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Homework Sheet 11

(Released 11.7.2024 – Discussed 16.7.2024)

E11.1 Let A be a positive definite operator A on a finite dimensional Hilbert space V .

(a) Prove that

‖A‖op = sup
06=x∈V

〈x,Ax〉
‖x‖2

.

(b) Prove that ‖A−1‖op = λ−1
1 where λ1 is the smallest eigenvalue of A.

E11.2 Let T ⊂ R2 be a triangle with the vertices p1, p2, p3 and the edge-midpoints

m1 =
p2 + p3

2
, m2 =

p1 + p3

2
, m3 =

p1 + p2

2
.

Let v be a linear function. Prove that

1

|T |

∫
T
v(x)2dx =

v(m1)2 + v(m2)2 + v(m3)2

3
.

E11.3 Prove that for all m ∈ N we have

sup
t∈[0,1]

t(1− t)m ≤ 1

m
.

E11.4 Recall the notation from the multigrid method: Ak is a positive definite operator

on Vk, |||v|||2t,k = 〈Atkv, v〉k, Rk = 1−Ak/Λk with Λk ≥ ‖Ak‖op > 0. Prove that

|||Rmk v|||1+t,k ≤ Ctm−1/2|||v|||t,k

for every t ≥ 0. (The case t = 1 was discussed in the lecture.)
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(Released 27.6.2024 – Discussed 2.7.2024)

E10.1 Let Ω ⊂ Rd be a bounded Lipschitz domain. Define

V = {f ∈ L2(Ω) |
∫

Ω
f = 0}.

(a) Prove that V is a closed subspace of L2(Ω).

(b) What is the dimension of V ⊥, with L2(Ω) = V ⊕ V ⊥?

(c) Prove that C∞c (Ω) ∩ V is dense in V (with the L2-topology).

E10.2 Let D be the unit disk in R2. Let

u(x) = u(x1, x2) = x1x2 ln(|x|), x = (x1, x2) ∈ D.

(a) Prove that ∆u ∈ L∞(D).

(b) Does it hold u ∈W 2
∞(D)?

E10.3 In polar coordinate, let

Ω = {(r, θ) ∈ (0, 1)× (0, π)} ⊂ R2, Γ = ∂Ω \ {(r, π), r ∈ (0, 1)}.

(a) Prove that u(r, θ) = (1− r2)r
1
2 sin

(
θ
2

)
solves the the following

−∆u = 6r
1
2 sin( θ2) in Ω,

u = 0 on Γ,
∂u
∂η = 0 on ∂Ω \ Γ.

(b) Does u belong to H2(Ω)?
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(Released 20.6.2024 – Discussed 25.6.2024)

E9.1 Let {T h} be a family of triangulations of a given domain Ω ⊂ R2. Show that {T h}
is non-degenerate if and only if all the angles of the triangles in {T h} are bounded below

by a positive constant θ, namely

inf
T∈T h

α(T ) ≥ θ > 0

where α(T ) is the smallest angle of the triangle T .

E9.2 Let {T h} be a triangulation of a polygonal domain Ω ⊂ R2 with

max
T∈T h

diam(T ) = h, inf
T∈T h

α(T ) ≥ θ > 0.

For every u ∈ H2(Ω), denote by I(u) ∈ Vh the interpolant of u. Prove that

‖u− I(u)‖L2(Ω) + h‖∇(u− I(u))‖L2(Ω) ≤ Cθh2‖u‖H2(Ω).

E9.3 Let Ω is a ball in Rd, and 1 ≤ p <∞. Prove that the following are equivalent

‖u‖Lp(Ω) ≤ C
(∣∣∣∣∫

Ω
udx

∣∣∣∣+ |u|W 1
p (Ω)

)
,∀u ∈W 1

p (Ω),

and

‖u− 1

|Ω|

∫
Ω
udx‖W 1

p (Ω) ≤ C |u|W 1
p (Ω) ,∀u ∈W

1
p (Ω).

E9.4 Let K = [0, 1], and V (K) = L2(K). Let (K,P,N ) is a finite element with |N | = `.

Let A = (ai,j)1≤i,j≤` be an invertible square matrix, and we define

Ñ = {Ñi, 1 ≤ i ≤ `} with Ñi =
∑̀
j=1

ai,jNj , where Nj ∈ N .

Prove that (K,P, Ñ ) is a finite element. Express the nodal basis {φ̃i} in term of the

nodal basis {φi} associating to (K,P,N ). Verify that ĨK(v) = IK(v) for all v ∈ V (K).
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(Released 12.6.2024 – Discussed 18.6.2024)

E8.1 Let Ω ⊂ R2 be the the unit square with vertices z1 = (0, 0), z2 = (1, 0), z3 =

(1, 1), z4 = (0, 1). Consider the finite element (Ω,Q1,N1) where Q∞ contains finite linear

combinations of functions (x+ const)(y + const) and N1 = (Ni)
4
i=1 be the corresponding

Lagrange element, namely

Ni(v) = v(zi), ∀i = 1, 2, 3, 4.

Compute the nodal basis (φi)
4
i=1 ⊂ Q1 such that

Ni(φj) = δij , ∀i, j = 1, 2, 3, 4.

E8.2 Let f ∈ Cm(R). Prove the Taylor expansion

f(1) =

m−1∑
k=0

1

k!
f (k)(0) +

∫ 1

0

sm−1

(m− 1)!
f (m)(1− s)ds.

E8.3 For u ∈ Cm−1(Rd) and y ∈ Rd, denote the Taylor polynomial

Tmy u(x) =
∑
|α|<m

1

α!
Dαu(y)(x− y)α.

Prove that for all |β| < m we have

Dα
xT

m
y u(x) = Tm−|β|y Dβ

xu(x).

E8.4 Let B ⊂ Rd be a ball of radius R. Prove that for 1 < p <∞ and m− d/p = s > 0,

then ∣∣∣∣∫
B
|x− y|m−df(y)dy

∣∣∣∣ ≤ Cd,pRs‖f‖Lp(B).
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(Released 7.6.2024 – Discussed 11.6.2024)

E7.1 Let K = [0, 1], P2 = {polynomials of degree ≤ 2}, and N = {N1, N2, N3} ⊂ P ′2 with

N1(v) = v(0), N2(v) = 2v(1/2)− v(0)− v(1), N3(v) = v(1),

for all v ∈ P2. Prove that (K,P,N ) is a finite element. Determine the nodal basis

{φ1, φ2, φ3} for P2, namely Ni(φj) = δij .

E7.2 LetK = [0, 1], P = {v ∈ C1(K) : piecewise quadratic polynomial on [0, 1
2 ] and [1

2 , 1]}
Define N = {N1, N2, N3, N4} where

N1(v) = v(0); N2(0) = v′(0) N3(v) = v(1), and N4(v) = v′(1).

Prove (K,P,N ) is a finite element. Determine the nodal basis for P.

E7.3 Let K be the triangle with vertices z1 = (0, 0), z2 = (1, 0), z3 = (1, 0). Let

P2 = {polynomials of 2 variables of degree ≤ 2} and N2 = {N1, N2, N3, N4, N5, N6} be

the Lagrange element.

(a) Compute the nodal basis of P2.

(b) Compute the interpolant IKf where f(x, y) = exy.
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(Released 23.5.2024 – Discussed 28.5.2024)

E6.1 Let V = H1(0, 1), f ∈ L2(0, 1) and k ∈ R. Let a(·, ·) : V × V → R be the bilinear

form associated to the equation

−u′′ + ku′ + u = f

with Neumann boundary condition.

(a) Prove that a is continuous for all k ∈ R.

(b) Prove that a is coercive if and only if |k| < 2.

(c) For k = 2, find 0 6= v ∈ H1(0, 1) such that a(v, v) = 0.

(d) Prove for k = 2, V0 = H1
0 (0, 1) that the restriction a(·, ·) : V0 × V0 → R is coercive.

E6.2 Let V be a Hilbert space and a(·, ·) : V × V → R be a bilinear form which is

symmetric, continuous, and coercive. Let F ∈ V ′ and u ∈ V . Prove that the following

statements are equivalent:

(a) a(u, v) = F (v) for all v ∈ V .

(b) u is the minimizer for the functional g : V → R defined by

g(v) =
1

2
a(v, v)− F (v).

E6.3 Let Pk be the set of all polynomials in two variables of degree ≤ k. Prove that

dimPk =
1

2
(k + 1)(k + 2).
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(Released 16.5.2024 – Discussed 22.5.2024)

E5.1 Let Ω ⊂ Rd be a bounded domain with Lipschitz boundary. Recall that

◦
W 1
p (Ω) = {u ∈W 1

p (Ω) |u|∂Ω = 0}, 1 < p <∞.

(a) Prove that
◦
W 1
p (Ω) is a closed subspace of W 1

p (Ω).

(b) Prove that if u ∈W 1
p (Ω), then u ∈

◦
W 1
p (Ω) if and only if for all ϕ ∈ C∞c (Rd) we have

max
i=1,...,d

∣∣∣∣∫
Ω
u∂xiϕ(x)dx

∣∣∣∣ ≤ C‖ϕ‖Lp′ (Rd)

where 1
p + 1

p′ = 1 and the constant C is independent of ϕ.

E5.2 Let k > d ≥ 1 and 1 < p <∞. Define the Dirac delta mapping δ0 : W k
p (Rd)→ R by

δ0(f) = f(0), ∀f ∈W k
p (Rd).

(a) Prove that δ0 ∈W−kp (Ω).

(b) Prove that δ0 /∈ L1
loc(Rd).

E5.3 Let f ∈ L2(0, 1) and let u ∈ V = W 1
2 (0, 1) be the unique solution to the variational

problem ∫
(u′v′ + uv) =

∫ 1

0
fv, ∀v ∈ V

(the existence of u was proved in the lecture).

(a) Prove that u ∈W 2
2 (0, 1) and the weak derivative u′′ solves the equation

−u′′(x) + u(x) = f(x), a.e. x ∈ (0, 1).

(b) Prove that u′(0) = u′(1) = 0.
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(Released 10.5.2024 – Discussed 14.5.2024)

E4.1 Consider the function f : (−1, 1)→ R

f(x) =

x, x < 0

1, x > 0.

(a) Prove that

inf
g∈C(−1,1)

‖g − f‖L∞(−1,1) = 1/2.

(b) Does f has a weak derivative f ′ in L1(−1, 1)?

E4.2 Let u ∈ W 2
1 (0, 1) with u(0) = u′(0) = 0. Prove that v(x) = u(x)/x belongs to

W 1
1 (0, 1). What is v(0)?

E4.3 As in the lecture, we consider

Q = {(x′, xd) ∈ Rd−1 × R | |x′| < 1, |xd| < 1}, Q+ = {(x′, xd) ∈ Q |xd > 0}.

For any function f : Q+ → R, we define f∗, f̃ : Q→ R by

f∗(x′, xd) =

f(x′, xd), xd > 0

f(x′,−xd), xd ≤ 0
, f̃(x′, xd) =

f(x′, xd), xd > 0

−f(x′,−xd), xd ≤ 0

Prove that if u ∈W 1
p (Q+) with 1 ≤ p ≤ ∞, then we have the weak derivative

∂u∗

∂xd
=

(̃
∂u

∂xd

)
E4.4 Let u ∈ W 1

p (0, 1) with 1 < p < ∞ such that u(0) = u(1) = 0. We define the

extension ũ : R→ R by

ũ(x) =

u(x), x ∈ (0, 1),

0, x /∈ (0, 1).

Prove that ũ ∈W 1
p (R) and ‖ũ‖W 1

p (R) = ‖u‖W 1
p (0,1).
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E3.1 Show that C1(0, 1) is not dense in L∞, with L∞ norm.

E3.2 Let f ∈ W 1,1(0, 1) ∩ C([0, 1]). Assume that we can find {fn} ⊂ C∞c (0, 1) such that

fn → f in W 1,1(0, 1). Prove that f(0) = f(1) = 0. Deduce that C∞c (0, 1) is not dense in

W 1,1(0, 1).

E3.3 Construct a function in W 1,2(0, 1), but not in W 2,2(0, 1) and explain the answer.

E3.4 Let Ω = {(x, y) ∈ R2, 0 < x < 1, |y| < x10} and define

u(x, y) = x−
1
2 .

(i) Prove that u ∈ L2(Ω).

(ii) Prove that the weak derivatives ∂xu, ∂yu exist and determinate them.

(iii) Prove that u ∈W 1,2(Ω) and u /∈ L∞(Ω).
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(Released 24.4.2024 – Discussed 30.4.2024)

E2.1 In the lecture, we proved that if f ∈ L1
loc(Rd) and

∫
Rd fϕ = 0 for all ϕ ∈ C∞c (Rd)

then f = 0 a.e. Prove the same result with Rd replaced by a general open subset Ω ⊂ Rd.

E2.2 In this exercise we consider functions mapping from Ω→ R with Ω = (−1, 1).

(i) Prove that f(x) = |x|
3
2 − 1 has a weak derivative in L1

loc(Ω).

(ii) Is there a weak derivative in L1
loc(Ω) of the following function?

g(x) =

{
x if x > 0,

−1 if x < 0.

E2.3 Consider the Cantor set C∞ =
⋂∞
k=1Ck, where Ck satisfy the following recurrence

C0 = [0, 1], Ck+1 =
1

3
Ck ∪

{
2

3
+

1

3
Ck

}
, k ≥ 1.

Define f : [0, 1]→ R by

f(x) =

{
x if x ∈ [0, 1]\C∞,

2x+ 1 if x ∈ C∞.

(i) Find sup f, inf f, and ‖f‖L∞ .

(ii) Find its weak derivative f ′ and compute

f(x)−
∫ x

0
f ′(s)ds.

E2.4 Let u ∈ L1
loc(R) which has a second order weak derivative f ′′ ∈ L1

loc(R). Show that

it has also the first order weak derivative f ′ ∈ L1
loc(R).

E2.5 Let f ∈ W 1,p(Rd) for some 1 ≤ p < ∞. Let χ ∈ C∞c (Rd) such that χ(x) = 1 if

|x| ≤ 1. Denote fn(x) = χ(nx)f(x). Prove that

fn → f in W 1,p(Rd) as n→ +∞.

Recall that ‖f‖p
W 1,p = ‖f‖pLp +

∑
|α|=1 ‖Dαf‖pLp .
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(Released 18.4.2024 – Discussed 23.4.2024)

E1.1 Define

V = {u ∈ L2(0, 1) | a(u, u) <∞ and u(0) = 0}, a(u, v) =

∫ 1

0
u′(x)v′(x)dx.

(i) Prove the Cauchy-Schwarz inequality

|a(u, v)| ≤
√
a(u, u)

√
a(v, v), ∀u, v ∈ V.

When does the equality hold?

(ii) Define ‖u‖E =
√
a(u, u). Verify that ‖·‖E is a norm. If we don’t have the condition

u(0) = 0, is ‖ · ‖E a norm?

(iii) Prove the “Parallelogram law”

‖u‖E + ‖v‖E =
1

2

[
‖u+ v‖2E + ‖u− v‖2E

]
∀u, v ∈ V.

E1.2 Based on the lecture, formulate the weak formulation of the following problem{
−u′′ + u = f,

u(0) = u(1) = 0,

where f ∈ L2[0, 1].

E1.3 Let V and a(u, v) be given in E1.1. Prove that for u ∈ V ∩ C1[0, 1] we have

(i) ‖u‖2L2(0,1) ≤
1
2‖u

′‖2L2(0,1)

(ii) ‖u‖2L2(0,1) ≤
1√
8
‖u′‖2L2(0,1) if we assume further u(1) = 0

(iii) ‖u‖2L2(0,1) ≤
1
6‖u

′‖2L2(0,1) if we assume further
∫ 1

0 u = 0

(iv) maxx∈[0,1] |u(x)|2 ≤ 2u2(1) + 2‖u′‖2L2

(v) maxx∈[0,1] |u(x)|2 ≤ 2(‖u‖2L2 + ‖u′‖2L2)
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