). Hence 2ff, (h)
is well-defined. We check the functoriality.
Preservation of identities: Let (A, F') € Aff(Set, X)o. Then 1(4 x) = 14. We compute

Affy (14) = (14,14) (1)
= (1a,15), (2)

where we used in the step from (1) to (2) that 14: F — F,g+ go 14 = g is the identity .
Compatibility with composition: Assume we are given (A, F),(B,G),(C,H) € Aff(Set, X)o
and a: (A, F) — (B,G),3: (B,G) — (C,H). As

Affi(Boa) = (Beoa,(Boa)),

it remains to show that (8o a) = @& o . To see this we observe that for all h € H we have

(m)(h) = hofoa, similarly (G o S)(h) = ho o a, so we have (E;E) = & o [. This
finalizes the proof that 2ff is a functor. Q.E.D.
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Theorem 3.9. The functor Aff is a full embedding.

Proof: We first have to show that the rule

Ezlﬁ:(A,F),(B,G) : Aﬂ:(seta X)l ((A7 F)7 (B7 G))
— Chu(Set, X)l((A, evalyp, F), (B,evalpg, G)),
f= A5 (f)
is a bijection for every (A, F),(B,G) € Aff(Set, X)o. We show injectivity and surjectivity

separately.
Injectivity: Let f,g € Aff(Set, X)1((A, F), (B,G)) such that f # g. Then

Aff (F) = (f, ) # (9.9) = A1 (9),

since f # g.

Surjectivity: Let h € Chu(Set, X)1((A4,evalar, F'),(B,evalpq,G)) be given. Then h is a
pair (hy, hg) of arrows hy: A — B,hy: G — F. We seek to show that hy = hi. To this end
we use the commutativity of the diagram

AxGg M By g

14 xhgl levalB,G
evalg

Ax F ——— X.
This means that for any (a,g) € A X G we have

(evalg po(la X ha))(a,g) = evaly p(a,ha(g)) = ha(g)(a)
g(hi(a)) = (g o h1)(a) = evalpc(hi(a),g)
= (evalpgo(hi X 1g))(a,g).

So ha(g)(a) = gohi(a) for all a € A and g € G, therefore ho(g) = g o hy = hi(g). At last we

show that the rule is injective on objects. But this is immediate, because if
(A,evaly p, F) = (B,evalp g, G),

we already have A= B,G=F. Q.E.D.

3.3 A Chu representation of Sub(%,~)

Definition 3.10 (Category of subobjects). Let ¢ be an arbitrary category and vy € %p.
The category of subobjects Sub(%, ) is defined by the following clauses.

e [ts objects are monomorphism f € %} such that the codomain of f is ~.

o Let i:a < 7,j: b = 7 be objects of Sub(%,7).> An arrow f:i — j is an arrow
f: a — bsuch that

commutes.

SWe denote monomorphisms by the arrow “<”.
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Now we present the representation of Sub(%’, ) given in [Pet21, p.59].

Definition 3.11. Let € be a cartesian closed category. We define ESUP(¢7): Sub(%,~) —
Chu(%,~) by the following rules.
Sub(%,y)

e Let i: a — ~ be an object of Sub(%, ). We then set Ej (1) :== (a,iopr,, T). Here
T denotes the terminal object of €.

e Let f: i — j be an arrow in Sub(%,7). We then define Elleb(%”Y)(f) = (f,17).

Proposition 3.12. Let € be a cartesian closed category. Then ES“P(¢:7) . Sub(%¢,vy) —
Chu(¥%,7) is a functor.

Proof: We first check that ESUp(¢7) is well-defined. For this let i: a < ~ be an object of
Sub(%,7). Theniopr,: ax T —~,so (a,iopr,, T) € Chu(%,7)o.

Next let f: a — b be an arrow in Sub(%,v) with i: a < 7,j: b < ~, such that ¢ =

jo f. Then EISUb((g’V)(f) = (f,17). As fra—band 17: T — T, it remains to check the

commutativity of the diagram

axT&be

laxlrl lﬂmrb

aX T —— .

10pr,,

To see this we use lemma 6.15. Therefore we know that a x T = a,b x T =2 b and we obtain

the diagram

a / b

\5 i

axT 2 T

1, llaX1T l?oprb

axX T ——7
iopr,
i

a - Vs

1

.

A

where the outer rectangle commutes, as i = j o f by definition. But this immediately implies
the commutativity of the inner rectangle. Next we check the functoriality.

Preservation of identities: Let i: a < ~ be an object of Sub(%,v). Then 1, = 1,, as
101, =1, 01 =1i. We compute

S b (gy
Elu ( 7)(1a) = (1,,17) = l(aﬂ-opra,T) = ]_Egub(%”,“/)(i).

Compatibility with composition: Assume we are given i: a — v,j: b — ~v,k: ¢ — v and
f:a—b,g: b— csuch that

f g
a ——>b——c¢
N ; k/’
A
N Y K
Y

commutes. Then
ES™ (go f) = (go f,17) = (go f, 11o17) = (g, 17)o(f,17) = B3P (g)o B} (1)

So ESub(?7) ig indeed a functor. Q.E.D.
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Theorem 3.13. Let € be a cartesian closed category. Then ESU() s o full embedding.

Proof: The injectivity on objects is immediate, because if (a,i 0 pr,, T) = (b,j opr,, T),
then i o pr, = j o pr, = pr,, as a = b, and therefore ¢ = j, as pr, is an isomorphism.

It remains to show the bijectivity of the rule f — EISUb(%)’W)(f) for f € Sub(€,v)1(a,b)
for arbitrary a,b € Sub(%’,v)o.

e [njectivity: Assume we have

EFP(f) = (f.1r) = (9.17) = B,

Then f = g, which proves the injectivity.
o Surjectivity: Assume we are given ¢ = (¢, ¢7): (a,iopr,, T) — (b,j o pry, T). This
means that ¢7:a — band ¢ : T — T, 50 ¢~ = 17. Therefore ¢ € Sub(¥,~); and
Sub(%,
¢ = E1u ( 7)(¢+)-
So ESub(¢7) ig g full embedding. Q.E.D.
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The Chu functors

In this section we want to examine some rules that can be connected to the Chu construction,
i.e. the following:

e Firstly we want to find a functor ¢ — Chu(%, ) for every cartesian closed category and
every v € %y that fully represents the structure of the category % in Chu(%,~). For this
we construct the functor E%"7, which is a strict representation in the sense discussed in
the previous chapter.

e Secondly we want to find a functor ¥ — Cat, which assigns to each v € %) the associated
Chu category Chu(%,).

e Lastly we want to find a way to assign not only to v but to each pair (¢,~), where €
is a cartesian closed category and v € %), the associated Chu construction Chu(%,7).
For this cause we define a version of the Grothendieck construction, whose objects are
exactly pairs of this kind.

4.1 Extending functors to Chu categories

In the present section we suppose we are given a functor £': € — 2. We then want to examine
under which conditions this functor extends to a functor Chu(%,~y) — Chu(Z, ). To this end
we define the following kind of functors.

Definition 4.1 (Product preserving functors). Let F': ¥ — 2 be a functor. Then F is
product preserving, if there exists a unique isomorphism Fyp: Fo(a) x Fy(b) — Fy(a x b) for
every a,b € €y such that

Fo(a) X Fo(b)

PTFy(a) | PTFy(b)
Fup (3)
Y

Fo(a) Fi(pr,) Fo(axb) Fy(pry,) Fg(b)
commutes.

Remark 4.2. Even though we demand the arrow F}; to be unique, it suffices to find an arrow
Fu: Fo(a) x Fy(b) — Fo(a x b) that makes the diagram (3) commute, as any such arrow is
necessarily unique, which can be seen as follows. Assume we have another isomorphism
F: Fola) x Fo(b) — Fy(a x b) that makes (3) commute, then we have the commutative
diagrams

Fo(a X b) F()(CL X b)

F1(pr,) Fy(pry,) Fi(pr,) F1(pr,)
/ Sl \ and / S \
Fo(a) m Fo(a) X Fo(b) m Fo(b) F[)(a) m F[)(a) X F()(b) m F()(b)

So by the universal property of the product we have F l—F a_bl, and therefore F,, = Fip.

26
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Proposition 4.3. For every a,a’,b,b/ € 6y and every f: a — a',g: b — b’ in €} the rectangle

Fola) x Fo(b) "2 gy s By (o)

Fabl lFa/b/ <4)
F1(fxg)

Fola x b) ————— Fy(a’ x V')
commutes.
Proof: We consider the diagram

Fy(a) x Fy(b)

PT R, (a) ‘ =
0 A R(xR
a

To show that the rectangle (4) commutes, it suffices to show that

Fi(f) x Fi(g) = F ), o Fi(f x g) o Fyp.

This we will prove using the universal propert of the product. Via definition we have the
following implication:

PTry(ar) = F1(PTor) © Fary, } N { P 1y (o) °Fyy = F1(PTr),

! 5
PT i,y = F1(pry) © Farw P (1) O F iy = F1(pTy)- (5)

So we compute

PT 5y (a/) oFa_,g, o F1(f x g) o Fap = (PT py(ar) oFa_,;,) o F1(f x g) o Fy, (by associativity)
= Fi(pry) o Fi(f x g) o Fap
= (Fi(pry) o F1(f x g)) © Fap
= (Fi(f) o Fi(pr,)) © Fap

= F1(f) o (Fi(pr,) o Fap)

= F1(f) o PT gy (a)»

(
(proven in (5))
(
(
(
(
PT 5, (b/) oFa_,bl, oFi(f xg)oFy= (ero(b’) oFa_,bl,) o Fi(f x g)o Fy (by associativity)
(
(
(
(
(

by associativity)
definition of Fi(f x g))
by associativity)
definition of F)

= Fi(pry) o Fi(f % g) o Fap
= (Fi(pry) o F1(f x g)) o Fup
= (Fi(g) o Fi(pry)) o Fup

= Fi(g) o (Fi(pry) © Fap)

= F1(9) o Pr gy -

proven in (5))

by associativity)
definition of Fi(f x g))
by associativity)
definition of Fy)

So F ;,;, o F1(f x g) o Fyy, fulfils the requirement of the product, and by uniqueness we conclude

Fa_,l, o Fi(f xg)oFu = Fi(f) x Fi(g).
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Next we want to prove the following statement:

Proposition 4.4. If G: 9 — & also preserves products and G4 is the canonical isomorphism
Gea: Gol(c) x Go(d) = Go(c x d) for e,d € Dy, then G o F also preserves products and for
every a,b € 6y we have that

(G o F)ap = G1(Fap) © GFy(a)Fo(b)-

Proof: For a,b € %) we obtain the following diagrams, where F,;, and (G o F')y, are unique:

PT 5y (a) Fy(a) x Fo(b) PT 1 (b)
/ Fap \
v

Fo(a) Fi(pr,) Fo(axb) Fi(pry) Fg(b)

and
PTG (Fo(a)) Go(Fo(a)) x Go(Fo(b)) PTG (Fo (b))

(GOF)ab
Y

(G (pra) Go(Fo(a x b))

Go(Fo(a)) ST,

We apply the functor G on the first diagram to obtain the diagram

G1(PT gy (a)) Go(Fo(a) x Fy(b)) G1(PT (1)
/ G1(Fap) \
Y

GQ(FQ((Z)) Go(Fo a X b)) GQ (F()(b))

Go(Fo(b)).

<~ N
G1(Fi(pr,)) G1(Fi(pry))

As G: 2 — & is a product preserving functor and Fy(a), Fo(b) € Py, we also have a
commutative diagram

PTG (Fy(a)) Go(Fo(a)) x Go(Fy(b)) PTG (Fo (b))
GFo(a)Fo(b)
G1(PrE () \ G1(pr )
Go(Fo(a)) O Go(Fola) x Fo(b)) ——225 Go(Fy(b)).

This gives rise to a bigger commutative diagram

Go(Fo(a)) x Go(Fo(b))
GFo(ay)Fo(b)

_ Go(Fo(a) x Fo(b)) _
G1(PT py (3))

G (F, 0
1(\/ b) ~

GO(F()(G X b)) W GO(FO(b))

PLGy(Fy(a)) PLGo(Fy (b))

G1 (PTFO (a))

Go(Fo(@)) ~Grmmy

This allows us to conclude that
PTGy (R (b)) = G1(PTRy (1)) © Gy Fuh)
= (G o F)1(pry,) o G1(Fup) © GRy(ayo(b)

P Go(Fo(a)) = G1(PTRy(a) © G Ry Fo(b)
= (G o F)1(pr,) o G1(Fap) © GRy(a)Fo(h)-

So G1(Fab) © Gpy(a)r() fulfils the requirements and G o F' preserves products. Q.E.D.
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This allows us to define a functor Chu(%,v) — Chu(Z2,9), given a functor F': € — 2.

Definition 4.5. Let ¥, 2 be cartesian closed categories, F': € — Z be a product preserving
functor and v € %),0 € %y with an arrow ¢: Fy(y) — 6. We define Fy: Chu(%¢,vy) —
Chu(Z,4) in the following way:

(F)ola, f,b) = (Fo(a)ﬂﬁ o Fi(f)o abaFO(b)),
(F)i(e",¢7) = (Fi(¢7), Fi(¢)).

Theorem 4.6. F,: Chu(%,v) — Chu(Z2,9) is a functor.

Proof: Let €, Z be cartesian closed categories, v € 6p,6 € Py and F': € — Z be a product
preserving functor with canonical isomorphisms F,;: Fy(a) X Fo(b) — Fy(a x b) for a,b € %p.
We seek to show that F is a functor.
Well-definedness: We show that (Fi)o(a, f,x) € Chu(€,d)o for all (a, f,xz) € Chu(€,~v)o. It
immediately follows that Fy(a), Fo(x) € Zy. Now ¢ o Fi(f) o Fup: Fo(a) x Fo(b) — 6, as
desired.

Now we seek to show that the image of arrows is as desired. Let (¢T,¢7): (a, f,x) —
(b, g,y) be given. We first show that Fy(¢™): Fy(a) — Fy(b) and Fy(¢™): Fy(y) — Fo(z). This
is immediate from the definition of F' and ¢, ¢~. It remains to show that the diagram

1y (a)xF1(¢7)
Fy(a) x Fy(y) —"——

Fl(¢+)><1F0(y)l
Fo(b) x Fo(y)

Fy(a) x Fo(x)
l’lj)OFl (f)OFax
)

¢OF1 (g)OFby

commutes. To this end it suffices to show that

Fi(g) o Fyy o (F1(¢") X 1 (a)) = F1(f) © Faz © (1gy(0) X Fi(¢7)).

As we already know that go (¢ x 1,) = fo (14 X ¢), we have

F1(g) 0 Foyo(F1(¢™) X 1x,))
Fi(g) o Fyy o (Fi(¢") x F1(1y))
Fi(g) o Fi(¢" x 1) o Fy, (by proposition 4.3)
Fi(go (¢ x 1y)) o Fyy
Fi(fo(lygx¢™))oFyy
(
(
(

—

—

Fi(f)oFi(1a x ¢7) o Fyy
Fi(f)o Faz o (F1(1,) X F1(¢7)) (by proposition 4.3)
Flf)o axolFo(a)XFl(¢ )7

as desired.

Preservation of composition: Suppose we are given ¢ = (¢7,¢7): (a
6= (0",07):(b,9,y) — (c,h,z). We seek to show that (Fi)1(0 o ¢) =
quickly sees

a, f,x) — (b,g,y) and
(Fy)1(0) o Fi(¢). One

(F)1(00¢) = (Fi((0o¢)), Fi((00¢)7))

= ( <+o¢+ F1<¢— 7))

= (Fi(6%) 0 F1 ¢+> Fi(¢™) o Fi(07))
= (FA(

Fi(07), F1(07)) o (Fi(¢F), Fi(¢7))

5151
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= (F2)1(0) o (Fi)1(0),
as desired.
Preservation of unity: Let (a, f,x) € Chu(%,7) be arbitray. Then
(F*)l(l(a’f’m)) = (Fl( a), F1(1; )) (definition of 1(a,f,:s))
(1F0(a 15y )) (functoriality of F)
= L(Fo(a) o (£)oFus, Fo(a))
1( F)ola,f,x) Q.E.D.

4.2 Strict representations of a cartesian closed category % into

Chu(¢,7)

We want to define a a functor E%7: ¥ — Chu(%,v) for a cartesian closed category €
and v € %y that transfers all the information of & into Chu(%,~), i.e. that is a strict
representation. We do this in the following way:

Definition 4.7. Let € be a cartesian closed category and v € €p. We define E¢7: € —
Chu(%,~) by the following clauses:
e For all a € 6y we set E ”7( ) = (a evalyq,7).
e Forall f: a — bin & we set E} ’V(f) (f,h): (a,eval, 4,7 — (b,eval,p,7°) where
h = eval,;o(1 Hb X f). We will denote h by f~ to aid the simplicity of the notation.

Proposition 4.8. E%7: ¢ — Chu(%,~) defined as above for a cartesian closed category €
and an arbitrary v € Cy is a covariant functor and a strict representation of € in Chu(€,~).

Proof: We shall proceed along the following steps:
1. Show that E*7 is well-defined.
2. Show that ES”()’W is an injection.
3. Show that E;‘”p"y is an injection.
4. Show that for every a,b € Cy the map

€y
E(b

) Home (a,b) — Homeny(# ) (Ey 7 (a), Ey (b))

is a bijection.
These three steps are sufficient as a proof for all the statements made in proposition 4.8.
Ad step 1: We can see, that Egg)’v(a) = (a,evalyq,7*) € Chu(%,7), as a,7* € € and
evaly,: a X y* — v (up to an isomorphism). Now suppose we are given a,b € Cy with an
arrow f: a — b). We have to show that

(f, f7): (a,evaly q,7") — (b, evalmb,’yb).
That is, we want that f: @ — b and f~: 4* — 7% make the diagram

LaX fT
axyb%ax'}/a

+
f lebl levalvﬂ
eval,

bx'yb—>fy

commute. For this we first have to examine the definition of f~. The arrow f~ is defined
as the transpose f = h of the arrow h = eval, o(L{b x f). This immediately yields, that
f~: 4" = 4% The commutativity follows immediately from the definition of the transpose.
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Ad step 2: If we assume that we are given a,a’ € Cy with E(C)gﬁ(a) = Egg’w(a/), it follows that
(a,evaly q,v*) = (a’,%ﬁa/,yal) and therefore a = a'.

Ad step 3: Suppose we are given two arrow f:a — b,g: a — b in € such that f # g. We
need to show that E;g”(f) # Eig’v(g). Assume the contrary. Then (f,h1) = (g, ha), where
hi = eval,po(f x 1) and hy = eval,po(g x 1,4). But this immediately implies f = g,
contrary to the assumption f # g. So Eig”(f) # Ef”(g).

Ad step 4: Suppose we are given a,b € Cy and two arrows f,g: a — b such that Eig’w(f) =
Ef”(g) Then (f, f~) = (9,97) and by extension f = g. This shows the injectivity.

To see the surjectivity, we assume we have an arrow g € Homcpy(g ) (Egg (a), Ef "Y(b)).
This arrow consists of g+, g~ such that ¢7: a — b,g~: v* — 7® and the rectangle

Laxg™
axAb 225 g x40

g+><17bl leval»y,a
b evalyp

bx~? —>~

commutes. We seek to show that we automatically have g— = h for h = eval,o(g" x 1,Yb).
Since we have that eval, ,o(1, X ¢g7) = h, we automatically have from the uniqueness of the
transpose that g— = h. Q.E.D.

4.3 The internal Chu functor

Now we want to define the rule that assigns to each v € % for a given cartesian closed
category € its Chu category Chu(%’, ). Before we can do this we need to define the category
of locally small categories.

Definition 4.9. The category Cat is defined by the following clauses:
e Its objects are locally small categories.
e The arrows of Cat are functors F': € — & where €, % € Caty.
e The composition of arrows is the composition of functors.

Definition 4.10 (The internal (local) Chu functor). Let a cartesian closed category &
be given. We define the rule Chu® : ¥ — Cat in the following way.
e Let v € 6p. Then
Chu& (7) = Chu(%,~).

e Let u: v — § be an arrow in 4. We define the functor
Chuf (u) =: u.: Chu(€,~) — Chu(%, )
by the following clauses:
(ux)o(a, f,b) = (a,uc f,b), ()¢, 07) = (67, 07)
for all (a, f,b) € Chu(%,v)o and all (¢, ¢~) € Chu(¥,7)1.

Proposition 4.11. Let € be a cartesian closed category. Then Chu®: € — Cat is a functor.
If u: § < v is a monomorphism in €, then u, is a full embedding.

Proof: We first show that Chu? : € — Cat is a functor. We have to show the following three
properties:
1. The functor Chu? is well-defined.
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2. For §,v,x € 6o and u: § — v, w: v — x we have
Chu? (w o u) = Chu¥ (w) o Chu® (u).

3. For any v € € we have Chu?(1,) = Leny (4)-
Ad 1: As € is a locally small category, we immediately can conclude that Chu(%,~) is a
locally small category, because

HomChu((ﬁ,’y) ((CL, 5 .’E), (b’ g, y)) - Hom‘tf(a’ b) X HOmg(y, 33)

It remains to show that for u: 6 — ~ the functor u.: Chu(%,d) — Chu(%,~) is well-defined.
So let u be given. By definition we have

Chu? (u) = u.: Chu(%,0) — Chu(%, ),

where (uy)o(a, f,0) = (a,uo f,b) and (u.)1(¢T,¢07) = (¢7,¢7). We see that this is well
defined, asuof: axx — v, so (a,uof,z) € Chu(%,v)p. Assume we are given (a, f,x), (b, g,y) €

Chu(%,0)o and ¢ = (¢*,67): (a, f,y) = (b, g,y). Then (¢7,¢7): (a,uo f,x) = (b,ucg,y),
as ¢7:a — band ¢~ : y — x. Furthermore, the diagram

| P
axXy —axczx

¢t x lyl luof

bxy—>uo9 ~y

still commutes, so the condition on Chu morphisms is satisfied. So u, is indeed an arrow in
Cat;.
Ad 2: Now consider Chuf (w o u) = (w o u),. We have
((U} Ou)*)o(a,f,l’) = (CL,’LU ouo fa .’E),
(wou)),(¢) =¢

for all (a, f,x) € Chu(%,9)o and ¢ € C;. Analogously, we have
(w*)o((u*)g(a, 7/, a:)) = (w«)o(a,uo f,x) = (a,wouo f,z),
(w:)1((us)1(8)) = (wi)1(4) = ¢,
so Chu® (w o u) = Chu? (w) o Chu? (u) holds.
Ad 3: We have Chu? (id,) = (1,)., where

((17)*)0(61, f7 b) = (a7 1’)/ o f? b) = (CL, fa b ’
((1V)*)1(¢) = ¢.

From this we see that Chu? (1.,) = Lenu# (1)

At last we want to show that u, is a full embedding if u: § — 7 is a monomorphism. One
can immediately see, that for any (a, f, ), (b,g,y) € Chu(%,d)o we have

HomChu(%”,'y) ((CL, f7 Q?), (b7 g, y)) = HomChu(‘é’,J) ((CL, u o f7 $)(b7 uog, y))7

since (ux)1(¢) = ¢ for all ¢ € Chu(%,~)1. So it remains to show that w, is injective on the
objects. Assume (a,uo f,x) = (b,uog,y). Then a = b,z =y and uo f = uwog implies f = g,
as u is a monomorphism. So (a, f,x) = (b, g,y). Q.E.D.
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4.4 The Grothendieck category

Before we can define the global Chu functor, we need a specific construction. For this cause
we define the following variant of the Grothendieck category.
We begin by making the entity of all cartesian closed categories a category.

Definition 4.12 (The category ccCat). The category ccCat is defined by the following
clauses.

e The objects of ccCat are cartesian closed categories €.

e An arrow F: ¢ — 2 in ccCat is a product preserving functor.

e The identity of a cartesian closed category is id%, as in Cat.

Definition 4.13 (The Grothendieck category). Let ccCat be the category of cartesian
closed categories and id°““®t: ccCat — Cat be the full embedding as a subcategory. Then the
category Groth(ccCat, id*““®") is defined by the following data:

e The objects of Groth(ccCat,id*“®%) are given by pairs (¢,7), where € is a cartesian

closed category and
€ [idcccat]o(%) = %o.

e The arrows of Groth(ccCat,id*“®t) are given by pairs (F,¢): (€,v) — (2,6), where
F: % — 2 is a product preserving functor and ¢: Fy(y) — J is an arrow in Z.
e The identity of (¢,7) is given by (id?,1.).

Lemma 4.14. The category Groth(ccCat, id““®) defined above is a category.

Proof: Associativity: Let

(F,9): (¢,7) = (2,9), (G 9): (2,0) = (&),
(H,x): (&,€) = (k)

be given. We compute

((H,x) 0 (G,4)) o oG, x o Hi(4)) o

H (F,
(HoG)o F,(xo Hi(¢)
Ho(GoF),xo(Hi(y)
Ho(GoF),xoHi(¢
X) o (G o F, oG
X)

=
=
=
=
= (
= (H,x) o ((G,¥) o (F,¢)

H,x
H

% o
N—
SN—

7

Identity: Let (€,7) € Groth(ccCat,id*%),. L

et (2,6),(&,€) € Groth(ccCat,id*“?t) with
arrows (F,¢): (€,v) — (2,9) and (G,v¢): (&,€) — (

%,7) be given. Then

(F, ) o1 ) ¢) o (id%,1,) (by definition)
Foid®, ¢ o Fi(1,))
F,¢01py) (definition of id%)
Ligqy o (G) = (id”, 1) o (G, ¥) (by definition)

)
= (F,
= (
= (
= (F,9),
(id®
@d‘fo(; 1, oidf (1))
= (G,
= (G,
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4.5 The global Chu functor

We seek to define a rule that assigns to a pair (¢,7) of a cartesian closed category ¢ and an
object v € ¥ its Chu category Chu(%,~). For this we use the approach of [Pet21].

Definition 4.15. We define the rule Chu: Groth(ccCat,id*“®*) — Cat in the following way.
e For all (¢,~) € Groth(ccCat, id*“®)q we set Chug(%,~) = Chu(%, 7).
e For all arrows (F,¢): (¢,7) — (2,9) in Groth(ccCat,1d*“®) we set Chu;(F,¢) =

where F, is defined in deﬁmtlon 4.5.

Lemma 4.16. The rule Chu: Groth(ccCat, id*“®) defined as above gives rise to a functor.

Proof: We prove this by checking the preservation of composition and identities.
Preservation of Composition: Assume we are given arrows (F,¢): (¢,7) — (Z2,0) and
(G,): (2,7v) = (&,¢€). Then Chui((G,9)o(F,¢)) = (GoF), and Chui(G,v)oChui(F,¢) =
Gy o F,. So we need to show

(GoF).=G,o0F,.

It remains to check the following two conditions:

e For all (a, f,b) € Chu(¥,~) holds

((G o F)ola, f,b) = (Ge)o((F)o(a, £, D))
e For all (¢T,¢7): (a, f,b) — (¢, g,d) holds
(GoF)(d".¢7) = (G )i ((F)i(e",¢7)).
So assume (a, f,b) € Chu(%,~) is given. Then
((G o F)ola, f,b) = ((G o Fo(a), (¥ o G1(¢)) o (G o F)1(f) 0 (G 0 F)ap, (G 0 F)o(b))
)¢ 0 G1(@) o Gi(Fi(f)) o (G o Fap, (G © F)o(b))
(Fo(a)), ¥ o G1(¢) o G1(F1(f)) o (G)1(Fav) © GRy(aymo(): (G © Fo(b))
Go(Fo(a)), ¥ o Gi(p o Fi(f) o Fup) © Gry(ayro(v), Go(Fo(b)))
Jo(Fo(a), ¢>OF1( ) © Fap, Fo(b))
Jo((Fx)o(a, f,b))-
Now assume we are given (¢+,¢7): (a f b) — (c, g,d) Then

(GoF))i(e™,¢7) = ((Go F)i(¢"),(Go F)i(¢7))
= (G1(F ¢+ ,G1(F1(¢7)))
= (G
=(G

(Go(Fo(a o
= (Go
= (
=(G

@)

~— —
,\,—\

a

0

*

(*0

D1(F1(e7), Fi(¢7))
D1((F)i(eh,¢7)).

Preservation of identity: Assume we are given (¢,7) € Groth(ccCat,id*“®t). We need to
prove that Chui(1(4 ) = lchy(z,y). By definition we have Chui(1(¢ ,)) = (id(‘(’”)*. To see
that (id%), = Lchu(# ), it suffices to check the equalities

((id%).)y(a. f.2) = (a, f,w) and  ((id?).),(6",07) = (6",67)
for all objects (a, f,z) € Chu(%,v)o and all arrows ¢ = (¢T,¢7): (a, f,x,) — (b,g,y) in
Chu(%,~). Using definition 4.5 we can compute

((id(g)*)o(av f) LE) = ((ld(g’ 1’7)*)1(a7 f’ :E) = (1dz]€(a)7 1’7 0 ld(f(f) ° ld;ivx) = (aa fvl‘)

and
(%)), (67, 07) = (¢F,07).

So Chu is indeed a functor. Q.E.D.
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4.6 A covariant Grothendieck functor

Let P = (Py,P1): € — Cat. We imitate the definition given in [Pet20a, Definition 7]. So we
define a category [(%,P) in the following way:

Definition 4.17 (The Grothendieck functor). The covariant Grothendieck functor is
defined by the following clauses.
e Objects: The objects of [(€¢,P) are given as pairs of objects (a, ), where a € 6 and
z € (Po(a)),.
e Morphisms: Assume we are given (a,z),(b,y) € [(€,P)o. A morphism is a pair
(f,0): (a,z) — (b,y), where f: a — b is an arrow in € and ¢: (P1(f))o(z) — y is
an arrow in Py(b). One can visualize this as in figure 4.1.

IS Cat N

u%(“)

- (PL())olx) 2y

- J

Figure 4.1: Illustration regarding the arrows in [ (¢, P)

e Composition: Assume we are given (a,z), (b,y), (c,2) € [(€¢,P)o and (f,¢): (a,z) —
(b,y),(g,¢): (byy) — (¢, 2). Then we set

(g:¢) o (f,¢) = (g0 f, 90 (Pi(9)1(9)),

where 1 o (P1(9))1(¢): (Pi(go f))o(z) = z. We could visualize this as in figure 4.2.
o Identity: We set 1(q . = (14,1,) and see that this fulfils the required conditions.

Remark 4.18. Finally we want to compare the Grothendieck construction with the Grothen-

dieck functor.

Objects: The objects of the Grothendieck category are given as pairs (%,7), where € is a
cartesian closed category and v € %p. The objects of the Grothendieck functor on the
other hand are given as pairs (a,z) where a € %, for an arbitrary category ¢ and
x € Po(a).

Arrows: The arrows of the Grothendieck category are pairs (F, f): (¢,7) — (Z,0), where
F: %€ — 2 is a product preserving functor and f: Fy(y) — J is an arrow in 2. The
arrows of the covariant Grothendieck functor on the other hand are given by pairs
(F, f): (a,z) — (b,y), where F': a — b is an arrow in € and f: (P1(F))o(z) — y is an
arrow in Py(b).

Hence we can observe the following.

If we take ¥ = ccCat, the category of cartesian closed categories and
let P be the inclusion functor ¢: ccCat < Cat, then we can recover the
Grothendieck category from the Grothendieck functor as [(ccCat, ).
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4.6 A covariant Grothendieck functor

(Cat) N
f
b
g
) (Pr(g 0 o) LDy (g))o(y) L 2

Po(c)

Figure 4.2: Illustration regarding the composition in [ (¢, P)



Chapter 5

The Chu construction and categorical
constructions

In this chapter we want to dissect the interplay of the Chu construction with various constructions
using categories, i.e. the opposite category or product categories.

5.1 Chu and duality

When working with the opposite category there are two ways to approach this problem.
On one hand we can examine the opposite of the Chu category, Chu(%,v)°P, and on the
other hand we can examine the Chu construction over the opposite category, Chu(% °P,~).
As we have only defined the Chu construction over cartesian closed categories % and the
opposite category % °P need not be closed for a cartesian closed category %', we need a greater
framework for the latter approach.

For this reason we start by discussing the opposite category Chu(%,~)°P and work on the
latter approach in sections 5.2 to 5.5.

Lemma 5.1. Let € be a cartesian closed category and v € 6y. Then the Chu category is
isomorphic to its dual,
Chu(¥%,v) = Chu(%,v)°P.

Proof: We have to find a covariant functor F': Chu(%,v) — Chu(%,~)°" and a covariant
functor G': Chu(%,7)°? — Chu(%, ) such that F' o G = idchy(# )0 and G o F' = idchy(# 4)-
We define these functors in the following way.

e The functor F' is defined by the following clauses: Let (a, f,x) € Chu(%,7). Then
Fo(a, f,z) = (z, f,a). If (¢T7,¢7): (a, f,x) — (b, g,y) is an arrow in Chu(%,~), we set
Ri(6%,67) = (6726%).

e The functor G is defined as follows: Let (a, f,z) € Chu(%,v)°P. Then Gy(a, f,x) =
(z, fya). It (v, 97): (a, f,x) — (b, g,y) is an arrow in Chu(€, ), we set G1(¢+,¢™) =
(0= ),

One can see that these definitions are indeed allowed: If (a, f, x) € Chu(%,~), then (z, f,a) €
Chu(€,v)°, as f: a x x — ~ and therefore (z, f,a) € Chu(%,7v)o and Chu(%,v)o°® =
Chu(%,7)o. Solet (¢1,¢7): (a, f,x) = (b,g,y) be an arrow in Chu(%,v). This means that
¢T:a— band ¢ : y — x such that the diagram

1ax¢p™
axXy —>aXzx

¢+X1yl lf

commutes. We have to check that Fy (¢, ¢7): (z, f,a) = (y,g,b) is an arrow in Chu(¢, ) °P.
So we have to show that (¢, ¢"): (y,9,b) — (z, f,a) is an arrow in Chu(%, ). By definition
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we have ¢~ :y — x and ¢*: a — b, and the diagram

1 +
yxa%yxb

e

TXa———>7

f

commutes as the diagram of (¢, ¢~) commutes. Similarly, the well-definedness of G can be
shown in the following way: If (a, f,z) € Chu(%€,~)o °P, then (z, f,a) € Chu(%¢,v)o. Now let
(WT,97): (a, f,z) = (b,g,y) be an arrow in Chu(%,~)°P. This means that ¥*: b — a and
P~ x — y, where

bxm%bxy

'¢'+><195l lg
!

axXxr ———7

commutes. But this is also the diagram required for (=, ¢%): (x, f,a) — (y,9,b) to be an
arrow in Chu(%,v). So F, G are well-defined. It remains to check their functoriality.

e Compatibility with identities: Suppose we are given (a, f,x) € Chu(%,7)o. Then
L) = (1o, 1z) and Fi(1(g54) = (12,1a) = 14 1q). Conversely, let (a, f,z) €
Chu(‘g,’y)o °P be given. Then 1(a,f7x)) = (1,1, ]—x) and Gl(l(a,f,x)) = (]_z, 1(1) = 1(x,f,a)'

o Compatibility with composition: Suppose we are given arrows

(6" 07): (a, f,2) = (bg,y), W 97): (b, g,y) = (e hy2)

in Chu(%¢,v). To reduce confusion we will denote the composition in Chu(%,~)°P by
0°P. We compute

Fi (T 97) 0 (07,¢7)) = Fi(¢T 0¢T, ¢ 0p7) = (¢ 0™, 9" 0 6T)
= (¢, ) o (¥, 9") = (7,9 7) 0P (7, ¢7)
= F1(¢+7¢_) o P F1(¢+7¢_)‘

Conversely, suppose we are given arrows
(0%, 07): (a, f,2) = (b, g,9), W 07): (b, g,y) = (e, h, 2)
in Chu(%,~)°P. Then we can compute
Gi((¥T,97)o®P(67,¢7)) = Gi((67,¢7) 0 (¥F,97)) = Gi(¢pF 0T, 97 0¢7)
=@ 09, o) = (W7, F) o (67, 97)
- Gl(¢+7 ¢_) o G1(¢+a (;5_)

Lastly we show that G o F' = idchy(#,y) and F o G = idcpy(gy)or- Let (a, f,x) € Chu(%,7)o.
Then

(G o F)O(Cl,f,-f) = GO(FO(av fvx)) = Go(ﬂf,f, CL) = (CL, fa l‘)
Now suppose we are given an arrow (¢, ¢7): (a, f,z) — (b,g,y) in Chu(%,v). Then

(GoF)i(¢%,¢7) =Gi(Fi(67,97)) =Gi(¢™,0T) = (67, 67).

The equality for F'o G = idcpy(g,,) o follows identically. Q.E.D.
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5.2 The dual Chu construction

Now we want to consider the category % °P for a given cartesian closed category %. But if
we wanted to construct Chu(%,~) for v € %), we would run into the problem that % °P is ad
hoc not cartesian closed. So we need a different construction. We do this by analysing the
key ingredients of the Chu construction and dualizing them. Those ingredients are

e A cartesian closed category €.

e A specific object v € %p.

e Triplets (a, f,z) with f: a x z — .

So we first dualize the notion of a product. We then arrive at the notion of a coproduct,
which we recall to be the following.

Definition 5.2 (Coproducts). Let ¢ be an arbitrary category and (¢, )nec.s be a family of
objects in € indexed by the set I. A coproduct of (¢,)ner is an object C' € 6y together with
arrows iy : ¢, — C satisfying the following universal property.
Let a € %y with an arrow g,: ¢, — a for each n € I be given. Then there exists a
unique arrow g: C' — a such that for each n € I the diagram

commutes.

Definition 5.3 (Initial objects). Let € be an arbitrary category. An initial object of € is
an object L € €p such that for every c € 4) there exists exactly one arrow, j.: L — c.

Remark 5.4. The coproduct of (¢, )ner is determined up to unique isomorphism, if it exists,
therefore we shall write [ [, .; ¢; instead of C. If I is the set containing only two elements, we
write ¢q + ¢o for the coproduct.

The dualization of the Chu construction is given as such:

Definition 5.5 (coChu categories). Let & be a category with binary coproducts, denoted
by +. Then the dual Chu category coChu(%,§) for £ € 6 is the category defined as such:
e Objects: The objects of coChu(%, &) are pairs (¢, f,z) with ¢,z € 6y and f: £ — ¢+ .
o Arrows: The arrows of coChu(%,§) are pairs (¢4, ¢_): (¢, f,x) — (d,g,y) of arrows
¢y:d—c,p_: x — y. These arrows have to make the diagram

f

E———c+z

lg ilcw

+1,
d+y MC—i—y

commute. The identity arrow is simply (1., 1,).
o (Composition: Let arrows

(¢+,¢*): (Ca fa$) - (dvgvy)a
(¢+,7,Z)7)3 (d,g,y) — (e7hvz)

be given. We then set (1+,1_) o (¢, ¢_) = (b4 0 ¥4, 0 p_).

We start by showing the following lemma.
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Lemma 5.6. Let € be a category with coproducts. Then for a,b,c,d,e, f € 6y and g+4¢': a+
b—c+dh+h:c+d—e+ f we have

(h+h)ol(g+g)=(hog)+ (W og).

Proof: We know that we have the commutative diagrams

o —2sq +0b i b c— s +d d d
g gt+g’ lg’ and lh h4-h! !
e Y iq e N if
c c+d d e —>e+ f<—f.

As both (h+h')o(g+¢') and (hog) + (k' o ¢') make the diagram

i i
a—2sa+b<—2—1p
hOg lhlogl

i v if
e ——e+ f<—f

commute, we have the desired equality. Q.E.D.

Proposition 5.7. Let € be a category with binary coproducts and v € 6y. Then coChu(%,7)
is a well-defined category.

Proof: We shall show that the composition is well-defined. For this let the arrows (¢4, ¢—),
(4,1_) as described in definition 5.5 be given. We have to check the commutativity of the
diagram

5%0—#3:

lh ilcﬂw_oqﬁ_)
o 1.
e+ z(qs% c+z

To this end we use the commutative diagrams of each arrow and compose them into a big
diagram

leto—
c+x i>c+y

fT ¢>++1yT

¢ —2>d+ty

lh lld-i-lﬂ—
e+ z er*Jrl; d+ z.

This can be expanded into the commutative diagram

lct+(h409-)
( 1
1c+’¢}—
fT ¢++1yT \\\\\&
& —9 s d+ Y c+z

lh 1d+"/)*l /
¢++1z

e—l—zmd—{—z.

L J

(p+094)+12
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This yields the desired equality. Q.E.D.

Next we will quickly mimic the standard functors associated to the Chu construction for
the coChu construction.

5.3 The dual Chu representation

To define a dual Chu representation, we first examine which prerequisites a category had to
fulfil to employ the Chu representation. Such a category needed to be cartesian closed, but
we only needed the existence of binary products and exponential. As the coproduct is the
notion dual to the product, we need a notion dual to the exponential.

Definition 5.8 (Coexponentials). Let € be a category with coproducts and a,z € %y. A
coexponential of a,x is an object “a with an arrow coev,,: a — % + x such that for every
b€ % and f: a — b+ x there exists an unique arrow f: o — b that makes

coevg g
—> Ta+zx

\ [+

b+
commute.
This allows us to define the dual to the Chu representation.

Theorem 5.9. Let € be a category with binary coproducts and coexponentials and v € 6.
We define a contravariant functor C¢7: € — coChu(%,~) via

Cg "(a) = (a, coevs a0, %),

where h = (lay 4 f) 0 coevy 4 and h arises from the commutative diagram

~ coev. p b’y b
coe\mx
Y +a h+1, (6)
1 a"/k

% +b.

Proof: We first show that these definitions are well-defined. By definition we have that
coevyq: Y — % + a, so it remains to check C?’V(f). Let f: a — b be given. We have to
check that Cf’v(f) = (f,h): (b,coev,p,%) — (a,coev,q,%) is an arrow in coChu(¥€,7).
This means to check that

f:a—b and h:%y—%

as well as the arrow condition. The first condition is immediate by the definition of the arrow
f, so it remains to show the second condition. As h: v — % + b, we have by definition of the
coexponential that A: % — %. By definition of h the diagram (6) commutes, so (f,h) is an
arrow in coChu(%,7).

We proceed by showing that C%7 is indeed a functor €°® — coChu(%,~). For his we
check the following:



42

5.3 The dual Chu representation

o Compatibility with composition: Let two arrows in €, f: a — b,g: b — ¢ be given. We
have to check that C’f’w(g of)= C’fﬁ(f) o Cf’v(g). As we have

Cégo f)=(go f,h),
CEI(f) 0 CE(g) = (f,h2) o (g, h3) = (g o f, ha o hs)
where

hi = (lay + go f) o coev,q, ha = (Llay + f) 0 coev, 4,

hs = (1u, + g) o coev, s,
it remains to show that iy = hg o hg. To this end we show that both h = h; + 1. and
h = (hg o h3) 4+ 1. make the diagram

coevy ¢

0 : Y +c

coe\kl

Y +a h (7)

1%+(gm

Y+c

commute. For the arrow h; 4+ 1. this is immediate by definition, so we divert our
attention to (hg o h3) + 1.. It is immediate that

(77/2 o 77/3) +1.,= (BQ + 10) o (lvll + 10)7

and we have a diagram

C'y—&—cg N+ ¢

ho+1
coev%c]\ 1b,y+gT X ¢
coevy p

v B+ b Yt

] w| A,

@7+a*>a'y+b

where the two squares on the left commute, so we can establish that

(ha + 1) o (hs + 1.) o coev, . = (ha + 1.) o (1, 4+ g) o coevy,
= (hs +g) © coevyy

= (Loy + g) o (hg + 13) 0 coev,,,
= (Ley + 6) 0 (Loy + f) 0 G080
= (

1o, + (g0 f)) o coev, g,

which gives us the commutativity of (7) in the case h = (hy o h3) + 1., so by the
uniqueness of h we have
(h2 o hg) +1.=h1 + 1,

as desired.
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e Preservation of identities: Let a € %y be given. We consider C’f "7(1,). By definition
we have

OV (1) = (Lo, )

for h = (1ey + 1,) 0 coev, 4. We can immediately verify that h = coev, 4, so we have
to check that

coevy g

¥y —>%~4a
CoeVn g lla,erla
Y+a

commutes. But this is immediate, so we have h = 1a,.
So C% is a functor €°P — coChu(%, ). Q.E.D.

As E% was a full embedding of % into Chu(%’,), we would like to have a dual statement
to this. Fortunately, the following holds.

Proposition 5.10. C%"7 is a full embedding of €°P into coChu(€,~).

Proof: We first show that C%*Y is injective on objects. This is immediate, as if

(a,coev, 4, %) = (b, coevn, b’7)7

we already have a = b.
“7 s an bijection for all a,b € . For this we have to be a little

Next we show that C(a b)
careful, as we have

CE@ZZZ): Homgop (a,b) = Homg (b, a) — Homeocny(# ) ((a, coevy q, %), (b, coev%b,b’y))

with f — C2(f).
o [Injectivity: Let f,g: b — a be given. We then have

Y = (f,h) = (9,)
=C{(g)

for unique arrows h, j: % — Y%, which are not necessary for the further argument, as we
already have that f = g.

e Surjectivity: Let (¢4, ¢_): (a,coevy 4, ™) — (b, coev, %)) be given. We want to find
f:b— a such that Cf”y(f) = (¢4, ¢_). To this end it suffices to show that h = ¢_ for
h = (1s, + ¢) o coev, ;. We simply have to show that (¢— + 1,) o coev,, = h. But
this is immediate from the commutativity of the diagram

coevy g

v 2L a4 a

convrs| [+

b b
Vi VT

which is given by the arrow (¢4, ¢—).
So C%" is a full embedding of €°P into coChu(%, 7). Q.E.D.
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5.4 A dual of the internal Chu functor

As the internal functor Chu? is a functor ¢ — Cat we want to define a functor coChu? : €°P —
Cat.

Theorem 5.11. Let € be a category with coproducts. The rule coChu® : €°P — Cat defined
by coChuf (v) = coChu(%,~) and

coChuf (u: 6 — ) = u*: coChu(%,~) — coChu(%,6),
(u*)o(a, [ x) = (CL, fou, :L“),
(u)1(d4,0-) = (o4, ¢-),

is a covariant functor.

Proof: Let € be given. To show the well-definedness, it remains to check coChu({’” is a functor,
as coChu(%,v) € Catg for all y € 7.

So let u: 6 — v be given. We have to prove that u* is a functor. To this end we observe
that (a, fou,b) € coChu(¥%,9) for (a, f,z) € Chu(€,~)o, as fou: § - a+z. To see that any
arrow (¢4, ¢_): (a, f,z) — (b, g,y) is also an arrow (a, f o u,x) — (b,g o u,y), one only has
to see that

(lat+o-)ofou=(pr+1)ogou,

as already (1, + ¢—) o f = (¢4 + 1) o g. The compatibility with composition and the
preservation of identities are now immediate, so coChu®: €°P — Cat is indeed a functor
Q.E.D.

Proposition 5.12. Ifu: § — v is an epimorphism, then u* is a full embedding.
Proof: For any (a, f,z), (b, g,y) € coChu(%,~)y we have

HomChu((@”,’y) ((CL, /s SL‘), (ba 9, y)) = HomChu((g,(s) ((CL, [ou, SC)(b, gou, y))a

since (u«)1(¢) = ¢ for all ¢ € coChu(%,v)1. So it remains to show that «* is injective on the
objects. Assume (a, fou,z) = (b,gou,y). Then a = b,z =y and fou = gow implies f = g,
as u is an epimorphism. So (a, f,z) = (b, g,y). Q.E.D.

5.5 The global coChu functor

Before we can define a global Chu functor, we first examine the global Chu functor. This was
a functor
Chu: Groth(ccCat, id*“®t) — Cat,

where

e Groth is the covariant Grothendieck construction,

e ccCat is the category of cartesian closed categories,

e id°“?t ig the full embedding ccCat < ccCat.
We would like to keep the covariant Grothendieck construction in our definition of the global
coChu functor, so it remains to modify ccCat and i<t

Definition 5.13. We denote by cocCat the category defined as such:

o Objects: Categories ¥ with finite coproducts and coexponentials and initial objects.

e Arrows: Covariant coproduct preserving functors F': € — Z.
The composition is defined in the usual way and the identities are simply the identity functors.
We call objects € € cocCatqg cocartesian closed categories.
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Next we have to deal with coproduct preserving functors.

Definition 5.14. Let €, Z be cocartesian closed categories. A functor F': € — Z is coproduct
preserving, if for every a, b € € there exists a unique isomorphism F that makes the diagram

Fi(ia) F1 ()

Fy(a + b) <—=— Fy(b)

\ Fet / (8)
1Fy(a) v LFp(b)

Fy(a) + Fo(b)

Fo(a)

commute.

Remark 5.15. Analogously to the case of product preserving functors one only needs to find
an isomorphism F® making the diagram (8) commute, as such an isomorphism is unique by
the universal property of the coproduct.

Lemma 5.16. Let €, 2 be cocartesian closed categories and a, b, c,d € 6y such that ¢: a — b
and Y: c— d. Let F': € — 2 be a coproduct preserving functor. Then the diagram

Fy(a+ ¢) 255 Fy(a) + Fy(c)
lFl((M) l ()L FL (@)
Fo(b+d) 25 Fy(b) + Fy(d)

commutes.

Proof: It suffices to show that

Fo(a) =29 B+ ¢) <29 Ry
Fi(4) é Fi () 9)
Fo(b) 2% By (b) + Fo(d) <22 Fy(d)

commutes for = = (F1(¢) + F1(¢)) 0 F, as E = F* o (¢ + 1) is the unique arrow making
the diagram commute. But this can be checked directly. We know that

Fo(a) “2% Fy(a+c) <2 Fy(e) Fola) ) Bo(a+ o) <28 Bie)
R Fi(@)F () | nd T~ P
Fo(b) M Ly (d) *Fo(a) v YFp(e)
Fo(b) F()(b) + Fo(d) <~— Fo(d) Fo(a) + Fo(C)

commute, so we can combine the two diagrams to form a bigger, still commutative diagram

CL) ZFo(a) FO +F0 ) Fo()
Fl(@l F(@)+F () F(®)
Y i
Fo(b) —22% IR, Fo(b) + Fy(d) <2 Fy(d).

But the outermost vertices of the diagram with the arrows gives the desired commutative
diagram (9) Q.E.D.
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Remark 5.17. Just as in the case of product preserving functors, if two functors F': ¢ — 2
and G: 2 — & are coproduct preserving, then G o F' is coproduct preserving and we have

(G ° F)ab _ GFo(a)Fo(b) oGy (Fab)'
Furthermore we have the following lemma.

Lemma 5.18. Let €, 2 be cocartesian closed categories and v € 64,0 € Dy. Let F: € — 9
be a coproduct preserving functor and F® be the canonical isomorphisms of F for a,b € €
and : § — Fo(7y) be an arrow. The rule

F*: coChu(%,~) — coChu(2,9),

(F*)o(a, f,b) = (Fo(a), F*™ o Fy(f) o9, Fy(b)),
(F)1(9+,9-) = (F1(o+), Fi(9-))

is a functor.

Proof: We first show the well-definedness. As F%® o [y (f) o4: § — Fy(a) + Fy(b), we have
(Fo(a), F® o Fy(f) o1, Fy(b)) € coChu(Z,8). Now let an arrow (¢4, ¢-): (a, f,z) = (b, g,y)
be given. We have to check that (Fy(¢4), F1(¢—)) is well defined, i.e. that

5 Fe%oFy (f)oy F()(a) —|—F()(LL')
FbyoFl(g)owl llFO(a)'f‘Fl(‘f’f)
)+ (1
Fo(b) + Fo(w) Oy (a) + Foy)

commutes. This can be computed as follows: First we observe that we have a commutative
diagram

F
Fo(r) L Fy(a+ )
R |raeren (10)

Fo(b+ y};lmyfb(a +y).

By lemma 5.16 we have commutative diagrams

ax b
Fyla+z) = Fy(a) + Fy() Fo(b+y) ——— Fy(b) + Fo(y)
lm(lm ) lmla)m@,) and lm(mﬂ ) lm(m)m(ly) (11)
Fo(a+y) 5 Fyla) + Foly). Fola+y) =5 Fyla) + Fo(y).

So we can compute

(1pya) + Fi(¢-)) o F* o Fy(f) o p = (F1(1 )+F1(¢ ) o F* o Fi(f)oy  (12)
=FYoFi(la+¢-)oFi(f)o¢ (13)
—FyoF1(¢++1)OF1()O¢ (14)
= (Fi(¢+) + Fi(1,) o F?¥ 0 Fi(g) o (15)

where we used the commutativity of the left diagram of (11) in (12) = (13), the commutativity
of (10) in (13) = (14) and finally he commutativity of the right diagram of (11) in (14) = (15).
It remains to check the axioms of a functor.
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o Compatibility with composition: Let
(¢+a QS*) : (a? fv ZL’) - (b’ga y) and (¢+7 ¢*) : (b>ga y) - (Ca h7 Z)

be given. We have to check that (F*)1 (¢4 o4, ¢_o¢_) = (F*)1(¢Y4,0¥_) o Fi(¢y,d—).
But this can be computed by

(F7)1(¢+ 0y, 0 = (F1(¢4 0¥y ), Fi(yp— 0 9-))
= (Fi( ¢+ OF1(¢+)7F1( )O ( )

= (F(¥+), Fi(v-)) o (Fi(64), Fi(-))
F(¢+a )OF1(¢+a ).

e Preservation of identities: Let (a, f,x) € coChu(%,~). Then

Fi(14,12) = (F1(1a), F1(12)) = (1py(a)s Ly ()

by definition.
So F*: coChu(%,7) — coChu(Z,0) is indeed a functor. Q.E.D.

It remains to find the adequate Grothendieck construction. Unfortunately we can not
use the standard embedding cocCat < Cat, but we have to use the modified embedding
1°P: cocCat — Cat, which sends a cocartesian closed category % to its dual category % °P.
This motivates the following definition.

Definition 5.19. Let cocCat be the category of cartesian closed categories and ¢ °P: cocCat —
Cat be the embedding described above. Then the category Groth(cocCat,:°P) it defined by
the following data:
e The objects of Groth(cocCat,:°P) are given by pairs (%,7), where € is a cocartesian
closed category and

v € [tP]o(€) = (€ °P)o = 0.

e The arrows of Groth(cocCat,:°P) are given by pairs (F,0): (¢,v) — (Z,9), where
F: % — 2 is a coproduct preserving functor and ¢: § — Fy(7) is an arrow in 2.
e The identity of (¢,7) is given by (id?,1.).

Proposition 5.20. The category Groth(cocCat, ¢ °P) defined above is indeed a category.

Proof: We have to check well-definedness, associativity and the existence of identities.
Well-definedness: Suppose we are given two arrows in Groth(cocCat,:P), (F,60): (¢,7v) —
(2,6) and (G,w): (2,0) — (&,¢). We have to prove that (G,w)o(F,0) = (GoF,G1(0)ow) is
an arrow (%,v) — (&,¢€). As GoF': € — & it remains to show that oG (w): € = Go(Fp(7)).
But as w: € = Go(0) and G1(0): Go(6) = Go(Fp(7y)) this is immediate.

Associativity: Suppose we are given three arrows,

(F,0): (¢,v) — (¢,0), (G,w): (2,0) = (&,¢),
(H,v): (&,¢) = (F,pn)

in Groth(cocCat, ¢ °P). We have to show that
((H,v) o (G,w)) o (F,0) = (H,v) o ((G,w) o (F,0)).
To this end we simply compute

(H,v)o(G,w)) o (F,0) = ((HoG,Hi(w)ov) o (F,0)
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(HoG)oF,(HoG)(0)o Hi(w)ov)
= (Ho(GoF),H1(G1(8) ow) o)

( )o(GoF,Gl()o )

(H,v)o ((G,w) o (F,9)).

This proves the associativity.

Ezistence of identities: Suppose we are given an object (¢,7) of Groth(cocCat, ¢ °P). We want
to show that 14 ) = (id%,1,). For this reason let two arrows (F,8): (€,v) — (2,6) and
(E,v): (#B,w) = (€,7) be given. We compute

(F,0) 0 (id”,1,) = (F 0id?, Fi(1,) 0 0) = (F, 15,y 0 0)
= (F,0),
(id%, 1,) o (B,v) = (id? oE,idf (v) 0 1,) = (E,v 0 1,)
= (E,v),
0 (id(g, 1,) fulfils the properties of the identity. Q.E.D.

With this category at hand we can make the rule (¢,7) — coChu(%,7) a functor.

Theorem 5.21. We define the rule coChu: Groth(cocCat,:°P) — Cat in the following way.
e For all (¢,v) € Groth(cocCat, ¢ °P)y we set coChug(%,~) = coChu(%,7).
e For all arrows (F,0): (¢,£) — (2,0) in Groth(cocCat,:°P) we set coChuy(F,0) = F
where F* is defined in lemma 5.18.

Proof: To see that coChu is a functor, we need to prove the compatibility with compositions
and identities.

Compatibility with composition: Suppose we are given two arrows (F,0): (¢,v) — (2,9) and
(G,w): (2,9) — (&,¢) in Groth(cocCat, ¢ °P). We have to show that

coChuy ((G,w) o (F,0)) = (Go F)* = G* o F* = coChuy (G,w) o coChuy (F, 6). (16)

To prove this it suffices to check that (G o F){(a, f,z) = (G* o F*)o(a, f,z) and (G o

F)T(qb‘hqb*) = (G* ° F*)1(¢+a ¢*) for all arrows (¢+7¢*) n Chu((g7’7)
e We begin by considering the objects. We compute that

(GoF)y(a, f,z)
= ((G o F)o(a), (G o F)“b o (GoF)1(f)oGi(f)ow,(Go F)O(x))
= (Go(Fy(a)), GP@F®) o Gy (F™) 0 G1(Fi(f)) 0 G1(6) 0w, Go(Fy()))
(Go(Fo(a)), GFo@Fo®) o Gy (F® o Fy(f) 0 0) o w, Go(Fo(x)))
= G5 (Fo(a), F* o Fy(f) 0 0, Fy(x))
= Gy (K5 (a, f,2)) = (G" o F*)o(a, f, ).

This proves the desired equality.

o Next we consider the arrows. Let (¢4, ¢_): (a, f,x) — (b, g, y) be an arrow in coChu(%, ).
Then

I
21

(GoF)i(¢4,0-) = ((GoF)i(¢y),(Go F)i(p-)) = (G1(Fi(94)), G1(Fi(é-)))
= G} (F1(¢4), F1(¢-)) = (G* o F*)1(¢4, ¢ ).
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This proves the equality (16).
Preservation of Identities: Suppose we have (%,v) € Groth(cocCat,¢°P)y. We then have to
check that coChui(1(x ) = lcochu(w,y)- It suffices to check this equality on objects and
arrows. We first observe that

coChui(1(g ) = coChuy (id”, 1,) = (id”)*.
e Suppose we have (a, f,x) € coChu(%,7)o. We then compute
(1d)g(a, f,x) = (id§ (a), (id?)*® 0 id{ (f) 0 14,1d{ (z))
= (a, (id")* o f, ).

But we can observe that (id%)‘w = 1444, as 14x, makes the diagram

ldO%H((l) m ldgf(C‘L’ + .fU) f(jllT(zz) ld((l)aﬂH(.T)
Il

Il
7 7
a—“>a+x<;x

1a+x
. Y .
la a+x 1z

commute. So we have (id%)% o f = f, which finalizes the proof of (id?)(a, f,z) =

(a, f,x).
e To see the equality on arrows, suppose we have an arrow (¢4, ¢_): (a, f,x) — (b,g,y)
in coChu(%,~). We then compute

(1d?);(d4, ¢—) = (id] (¢4),1d¥ (6-)) = (¢4, 0-).

So we have proven that coChui(1(¢ ) = Leochu(#,y)- Q.E.D.

5.6 Products of Chu categories

We want to relate the category Chu(%,v) x Chu(Z,9) to the category Chu(% x 2,(7,9)).
The objects of the Chu category Chu(% x Z,(~,9)) are triplets ((c, d), f, (z,y)) where

(c,d), (x,y) € (€ x P)o and f: (¢,d) X (z,y) — (7,0).

The objects in the category Chu(%,v) x Chu(Z,0) on the other hand are given as pairs
((a, fs :z:),(b,g,y)), where (a, f,z) € Chu(%¢,v)o and (b,g,y) € Chu(2,0)o. The first step
towards a isomorphism between the two categories would be a functor between the two. We
establish such a functor in the following theorem.

Theorem 5.22. There exists a functor

F: Chu (¢ x 2,(v,6)) = Chu(€,~) x Chu(Z,4).

Proof: We divide this task into three steps:

e Step 1: Mapping the objects.

e Step 2: Mapping the arrows.

e Step 3: Checking the functoriality.
Regarding step 1: Suppose we are given ((a, b), f, (ac,y)) € Chu(€ x 2,(v,6))o. This means
that f is an arrow

fi(a,b) x (z,y) = (7,6).

We wish to extrapolate two arrows fi1: a x © — v and fy: b x y — 0. For this we remember
the definition of the product category.
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Definition 5.23 (Product categories). Let ¢, Z be categories. Then the product category
is defined as such:

o Its objects are pairs (¢, d) where ¢ € 6y and d € .

e Its arrows are pairs (f1, f2): (a,b) = (¢,d), where fi: a — c and fo: b — d.

To make this useful in our context, we have to relate the product (a,b) x (z,y) to (a x
x,b x y). For this we make the following observation.

Lemma 5.24 (Product categories of cartesian closed categories). Let 6,2 be cartesian
closed categories. Consider the product category € x 9, and elements (¢, d), (', d') € (€ x D)o.
Then (c,d) x (¢, d) = (e x ,d x d).

Proof: For this we first visualize that the product category € x Z is actually cartesian closed.
Suppose we are given (¢, d), (¢, d) € (€ x P)o. To define the product we need an object
P = (p1,p2) € (¢ x 2)p and projections pry: P — (¢,d),pry: P — (,d’) such that for ever
object (e, f) € (€ x 2)o with morphisms ¢ = (q1,92): (e, f) = (¢,d),t = (t1,t2): (e, f) —
(,d") there exists an unique arrow u = (u1,u2): (e, f) — (p1,p2) such that

(q1,92) (t1,t2)
ul,uz

(p1, p2 — (¢ d)
commutes. We show that we can use (p1,p2) = (¢ x ¢,d x d') and
pry = (pr{,pr{), pry = (prj ,pry),

Where prlj: exc = ¢,pr§: cxcd — ¢ are given through the product in ¢ and pr{: d x d’ —
d,pry: d x d — d' are given through the product in 2. One can see that this satisfies the
required conditions as it makes

¢ re- (e ) o>/

t1 \ (tl,tg) to \
o d e — — (d,d') -2 ‘ d
tg (g1,92) 0 92
pry ¢, pry \L
cs— " — ¢ - (c,d) o d pry
~ ~ =
(g . -
pr1 - prl . ] Prl
AN S~ X N
exd U (exd,dxd) To dxd

commute. So as (¢x ¢, dxd’) satisfies all the requirements of a product, we obtain a canonical
isomorphism (¢, d) x (¢/,d') = (e x ,d x d). Q.E.D.

So we now have our desired map Fi: ((a,b),f, (:U,y)) — ((a,fl,m), (b, f2,y)), as we have
(a,b) x (z,y) = (a x ,b X y), so the arrow f is by definition a pair (fi, fo) of arrows
firaxx —y, fo: bxy— 9. So we can proceed to the next step.

Regarding step 2: We are given ((a,b), f, (z,y)), ((,V), f',(2",y)) € Chu(¥€ x 2,(v,8))o
and an arrow ¢: ((a,b), f, (z,y)) = ((¢,¥'), f',(2',y')). We want to map this arrow to an
arrow

((I)lvq)?): ((a,fl,x),(b, f2>y)) - ((alvfivx/)>(b/>féay/))'
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We start by dissecting ¢. This arrow is actually a tuple (¢+, ¢ ™) of arrows

¢*: (a,b) = (d', 1), ¢ () = (,y),

making the diagram
Liap)Xé™

(a,b) x (2/,9) (a,b) % (z,y)
l¢+><1(9”/’yl) lf (17)
(V) x (2, y) ——L— (7,6)

commute. We can further dissect ¢, ¢~ into
qbf:a%a', gi);r:bﬁb’,
] 1 — by —y.

This allows us to define ®; := (¢, ¢7 ), P2 := (¢, ¢5 ). We have to check the commutativity
of the diagrams

laXéy
axz 22 o bxy’%bxy
¢Ir><1z’l lfl and ¢2_X1y’l lf2
a'xx’#’y b’xy’#d.

This means to check that fio(1sx ¢7) = fio(¢] X 1) and fao (1 X ¢g) = fho(dy x 1,).
But these two conditions are equivalent to the commutativity of the diagram (17), as we shall
see. The commutativity of the diagram (17) means that

fo(Lp x o) =fo(d" X1y ). (18)

But as we have discussed before, f = (f1, f2) so this equation can equivalently be formulated
as

(f1:f2) 0 (Lapy) X 07) = (1, f2) © (67 X L y).
Our next goal shall be to show that
(1(a,b) X ¢~ )= (1g x ¢7,1p X ¢5 ) and (¢ x l(xlvy/)) = (gbf X 196/,q52+ X 1y). (19)
We do this in a more general context.

Lemma 5.25. Let 6,2 be cartesian closed categories. Let (a,b),(c,d),(d',b),(c,d") €
(€ x D)o and ¢ = (¢1,¢2): (a,b) — (a', V'), = (Y1,¢2): (¢, d) = (¢, d') be arrows. Then

d X Y = (¢1,02) X (¥1,102) = (d1 X V1, P2 X 12).

In a sense this lemma can be seen as an extension of lemma 5.24 to arrows. Furthermore
the equalities only hold up to unique isomorphisms, but as the product of objects is only
chosen up to unique isomorphisms, this distinction will be dropped to not artificially inflate
the notation and complexity.

Proof: Suppose we are given arrows and objects as in the lemma. By the uniqueness of the
arrow ¢ X 1 making
(a,0) < (a,0) x (e,d) —* (c,d)
l¢ Xy lw
2\

(a V) <22 (V) x (¢, d) 225 (¢, d)
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commute, it suffices to prove that (¢1 X 11, ¢2 X 12) also makes the diagram commute. From
lemma 5.24 we obtain canonical isomorphisms making the diagram

(a x e,bxd)
pry IR pro

(a,b) <z (a,b) x (¢,d) —57— (¢, d)

l¢ XY lw
v/ Y !
(@, 0) <22 (!, 0) x (¢, d) 25 (¢, d)

Pry 112 Pr)
(@ x b xd)

commute. By pre- and postcomposing with these isomorphisms (¢1 X 11, ¢2 X 1)2) also
makes this diagrams commute, but as we remarked before, we drop these isomorphisms for
convenience, so

(b1 X Y1, 2 X P2) = ¢ X V.

Q.E.D.

This lemma gives the desired equalities of (19), hence we can compute

(f1, f2) o (L(apy x ¢7) = (f1, f2) o (1o X @1, 1p X @5)
= (fio(la x ¢1), fao (1p X ¢3)),
(f1: 2) 0 (&7 X L) = (f1, f3) 0 (¢ X Lar, 3 X 1)
= (fio(¢] X 1w), f20 (93 X 1y)).

This means that the equality (18) can be reformulated as

(fro(lax 1), f20 (1 x 63)) = (fio (d] x Lur), fr0 (3 x 1y)).

This means nothing else than

fl O(]-a X ¢1_) :f{ o((;ﬁi"' X ]-ac’)v
fao(Ly X ¢3) = fao(d3 x 1),

our desired two equalities. Before we move on to the last step, we summarize what we have
already collected about our functor. Suppose we are given

((a,0), (f1, f2), (z,9)), (@', V), (f1, f3): (2",y")) € Chu(€ x Z,(v,9))o
and an arrow
o= (0%,07) = (&1, ¢3): (81, 91)): ((a,b), (f1, f2), (x,)) — (', V'), (f1, f3), (¢, 9))).

Then

FO((av b)7 (fla f2)a (:Ev y)) = ((CL, f1>x)7 (b, f2, y)),

Regarding Step 3: We now check the functoriality of the map. For this we check the following;:
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e Preservation of identities: We now check that

Fo(L(ap),(f1.52)(2) = LRo((@)u(f1.f2), (@)
We first observe that
L(ab)(f1.f) @) = (Lab) Lzy) = (Las 1o); (Lo 1y))-
By the laws defined above we then have
Fo(L((ap),(f1.02). @) = ((La; 1z), (16, 1y)). (20)
On the other hand we have Fy((a,b), (f1, f2), (z,y)) = ((a, f1,2), (b, f2,y)), so
LRy (@), (frof2) (@) = L((a,f1,2),(0.f2.9)

= (L, fr.2) Lo for)
(14,1, ) (1, 1y)),

which gives us the desired equality.
o Compatibility with composition: Suppose we are given three objects

(( ) (flafZ) ( y))7 ((a’,b'),(f{,fé),(:):’,y’)),
((@” "), (f1, f5), (", y"))

in Chu(% x 2, (v,9))o and two arrows

¢ = (61, 03). (d1,65)): ((a,0), (f1. fo), (= ))—>((a v), (f1 fa), (2 9),
Y= (0 03), (rwy)): (@ 8), (f1 f), (@ y) = (", 07), (1 f5), (2", y").

Then we compute

Fi(go¢) = Fi (01, 935), (1, ¢5)) o (61,63 ), (61, 63)))
= FL(((0f o ¢, 0 03), (61 007, b5 013)))
= ((Wf o8], 01 0vy), (¥F 0 63,05 0 3))
= (W 91), (W3 93)) o (61, 61), (3, 93))
= F1(¢) o F1(9).

This finishes the proof that F' is a functor. Q.E.D.

Our next goal is to define an inverse functor. For this we first define our functor G in
an “inverse” way, so if we are given ((a, f, ), (b, 9,9)), (', f',2"), (¥, ¢',4')) € (Chu(%,7) x
Chu(2,9))o and

o= (97, 07), (63,97)): ((a, f,2), (b, g,9)) = ((d, f,2"), (¥, g, 9")),
then we set

Go(((a, £.2),(b.9.9)) ) = ((a: D), (f:9). (2. 1));
Gi(9) = (¢, 99), (61, 3)).

Theorem 5.26. The rule G defined above is a functor
G: Chu(€,v) x Chu(2,68) — Chu(%€ x 2,(v,9))

and is the inverse of F.
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Proof: By the lemmata shown above one can see that this is well-defined. We check the
axioms of a functor.

o Preservation of identities: We have 1((, 1.2 (

5 b,g,y)) = (1a7 11‘)7 (1b7 1y))7 and

G1(((1012), (15,1)) ) = (10, 1), (1, 1,))
= L((ab).(£.9).(x)) = LGo(((a.f,2),(b,9:9))"

o Compatibility with composition: Suppose we are given arrows

© = (2], 1), (25, 95)): ((a, f,2), (b,9,)) = (', f',2"), (¥, 9",1/),
U= ((T], 7). (93, 95)): (', f,2"), (¥, g',)) = ((a", f",2"), (", 9",4")).

Then we can compute

G1(To®) =G (V] o @, @] 0 U7), (V] 0 @, @, 0 Vy))
:(\I/+oc1>1+,\1/;o¢>+),(¢> 0‘111,<I) )
= (9], 9), (¥7,93)) o (@], @), (@7, 97))
= G1(T) 0 G1(P).

It remains to show that G o F' = idchy(gx 2,(v,5)) and F o G = idchy(%,4) X idchu(2,5)- But this
is immediate, as for any ((a, b),(f,9), (w,y)) € Chu(¢ x 2,(v,0))o and

¢ = (((bii_,(b;_), (¢1—>¢2_)) € Chu(% X -@7 (’775))

one can verify

(G o F)o((a,b),(f, ),(x,y))ZGo(( f, bgy)Z( 9), (x,y)),
(GoF)i(¢) =Gi((¢7,¢7), (03,0 2_):( 7(¢17¢2))

Analogously, given ((a, f,z), (b,g,y)) € (Chu(%,7) x Chu(2,4))o and

= (1, ¥1), (W3, 4y)) € (Chu(€,7) x Chu(2,6))1

one can immediately verify

(FOG)O((av f,ﬂ:),(b,g,y)) = Fl((av b),(f,g), (l‘,y)) = ((CL, f,ﬂ:),(b,g,y)),
(FoGh() =Fi((v,v3), (%1 ) = (W, 91), (5, 43))-

This shows that F, G are inverse functors. Q.E.D.

We shall sum up our results in a theorem.

Theorem 5.27. Let €,2 be cartesian closed categories with v € 60,0 € Yy. Then the
category Chu(€,~) x Chu(¥,9) consists of the following data:
e The objects are given by triplets ((a,a’), (f, f), (b,V')) where (a,a’), (b x V') € (€ x D)o
and (f, f'): (ax bya x ) — (v,9).
e The arrows are given by ((¢+, %), (¢7,¢7)): ((a, ), (f, [)), (b,V)) = ((c, ), (9. 9')., (d,d'))

where

édtia—c, ¢~ :d—b,
Yptoad — ¢ pood =V
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The Chu construction and limits

6.1 Chu and products

We want to compute the product in Chu(%, ) of a cartesian closed category ¢ and an object
v € %p. Unfortunately we need that % has binary coproducts if we want to construct the
product in the Chu category.

Lemma 6.1. Let € be a cartesian closed category with binary coproducts and v € %p.
Then the category Chu(€,~) has products and the product of two objects (a, f,x), (b, g,y)
in Chu(%€,~) is given by

(a, fyx) x (byg,y) = (a x b, F,x+7y)
for a to be determined arrow F: (a X b) X (x +y) — 7.
Before we prove this lemma we find an equivalent expression for a X b X (z + y).

Lemma 6.2. Let € be a cartesian closed category with all finite coproducts and a,b, c,d € 6.
Then
X (b+c)=(axb)+ (axc).

Proof: It suffices to show that a x (b + ¢) satisfies the universal property of the coproduct
(a x b) 4 (a x ¢). So we first have to find arrows i,xp: @ X b — a x (b+c¢) and igxc: a X ¢ —

X (b+ c¢). We define i,xp := 14 X ip and igxe := 14 X i.. It remains to show that for every
object O € 6y with arrows l1: axb — O and la: ax ¢ — O we find an arrow : a x (b+¢) — O

making the diagram

axb*>a>< b—l—c <Z—a><c
axc

commute. We can transpose the arrows l1,ls to obtain arrows l;: b — Oj, lAQ :Ab — 0% By
the universal property of the coproduct b + ¢ we obtain a unique arrow [y + lo making the

diagram
/ll —i—lz\

b+ c

commute. Hence we obtain an arrow [ := evalp, o((l/I + 1) x 1,):ax (b+¢) — O. This is
the desired arrow making the first diagram commute. Q.E.D.

Proof of lemma 6.1: So let € be a cartesian closed category with coproducts and v € %j.
Let (a, f,x), (b, g,y) € Chu(%, 7)o be given. We first want to define an arrow axbx (z+y) — 7.

~

By the preceding lemma we know that a X b X (z +y) = (a x b x ) + (a X b X y), so it

95
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suffices to find two arrows pi: (a x b x ) — v and p2: (a X b X y) — 7 to obtain an arrow
F:(axbxz)+ (axbxy). As the product is associative, we have a X b X = = (a X z) X b,
therefore we obtain an arrow pr,,,: a X b Xz — a X . So we define p; := fopr,, .
Analogously we have a X b X y = (b X y) X a, and we obtain PTpyy: @ X b Xy — b Xy, hence
we can set pg := gopry,, . Therefore we obtain the desired arrow F': a x b X (x+y) —~. So
(axb,F,x+y) € Chu(¥,v)o.

It remains to show that (a x b, F, z +y) is a product of (a, f,z) and (b, g,y). First we have
to define the projections. We set

pr(a,f, ) = (pr(flfz),pr( )) = (pravix): (CL X ba F,x+y) - (CL, fa l‘),
pr (b,g,y) — (pr(bgy) pI'( y)) = (Prbaiy): (a‘ X bv F7$+y) - (bvg7y)a

where the projections pr,, pr;, and the inclusions ,, ¢, on the right hand side of the definition
stem from the given product and coproduct. Next we prove the universal property of the
product. For this let an object (u,q,w) € Chu(%,~)o together with arrows

(07, 07): (u,q,w): (a, f,x), (*97): (u,q,w) = (b, g,y)

be given. We want to find a unique arrow (®+,®7): (u,q,w) — (a x x, F, z + y) making the

diagram
(¢T.67) (u, q, (W)
/ <1>+<1> ) \ (21)

pr( abem—i—y B,

commute. But as we have ¢7: u — a,1/1+: u—band ¢":x — w, "y — w we obtain
arrows ®T: u — a x b,®":  + y — w making the diagrams

I PN

a<—axb*>b x*>x+y<—y

commute. So by definition (®*,®~) makes the diagram (21) commute. It remains to check
that (®*,®7) is a Chu morphism, i.e. the diagram

+
ux (z —|—y)¢ﬁ§y(a x b) x (x+y)

e |r

U X W 7 y

commutes. As u X (x +y) = (u X x) + (u X y), we have a coproduct structure on this object,
therefore it suffices to check the commutativity on the summands of the coproduct, so we
only have to check the commutativity of the diagrams

Ptx1 dtx1,
UXT —>axbxz uxXy ——axbxy
1ux¢*l lm and 1uxw—l lPQ
q q
U X W —————> U X W ————>.

But this is immediate from the definitions. So (a x b, F, x +vy) is the desired product. Q.E.D.
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6.2 The Chu construction preserves bicompleteness

As we have seen in the preceding section, it does not suffice that € has products if Chu(%, )
is to have products too. Now the next question is whether the existence of a limit and its dual
suffices. To answer this question in a positive way we present a variation of the approach of
[Man17]. We begin with the fundamental definitions.

Definition 6.3 (Diagrams of type .#). Let .# be a small category and 4 be an arbitrary
category. A diagram of type .# is a functor D: .4 — €.

Definition 6.4 (Cones over diagrams, morphisms of cones). Let D: . — % be a
diagram of type .#. Then a cone over D is an object C together with a family of morphisms
fi: C — Dq(i) for every object i € % such that for all i,j € % and all arrows a: i — j in
# the diagram

commutes. We denote the cone by (C, (fi)ie.sr,). Let two cones (C, (fi)ies,), (E, (9i)ic.s,) be
given. A morphism of cones is a morphism «: C' — E such that for every i € ., the diagram

C x E
N
.

commutes.

Definition 6.5 (Limits of diagrams). Let Z: .4 — % be a diagram of type .#. A limit of
D is a cone (L, (;)ic.%,) such that for every cone (C, (fi)ic.s,) there exists a unique morphism
of cones Fo: L — C.

Remark 6.6. To make the notation less clunky we shall write D; instead of Dy(i) for a
diagram D: . — .

Remark 6.7. Many fundamental concepts of category theory can be expressed as limits or
colimits. Take for example the product of two objects a x b in an arbitrary category %.
This product can be interpreted as the following limit: Let .# be the category with two
objects o1, 89 and only the identity morphisms. We can then define a functor D: . — % by
setting Dy(e1) = a and Dg(e2) = b. Then a limit of D is an object P together with arrows
pr,: P — a,pry: P — b such that for every L € 6y and arrows l;: L — a,ly: L — b, there
exists a unique arrow [: L — P such that

P

<=

a

commutes. So P is the product a x b. Terminal objects can also be considered as limits.
For this we consider the diagram 0: 0 — %, where 0 is the category without objects and
morphisms. Now the limit of 0 is an object T together with exactly one morphism !.: ¢ — T
for every ¢ € %y, hence T is the terminal object.
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Definition 6.8 (Cocones under diagrams, morphisms of cocones). Let D: .¥ — &
be a diagram of type .#. Then a cocone under D is an object C together with a family of
morphisms f;: D; — C' for every object ¢ € .#, such that for all i,7 € % and all arrows
a:i— jin £ the diagram

commutes. We denote the cocone by (C, (fi)ie.s, ). Let two cocones (C, (fi)ies), (E, (gi)ic.s)
be given. A morphism of cocones is a morphism a: C — FE such that for every i € % the

diagram
C a E
N
D;

Definition 6.9 (Colimits of diagrams). Let Z: .# — % be a diagram of type .#. A
colimit of D is a cocone (L, (I;);c.s,) such that for every cocone (C, (fi)ic.s,,) there exists a
unique morphism of cones, Go: C' — L.

comimutes.

Remark 6.10. One can show that limits and colimits of diagrams D: . — € are unique if
they exists, so we denote the limit of D by @ie P D; and the colimit by hﬂie P D;

Definition 6.11 ((Bi-/Co-)complete categories). Let € be a category.
e The category % is complete if for all small categories .# with finite .#; and every diagram
D: . — € the limit I'&niej D; exists.
e The category ¥ is cocomplete if for all small categories .# with finite .y and every
diagram D: . — € the colimit hﬂ D; exists.
e The category € is bicomplete if it is %oth complete and cocomplete.

A very important class of limits are the so called pullbacks.

Definition 6.12 (Pullbacks, Pushouts). Let @ be an arbitrary category and .# be the

category given by
1., 1, Lo,

o)

o] *>02<703

A pullback is a limit of a diagram D: ¢ — %. A pushout is a colimit of a diagram D: .% °P —
©.

Now the following theorem allows us to further identify the notion of bicompleteness.

Theorem 6.13. Let € be a category. Then the following statements are equivalent.
1. The category € is bicomplete.
2. The category € has a terminal and initial objects as well as all pullbacks and pushouts.
3. The category € has all equalizers, coequalizers as well a finite products and coproducts.

Proof: The equivalence of the first and the third statement is proven in [Awol0, Proposition
5.21]. The equivalence of the second and the third statement is proven in [Awo10, Proposition
5.14]. Q.E.D.
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With these notions we can state the main theorem of this section.

Theorem 6.14. Let € be a cartesian closed category and v € 6y. Consider the following two
statements

1. The category € is bicomplete.

2. The category Chu(%,) is bicomplete.
Then the first statement implies the second.

Before we prove this theorem we need the following lemmata.

Lemma 6.15. Let € be a cartesian closed category and a € €. Let T be the terminal object
of €. Thena x T Z a.

Proof: Let € be a cartesian closed category, and T its terminal object. We wish to show that
pr,: a x T — a is an isomorphism for every object a of ¥. We have the universal property,
that for every object d of € and every arrow f: d — a (we need not choose an arrow d — T,
as this arrow is unique) there exists f:d— ax T such that

¥ el
/ ; \
pr M prr

aéaxlTT

=9

commutes. We apply this to the special case f = 1,. Here we obtain an arrow 1,: a — ax T,
such that pr, o1, = 1,. Furthermore, 1,0pr,: ax T — ax T, and 1,0pr, = 14x7 = 1, x 17,
a proposition we shall now prove. We know that 1,47 is the unique arrow that makes the
diagram
axT
pr, | prr
/ 1a><T \
pr, Y__ pr

a<— axT —=T

commute. But 1, o pr, also fulfils that requirement as

pr,ol, opr, = (pr,ol,) o pr, (associativity)
=1,0pr, (definition of 1,)
= pry,

pPTT o1, 0 pr, = PTT,

since prr ol, o pr,: ax T — T, and the arrow a X T — T is unique. So by uniqueness of
1,«T we have

1l,0pr, = 1,x7T.

Therefore pr, is an isomorphism. Q.E.D.

Lemma 6.16. Let & be a cartesian closed category with an initial object 1. For every x € %
let i,: L — x be the unique arrow. Then 1 x x = 1 wvia pr .

Proof: Let z € %y. Consider the product L x z with projections pr,: L x x — z and
pr;: L xx — L. Sopr,: L xx — L is an element of Homy(L x z — L). But by the
definition of the exponential and the initial element we have

Homy (L x x, L) 2 Homy (L, L7) ={j =},



60 6.2 The Chu construction preserves bicompleteness

so pr is the only element of Hom(.L x z, L). Analogously we have
Homeg (L x @, L x ) =2 Homg (L, (L X 2)*) = {i(Lxa)= }

so there exists only one arrow L x z — L x x, the identity arrow. But as |,  ,opr|: L xz —
1 X x, we necessarily have ||, opr; = 1] y,. Similarly we have pr, oj,,, =1,. Q.E.D.

Lemma 6.17. Let €, 2 be cartesian closed categories and F: € — & be an isomorphism.
Let

R

lg

B i

fﬁ

Q<Tﬁ>

l

be a commutative diagram with R, A, B,C € %y,
Then

—

,g,h,i € €1 and where R is a pullback.

) Fi(f)

Fo(R —_— F()(A)

A <g)l la(h)

Fo(B) 2% Fy(0)

is a commutative diagram and Fy(R) is a pullback.
Proof: Let €, 2 as well as the isomorphism F': € — 2 and

A
h

L

<~
@

B—‘sC

as in the lemma be given. The diagram

commutes as
Fl(h) OFl(f) = Fl(hof) = Fl(zog) = Fl(’L) OFl(g).

To see that Fy(R) is a pullback, let L € & and l1: L — Fy(A),le: L — Fy(B) be given such
that
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commutes. Using F~!, we obtain the commutative diagram

~
LT‘

I

Tl (l2)

<~—
Q

Q<—
>

[

One computes

ho Fy N (i) = Fy N (Fu(h)) o Fyt (1) = By (Fu(h) o ly) = Fy H(Fu(d) o o)
= Fl_l(Fl(Z)) OFl_l(lg).

As R is a pullback we obtain a unique p: Fgl(L) — R making

Fi ' (l2)

commute. Now Fi(p): L — Fy(R) and

commutes as
Fi(f) o Fi(p) = Fi(fop) = Fi(F; ' () =1y

and
Fi(g) o Fi(p) = Fi(go p) = Fi(F ' (I2)) = la.
The arrow F(p) is necessarily unique, as p is unique. So Fy(R) is a pullback. Q.E.D.
Lemma 6.18. Let € be an arbitrary category and
/

A——B

b,

C —=D
be a commutative diagram with A, B,C, D € %y, f,g,h,i € €1 where A is a pullback. Then

A<~—— B

1

C<TD

is a commutative diagram where f,g,h,i € 61°° and A is a pushout in € °P.
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Proof: Let % and the diagram as in the lemma be given. It is immediate from the definition
of € °P, that

Sy

A<~——

f
g h

>

>

C<T

is a commutative diagram if the arrows are considered to be in € °P. To see that it is a
pushout, Let L € €°P with [;: B — L,ls: C — L such that

A<~— B
NG
g h
C <~ D
commutes. By definition of € °P this is the diagram
L \
f
\ A——B
l2
bl
C —>D

B

C<——D.

As p is unique, we obtain that A is a pushout in % °P. Q.E.D.

Remark 6.19. A similar result can be shown if we consider a pushout instead of a pullback
in %. The proof of this case is nearly identical to the case shown above. We shall denote this
result in the following corollary.
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Corollary 6.20. Let € be an arbitrary category and

A<——B

]

be a commutative diagram with A, B,C,D € %y, f,g,h,i € €1 where A is a pushout. Then

AL>B
g h
C 5D

is a commutative diagram where f, g, h,i € €1°P and P is a pullback in € °P.

Lemma 6.21. Let € be a cartesian closed category and A, B,C,~v € %y. Suppose we are
given two arrows

f: A— B, g:B—>C

in €, and set
hy :=eval, ¢ X(1,c X (go f)).
If we set
hs := eval, co(l,c X g) and h3 := eval, po(1,5 x f),

thena:ﬁ;oﬁ;

Proof: By definition we have the commutative diagrams

evaly 4 evaly B

’)’A x A ¥ 7B X B ———v
EEXIAT Teval'y,B E;XIBT Teval,yyc
1 pxf 1_cXxg

'yBxALWBxB, VCXBLVCXC,

ryA < A eval, 4 7

EXIAT Teval,y’c
1 cx(gof)
¢ x AVC*> v¢ % C,
These can be fitted in a larger diagram,
1 o x(gof)

WxA 1T —57xB 15 4¢%xC

lﬁ;XIA lEXIB
1 B><f

thlA
’YB x A1 — ")/B X B eval, ¢
— ~
h3x14 eval, p
N
7 x A ~.

evaly 4
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To prove that a = ﬁ; o ﬁ;, it suffices to prove that
eval, A o((ﬁg o ﬁ;) X 14) = eval, co(l,c x (go f)).

To see this we compute

eval, co(l,c X (go f)) = eval, co(l,c X g)o (1o X f)
=eval, p o(}/L; x1p)o (1,c x f)
=eval,po(l,s X f)o (ﬁ; x 14)
=eval, 4 o(}/zg x14)o0 (ﬁ; X 14)
=eval, 4 o((ﬁgoﬁ;) x 14). Q.E.D.

Lemma 6.22. Let ¢ be a cartesian closed category and A, B,C,D € %y. Suppose we are
given f: Bx A — C and g: D — B. If we consider h := fo(gx1,4), then h = fog: D — CA.

Proof: Let A, B,C,D € 6p and f,g € €1 as in the lemma be given. Set h:= fo (14 x g),
then A is defined as the unique arrow making

evalg, A
—_—

CAx A C

EXlAT A;xlfx)

Dx A

commute. Now we see that this can be dissected into the larger commutative diagram

A x AT o
fxlAT //f///7
hx1a Bx A
9X1AT
D x A.
This immediately shows that h= jA'o g. Q.E.D.

Lemma 6.23. Let € be a cartesian closed category with v € 6y and let the diagram

with P,x1, 22,y € %o be given, where P is a pushout. Then we obtain a diagram

P —

Lo

v,

T

where v is a pullback.
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Proof: Let ¥ and + as in the lemma be given. Suppose we have the diagram

s
P<-—

4

T2 <—Y
2

65

with P, 1,29,y € %y where P is a pushout. Our first task is to find arrows p;: 4% —

Y pg s P 42 510 4T — Y 591 4*2 — 4Y such that

’YP P1 ’le

lm l

yr2 22 s Y

commutes. As we have m;: x; — P for i = 1,2, we can define p; as the transpose of

evaly po(l p X m;): fyP X x; — . So we already have the arrows

Y

,YP P1 A1

po

22 Y.

To define the arrows s;: ¥*# — «¥ for i = 1,2 we take s; to be the transpose of eval, ;, o(1yzi X

;) ¥ X y — . Now we have the diagram

pyP _m A

lpz lsl

€T
¥ —>Y

and it remains to check its commutativity. But this is lemma 6.21 for both cases. It remains
to check that ¥ is a pullback. For this let R € %y with r;: R — 4*! and r5: R — 7*2 be
given, where s1 o] = s9 0 ro. We have to check that there exists a unique arrow p: R — q/P

such that

T1

lpz lsl

X
72?734

commutes. Such an arrow p: R — " must be given as the transpose of an arrow w: Rx P —
v. Now we can transpose w to an arrow p: P — ~f. So our next goal is to find arrows

ar: x1 — Y ag: x9 — 7 such that

«
’YR<;1331

‘I

X2 <;w2 Yy

(22)

commutes, as we then obtain p: P — v from the fact that P is a pushout. We have arrows
r;: R — % for ¢ = 1,2, which have to be given as arrows R X x; — =, which themselves
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can be transposed into arrows «;: x; — fyR. It remains to check that a; o1 = ag o 1hs. We
already know that sy or; = s9 079, so we know that we find an arrow ¢: R X y — -y such that
g =s1011 = S90re. Now we want to show that if we transpose ¢ with respect to R, we get
g = ajoy and § = ap019. We know that s; and s are defined as the unique arrows making

evaly y evalyy
WXy — VWxy ———>
s1X 1yT Tevalmzl and SoX 1yT Tevalfy,w
1 T1 1 T2
X —_— X T X —_— X T
’y yl,yacl le’y 1 fy yl,yxg XI/JQ’Y 2

commute. We can expand these commutative diagrams to commutative diagrams

evaly y evaly 4
WXy ——— VXY ————>7
Tslxly Tevalﬂw;1 SQX].yT Tevalma%
ax1y YU Xy —— Y X 11 and gx1y Y2 Xy ——> %2 X X9

l,yzl X1 l,ya:2 X2
Trlxly/ melj1
Rxy T1XY1 R xy. T2 X2
So by using eval,, o(g x 1,) we can conclude that

q = eval, ;, o(ry X 19) = evaly 5 o(r; X ¥1). (23)

By definition of the «; we have the commutative diagrams

Rx "% ——— v Rx~y" ———1
1R><a1T Teval»y zq and lRXagT Teval,Y x4
RXxxy —— 7" X131 R X 19 ——> "2 X 29

T1 lzl rox1

If we tranpose ¢ with regard to R and use the equality (23), we see that g is the unique arrow
making the diagrams

Rx~" ——»~ Rx~R 07, o
1 X (/J\T Teval.y’ch and 1r X TJ\T Tevalmm2
T X2
RXZJW’Y X T nyrzxw27 X X9

commute. As 71 X 11 = (r1 X 15,) o (1g X 91) and 73 X 99 = (r9 X 1,,) o (g X 1)2) we can
see that ¢ = a1 091 = ag 01y as desired, as the commutativity of the preceding diagrams is
equivalent to the commutativity of
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So we have shown that (22) commutes, so we obtain an arrow o: P — v such that

commutes, as P is a pushout. Now we use this ¢ to obtain our p: R — v¥. To prove the

commutativity of

l” lsl

72—
it suffices to show 71 = p1 o p and 19 = p 0 p. The arrow p is the unique arrow making

evaly p

P x P

,y
lePT Teval,%R

R
RXPWRX’}/

commute, and the arrows pi, ps are the unique arrows making

z evaly oy = evaly zo
~ 1% Ty ———> 7 Y 2 x Ty —> 7
p1X 1IIT eval,y’pT and p2 X 112T eval,%pT
P P P P
— > —
¥ X 2y lvamfy x P 0% Xx?lvamfy x P

commute. As we have seen before, r1, 79 are the unique arrows making

R evaly R R evaly p

Rx~t ——»~ Rx~" ———»~
lRXalT Teval,mc1 and 1R><042T Teval.y’;,;2
[N 1 To
R x x T Y X a1 R X 29 rﬁxlw Y2 X X9
commute. Hence we obtain the commutative diagrams
evaly R evaly R
Rxyft — % R x yf .
1 x(gom )T Tevalmm1 and 1pXx (QOWQ)T Teval%gn2
Rxx1*>’yml><:c1 RX{EQW’YQ:QXIEQ
2 To

T1 Xlzl

since oy = pom; for i = 1,2. Now we can use lemma 6.21 on 1r X (g o m1) and obtain
r1 = p1 o p, as well as ro = py o p. This shows that fyP is a pushout. Q.E.D.
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Remark 6.24. If € is a cartesian closed category, v € %y and

1
P<—— 1

4

1) <;¢2 Yy

is a commutative diagram where P is a pushout, then we label the diagram obtained in the
previous lemma

T
S

72

22 > Y.
Lemma 6.25. Let € be a cartesian closed category and

P<t A

e

g

be a commutative diagram of objects P, A, B,C € 6, such that P is a pushout. Let R € 6y be
arbitrary. Then

1r X%t

RxP<——RxA

lRXhT 1R><fT

RxB<—— RxC
lRXg
1s a commutative diagram where R X P is a pushout.

Proof: Let the diagram as in the lemma be given and R € %, be arbitrary. To see that

1rx1

RxP<~——RxA

1R><hT lefT

RxB<— RxC
1rXxg

is a commutative diagram it suffices to check that (1g x i) o (1g X f) = (1r X h) o (1r X g).
We can immediately compute that

(1RXi)O(1RXf):1RX(iOf) and (lRXh>O(lRXg):lRX<hog).

Now 1r x (io f) and 1 X (h o g) are the unique arrows making

R<ZE Rxc Zo 0 R<"E RxC o
lRl 1R x(iof) liof and ]-Rl 1g X (hog) lhOQ
prp A pPrp PrR M Prp
R<— RxP——=P R<—RxP ——P

commute. But as ero(lR x (h og)) = 1lroprp and

prpo(lg x (io f) = (io f)opre = (hog)opre
prpo(lr x (hog)),
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we know that
R<"E RxC T%C
1Rl 1% (hog) lf
R<E R p PE,p
commutes, and by uniqueness we obtain 1z x (io f) = 1g x (ho g). Now we want to show

that R x P is a pushout. For this let v € % as well as ¢: Rx A — vy and ¢: R X B — v be
given, so that

commutes. Now by transposing hy := ¢ o (1g x f) and he := 1) o (1g X g), we obtain
hi =¢of:C —~®and hg =1 og: C — v by lemma 6.22. Furthermore we have h; = ho
as h1 = hy. Hence we obtain the commutative diagram

7R(\$
A P<* A
¥ h fT
B<—C

9

As P is a pushout, this yields a unique arrow ¢: P — 7 such that

2
°

i

P<— A
J

commutes. Now this ¢ is given as the transpose of r := eval, go(t x 1g): P x R — . Our
next goal is to show that r is the unique arrow making

1r X1

‘RxP<—R><A

Tleh Tlef

RxB<——RxC
1rXxg

commute. By employing lemma 6.22 again, we obtain, by setting ¢; := r o (1g X i and
g2 :=1 o0 (1r x h), the equalities

o~

fl=Toi=10i=¢ and @G=roh=10h=21,
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therefore we obtain ¢; = ¢, go = 1. To see that r is unique we use the isomorphism
Homy (R x P,7) = Home (P, 7).

As ¢ is unique in Home (P, 7) and every other arrow 7’ making the above diagram commute
would transpose to ¢, we already have r = 7’. So R x P is a pushout. Q.E.D.

Proof of theorem 6.14: By the theorem 6.13 it suffices to check only that the existence
of pullbacks and pushouts as well as an initial object and a terminal object in one of the
categories implies their existence in the other.

Proof of 1.=2.: Suppose ¢ is bicomplete. We first show that Chu(%,~) has an initial and
a terminal object. As % is bicomplete, there exists a terminal object T € % and an initial
object 1L € %6y. Let ¢ € ). We denote the unique arrow ¢ — T with !, and the unique
arrow L — ¢ by j.. Then the initial object of Chu(%,~) is (L,T, T), where T is defined
as follows. Let pr,: T x L — L be the isomorphisms from the previous lemma. Then
T :=j,opr . Now we have to show that given (a, f,x) € Chu(%¢,v) there exists a unique
i(a,f,2)" (LT, T) = (a, f,x). As we have j,: L —aand ly: oz — T, we set ji4 1) = (igr 2)-
It remains to check that

1, x!
Ixog =25 1 xT

ia Xlxl lT (24)
f

aXx ——>ry

commutes and that ¢, ;. is unique. To see that (24) commutes it suffices to show that
To (1J-><!CC) Olixg = /[0 (ia X]'J»‘) Olilxa

as L — 1 x z via iLxz- But this is immediate as both these arrows have domain v and
codomain L, but there can only be one arrow L — 7. To see the uniqueness of j(, 7.,
let an arrow (¢, ¢7): (b,9,y) — (a, f,x) in Chu(%,v) be given. We have to show that

(97, 07) ©lbgy) = i(af.e) One computes

(¢+7 ¢_) ©i(bgy) = (¢+a ¢_) © (ibv 'y)
= (¢+ O ips !y o ¢7)
= (iav '1‘) - i(a,f,x)v
which yields the desired result.
To see that Chu(%,7) has a terminal object, we employ that Chu(%,v)°P? = Chu(¥%,~),

which was proven in lemma 5.1. Therefore (T,7), L) is the terminal object of Chu(%,~).
Now we show that Chu(%, ) has pullbacks. For this let

(a1, f1,21)
e (25)
P
(a2, f2,x2) Wy (6,9,y)
be given. We first have to find (P, h, R) € Chu(%,v)o with arrows (7,7 ): (R, h, P) —
(a1, f1,71) and (75,75 ): (R, h, P) — (a2, fa,72). For this one first dissects diagram (25) into

the diagrams
al 1

ldﬁr and quf
+ P~

ag —>b Tg <— Y.
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Therefore we obtain a pullback R € %y together with morphisms 7rf: R — a, 71'; : R — ag as
well as a pushout P € % with morphisms 7} : 1 — P, m, : x93 — P such that the diagrams

R——a P<— 1
ﬁ;l l¢+ and W;T T(ﬁ,
Pt L
ag —>b To<—Y

commute. It remains to find an arrow h: P x R — ~. It suffices to find an arrow P — v, as
we then can take its transpose. By lemma 6.23 we know that

us
1
AP T

v”gl lv’/’f
7
,-ny > ryy
is a commutative diagram where v* is a pullback. Now we can make R a cone over

1

v

b
~¥

,Ym > ,yy

by defining R — ~*! by fl o wf and R — v*2 by fg ) w;. So we obtain

Fromi

R — "1
fm;l W_ (26)
eidl

fme > fyy

It remains to show that this diagram is commutative. We know that fl and .]/0\2 are defined as
the arrows making

evaly evaly z
YU X 3y — VP2 X 1y —F
and
lelle f1 f2X1w2T fo
ayp X Iy ag X I9

commute. On the other hand 7%~ and ¥~ are defined as the unique arrows making the
diagrams

VXY ———>7 VXY ———>7
y® xlyT svaly 921T and e xlyT evaly ng
VXY —— T X1 Y2 Xy ——>= 7" X T
~T1 ¢ 1'}"7)2 Xw

commute. As ﬂ'i'—I R — a1 and w;: R — a9, we know that fi o ﬂf— and fo oy are the unique
arrows making

Y X xp —— Y2 X Xy —=
f1><111T fi f2><112T fo
a; X Iy and a2 X I
wfxlle f10(7r?_><lzl) ﬂ;XleT f20(7r3'><112)
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commute. Using ¢~ and ¢~ we obtain commutative diagrams

1 21 X~ eval
ol YTl
YrEXYy ————> " XX —=

ﬁxlyT f1><1I1T /}A

a] XYy —laX¢~ = a1 X 1
N flo(wi"_xlgcl)
wfxly T X1gy

Rxy —>RXmx
1R><(]5

and

1 zo X9~ eval
x ¥ x YT
TEXYy —————> Y X1 —> 7.

fleyT flewT % )A
a9 X Y — Loy Xy~ = ag X T2

f20(7r;'><1x )

Tﬂ;xly 7r2+><1,;2T 2

1pxy~

Rxy R X z9

If we can now show that

fl © (7-[-1+ X 111) © (IR X ¢_) = f2 © (ﬂ-;r X 1962) © (1R X Tzz)_)v

we are finished, as then 4%~ o fl om; and W o J‘A’Q ) 7r;r are defined by the same exponential

equation, hence are the same by the uniqueness of a solution. So we compute

Therefore (26) commutes, and as v is a pullback, we obtain a unqiue arrow p: R — v such
that

commutes. Now we can transpose p to obtain an arrow h: P x R — ~. So (R,h,P) €
Chu(%,~) and by definition the diagram

P
(Roh, P) " (4, f1 )

(n m;)l lww)
+ —
(a2, fa,z2) W) (b,9,y)
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commutes. It remains to show that (R, h, P) is indeed a pullback. For this let (Q,v, W) €
Chu(%, ) together with morphisms

(&, &6): (Q,v, W) = (a1, fr,x1) and (&5,&5): (Q,v, W) = (ag, f2, x2)

be given, such that

(& é)
(viv W) — (ala fl,xl)

& @;)l l(qﬁtqr)
+ —
(a2, fa,x2) M (b,g,v)

commutes. We then have to find a unique arrow (u™, u=): (Q,v, W) — (R, h, P) such that

(Q, 0, W) (& &)
.‘b(#ﬂu‘)
» (m )
(R7h7P) — ((ll,fl,.’lfl)
(65.65) o .
(7r2 77r2) (¢ )¢ )
(a2, f2,2) o (b,9,v)

commutes. As R is a pullback and P is a pushout, we obtain arrows u: Q - R, u=: P - W
such that the diagrams

commute. It remains to check that (™, u™): (Q,v, W) — (R, h, P) is an arrow in Chu(%,7),
i.e. that

+
OxP" 2 pyp

1| lh

commutes. We already know that (£,&) and (£5,&,) are arrows in Chu(%,7), so the
diagrams

£fL><1a1 §2+><1z2

QX$1*>CL1X$1 QXI’QHGQX%Q
1Q><51l lf and 1Q><52l lf2
QxW — 2 5~ QxW — 2 5~

commute. Furthermore we know that (¢]7,¢7) = (7], 77) o (uT, ™) as well as (&,&,) =
(3,75 ) o (uF, ). This allows us the derive that

f2 © (f;_ X 1m2) = f2 © ((W;_ OM+) X 112)
= fao(my X 1g,) 0 (n' X 1ay)
=ho(lgpxmy)o (™ x1z)
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=ho(ut x1p)o(lgxmy),
because (5 ,m, ) is an arrow in Chu(%,~). Furthermore we can compute
0 (1gx &) =vo (1g x (4~ om3))
o(lgxpu )o(lg xmy).

We can also do these computations with ff in place of 5; and & in place of £, and obtain

Jro (& x15) = fio ((rf opt) x 1))
=fio (7T1+ X 111)

o(uh x 1)
—ho(lg x 7)o (4 x 1)
=ho(pT x1p)o(lg x 7))

as well as
o(lgx&)=wvo(lgx (u om))
=wvo(lgxp )o(lgxmy).

Now we can use lemma 6.25 in the following way. First we get the commutative diagram

QxP Qxazl

IQXWQ_T TIQX¢7

QX332WQX(%

where @ x P is a pushout. So we have foo (£ x1,,): Qxxg — v and fio(&f x1,,): Qxx1 —
such that

10

Q x P Q X X1
o(&F .
faolgy x1zy) TlQXﬂ'; TIQX¢_

QX932<7Q><%

commutes. Now by the preceding computations we know that both

flo(gfx:lxl) flo(gfx:lxl)
7 Y. 7 Y.
ho(,u+><1p) vo(lgXp™)
1Q>< 1 d - P 1Q><7T;
Faol&) x1ay) Q X P<— @Q xx an Faol€) x1ay) QX P<—@Qxux
TlQXw; TIQ X~ TlQXw; TIQ X~
QXﬂCQWQXya QX$2WQX%

commute, so we by uniqueness we get the desired equality
ho(ut x1p)=wvo(lgx u"),

o(ut,pu): (Q,v,W) = (R, h, P) is an arrow in Chu(%,~). It is necessarily unique, as pu*
and p~ are unique. We have now shown that (R, h, P) is a pullback.
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To see that Chu(%,~) has pushouts, let a diagram®

(a1, f1,21)
(¢+,¢_)T

+ —
(a2, f2,22) P (b,9,v)

with (alv flv xl)v (a25 f25 :EZ)? (ba 9, y) € Chu(cga ’Y)O and (¢+7 ¢_)a (¢+7 ¢_) € Chu(cga ’Y)l be
given. Now we can turn this into a diagram
(z1, f1,a1)
e en

(z2, f2,a2) (v,9,b)

—
(W= wt)

as Chu(%,~) = Chu(%,~) °? by lemma 5.1. By the preceding paragraph we obtain (R, h, P) €
Chu(%,7)o and (7], 7y ), (75,75 ) € Chu(%, )1 such that

-+
(R, h, P) T (z1, f1,01)
s mi) e en
9 ) Y 9 b
(22, f2,a2) m(y g,b)
is a commutative diagram and (R, h, P) is a pullback. Now it is immediate that

7r+,71'_
(P, R) S 0y, i)

(mjm;)T (¢>+,¢>—>T
.
(a2, fa,2) W) (b,9,v)

commutes and (P, h, R) is a pushout by lemma 6.17 and corollary 6.20. Q.E.D.

51 will now reuse all variables used in the previous paragraph, but these are chosen independently from
those.



Chapter 7

(zeneralizations of the Chu
construction

In this chapter we want to generalize the Chu categories, as the title predicts. We will do this
in various ways. For this we start by examining what possibilities for generalization we have
ad hoc.
e As an object in Chu(%,7) is a triplet (a, f,z), where a,z € 6 and f: a x © — -, the
first thing one could do is to allow different codomains « of f. This idea is made precise
by the generalized Chu category, discussed in section 7.1.
e Another idea is to allow a € 6y and x € % for a different cartesian closed category
2. To make this precise we use the identification of the Chu construction with a
Grothendieck construction and generalize the equivalent Grothendieck construction ac-
cordingly.
e At last one could could wish not only to consider f: axxz — -+, but arrows f: [, a; —
v for a; € €.

7.1 The generalized Chu category

We first generalize the Chu category in the first sense we discussed. This gives rise to the
following definition. The following definition is taken from |[Pet21].

Definition 7.1. Let ¥ be a cartesian closed category and I': ¥ — % be an endofunctor.
Then Chu(%,T") is the category given by the following data:
e The objects of Chu(%,T') are quadruples (z;a, f,b) where a,b,x € 6y and f:a x b —
Fo(l’)
e The arrows of Chu(%,T') are triplets (¢°, ¢+, ¢7): (z;a, f,b) — (y;¢, g, d) where ¢°: 2 —
Yy, :a— cand ¢~ : d — b such that the diagram

¢t x14

axd

mwl |s

axb——To(x)

—
f I'1(¢%)

commutes.
e The composition of two arrows

(0", 0T, 07): (z1a, £,0) = (y;6,9,d), (W0, 9F,07): (y5¢,9,d) = (235, h,t)

is given by (0, ¢, 97) 0 (¢% 9T, 07) = (¥ 0 4% 9T 0 pt, 67 0p7).
e The identities are 1(5.q 1) = (12, 1a, 1s).

Lemma 7.2. Let € be a cartesian closed category and I': € — € be an endofunctor. Then
Chu(%,T) as defined above is a category.

76
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Proof: We first show that the composition of two arrows is well-defined. Let
(6°,0%,907): (w50, f,0) = (y;¢,9,d),
W90 07): (Y5 ¢, 9,d) = (254, b, ).

Then (%, ¢F,97) o (¢°,67,07) = (¥° 0 ¢, 9+ 0 ¢, ¢~ 01~) and we have to show the
commutativity of the diagram

X Eﬂ LWOW& X b

To achieve this we embed the diagram in a bigger diagram, namely

1oxo™
axd=2">

1o %~
Pt x14 0; To(z)

a X j Oo exd —2 Lo(y) A1 |[Ti(wo¢?)
1 (0)

Lexy™ O3 To(z)
¢)+><1j

c X)) WZX‘],

where we already know that [J;,3, A1 commute. But we can deduce that Iy commutes, as
(0t x1g)o(1y x ™) = (1 x 7)o (¢t x 1;). This shows the desired equality.

Identities: Let (z;a, f,b) € Chu(¢,T")o. We want to show that 1(,.q r4) = (1z, la, 1p). First
we observe that this is actually well-defined, as

1,x1
axb—=2"%

X

I

axb

1a><1b FO(:L')
lmm

axb L To(z)

commutes because I'1(1;) = 1p(,). Now let two arrows

(¢°, 0%, 07): (m1a, f,b) = (y;c,9,4d),
(WO, ¢7): (25, by §) = (230, £,b)

be given. We then compute

(¢07 ¢+> d)_) © l(az;a,f,b) = (d)oa d)+7 Cb_) 0 (1:B7 1., ]-b)
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(¢° 01y, 0T 014, 1007)
= (¢ 0", ¢7),
Lpa ) © (@007, 97) = (14,14, 1) o (¢°, 9%, 97)
= (1, ow oo™, 9~ oly)
= (

WOt e,

therefore the requirements of an identity are fulfilled. The existence is secured through the
existence of the identities in €.
Associativity: Assume we are given objects and arrows

(¢°,0%,07) (W0t ¥7) (6°.0%.,0- )

(:U;a,m,b) — (y;canad) —>( 6,0, f) (S7g7p7h)

in Chu(%,T"). Then we can compute

((6°,0%,67) o (0, 0T, 9p7)) o (¢%, 07, ¢r>
= ("0’ 0T 0T 007 )0 (4%, 0", 07)
= ((0°04%) 0 ¢’ (0T 0pt)o gt ¢ 0 (¥ 007))
= (00 wo ¢%),0% o (pt o gt), (¢ 0w )0b")
= (0%67,607) 0 (¥’ 0 ¢’ T ogT ¢ 0y)
= (0%,07,07) o (¢°, 0", 7)o (¢% 6T, 97)),

and the associativity is shown. Q.E.D.

Remark 7.3. One can observe that the generalized Chu category is indeed a generalization
of the standard Chu category, as we can choose I'V: € — € for a fixed v € %y, defined by
Fo(x) =~,T1(f) =1, for all x € o, f € €.

Our next goal is to also generalize the functors associated with the standard Chu construction
to the generalized Chu category, namely the internal Chu functor and the global Chu functor.

7.2 The internal, generalized Chu functor

We mimic the internal, generalized Chu functor. The following definition is taken from |[Pet21,
p.79].

Definition 7.4. Let € be a cartesian closed category. We define CHU? : Fun(¢,%¢) — Cat
by the following axioms:
e For all functors I' € Fun(%, €)o we have CHUE (T') = Chu(¢%,T).
e For all natural transformations 7 € Fun(%,%€)1,n: I = A we define CHU? to be the
functor CHU? (): Chu(%,T) — Chu(%, A) given by the following data:
— For all (z;a, f,b) we set [CHUf(n)]O(:U;a, fib) = (x;a,my 0 f,0).

— For all (¢07¢+7¢7): (-f;&,f, b) — (y;cvg> d) we define [CHU?(W)LWO’Q#@*) =
(0%, 0%, 07).

Proposition 7.5. CHU? is a functor for every cartesian closed category.

Proof: We first check that CHU? is well-defined. For this let a natural transformation n:I'=

A be given. We have to show that CHUY (1) is a functor Chu(¢,T) — Chu(€,A). For this
we show the following;:
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Firstly we observe that [CHUY (1)]o(z;a, f,b) € Chu(€, A)o, as
axb-Ls To(z) = Ag(z).

CHU? (1) preserves identities, as for (z;a, f,b) € Chu(%,I') we have Lz fp) = (Les1a,1p)
and

(CHU%}(U))l(l:c, 1,4, ]-b)) = (11’7 1,, 1b) = (1x7 1,, ]-b) = 1(z;a,7]zof,b)’

so the preservation of identities is shown.
Analogously we have

(CHUY (1)), ((¢% 6T, ¢7) 0 (00,9, 97))
= ((bO,(Z)J’”d)*) © (w07w+7,{/]7)
(CHUY (n)),(8% ¢, ¢7) o (CHUY (1)), (v, v, 97).

Therefore CHU? (1) is a functor.
Preservation of identities: Let I' € Fun(¢,%’). Then 1r is the family (1p(c))ces, making the
diagrams

ro(0) 25 1y ()
1rc) llF()(C’)
'1(f)

Fo(C) e P()(C/)

commute. Now by definition

(CHU(f(lF))O(IL” a, fv b) = (J:a a, (1F)x o fv b) = (‘T) a, ]-CE o f) b)
= (z;a, f,b),
(CHUY (1)), (6% 6T, 67) = (¢°, 6T, 67),
therefore CHU? (1) = id " (1),

Compatibility with composition: Assume we are given I';A;Q € Fun(%,%)y and n: ' =
A, e A = Q. We then seek to show that

CHU? (10 ) = CHUY (1) o CHU? ().

As (CHUY (nom)),(¢°,¢t,07) = (¢° ¢, ¢7) = (CHUY (1) o CHUY (1)), (¢°, ¢+, ¢7), it

suffices to examine the action on the objects. We compute

(CHUY () 0 CHUS (n)) (w3 a, £,5) = (CHUT (1), ((CHUY () y (w50, ,1))

CHUY (1)) o (23 0,z © £, )

30, iz © (1 © f),0) = (230, (1 0 12) © 9, )
a,(mon)eo f,b) = (CHUY (uon)),(x;a, f,b).

Here we used that (u, o n.) = (o n)s, a fact found in [Pet20b, Definition 1.15.3|. Therefore
CHU? is a functor. Q.E.D.

= (
= (x;
Proposition 7.6. Let I'; A € Fun(%¢,%) for a cartesian closed category €. Let n: T' = A be

a natural transformation such that n,: To(z) — Ag(z) is a monomorphism for every x € 6.

Then CHUY () is a full embedding of Chu(%,T) into Chu(€,A).
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Proof: We have already seen that CH U(f}(n) is a functor. It remains to show that it is injective
on objects and that the rule

(CHUT (1) (x.yy: Chu(@, D)1 (X,Y) — Chu(%, A)i((w3 a1 © f,b), (y;¢,my © g, d)),
(6",0%,67) = CHUT (1)(¢", 6", 67) (27)

is a bijection for every X = (z;a, f,b),Y = (y;¢,9,d).

e To see that CHUY (1) is injective on objects, assume we have (2;a,7, o f,b) = (y,¢, 7, 0
g,d). Then z = y,a = ¢,b = d, therefore n, = n,. It remains to show that f = g. This
follows from the assumption that 7, is a monomorphism

for every x € %).

e It is immediate that the rule given by (27) is injective. To see that it is surjective, let
(¢°, ¢, 67): (z;a,m20f,b) — (y;¢,g,d) be given. This means that ¢°: z — y,¢": a —
cand ¢~ : d — b such that the diagram

axd ¢" xLa cxd
1ax¢*l y lg

ax b — > To(z) L 1)

na lny

Aofw) 2192 A(y)

commutes. But as the commutativity of [J; is enough that (¢",¢",¢7) is an arrow
(z;a, f,b) = (y;c,g,d), the surjectivity is shown.
Therefore CHU? (1) is a full embedding. Q.E.D.

7.3 The generalized, global Chu functor

We now want to generalize the notion of the global Chu functor. So we have to define a
functor CHU: Groth(Z, F) — Cat for a to be determined functor F and a to be determined
category 2 such that CHUy(%,T") = Chu(%,T"). On the way to such a functor we have to a
address the following problem.

How can we generalize the lemma given in [Pet21, p. 27] concerning product preserving
functors to Chu(€¢,T")?

To this end we make the following lemma.

Lemma 7.7. Let €, 2 be cartesian closed categories, ': € - €, A: D = D and F: € — 9
be a product preserving functor with canonical isomorphism Fu, for a,b € 6y. Furthermore,
let n: FoI' = Ao F be given. Then the rule F\,: Chu(%¢,T') — Chu(2, A) defined by

(Fv)o(z; a, f,b) = (Fo(x); Fola), ne o F1(f) o Fap, Fo(b)),
(F)1((8%,9%,07): (250, £,0) = (y5¢,9,d)) = (Fi(¢°), Fu(67), Fi(¢7))

s a functor.
Proof: We first check the well-definedness. For this we have to show that

(FV)o(z;a, f,b) € Chu(2, A)o, (28)
(FV)1(¢O?¢+7¢_) € Chu(-@7 A)l (29)
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We first show (28). As Fy(z), Fy(a), Fo(b) € Py and
Ne © F1(f) 0 Fap: Fo(a) x Fo(b) — Ao(Fo(x)),

this is immediate.
So it remains to check (29). To this end, let (¢°, ¢, ¢7): (2;a, f,b) — (y; ¢, g,d) be given.
We have to check that the diagram

Fi(ot)x1
Fo(a) x Fo(d) 1(¢1) X1 Ey(a)

1F0(a)><Fl(¢)_)l
Fo(a) X Fo(b)

FO (C) X Fo(d)
lnyoFl (g)oFca

2O F" oFy A (F1(¢°
DY N () D A ()

commutes. We compute

My © Fi(g) o Fego (Fi(¢7) X 1gq)) = ny o F1

(
=1y o Fi(g) o Fi(¢" x 1g) 0 Faq
=nyo Fi(go (¢7 x 14) 0 Fyq
=1y o Fi(T1(¢°) o fo(lax ¢7)) o Fua
=ny 0 F1(T1(¢°)) o F1(f) o Fi(1y X ¢~ ) 0 Fug
=1y 0 Fi(T'1(¢°)) o Fi(f) o Fap o (F1(1,) x Fi(¢7))
=y 0 F1(I'1(4%) o Fi(f) o Fup o (1gy(a) X Fi(¢7))

)

= A1(F1(¢°)) 0 e 0 F1(f) © Fapo (1) X F1(¢7))

Now we check the axioms of a functor.
o Compatibility with composition: Let

(¢°, 0T, 07): (x50, f,b) = (y;¢,9,d) and (6°,67,67): (y;c,9,d) — (2;5,h,t)

be given. We then compute

(FV)1((6°,07,07) 0 (6% ¢, 07)) = (F1(6° 0 ¢°), F1 (0T 0 ¢™), Fi(¢™ 0607))
= (F1(6°) o F1(¢"), F1(687) o1 (¢7), Fi(¢7) o1 (7))
= (F)1(60%,6%,07) o (F)1(¢% 0", 067),

which proves the desired equality.
e Preservation of identities: It is immediate that

(F\/)l(]-l‘? 1,, ]-b) = (1F0(a:)a 1F0(a)7 ]-F()(b))a

as I is a functor and preserves identities. Q.E.D.

Definition 7.8. We set Groth(ccCat, Fun(-, -)) to be the category defined in the following
way:
e The objects of Groth(ccCat,Fun(-, -)) are pairs (¢,I'), where € € ccCatp and T' €
Fun(¢,%)o.
e The arrows of Groth(ccCat,Fun(-,-)) are pairs (F,n): (¢,T') — (2,A), such that
F: % — 2 is a product preserving functor and n: F o' = Ao F is a natural transfor-
mation.
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o If (Hypu): (2,A) — (&,E) is another arrow in Groth(ccCat, Fun(-, - ), then the compo-
sition (H,pu) o (Fyn): (¢,T') — (&, Z) is given by

(H,p)o (F,n) = (HoF,pux*n),

where p* 1 is the natural transformation pxn: Ho Fol' = Eo H o F defined through
the commutativity of the diagram

HoFoI
Ho(F o T)o(z) 2D 7 o D)o ()

Hl("]:c)l lHl(Tiy)
HoAoF
(b*n)a H()(A o F)o(w) M Ho(A o F)O(y) (p*n)y

/J'FO(z)l lNFO (y)

(Eo Ho F)(z) 2 =6 o F)o(y),

which means that (u %)z = fip, () © H1(nz) for all z € .

One can further visualize p x 7 as

HoF

Lemma 7.9. Groth(ccCat, Fun( -, -)) as defined above is a category.

Proof: We check the well-definedness of the composition. Let (H,u): (2,A) — (&,E2)
and (F,v): (¢,T) — (2,A). Then HoF: % — & and p*n is a natural transformation
HoF ol = =0 HolF, as both the upper and the lower rectangle in the diagram

HoFolIl
Ho(F o D)o(z) “2EDIL b (7 6 D) y)

Hmml lmmw
HoAoF
Ho(A o F)o(z) o2 poeA o Fo(y)

#FO(Z)l llu'FO(y)

(EoHo F)y(x) M (20 Ho F)y(y),

commute, hence

(EoHoF)(f)o(uxn)s=(E0HoF)(f)o prw o Hi(n)
= UFy(y) © (H oAo F)l(f) o Hy(nz)
= lpy(y) © Hi(ny) o (H o FoT)i(f)
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= (uxn)y o (HoFol)i(f).

To see the existence of identities, one checks that (14, 1r) = (id%), (Iry(z))zes,). For this, let
(Fyn): (B,A) — (¢,T) and (G, u): (¢,T') — (2,A) be given. Then

(id%,1p) o (F,n) = (id% oF, 1p x n) = (F,1p x n).

As (Ir % 0)a = L(rop)y(s) © i} (1) = 0w, because n,: Fy(Ao(x)) — To(Fo(x)), we see that
(1r xn) = n. On the other hand, one computes

(Gvu) © (ldcg7 1F) = (G © ld(ﬁa wno 1F) = (G,,U © 1F)a

and (ux1r)e = fiq¢ () °G1(Irg(z)) = Hia® (2)°1(Gol)o(x) = Ha» 88 po: Go(Lo()) = Ao(Fo(x)).
So Groth(ccCat, Fun(-, -)) is indeed a category. Q.E.D.

Lemma 7.10. The rule CHU: Groth(ccCat, Fun( -, -)) — Cat defined by

CHUo(%,T) = Chu(%,T),
CHUl((F’n): (cg’ F) - (@a A)) =Fy

is a functor.

Proof: We can see that CHU is well-defined, as CHU(%,T") € Cat for all ¥ € ccCatp and I' €
Fun(%,%). Furthermore is (F\): CHUy(%,T') — CHUy(Z2,A) for (F,n): (¢,T) — (2,A).
So we need to check the axioms of a functor. To this end, we show that (G o F)y, = Gy o F\
for (F,n): (¢,T') — (2,A) and (G, p): (2,A) — (&,E). We check this equality of functors
on the objects and on the arrows.

e On objects: Let (z;a, f,b) € Chu(%,T')o be given. We compute

((GOF) Jo(; a, f,b)
GoFo( (G o F)o(a), (pxm)z o (G o F)i(f)o(GoF)a, (G o Fb))
)

(7)), GO(FO( ) lFy(z) © G1(n2) 0 (G1(FL([))) © G1(Fap) © GRy(a) Fo(b)> Go(Fo(b)))
(2)), Go(Fo(a)), tiry () © G1(nz © F1(f) 0 Fap) © Gy (a)Fov)» Go(Fo (b))
G\/)O(Fo(a: (a),mz o F1(f) o Fy, Fo(b))
= (Gv)o(FV)o(z; a, fa b) = (Gv o Fv)o(xsa, f,b),

which gives the desired equality.
e On arrows: Let (¢°,¢%,¢7): (z;a, f,b) — (y;¢,g,d) be an arrow in Chu(%,T). We

then compute

(Go F)W)1(¢°, ¢, ¢7) = ((Go F)1(¢°),(Go F)1(¢7),(Go F)i(¢7))
= (G1(F1(¢")), G1(F1(¢T)), G1(Fi(¢7)))
= (GV)1(F1(¢"), Fi(¢™), Fi(¢7))

= (Gv)

Gv)1o (Fu) (QZ’ ¢+ ¢7).
So the compatibility with composition is proven, as the above shows that
CHU; ((G,p) o (F,n)) = (G o F)y = Gy o I\, = CHU4 (G, ) o CHU4 (F, ).

It remains to show the preservation of identities. But this is immediate, as one can compute
that (id)y (2;a, f,b) = (z,a, f,b) for all (z;a, f,b) € Chu(%,~)o and ((id%j)v)l(gbo, ot 7)) =
(¢°, ¢, ¢7) for all (¢°,¢F,¢7): (z;a, f,b) — (y;¢,g,d). So CHU: Groth(ccCat, Fun(-, -)) —
Cat is a functor. Q.E.D.
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Theorem 7.11. If F: € — 2 is a full embedding and n, is a monomorphism for every
x € 6o, then F\ is a representation of Chu(%,T") in Chu(Z2,A).

Proof: We first check that F\, is injective on objects. To this end, let (z; a, f,b) and (y; ¢, g, d)
with

(FV)o(w;a, f,b) = (Fo(x); Fo(a), e o F1(f) o Fap, Fo(b)) = (Fo(y); Fo(c),ny o F1(g) © Fed, Fo(d))

be given. It follows immediately, that Fy(z) = Fy(y), Fo(a) = Fy(c), Fo(b) = Fy(d), and as F'
is a full embedding, we have x = y,a = ¢,b = d and therefore F,, = Fq,n, = ny. It remains
to prove f = g. As 1, is a monomorphism, we have Fi(f) o F,, = Fi(g) o Fup. As Fyp is
always an isomorphism and F' is faithful, we have f = g.

¢.g.d)) 18 bijective for all (z; a, f,b), (y; ¢, g,d) € Chu(%,T')o.

Next we prove that (F\) ((z:a, £,6), (;
,b) = (y;¢,g,d) be given, such that

Let (¢°, ¢, ¢7), (6°,60%,07): (z;a,
(F)1(6°, 0%, 907) = (F1(¢%), Fi(¢7), Fi(¢7)) = (Fu(6°), FL(67), F1(67)) = (F)1(6°,67,67).

Then Fy(¢°) = Fy(6°), Fi(¢") = F1(6F), Fi(¢~) = F1(07), and as F is faithful, we have
@0 = 00, ¢+ = 0+, 6— = 0.
To see that (F\V)((aia,f,),(

yic,g,d)) 18 surjective, let

(007 ‘9+7 9_) : Chu(.@, A)l ((F\/)O(x§ a, fa b)> (F\/)O(% 9, d))

be given. This means that 0: Fy(x) — Fo(y), 0" : Fo(a) = Fo(c), 0 : Fo(d) — Fo(b). As F
is full, we obtain ¢°, ¢T, ¢~ such that

F1(¢0) :907 F1(¢+):9+7 Fi(¢o7)=0".

So F\ is full.
To sum our results up, we have shown that F' is injective on objects, full and faithful, so
F' is a representation. Q.E.D.

7.4 A Grothendieck construction equivalent to the Chu category

S. ABRAMSKY found a Grothendieck construction equivalent to the category of Chu spaces
over a set K in [Abrl8]. We want to generalize this result to all Chu categories. So we first
find an appropriate Grothendieck construction and then a fitting functor.

Our Grothendieck-type construction @((% x €)°P, F) should have as objects pairs
((a,x), f), where a,x € €y and f € Fy(a,z). This would suit our goal, as this would produce
tuples ((a,x), f), where a,z € %y and f: a x z — ~, if we take F' to be the functor which
sends a pair (a,z) of objects to the set Hom¢ (a X x,7). Next onto the arrows. In the Chu
category the arrows are given by pairs (¢1,¢ ™), where ¢*: a — b and ¢~ : y — x. So if we
want to define arrows (®,¢): ((a,z), f) — ((b,y),g), we have to let ®: a — b. For the arrow
¢ we want to use the conditions placed on arrows in Chu(%’,~y). We have the commutative
diagram

+
axy%bxy

law*l lg
f

a X xr ——— 1.
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As f € Hom(a x x,7) and g € Hom(b x d,~), this can be rephrased through the diagram

fo(lax¢™) ==go(¢" x1y)
S 2
Hom(a x y,7)

-o(¢t x1y) 9
2

Hom(a x z,7) Hom(b x y,7).

This motivates the following definition.

Definition 7.12 (The antiparallel Grothendieck construction). Let & be a cartesian

o
closed category and F': (¢ x ¢')°" — Set be a covariant functor. The category Groth(%’, F')
is defined in the following way:

e The objects of @(%,F) are triplets (A1, Ag,a) such that A = (A, A2) € (¢ x %),
and a € Fy(A).

e The arrows of@(%, F) are pairs (®, ¢): (A1, Aa,a) — (B1, B2,b), such that ®: A; —
By and ¢: By — As such that

F1(® X 15,)(b) = F1(1a, x ¢)(a)

e The composition of two arrows (®, ¢): (A1, A2, a) — (B, Be,b) and (¥,1)): (B, B2,b) —
(C1,C4, ¢) is given by

(W, )0 (®,¢) = (Vod,poh).

One can visualize the arrows in the antiparallel Grothendieck construction as in figure 7.1.

N O B

(A1, A2)
14, X0

(A1, B2)

(I)X]_B2

(Blv B2)

(. J

—
Figure 7.1: An illustration regarding the arrows in groth(%, F)

T
Lemma 7.13. groth(%, F) as in the preceding definition is a category.
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Proof: We show that the composition is well-defined. To this end let (®,¢): (A, Az, a) —
(By, Ba,b) and (V,4): (By, Ba,b) — (C1,C4,¢) be given. As Wo®d: Ay — Cy and ¢ot)p: Cy —
Ao, it remains to check the condition

Fi((¥o®) x1c,)(c) = Fi(1a, X (¢01))(a).

We already have the equalities
Fl((I) X 132)(17) = Fl(lAl X (;5)(@) and Fl(\I/ X 102)(0) = F1(131 X ¢)(b)

Thus we compute

Fi((To®)x1g,)(c) =Fi((¥ x 1e,) 0 (P x 1¢y))(¢) = (Fi(® x 1¢,) 0 Fi (¥ x 1¢,))(c)
= F1(® x 1¢,) (Fi(1p, x ¥)(b)) = F1((1, x ) o (® x 1¢,))(b)
= F1((® x 1p,) 0 (14, x ¥))(b) = Fi(1a, X ¢)(F1(® x 1p,)(b))

( )(a)) )o(

Therefore the composite arrow of two arrows exists. Furthermore we have an identity arrow

for each (A1, A2, a) € @)(%, F),as (14,,14,): (A1, A2) — (A1, A2) and
Fi(1a, x14,)(a) = F1(14, X 14,)(a).
Hence @:(‘5, F) is a category. Q.E.D.
The missing ingredient is the functor which sends the pair to the appropriate Hom-set.

This functor is realised through the following rule.

Definition 7.14 (The functor S”). Let v € ¥. We define S7: (¢ x €)°? — Set in the
following way:

S (2,y) = Homg (2 x y,7),
S1((f1, f2): (2,y) = (2,y) = ((- o (f1 % f2)): Homg(z' x y',7) — Homeg ( X ,7)).
Proposition 7.15. The rule SY defined above is a functor (€ x €)°P — Set.
Proof: The well-definedness is immediate, as Homg(x X y,v) € Sety for all z,y € ¥.
Furthermore, if (f1, f2): (z,y) — (2/,9’), then for every g: © x y — ~ we have that g o
(fi x fa): 2’ xy — 7,80 go(f1 X fa) € Homg(x X y,v). We check the axioms of a functor.

e Compatibility with composition: Let (f1, f2): (z,y) — (2/,v) and (g1,92): (2/,y') —
(”,y"). We have to check that

ST ((91,92) o (f1, f2)) = ST (f1, f2) ©S7 (g1, g2)-

We can do this element-wise, so let h € Homg (z” X 3”,~) be given. One computes

SY((91,92) © (fl,fZ))(h) = SY(gl ° f1,920 f2)(h)
=ho((g10f1) % (g20 f2))
=ho (g1 x g2) 0 (f1 X f2)
=S](f1, f2)(h1 o (g1 % g2))
=810 12) (8101 92) ()

= (S](f1, f2) © ST (g1, 92))(h).



Chapter 7 Generalizations of the Chu construction 87

e Preservation of identities: We have (1,,1,): (z,y) = (z,y). Let f € Homg(z x y,7).
We compute

Siy(lxv 1y)(f) = fo (1z X 1y) = f

S0 S’ly(lxa 1y) = ]-Horncg(mxy,'y).
Hence S7 is a functor. Q.E.D.

Theorem 7.16. We have groth (%,S'y) = Chu(%,7).

Proof: We first check how the objects of @ (%, SV) look. They are tuples ((a, x), f) where
(a,z) € € x € and f € Sj(a,z) = Homy (a x z,7). This already looks promising, as we can
identify ((a,x), f) with (a, f,x) € Chu(%,7)o. Now let us examine the arrows. How does
(®,0): ((a,x), f) — ((b,y), g) look? We have ®: a — b and ¢: y — x, such that

g0 (®x1y) =S{(® x 1,)(g9) =5{(1a x $)(f) = fo (Lo x ).

This is exactly the desired commutativity of

1, xW
axXy —axczx

o1, | |7

bxy —2 4.
. ra—
Now this allows us to define a rule Groth (¢,S7) = Chu(%,~) by

Groth (4,57), 3 ((a,2), /) > (a. f.2) € Chu(%, 7)o,
Groth ((4,57), 3 (®,6) > (®,6) € Chu(%, 7).

Mwe show the bijectivity of this rule on objects. First, injectivity. Let ((a, ), f), (b,y),9) €
Groth (¢, SV)O be given such that (a, f,z) = (b,9,y). Then ((a,x), f) = ((b,y), g) follows
immediately. The surjectivity is also immediate. Let (a, f,z) € Chu(%,v)o be given. Then
((a,x), f) € @) (%,SV)O as (a,z) € (¢ x €)p and f € Hom(a x z, f) = S{(a, z).

Now onto the bijectivity of the arrows. To see that the rule is injective on arrows, let
(2,9), (2", ¢"): ((a,2), f) = ((b,y). 9)

be given such that (®,¢) = (¥',¢’) as arrows in @(%,SV). Then the equality (®,¢) =
(', ¢') as arrows in Chu(%, ) follows immediately. To see the surjectivity, let (®,V¥): (a, f,z) —
(b,g,y) be given. As ®: a — b, it remains to check that - o(1,x¥): Hom(axz,7vy) — Hom(ax
y,v) and go(®x1,) = fo(1,x V). But these two conditions are immedhief}rom the definition
of arrows in Chu(%,v). This allows us to identify Chu(%’,7) with Groth (¢ x €)°P,87).
Q.E.D.

7.5 Generalizing the Grothendieck construction equivalent to
Chu

s
We have seen that Chu(%,v) = groth (‘5, S). Our next goal is to generalize the notion of the
Grothendieck construction involved. The obvious step is to allow (¢ x Z) for two arbitrary
closed categories.
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Definition 7.17 (The antiparallel Grothendieck construction Groth(¢,%,F)). Let
€, be carte51an closed categories and F: (¢ x 2)° — Set be a covariant functor. The
category grot (CK 9, F ) is defined in the following way:

e The objects of M (¢,2,F) are triplets (C, D, c), such that (C, D) € (¢ x Z)o and
(RS fo(c D) N

e The arrows of Groth (¢,2,F) are pairs (®,¢): (C,D,c) — (C',D',c') such that
®: C — O and ¢: D' — D such that

Fi(®,1p)(c') = Fi(1c, 9)(c).

e The composition of two arrows (P, ¢): (C’ D c) (C’,D’,c’) and (U, ): (C”,D”,c”)
is given by

(W, )0 (®,0) = (Yo d,poq).

Remark 7.18. As we have already seen, there exists a natural isomorphism between @ x %
and the subcategory of € consisting of products a X x, so we will identify these two categories
in the case ¥ = % in order to make the notation a little more bearable.

Lemma 7.19. groth (‘5, @,}") as defined above is a category.

Proof: We check the well-definedness of the composition, as the well-definedness of the
objects and arrows is immediate. So let two arrows (®,¢): (C,D,c) — (C',D’,d) and
(T, 4): (C”,D",") be given. As Wo®: C — C” and ¢ o ¢: D” — D, it remains to prove
that

Fi ((\I’ o®),1pn) (") = F (lc, (¢po 1/))) (c).

We already have
Fi(@,1p)(¢) = Fi(le, ¢)(c) and  Fi(¥,1pr)(c") = Fi(ler, ¥)(c),
so we can simply compute
Fi((Wo®),1pn)(c") = Fi((¥,1pr) o (,1pn))(c")
((I) ]_D//)OJ—"1 \I’ 1D” ) C )
@,1p0) (.F (10 9)())
(‘I) ]-D” ) C)
q) 1D’ © (107w))( /)
.7:1((13 1D’ (C/)>

Il
)j,] A

/-\/-\/\/-\/\/-\

O

3
|_|

= Fi(1c, ) (

= Fi(1c, (7:1 (1c, ¢ )
=Fi(1c,9) o (1c, ¢))(C)
= Fi(1c, (pov))(c)

To see that identities exists, we simply observe that 1 ¢ p ) = (1¢,1p) does the trick. Q.E.D.

7.6 The Grothendieck construction over finite products

As we have seen in the preceding section, we can generalize the Grothendieck category
equivalent to the Chu construction by allowing products with factors in different categories.
But what if we want to generalize the Grothendieck construction to allow an arbitrary but
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finite number of products? But this leaves us with a choice of the direction of the arrows.
During the time in which we only considered ¥ x %, this choice was limited, as there only
existed the possibilities

(a,z, f) (a,z , f)
¢+l lqs— and ¢+l %_
0,y .9) 0, v.,9).

But now as we consider three elements, we are left with 8 possibilities, which are

(aaxlax27f) (aax17x27f) (a7$17$23f)
¢1l ¢>‘2 laﬁf” ¢>1T <z>‘2 l& ¢1l ¢t ldf“
\4 \4 \
(b7 Y1 ,Y2 ag)’ (ba Y1 ,Y2 ag)7 (b7 Y1 ,Y92 79)7
(a>x17x27f) (a,l‘l,l‘Q,f) (a7x1>$27f)
¢1l # qu” M ¢A2 qu‘* M & T&’
N4 ‘ \4
(b7 Y1 ,92 79)) (b> Y1 .92 ag)7 (bv Yt 5 Y2 79)7
(a,.%'l,.%'g,f) (aa$1>$27f)
A A
¢1l ¢2 T(bg, and (blT ¢2 T¢3
\ \
(b7 Yt Y2 79)) (bv Y1 5 Y2 ag)'

To make this more formal, we define an appropriate set of categories.

Definition 7.20 (The set n- Tuples). Let n € N5g. We define the set n-Tuples to be the
set, of categories ¥ which fulfil the following conditions:

e ¢ has 2n objects which we name x1,...,Zn, Y1, ,Yn-
e ¥ has n arrows ari,...,ar, in addition to the identities, such that for each i €
{1,...,n}, one of the following cases holds:

— dom(ar;) = z; and codom(ar;) = y;,

— dom(ar;) = y; and codom(ar;) = x;.

Remark 7.21. For the following work we would want a more “metaphorical” name for each
of the categories in n- Tuples. As each category in n- Tuples is determined by its arrows, we
will simply stack these arrows to identify the corresponding category, so if we for example

consider
T1e e .yl
r1e —> LY
To® <—— @1y or
To® <—— @Y,
r3e —> Y3

where we omit the identity arrows, we would write - § - to refer to the first category and
- Z - for the second category.

s
Now we come to the desired generalization of groth(%, F)

Definition 7.22 (The Grothendieck category Groth(.#,%,F)). Let ¢ be a category,
F:(€")°P — Set and .7 € n-Tuples with arrows ary,...,ar, for a n € Nyy. We define
Groth(.7, %, F) to be the category given by the following data:
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e The objects of Groth(.7, €, F) are tuples (A, ..., An,a) such that A;,..., A, € 6y and
a < fo(Al, R ,An).

e The arrows are given as such: Let (A1,..., A, a),(B1,...,By,b) as above we given.
Then an arrow (Ay, ..., Ay, a) — (Bi,..., By, b) is a tuple (¢!, ..., ¢") such that there
exists a functor T € Fun(7, %) such that To(z;) = A;, To(y:) = B; and Ty (ar;) = ¢* for

all i = 1,...,n. Furthermore we place one more condition on (¢!,...,¢"). We set
oHi - @ if dom(ar;) =
1d0m(¢i) if dom ar;) =

7

r
rl

(ari) = z;

( ) Yi

and B 1('iom(¢i) if dom(ar?) = z;
0% if dom(ar’) =y;

These arrows must fulfil the condition
Fr(@Ht et () = Fi (@, 27" (a).
e The composition is defined as follows. Let

(¢, ..., 0"): (Ay,...,An,a) — (By,...,Bp,b),
(.. ™) (By,...,Bn,b) = (C1,...,Ch,c)

be given. Then the composition (!, ...,9") o (¢!, ..., ¢") is an arrow (01, ..., 0") such
that
o _ YPiog¢t if dom(ar;) = z;,
| ¢foyt if dom(ar;) = yi.

Before we prove that this indeed gives rise to a category, we start with an example.

Example 7.23. We examine the category Groth(- § -,%,F) for an arbitrary category €
and a functor F: (€¢")°? — Set. Let two objects (A1, Ag, As,a) and (Bi, Ba, Bs,b) in
Groth( - § -,%,F) be given. An arrow (¢!, ¢, ¢3): (A1, As, Az, a) — (Bi, Ba, B3, b) consists
of arrows ¢!, 2, ¢ in € such that

Al 7¢1$ Bl)
Ay < ¢?— By,
Ag — 3 > Bg.

This aids us to visualize how the composition should look. Suppose we are given another
arrow (41, 1*,9%): (B1, By, B3, b) = (C1, C2,C3,¢). Then we have

Ay —¢'> By —¢' > ()

A2 < 2 — Bg <2 — CQ

Az —¢*> By —v* > C.

Ergo (¢!, 9%, 9%) o (¢', 6%, ¢%) = (! 0 91, ¢ 0 92,9 0 ¢%).

Proposition 7.24. Groth(.7,%€,F) is a category for every cartesian closed category €, each
T € n-Tuples and each functor F: (€™)°P — Set.
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Proof: We have to prove that the composition is well-defined. We seek to employ the equality

obtained in lemma 7.30 in the proof of the equality
Frett . et b) = F 07,07 (a).
But for this we need closer knowledge about ©% and ©~*. As we have

o+i _ {W o¢' if dom(ar’) = x;,

1c. else

and O ¢ otpt if codom(ar’) = z;,
1y, else,

by definition, we can always find a factorization ©1* = 20+l and O = =2 0 =01

where
g2 — W gl — ¢i if dom(ari) = i,
g2 — gtil — 1¢, else,
92 — gbi,@_’i’l — W if codom(ari) = Ty,
g2 — gl — 14, else.

Now we simply observe that 142 = ¥+i g+il — o1 and 9742 = =4 =41 = ¢ 50

we compute

Frett . et () = .7-“1( e“»? 0Ty o (90T (¢)
=F O et o F (o2 L 0T ()
= F (@l ot o F (el L et (e)
= Fi (@™ <1>+v") o Fy (Ut ., U™ (b)
— ;1(@—71 LU o (@ CI>+’"))(b).
We want to examine (U1, .. —M)o (@1 ... &™) to be more precise we want to show

the equality

(UL T o (9T ety = (9P L ety o (Wl L ),

To see this, it suffices to prove ®Ti oW~ = U~ odT i foralli=1,...,n. Soleti=1,...

be given. By definition we have
Ui o i — ‘IJ_J: © ¢Z = 1dom('¢i)‘ © ¢Z if dom(arzi) = Ti,
o 1d0m(d)i) = 1/]7’ o 1d0m(¢i) if dom(arl) = Y;.
But by definition we have
BHi o — ¢t o 1dom(wi)' if dom(arli) = x4,
Laom(piy 09" if dom(ar’) = y;,
so U™ o & = ¢ o U, This allows us to complete our computation to

fl((\lffJ’ ey \Ilfvn) o ((I)Jr,l’ o (er,n))(b) =F (((DJr,l’ o (I)Jr’n) o (
= F (UL T o Fy (@t et
= AL 0T o F (Tl L )

(
(

=l T"™))(b)

b)
a)

,
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=A@ ..., 7™ o (T, TTM))(a)
=F (O ...,07")(a).

To see that identities exist, we remark that 14, 4, = (La;,...,14,), which trivially

14in

fulfils the condition. This completes the proof that Groth(.7, %, F) is a category. Q.E.D.

Now we want to eliminate ‘“redundant” categories, i.e. we want to identify categories who
are naturally isomorphic. This is to reduce the number of Grothendieck type categories we
have to consider, as we a priori have far to many, 8 in the case that n = 3. For this we want
to consider actions by the symmetric group G,,.

Lemma 7.25. Letn € Nsg and n - Tuples be given. We define a left-action of &, onn - Tuples
in the following way: Let . € n-Tuples and o € &,,. Then o- .7 is the category given by the
following data:

o The objects are the same, (o - T )g = Fp.

e The arrows are o - ary,...,0 - ar,, where
o -ar;: iy — Yi, if ATG-1(3) To=1(3) 7 Yo—1(i)s
0 -ar;: Y = T, if ars-1(4): Yo—1(i) = To—1(i)-

Before we prove that this is indeed a left-action, we examine a concrete case.

Example 7.26. Consider the category - § - € 3-Tuples and o = (123) € &3. We then
have

e Emm—— .yl Ir1e Emm— .yl
(O To® <— @9 = Io® —> @Yy
Tr3e —> ey3 T30 <—— oY3,

or short - (- £ -) = (- = -). So one can imagine the action as “replacing the arrow ar; by
ar,-1(; in the picture”.

Proof of lemma 7.25: We have to prove the following two statements:
e For each 7 € n-Tuples and 0,7 € &,,, we have

(coT)- T =0-(10.7),

where o is the binary operation in G,,.
e Let id be the neutral element in &,,, then id-7 = 7.
To see the first condition, we simply examine the arrows in (co7)-.7 and o-(7-.7). It suffices
to show that for each pair (x;,y;) we have either o -7 -ar;: ; - y; and (co7)-ar;: ; = y;
oro-7-ar;:y; = x; and (0 o) -ar;: y; — x;. We have to distinguish the following cases:
e We have o - 7-ar;: x; — y;. By definition this means that 7 - ar,-1(;): z5-1(;). Using
the definition again, this means that ar -1,-13)): Tr-1(5-13)) = Yr-1(5-1(;))- But as
&, is a group, we have 7-1(671(i)) = (0 o 7)71(3) for all i = 1,...,n, so we obtain
(o0-7) ar;: x; — yi.
e Now we assume o - 7T - ar;: y; — ;. Analogously to the first case we obtain

arT—l(U—l(i))Z yrfl(ofl(i)) — mrfl(afl(i))'

This means that (o o7)-ar;: y; — z;.
To see the second condition we simply remark that id - ar;: x; — y; if ar;: z; — y;, and the
other way round, hence id -7 = .7. This yields that the rule is indeed a left-action. Q.E.D.
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Remark 7.27. One can observe that o is also a functor o: . — o - 7.

This allows us to identify a few Grothendieck-type categories via isomorphisms in case €
is a cartesian closed category and F fulfils a special requirement, which we shall now specify.
First we correlate the category €™ with a subcategory of €.

Definition 7.28. Let ¥ be a cartesian closed category and n € N. We define €*" to be the
subcategory of € consisting of the following data:

e The objects of €*" are products [[;-, ¢; for ¢; € €.

e The arrows of €*™ are products [[;"; fi: [[1y e — [, di

It is immediate that this definitions gives rise to a category, as € is a category. With this
definition at hand we can identify ™ with this subcategory.

Lemma 7.29. Let € be a cartesian closed category, then €™ = € *™.

Before we can prove this we need the generalization of [Pet21, p. 2| to an arbitrary but
finite number of factors in the product. We state this as the following lemma.

Lemma 7.30. Let € be a cartesian closed category and ay, . .., an,dl, ... a,,ady,... a" € .
Let fi: a; — a) and g;: a, — af for everyi=1,...,n. Then

[Tt _(ngz)o(iﬁlfi).

Proof: Let g;, f; be given as in the lemma. Then [];" (g;o fi) is the unique arrow []}" ; a; —
[T a such that for each i = 1,...,n the rectangle

n prai
Hizl a; > Qj

H?:l(giofi)l l(giofi)
12

H?laz *>CL

commutes. It suffices to check that the rectangle

n prai
Hi:1 a; —> a4

(1T 0)o( 0 )| lwiom (30)
pr, //

Hz la a

commutes for every i = 1,...,n, as then the equality follows by the universal property of the
product. So let ¢ be given. By the universal property of the product, the rectangles

n Prq, n / pra; /
[Tis ai > Qg [1i2 @ > a;
H?:l le lfl and H?:1 gz‘l lgi
Hn / P¥a} / Hn " Pral "
=10 =10 ——>a

commute. So the commutativity of the diagram (30) follows immediately and we obtain the
desired equality. Q.E.D.

Proof of Lemma 7.29: We define the isomorphism I: €™ — € *" in the following way:
e Let (c1,...,¢n) € €™ Then Iy(ct,...,cn) =i~ ¢
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e Let (f1,...,fn): (c1,...,¢cn) = (d1,...,dy). Then

L(f1s s fa) = f1 X - X fu: ch—>Hd

=1

To see that this is a functor is immediate. We first check the compatibility with composition.
For this let

(fl)"'afn).(clv"w ) (d17"'7dn)7
(g1y--y9n): (di,y ... dp) — (e1,...,en).
Then (g1,---,9n)° (f1,--, fn) = (910 f1,---,9n © frn). But by lemma 7.30 we have

n

(g1, gn) © (1o s fu)) = Tilgro frs o gno fo) = [ [ (gi0 £)

i=1

- (ﬁgi) o (ﬁ fi) (by lemma 7.30)
=1 =1
:Il(gl,...,gn)OIl(fl,...,fn).

The compatibility with arrows is also immediate, as
Li(1e,...01e) =10 X .. 1, =1 xxen-

The inverse functor is given by

v( Ci) €6, " I, (Hcl) (c1,---,cn),

v( fi)e%;”- (f[) (i s f)-

I 3
=
I

=.

.
Il
—

Q.E.D.

This allows us to identify a functor F: (¢™)°® — Set with a functor F': (6*")°P —
Set by precomposing with the obtained isomorphism. This allows us to make the following
identifications:

e We identify the objects (A1,..., Ay, a) of Groth(.#,%, F) with (A44,...,A,,a), where

CLGF()(A1><'--><A )
e For arrows (¢!,...,¢"): (Al,...,An,a) — (Bi1,...,Bp,b) we replace the condition
F(@Hl et (b) = F(@,..., &™) by F1(<I>+v cox &P () = F(@h! x
Cx T,
From now on we shall no longer distinguish between functors F: (¢")°® — Set and the
associated functor (€*")°P — Set.

Theorem 7.31. Let n € N5, % be a cartesian closed category, F: (€™)°P — Set be a n-
product preserving functor and 7, 7" € n-Tuples. Then Groth(7,%¢,F) = Groth(J', €, F)
if there exists o € &,, such that - 7' = 7.

Example 7.32. Before we prove this theorem, we shall examine it in the case of a concrete
example. For this, let Groth(- § -,%,F) be given for a cartesian closed category % and
F: (€™)°P — Set. As we have seen there exists 0 = (123) € &3 such that o+ (- < -) =
- § -. We want to see that this translates into an isomorphism

Groth(- < -,¢,F) = Groth(- = -,¢,F).
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To this end, we start by examining the arrows. An arrow in Groth( - § -, %, F) consists of two
quadruplets (Al, Ay, As, CL) € (55’ X ]:0(141, Ao, Ag) and (Bl, Bs, B3, b) S ng) X .7:0(B1, Bs, Bs, b)

as well as arrows
gf)l:Al—)Bl, ¢2:BQ—>A2, ¢3:A3—>Bg.

On the other hand, an arrow (i)', 12 13): (A1, Aa, A3,a) — (B1, B2, B3,b) in Groth( - § -

consists of arrows
’gZJllAl—)Bl, 1!)22A2—>B2, 1/)31B3—>A3.
The key observation to the equivalence of categories is the following:

Lemma 7.33. Let € be a cartesian closed category and F: (€™)°P — Set and %, .95 €
n - Tuples. Then
Groth(/l,%,}")o = GrOth(fQ,Cg,f)o.

Furthermore, Groth(%1,%, F)o is stable under &,, in the following sense: Let o € &,,. Then
the following are equivalent:

e (Ay,..., Ay, a) € Groth(#,%, F),

° (Ag(l), R 7Ao(n)a a) S Groth(ﬂl, C5,./.")

Proof: The first equality is immediate from the definitions. As if (Aj,..., A,,a) is an object
of Groth(.#1,%,F), then (A4i1,...,A,) € €™ and a € Fy(A1,...,Ay), but this is sufficient
that (Ai,...,An,a) € Groth( S, €, F).

To see the equivalence, we simply remark that as € is a cartesian closed category, we have
that for any (Ai,...,A,) € €™ and o € &,, the equalities

(Al,...,An) :A1 Xoewe XAn:Ao'(l) Xoewe XAU(n) = (Aa(l),...,Aa(n))

hold. Ergoif a € Fo(A1,. .., Ay), then also a € Fo(Ag(1), - - -, Ag(n)), Which proves the desired
equivalence. Q.E.D.

In our concrete example this allows us to do the following: We shuffle the entries of
(Ay,...,A,,a) according to o, so we can map the arrows accordingly. In a diagram this
would look like the following:

(A1, Az, A3) (Az , A1, Ag)

I A I I | A
P @2 3 —> 3 P @2
Y I Y Y Y !

(B, B2, B3) (Bs , Bi, By).

As (Al,AQ,Ag,a) S GFOth(— § —,(g,./_")o, we have (Ag,Al,AQ,CL) € GI’Oth(- z -,Cg,]:).
Hence we have that (¢, ¢, ¢'): (A3, A1, A2, a) — (Bs, By, B, b) is an arrow of Groth(- § -,
%, F) if we can prove that

Fr(@T3 x &Pl x &72)(b) = Fi(@73 x 71 x d72)(a).

But this is immediate as (¢!, ¢?, ¢3) € Groth( - < -,¢,F)1. Furthermore it is easy to see
that this rule is indeed bijective on arrows and objects.
Now, motivated from this example we can prove the general theorem.

Proof of Theorem 7.31: Let .7, .7’ € n-Tuples and o € &,, such that o-.7’ = .7. This is
equivalent to 7-.# = .7, if we set 7 := 0~ '. We then define a functor £77 : Groth(.7, %, F) —
Groth(7', ¢, F) in the following way:
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e For (Ay,...,A,,a) € Groth(.7,%, F)y we set
88”7(141, o Apya) = (Aa(1)7 .. .,Aa(n),a).
e For (¢',...,¢"): (A1,...,An,a) — (B, ..., By, b) we set

gf"{?(qbl’ et ¢n) = (¢O—(1)7 ety ¢)U(n))'

As Ag(l), . ,Ag(n) € 6y, and Ay X --- X Ay = Aa(l) X o X Aa(n)) we have a € ]:()(Aa(l) X
+++ X Ag(n))- To see that the rule is well-defined on arrows, we show that

(7M. 07 M) (Apys - Agnys @) = (Bo(1)s- - - Bonys b).
This means we have to prove that there exists 7' € Fun(.7’, %) such that 7j(z}) = A,(;) as
well as 7 (y;) = By(;) and T{ (ar;) = ng"("’) foralli =1,...,n. We define 7' by 7j(z]) = Ao
and T5(y;) = By and T{(ar]) = ¢°@. Tt remains to check that this is well-defined, i.e.

that 7 (ar}): Ayiy = Boi). We know that o - 7' = 7. Therefore we have ar;: x; — y; if
ar’a,l(i) L To-1() = Yo-1(5)- As we have T € Fun(7, %) such that

7-0(xz> - A2776(yl) = Biaﬂ(ari) = ¢i7

we know that ﬂ’(ar;_l(l) To (@, -1y = To(Wy-1(;), hence T{(ary_,;): Ai — Bj, which
means 7 (ar’ — )) = ¢! for every i = 1,...,n, which yields the desired T} (ar}): Ayiy = Bog
by replacing i by o (i), as desired.

For the functoriality we have to check

5?’7((11)1, ce 771)71) o (¢17 SRR qbn)) = gf’y(?/}1> cee ﬂl)n) © 517”7@51’ B ¢n)

But this is immediate from the definition, as we have Ef’y((wl, ™) o (¢ .,¢”)) =
55"7(01, ..., 0™), where 0" is either 1' 0@’ or ¢Por)?, so 070 = 7D o@D or 7(0) = $o(D) g (D)
This allows us to compute

77 (W1 ™) o (&, 8") = 77 (01, ..., 0")
— (020, ..., %)
= (W, 7)o (¢7W), L p7 )
=77 (W, M) 0 €77 (81, "),

To see that this functor is a isomorphism, we simply remark that for every o € &,, we have
—1
o~ €6, and

ga,y 0507173 _ 50*1,9 Ogo,ﬂ _ idGroth(ﬂfg,}—)

Q.E.D.

This allows us to discard the additional information in which order the arrows arise and
simply count the instances of arrows in each direction. So we simplify in the following manner:

Definition 7.34. Let n € N5, % be a cartesian closed category as well as F: (¢™) °P — Set.
Then we call Groth(i,n — i, %, F) to be the category Groth(.#,%, F) where .# € n- Tuples is
the category defined by the following condition:

Forall j =1,...,¢, we have ar;: x; — y; and for all j = i+1,...,n we have ar;: y; — x;.
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One can visualize .# as

I i) xX; Ti+1 In
[ J [ [ ] [ ] [ ]
[ J [ ] [ ] [ ] [ ]
1 Y2 cee Yi Yit+1 S Yn-

7.7 “Generalization” of the generalized Chu category

We have already found a Grothendieck construction equivalent to the standard Chu category.
This begs the question whether there exists a Grothendieck construction equivalent to the
generalized Chu category. The following Grothendieck construction will answer this question
in a positive way.

Definition 7.35. Let ¢ be a category, I': € — Fun((¢?)°P,Set) be a functor. We define
roth(%¢,T") to be the category given by the following data:

e The objects of groth((f,f‘) are quadruples (C, D, ¢;d) such that C,D € % and ¢ €
[To(d)]o(C, D).
e The arrows of groth((ﬁ,l’) are triplets (¢°,¢%,¢7): (C,D,c,d) — (C',D’',c,d’) such
that ¢7: C = C',¢~: D' — D,¢": d — d’' and the equality
<F1(¢0)(C,D/) o (To(d)),(1c, 515_))(0) = (Co(d")), (¢, 1p)(c)

holds.
e The composition of two arrows

(¢07 ¢+7 ¢_) : <C7 D7 c? d) _> (0/7 Dl? Cl? dl)?
(W9t 07): (¢, D d) — (C", D", ", d")
is given by (10, ¥+, ¥7) o (6%, 67, 67) = (10 0 60, 4+ 0 ¢+, 6~ 0 ).
We visualize this as in figure 7.2.

—
Lemma 7.36. Let € be a category, I': € — Fun((€%)°P, Set) be a functor. Then Groth(%,T)
as defined above is a category.

Proof: The well-definedness of objects and arrows is immediate. It remains to show the
well-definedness of the composition. For this let two arrows

(¢°,¢T,¢7): (C,D,c,d) — (C', D', d),
(¢Oa¢+a¢_>1 (C/,D/,C/,d/) N (C”,D”,C”,d”)

—
in groth(‘ﬁ, F,T') be given. By definition we obtain 9% o ¢7: C — C", ¢~ op™: D" —
D,%: d — d”. It remains to check the condition

(HWO 0 ¢”)c,pmy o (To(d)),(1e, (¢~ o ﬂ)_)))(c) = (Co(d")),(((¥F 0 ¢™),1p)(").

We compute (with explanations at the end)

(P10 6" @ (To(@), (L, (67 0 ¥7)) ) (e) (31)
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. (Set) |
(Tanc.D)
(C, D) //I“O(d)
To(d)o(C,D")
1o x ¢~ Lo(d) To(d)1(1c, 07 )(c)
//
o) [ | [re?
I
¢t X 1p To(d’) Lo(d)1(¢™, 1p)(')
To(d")o(C, D")
(C’, D) | To(d)
L T c
(To(d)o(C, D’)Sj

= (118”0 0°) ¢, © (To(d)), (16, 67) © (1e,97)) ) (¢) (32)
= (M1(®" 0 ") © (To(d), (10, 47) (ro<d>) (10,67)) () (33)
= (Pl(wo)(cm)OF1(¢O)(CD~)O(Fo(d)) (1c,97) o (To(d)), (Lo, ¢~ ) (34)
= (Pa@)c,0m o (To >1<1c, ) oT1(6") 0 © (To(d)),(16,67) ) (€)  (35)
= (M@ © (To(d)), (1e,w7) o (To(d), <¢+,1D/>)<c'> (36)
= (M@")c.om (Fo(d')1(¢ ) (1e,47)) (@) (37)
= (@) e, (To(@)), ((1er, ¥7) 0 (6, 150)) ) (¢) (38)
= (@) e, 0 (To(@)) (6%, 1) © (To(d)), (1er, 7)) (€) (39)
= ((Co(@") (6%, 1pr) 0 T3 (&) ¢ pry © (T <d>) (1o, 7))(€) (40)
= ((To(@"), (6", 100 o (To(d"), (4%, 1) (41)
= ((Tot@"), ((*,1p0) 0 (6 ,1D~>))< ) (42)
= (o)), ((6F 0 67), 1) ) (). (43)

It remains to justify the equations.
(31)=(32): This follows from lemma 7.30.
(32)=(33): This follows as ['g(d) is a contravariant functor 6 — Set.

(33)=(34): This follows from the fact that for any three functors F,G,H: ¢ — 2 and two
natural transformations, n: F' = G,u: G — H we have (uon)y = pgzon, for allx € €.
This fact is proven in [Pet20b, Definition 1.1.5.3].

(34)= (35): AsT1(¢°) is a natural transformation I'; (¢°) : T'g(d) — T'g(d’) we have a commu-
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tative diagram

Co(@)o(C, D) XL 1y ay)o(c, D7)

FI(QSO)(C,D’)l lrl(‘i’o)(c,D”)
[To(d)]o(C, D) R D (ayo(c, D).

This yields the equality used.
(35)=(36): Here we used the equality

(P10 © (To(d)) , (1:67) ) () = (o)) (67, 1p)(€)

that stems from the arrow (¢°, ¢F, ¢7).
(36)=(37): Here we used that (I'g(d) is a contravariant functor.
(37)=(38): Here we used the fact that

(¢+7 1D’) o (1C,¢7) = ¢+7¢7 = (10' © ¢+)7 (wi © 1D”)
= (10’7 wi) o (¢+7 1D”)‘
(38)=(39): Here we used again that I'o(d’) is a contravariant functor.

(39)=(40): Here we used that I'y(¢°): To(d’) = To(d”) is a natural transformation, so we
obtain a commutative square

/ + "
[To(d)o(C, ) e

Fl(wo)(c/,D”)l
[Co(d")]o(C", D")

[Lo(d)]o(C, D")
ln(wo)(cpn)

[Fo(d//)]l(¢+le”) [Fo(d”)]o(c D//)

which yields the desired equality.
(40)=(41): Here we used the equality

(H(@Z)O)(CQD'/) o (Fo(d/))l(lc',¢_)) (¢) = (To(d")), (", 1pn) (")

that stems from the arrow (9, ™+, 7).
(41)=(42): Here we used that (I'g(d”)); is a contravariant functor.
(42)=(43): At last we used the equality

(Y 1pr)o (¢, 1pn) = (W 0 ¢™), (Apro1pn)) = (T 0 ¢¥), 1pn).

So we have proven that the composition of two arrows is well-defined. It remains to check the
associativity and the existence of identities.
Associativity: Let three arrows

(¢°,¢%,¢07): (C1,D1,c1,d1) — (Ca, Do, c2,da),

(¢07¢+a¢_): (02>D2ac27d2) — (03,D3,03,d3),

(0F,67,07): (Cs, D3, c3,ds3) — (Cy, Dy, cq,dy)
be given. Then

(0°,07,07) o (¥, 9+, 7)o (8% ¢T,07)) = (6°07,07) 0 (W00t 0T, ¢ 09p)
= (6"0 (° 0 ¢°), 0T o (T 0 ¢T), (¢ 0pT) 0 07)
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((6°0) 0 ¢", (07 0)0d", 67 0 (¥ 007))
(6% 04,07 0 g™, g7 007) 0 (¢, 67, ¢7)

= ((0°,0%,07) o (v°, 9", 97)) 0 (6%, 0T, 7).
Identities: We want to show that 1(c p.cq) = (14, 1¢,1p) for all (C, D, c,d) M (€,T)o

It is immediate that 14: d - d,1¢: C — C,1p: D — D, so it remains to check the condltlon

(Tu(ta)ie,0) © (o)), (Lo, 1p) ) (€) = (To(d) (L, L) (@)

For this we simply remark that I'1(14)c,p) = 1(c,p), so the equality holds. To see that

s
(14,1¢,1p) fulfils the axioms of an identity is immediate. So groth(‘g, I') is a category.
Q.E.D.

Now we want to see that this construction actually generalizes the generalized Grothendieck
construction. The first problem at hand is that the generalized Chu construction uses a
functor € — €, not a functor ¢ — Fun((¢?)°P, Set). This we can remedy by the following
construction.

Definition 7.37. Let € be a category and I': € — ¥ be an endofunctor. We then construct
a functor F'': € — Fun((¢?)°P, Set) in the following way.

e For all ¢ € €y we set F} (c) := Homg (- x -,Tg(c)).

e For all arrows f: ¢ — ¢ in € we set F} (f) to be the natural transformation

Flr(f) Homg (- x -,T¢(c)) = Homg (- x -,To(c))
defined by

F{(f)(c,p): Homg(C x D,To(c)) — Hom(C x D,To(c')),
h— T1(f) o h.

Lemma 7.38. Let € be a category and I': € — € be an endofunctor. Then FU defined as
above is a functor.

Proof: The well-definedness is immediate. It remains to check the axioms of a functor.
Compatibility with composition: Let f: ¢ — ¢ and g: ¢ — ¢’ be arrows in ¢. It suffices to
check the equality of the natural transformations on the arrows. So let r € Homg (C'x D, T'y(c))
be given. Then

Fi(go f)e.py)(r) =T1(go f)or=T1(g) o T1(f)or
=T1(g) o F{ (f)c.p)(r) = (FL (9)(c.p) © FL (f)c,pm) (7).

Compatibility with identities: We have to show that I'1 (1) is the identity natural transformation.
It again suffices to check this on the arrows. So let f € Hom¢(C x D,I'g(c)) be given. Then

F'1)em(f) =T1(1e) o f = 1pyg o f = f.

So we have shown that F'': € — Fun((%€?)°P, Set) is a functor. Q.E.D.

Remark 7.39. Before we identify the generalized Chu category with our Grothendieck
construction, we will make a few 1dent1ﬁcatlons in case % is a cartesian closed category.
o We will identify the objects of grot (¢,T) with quadruples (C, D, c,d) such that ¢ €
(To(d))o(C x D).
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o We will identify the arrows (1¢, ¢~ ) and (¢, 1) with the arrows 1o x ¢~ and ¢+ x 1.

Theorem 7.40. Let € be a cartesian closed category and I': € — € be an endofunctor. Then

Groth(%, FY) = Chu(%,T).

Proof: We start by identifying the objects. Solet (C, D, ¢,d) € @1}(%, FU). Then C, D, d €
%o and ¢ € (F}(d))o(C x D) = Homg (C x D,Tg(d). So ¢: C x D — T'g(d), ergo (d, C,¢, D) €
Chu(%,T"). One can immediately verify that this identification is one-to-one.

Mﬁ we identify the arrows. So let (¢%, ¢%,¢7): (C,D,c,d) — (C', D', ,d') be an arrow
in Groth(¢, F'). Then

W d—d, ot C =, ¢ : D — D.
The condition on the arrows translates to
(") oco (1o x ¢T) = o(¢pF x 1p1),
which is exactly the desired commutativity of the rectangle

¢+><1D/

CxD C'x D
1c><¢+l lc/
CxD c Fg(d) Po(d/)

I'1(¢%)

once the objects of groth(%, FT') are identified with the objects of Chu(%,T). So we have the
desired equality groth(‘ﬁ,FF) = Chu(%,T). Q.E.D.



Chapter 8

The Chu construction and topoi

Chu spaces, which are objects of Chu categories Chu(Set, X) for a set X, have found their
way into many domains of mathematics, theoretical informatics and theoretical physics. Now
as Set is the archetypical topos, it is sensible to ask whether the Chu category Chu(.7, ) over
a topos 7 and an object v € 7 is again a topos.

8.1 The definition of a topos

We start by recalling the categorical notion of a topos, which we take from [Awo10, Definition
8.16].

Definition 8.1 (Topoi). A topos 7 is a category such that the following two conditions
hold:
(Tps1) The category .7 is complete (has all finite limits).
(Tps2) The category .7 has all exponentials.
(Tpss) The category 7 has a subobject classifier, that is an object Q together with an
arrow t: T — €0 such that for every object £ € % and any subobject U — E there
exists a unique arrow making the diagram

'y

U—T
o
E—2>0Q

commute and U a pullback. The arrow u is the classifying arrow of U — FE.

Remark 8.2. We do not have to demand that .7 is a cartesian closed category, as .7 has all
finite limits if and only if it has finite products and equalizers, which again can only be if it
has pullbacks and a terminal object. So .7 already has finite products and a terminal object
T as it has all finite limits. The proofs for the equivalences can be found in [Awo10, Section
5.4].

8.2 The Chu construction over Set

The category Set is, as we have already mentioned, the archetypical topos. Our next goal is
to prove that Chu(Set, K) is generally not a topos. To this end we first make the following
observation.

Proposition 8.3. Let K be an arbitrary set. Then Chu(Set, K) is bicomplete.

Proof: As Set is bicomplete, we can use theorem 6.14 to deduce that Chu(Set, K) is bicomplete.
Q.E.D.

102
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This proves that the first condition of a topos is fulfilled. So we direct our attention to
the subobject classifier. How does such an object look in the Chu construction? A subobject
classifier (2, w, ) € Chu(Set, K) comes with an arrow (¢*,¢7): T — (Q,w, V), where T is
the terminal object of Chu(Set, K'). So we have to determine this terminal object.

Lemma 8.4. The terminal object of the category Chu(Set, K) for arbitrary X is given by
(1,ix,0), where 1 is the set 1 := {0} and i) is the unique arrow jy: 0 — K.7

Proof: Let K be an arbitrary set. Suppose we are given (A, f, X) € Chu(Set, X'). We have
to find a unique arrow !4 7 x): (4, f, X) — (1,ix,0). By definition we find unique arrows
la: A= Tandix: 0 — X. For (14,ix): (A, f,X) = (1,ix,0) to be an arrow in Chu(Set, K),
we need to show the commutativity of

Ax@ﬂAxX

!Axlml lf

I1x0 —% 5 K.

But by lemma 6.16 we know that A x () = (). Using this isomorphism we obtain that both
arrows fo(lg Xjy) and jg o(!4 X 1p) are identical to the arrow g, so the diagram commutes.
The arrows !4 and jx are unique, hence is (14, jy)- Q.E.D.

So we have identified the terminal object of Chu(Set, K). Our next goal is to find an
arrow (¢1,07): (1,ix,0) = (Q,w,0) in Chu(Set, K). This arrows is given by the arrows
¢T:1 — Qand ¢~ : U — 0. But as there exists only one arrow in Set with codomain 0, the
arrow 1y, we know that U = (). It remains to show that this equality leads to a contradiction.
For this we examine the subobjects in Chu(Set, K) a little further.

A subobject (07,07): (B,g,Y) < (A, f, X) is given by an object and a monomorphism.
But how do monomorphisms in Chu(Set, K') look like? If we are given the situation

(e0) 0+,67)
(C,h,Z) N (ng7Y> — (A7f7X)7
(B*.87)

then (07,07 ) o (at,a™) = (61,07) o (B8,7) has to imply (a™,a™) = (8T,37). To dissect

this further, if 0T oca™ =0T o BT and a= 00~ = 7067, then a™ = 37, = = 7. So we see

that if 61 is a monomorphism and 6~ is an epimorphism, then (§*,67) is a monomorphism in

Chu(Set, K). One should note that these conditions on 6,0~ are sufficient, but not necessary.
So we move on to our contradiction that will prove that Chu(Set, K) is not a topos.

Lemma 8.5. Let K be an arbitrary set, such that there exist sets A, X and a map f: AxX —
K, such that the cardinality of X is greater or equal 2. Then the category Chu(Set, K) does
not have a subobject classifier.

Proof: Suppose Chu(Set, K') contains a subobject classifier (2, w, ) with an arrow (¢*, ¢™):
(1,ix,0) = (2,w,0). Consider (A, f,X) € Chu(Set, K)o where f is not dependent on the
input of X, i.e. given an a € A and arbitrary z, 2’ € X we have the equality f(a,z) = f(a,z’).
Suppose we have a subobject (B, g,1) € Chu(Set, X)o, where B < A is a subset and g is
defined by restriction, i.e. g = f‘BX]l. Consider (ip,!x): (B,g,1) — (A, f,X), where ip

"In this notation we suppress the isomorphism 1 x —=5 0 that would need to be precomposed with .
But as we always identify isomorphic objects this does not change our results.
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is the inclusion B — A. To see that this is an arrow in Chu(Set, K'), we need to show the
commutativity of

Bx XX py1

’iAxlxl lg
f

Ax X —— K.

But this is immediate as g is the restriction of f to B x 1 and f is independent of the input
in X. So given b € B,z € X we can compute

(f © (iB X 1X))(bﬂ .%') = f(b7 x)

= f(b,0) (f independent of X)
= [l (6:0) (as (b,0) € B x 1)
= g(b’ 0)

= (go (1Bxlx))(b,l‘).

So (ip,!x) is an arrow in Chu(Set, K') and a monomorphism, as i is a monomorphism and 1x
is an epimorphism. As (Q,w, () is a subobject classifier, we find a unique (£1,£7): (A, f, X) —
(Q,w, ) making the diagram

1. -
(B7gv ]l) M) (]la IK’(D)
(iB!X)£ lw,l@) (44)

+ —
(4, £,X) 55 (@, w,0)
commute and (B, g, 1) a pullback. As () is the initial object of Set we immediately obtain
& = ix. Now consider the situation given by the diagram
(B h X) ('Bsix)
(B,g.1) L2 (1,1,0) (45)

i1
(p1x) (z‘B,!x)\[ l(w,l@)
(€6
(A, f,X) —= (Q,w,0),

where h is the restriction f|B><X' We want to show that (ip, 1x) is an arrow in Chu(Set, K).
For this we need to show the commutativity of

1px1x

BxX =% BxX

iBXlxl lh
f

Ax X ——> K.
But this is immediate, as h is the restriction of f to B x X. Next we show that
(B,h, X) 5 (1,1, 0)

(iB,1x>l (6 10)
(£+7iX)
(Aaf,X) E— (vavm)
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commutes. For this we need to show the commutativity of

'B

B ——=1 X <=
Z‘Bl l¢+ and 1x le
A—Q X<~—0.
et ix

As the commutativity of the right diagram is immediate from the definition of (), we only need
to consider the left one. But the left diagram commutes as (44) commutes. So as (B, g, 1 is
a pullback , we obtain a unique arrow (p*, p~): (B,h, X) — (B, g, 1) making (45) commute.
We show that such an arrow can not exist. If such an arrow would exist, we would have the
commutative diagram

But such a £~ does not exist if the cardinality of X is greater or equal 2. So (B, g, 1) is not
a pullback, therefore no subobject classifier in Chu(Set, K) exists. Q.E.D.

Now we examine which categories of Chu spaces Chu(Set, K') have objects (A, f, X) such
that X has cardinality greater than two. Here we arrive at the following conclusion.

Theorem 8.6. Let K be an arbitrary set. Then the category Chu(Set, K) has an object
(A, f, X) such that the cardinality of X is greater or equal 2, so Chu(Set, K) is not a topos.

Proof: If K itself has cardinality greater or equal two, we can consider the object (1, pry, K) €
Chu(Set, K)o, where pry: 1 x K — K is the projection. With the preceding lemma we can
conclude that Chu(Set, K) is not a topos.

Now let K have cardinality 1 or 0. This means that K is isomorphic to either 1 or (). We
first consider the case K 22 1, but as we identify isomorphic objects we arrive at K = 1.

If K = 1, then every pair (A, X) of sets can be made a object of Chu(Set,1) using
(A,'axx,X). Hence we can simply choose 2 = {0,1} and the conditions of the preceding
lemma are satisfied. Hence Chu(Set, 1) is not a topos.

At last consider Chu(Set, ). As there exists only one arrow with codomain ), we know
that all objects (A4, f, X) € Chu(Set, ), are given by objects which fulfil A x X = (). Using
lemma 6.16 we know that for an arbitrary set X we have ) x X = (). This allows us to
consider the object (0, 1¢,2) in Chu(Set, 0)), where we suppress the isomorphism ) x 2 = () in
the notation of 1. So we can again use the preceding lemma, so Chu(Set, () is not a topos.

So in all possible cases for K we have that Chu(Set, K) is not a topos. Q.E.D.



Chapter 9

Conclusion

9.1 Open questions and future tasks

As this thesis is in no regard an exhausting treatment of the topic of Chu categories, there
remain open questions and tasks, of which we name a few.

1. Are there categories which require one of the generalizations of the Chu category we
gave for an embedding? For example is there a category % such that there exists a fully
faithful functor F': € — Groth(%, F), where F': (¢ x €)°P — Set is a functor not given
as a Hom-functor Hom(- x -,v)7

2. Can one externalize the Grothendieck construction over finite products given in section
7.6 in the following way:

When one wants to define a projection II: Chu(%,v) — Z for a to be determined
category €, one immediately arrives at the notion of the antiparallel product of categories,
that is a category & x 7 ¢ which has the same objects as the category ¥ x %, but
the arrows differ as such. An arrow f: (a,b) — (c,d) in € x~ € is given as a pair
(ft,f7): (a,b) = (¢,d) where fT:a—cand f~:d—b.
Now the first thing one sees is that unlike with the “standard” product of categories,
one obtains ad hoc

(ExTE)xTC+EC X7 (€ x7C),
which is good, as it mimics the property of the Grothendieck construction over finite
products. Now for a given .# € n- Tuples can one find an ordering of n copies of € and
parenthesis such that

Groth(.#,%¢ ,Hom(- X --- x -,7)) = (¥ S Xscht)(g)((:)...XS%XL_)(...)))?

3. Can one find a functor F: Fun(% °P,Set) — Fun(Chu(%,~)°P, Set making the diagram

E€

¢ Chu(¥%,~)

yl ly

Fun(¢°P, Set) —— Fun(Chu(%’,~) °P, Set)
commute?

4. One can employ the Chu construction over a symmetric monoidal category by replacing
all occurrences of x in the definition with ®. Now if we are given a category with
products, coproducts, a terminal object and an initial object, it is remarked in [BW20,
Example 16.1.3] that there are two ways to obtain a symmetric monoidal structure on &,
on the one hand one takes the products and the terminal object and on the other hand
one takes the coproducts and the initial object. Therefore we find two (a priori different)
Chu structures on 4. Now can one find a generalized construction, that encompasses
the information of both these Chu constructions as well as possible interplay between
products and coproducts in the underlying category €7

106



Chapter 9 Conclusion 107

5. We have seen that the bicompleteness of the base category ¥ implies the bicompletness
of the Chu construction Chu(%,~) for any choice of v € . Now the obvious question
is whether a reverse implication holds. Unfortunately we can a priori only construct
“pseudolimits” using the bicompleteness of the Chu construction, as the uniqueness
in the universal property can not be trivially reduced to the uniqueness in the Chu
construction. This gives rise to two questions.

Are these “pseudolimits” interesting in other mathematical research, i.e. can they be
used in answers to other categorical questions?

What restriction have to be put on 4" and v such that the bicompleteness of Chu(%’, )
implies the bicompleteness of €7 One can for example observe that this implication
holds if ¥ = T, the terminal object, but this also gives us an isomorphism Chu(%, T) &
@ x € °P, so this case is not particularly interesting. So T = « is sufficient, but is it

also necessary?

6. Can theorem 6.14 be generalized to the generalized Chu category?
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Catalogue of categories

N 0
The affine category over an arbitrary category % and an object ¢ € %). Its objects

are pairs (a, F') where a € %y and F' C Homg(a,c). Its arrows h from (a, F') to
(b, G) are arrows h € % such that for every g € G we have goh € F.

Cat The category of locally small categories .......... ... ...

CCEat o
The category of cartesian closed categories. Its objects are cartesian closed categories

and its objects are product preserving functors.

CRU( G Y ) e
The Chu category over a closed monoidal category together with a v € 4.
Chu( B L) o

The Chu category over a cartesian closed category € together with an endofunctor

I.
Chu(Set, K) The category of Chu spaces over a given set K. ........................
cocCat The category of cocartesian closed categories. .................ccoiiiiiian...

COCNU(G 7y ) oo
The dual Chu category over a cocartesian closed category €.

Groth(ccCat, Fun( =, = )) oot
The category of pairs (¢,I') where % is a cartesian closed category and T' is an

endofunctor of €.
Groth(ccCat, 1O

The category of pairs (%,7) where € is a cartesian closed category and + is an object

of ¢.
Groth(cocCat, Lo ) o

The category of pairs (%,7) where € is a cocartesian closed category and -« is an

object of ¥.
Groth(, 6, F) oo

The Grothendieck category over a category in n- Tuples, an arbitrary category %
and a functor F from the dual of the n-th power category of % into the category of

sets.
Groth (7,1 — 4, 6, F ) oo e

The Grothendieck category over the category .# in n- Tuples such that the first 4
arrows have domain z; and the remaining have domain ;.

s

POt (G, F ) ot
The antiparallel Grothendieck construction over a (not necessarily cartesian closed)
category ¥ together with a set-valued functor.

—

Groth(F, D, F) oo
The antiparallel Grothendieck construction over two categories and a functor F from
the opposite category of ¥ x & into the category of sets.

—

groth(%, I
The Grothendieck category over an arbitrary category with a functor I' from % into
the functor category of functors with domain %2 and codomain the category of sets.

J(€,P) The covariant Grothendieck functor. ............... ...

A= Cale o
The category of A-calculi. Its objects are A-calculi and its arrows are translations.
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31
33

16

76

18
44
39

81

33

47

89

96

85

88
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Catalogue of categories

M- TUPIES oo
The set of categories which have 2n objects z1,...,Zn, y1,...,yn Where there exists

exactly one arrow between x; and y; foralli =1,...,n.

The category of sets, whose objects are sets and whose arrows are functions between
sets.

SUD (B, ) o
The category of subobjects of a category % . Its objects are monomorphisms f with
codomain « in %.

oD et

The category of topological spaces. Its objects are topological Spaces (X, Tx) and

its arrows are continuous maps.
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11

23

19



(Glossary of symbols

This index contains non-alphabetic symbols and special notations used in this paper. An
example for a special notation would be the isomorphism Fpp: Fy(a) x Fy(b) — Fy(a x b)
associated to a product preserving functor. Letters will be used in he according manner.

e The letters a and b will always refer to objects of a given category %.

aA,B,C, 10
AfF, 22

be, 12
(-,-),13
ba, 41

ca,B,c, 11
C%, 41
Chu, 34
CHU, 83
Chu?, 31
CHU?, 78
C(L), 15
coChu, 48
coChu®, 44
coevy g, 41

HnGI Cn;s 39

ea,B, 11
E%7, 30
€4,B, 13
ga,,ﬂj 95
=x, 13
ESub("ﬁ,v)’ 24
ETor 19
evaly,, 12

Flap), 20
Fab 45
Fop, 26
f,4
FT'. 100
f,12

F,, 29

112

The letter F' will always refer to a functor whose (co-)domain is an arbitrary category.
The letter f shall always refer to an arrow whose domain is a product.

The letter u denotes an arrow with arbitrary codomain and domain.

The letters p,n are used to denote natural transformations.

F*, 46
Fy, 80

Azead(z), 13
L(%), 15

mz’eﬁ 58
m, . 58
—o, 11

px 1, 81

¢, 16
o 89
é_, 39
&0, 76
o+, 16
ot 89
¢+, 39
TAB, 13
T gy 13
+, 39
pr;, 12
[T/ 12
PB(X), 19

T4, 10

s4,B, 10
S7, 86
(_)*7 12
*, 13

x, 12

®, 10

T, 10, 13
1,39

Uy, 31



Index

The font of the page number denotes the following. If the page number is bold, it refers to a
definition. If it is italic, it refers to an equivalent characterisation, and a normal upright font
denotes theorems, lemmas and corollaries using this definition. So if we take for example the
following entry:

Bicomplete category, 19,20,25

It means that the notion of “bicomplete categories” is introduced in page 19, a condition
equivalent to the bicompleteness of a category is given in 20, and a theorem using bicomplete
categories can be found in 25.

Affine category, 22 Cocone under a diagram, 58
morphism, 58

Coexponential, 41

Colimit of a diagram, 58

Complete category, 58

Cone over a diagram, 57
morphism, 57

Coproduct, 39

Covariant Grothendieck functor, 35

Basic type, 13
Bicomplete category, 58, 58, 59

Cartesian closed category, 13, 15, 16
Category
affine, 22
bicomplete, 58, 58, 59
cartesian closed, 13, 15, 16
Chu, 16, 30, 31, 34, 37, 59
closed symmetric monoidal, 11
coChu, 39, 41, 44
cocomplete, 58

Diagram
cocone under a, 58
colimit of a, 58
cone over a, 57

Complete., 58 limit of a, 57
of subobjects, 23 of type 7, 5T
Product, 50
symmetric monoidal, 10 Evaluation, 12

Chu category, 16, 30, 31, 34, 37, 59 Exponential, 12, 63, 64
generalized, 76

Chu functor Function set, 11
global, 34 Function type, 13
internal, 31 Functor

generalized, 78 product preserving, 26

local, 31

Generalized Chu category, 76

Global Chu functor, 34

Grothendieck functor
covariant, 35

generalized, 78
Chu morphism, 16
Chu space, 18
biextensional, 18
extensional, 18
normal, 18
separable, 18

Hom-functor
internal, 11

Classifying arrow, 102 Initial object, 39, 59
Closed symmetric monoidal categories, 11 Internal Chu functor, 31
CoChu category, 39, 41, 44 internal hom-functor, 11
Cocomplete category, 58 Internal language, 15

113



114 Index

A-Calculus

typed, 13, 15, 16
Language

internal, 15
Limit of a diagram, 57
Local Chu functor, 31

Morphism

Chu, 16
Morphisms of cocones, 58
Morphisms of cones, 57

Object

initial, 39, 59

terminal, 13, 57, 59, 103
One-object set, 11

Power set, 19

Product, 12, 57, 59

Product category, 50

Product preserving functor, 26
Product set, 11

Product type, 13

Pullback, 58, 60, 64

Pushout, 58, 60, 64

Set

function, 11

one-object, 11

power, 19

product, 11
x-autonomous category, 12
Subobject classifier, 102
Symmetric monoidal categories, 10

Terminal object, 13, 57, 59, 103
Topos, 102
Translation

between A-calculi, 15
Transpose, 12
Type

basic, 13

function, 13

product, 13
Typed A-Calculus, 13, 15, 16
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