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Numerics 11
Homework Sheet 11
(Released 11.7.2024 — Discussed 16.7.2024)

E11.1 Let A be a positive definite operator A on a finite dimensional Hilbert space V.
(a) Prove that

(x, Az)
[Allp = sup 2AZ)
o 0#£z€V ||‘7:”2

(b) Prove that [[A7!|op = A\] " where ); is the smallest eigenvalue of A.

E11.2 Let T C R? be a triangle with the vertices p1, p2, p3 and the edge-midpoints
_ P2+ D3 D1+ Dp3 D1+ D2
= —, = ms — .
2 2 2
Let v be a linear function. Prove that

1 v(m1)? + v(m2)? + v(ms)?
R e

m1 ma

E11.3 Prove that for all m € N we have

1
sup t(1—t)™ < —
t€[0,1] m

E11.4 Recall the notation from the multigrid method: Ay is a positive definite operator
on Vg, H\v[”fk = (ALv,v), Ry =1 — Ag/Ay with Ay, > || Ag|lop > 0. Prove that
IRVl < Com™ vl

for every ¢ > 0. (The case t = 1 was discussed in the lecture.)
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Numerics 11
Homework Sheet 10
(Released 27.6.2024 — Discussed 2.7.2024)

E10.1 Let Q € R? be a bounded Lipschitz domain. Define
v={rerr@| [ r-o

(a) Prove that V is a closed subspace of L?(12).

(b) What is the dimension of V-, with L2(Q) =V @ V+?

(¢) Prove that C2°(Q) NV is dense in V (with the L?-topology).
E10.2 Let D be the unit disk in R?. Let

u(z) = u(zr,x2) = zrze In(|z|), =« = (x1,22) € D.

(a) Prove that Au € L>(D).

(b) Does it hold u € W2 (D)?
E10.3 In polar coordinate, let

Q={(r,0)€(0,1)x (0,m)} CR*, T =099\ {(r,7),r e (0,1)}
(a) Prove that u(r,0) = (1 — T‘Q)T% sin (%) solves the the following

—Au = 6rz sin(g) in Q,

v = 0Oonl,
g—r“] = 0on 00 \T.

(b) Does u belong to H?(Q)?
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Numerics 11
Homework Sheet 9
(Released 20.6.2024 — Discussed 25.6.2024)

E9.1 Let {7"} be a family of triangulations of a given domain Q C R2. Show that {7"}
is non-degenerate if and only if all the angles of the triangles in {7"} are bounded below
by a positive constant 6, namely
inf (T)>6>0
TeTh

where a(T) is the smallest angle of the triangle 7.
E9.2 Let {7"} be a triangulation of a polygonal domain Q C R? with

max diam(7) = h, inf «o(T)>60>0.

TeTh TeTh

For every u € H?(12), denote by Z(u) € V}, the interpolant of u. Prove that

[ — Z(u)| p20) + BIV (u = Z(w) |l 220y < Coh?||ull 2(q)-
E9.3 Let Q is a ball in R? and 1 < p < co. Prove that the following are equivalent

lull oy < C (’/Qud:v

1 1
llu — IQ’/Qudwapl(Q) <C |U’Wp1(ﬂ) ,Vu € W, (Q2).

+lubygoy ) u € WHE),

and

E9.4 Let K = [0,1], and V(K) = L*(K). Let (K,P,N) is a finite element with |\| = £.
Let A = (a;,j)1<i,j<¢ be an invertible square matrix, and we define
¢
N = {NZ, 1 <¢ </} with N; = ZamNj, where N; € V.
j=1
Prove that (K, P,N) is a finite element. Express the nodal basis {¢;} in term of the
nodal basis {¢;} associating to (K, P, ). Verify that I (v) = I (v) for all v € V(K).
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Numerics 11
Homework Sheet 8
(Released 12.6.2024 — Discussed 18.6.2024)

E8.1 Let Q C R? be the the unit square with vertices z; = (0,0), 2o = (1,0), 23 =
(1,1), z4 = (0,1). Consider the finite element (2, Q1,N7) where Q. contains finite linear

combinations of functions (z + const)(y + const) and N7 = (N;)%_, be the corresponding

Lagrange element, namely
Ni(v) =v(z), Vi=1,2,34.
Compute the nodal basis (¢;)i,; C Q; such that

Ni(¢;) = 0i5,Vi,5 =1,2,3,4.

E8.2 Let f € C™(R). Prove the Taylor expansion

m—1 m—1

B (%) bos (m)(y _
ﬂD—hﬂmf(m+A(m_DJ (1 - s)ds.

E8.3 For v € C™ Y(R?) and y € R?, denote the Taylor polynomial

() = 3 L D%uly)(e - y)"

la|<m

Prove that for all |5] < m we have

argm _ mm—|8| np
DYT M u(z) = T PIDSu(x).

E8.4 Let B C R? be a ball of radius R. Prove that for 1 < p < oo and m —d/p = s > 0,

then
‘ [l = ol 0| < Cap v
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Numerics 11
Homework Sheet 7
(Released 7.6.2024 — Discussed 11.6.2024)

E7.1 Let K = [0, 1], P2 = {polynomials of degree < 2}, and N' = { Ny, Ny, N3} C P}, with
Ni(v) =v(0), Na(v) =20v(1/2) —v(0) —v(1), Ns(v) =wv(1),
for all v € Py. Prove that (K,P,N) is a finite element. Determine the nodal basis
{(]51, (252, (]53} fOI‘ 7)2, namely NZ((ﬁ]) = (5”
E7.2Let K = [0,1], P = {v € C'(K) : piecewise quadratic polynomial on [0, 5] and [1,1]}
Define N’ = {Ny, Na, N3, Ny} where
Ni(v) =v(0); Na(0) =v'(0) Nz(v) =wv(1), and Ny(v) =2'(1).
Prove (K,P,N) is a finite element. Determine the nodal basis for P.
E7.3 Let K be the triangle with vertices z; = (0,0), 22 = (1,0), 23 = (1,0). Let
Py = {polynomials of 2 variables of degree < 2} and Ny = {Ny, N2, N3, Ny, N5, N} be
the Lagrange element.

(a) Compute the nodal basis of Ps.
(b) Compute the interpolant Zx f where f(z,y) = e®¥.
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Numerics 11
Homework Sheet 6
(Released 23.5.2024 — Discussed 28.5.2024)

E6.1 Let V = H'(0,1), f € L?(0,1) and k € R. Let a(-,-) : V x V — R be the bilinear

form associated to the equation
—u”+l<:u’+u:f

with Neumann boundary condition.
(a) Prove that a is continuous for all k € R.
(b) Prove that a is coercive if and only if |k| < 2.
(c) For k =2, find 0 # v € H*(0,1) such that a(v,v) = 0.
(d) Prove for k =2, Vo = H}(0,1) that the restriction a(-,-) : Vo x Vo — R is coercive.

E6.2 Let V be a Hilbert space and a(-,-) : V x V' — R be a bilinear form which is
symmetric, continuous, and coercive. Let F' € V' and u € V. Prove that the following
statements are equivalent:
(a) a(u,v) = F(v) for allv € V.
(b) w is the minimizer for the functional g : V' — R defined by
1

g(v) = ia(v,v) — F(v).

E6.3 Let Py be the set of all polynomials in two variables of degree < k. Prove that

1
dim Py, = 5(lc+ 1)(k+2).
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Numerics 11
Homework Sheet 5
(Released 16.5.2024 — Discussed 22.5.2024)

E5.1 Let Q € R? be a bounded domain with Lipschitz boundary. Recall that
I/Vp1 Q) ={ue WI}(Q) lujpo =0}, 1 <p<oo.

(a) Prove that W (Q) is a closed subslzace of W) (9).
(b) Prove that if u € W, (Q), then v €W, (Q) if and only if for all ¢ € C>®(R%) we have

max
i=1,....d

/Q uaxw)d:c\ < Cllol s

where ]% + z% = 1 and the constant C' is independent of .

E5.2Let k >d>1and 1 < p < co. Define the Dirac delta mapping dg : W;(Rd) — R by
do(f) = [(0), VS € Wy(RY).
(a) Prove that 6y € W, ().
(b) Prove that &y ¢ LL (R?).

loc

E5.3 Let f € L?(0,1) and let u € V = W}(0,1) be the unique solution to the variational

problem
1
/(u’v'Jruv) :/ fv, YvevVv
0

(the existence of u was proved in the lecture).

(a) Prove that u € W2(0,1) and the weak derivative u” solves the equation
—u"(z) +u(z) = f(x), ae x€(0,1).
(b) Prove that «/(0) = v/(1) = 0.
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Numerics 11
Homework Sheet 4
(Released 10.5.2024 — Discussed 14.5.2024)

E4.1 Consider the function f:(—1,1) - R

z, <0
f(@) = -

1, x=>0.

(a) Prove that

inf — oo (_ =1/2.
gecl?q,l)Hg fllee(=1,y =1/

(b) Does f has a weak derivative f’ in L!(—1,1)?

E4.2 Let u € W£(0,1) with u(0) = «/(0) = 0. Prove that v(x) = u(x)/z belongs to
W(0,1). What is v(0)?
E4.3 As in the lecture, we consider
Q={(a',2q) e R x R||2| < 1,|zq] <1}, Qi ={(2',24) € Q|xq > 0}.
For any function f: Q4+ — R, we define f*, f: Q — R by
f(@' zq), x4>0 ~ f(@' zq), xq4>0
(@' xq) = , f@ xa) =
f(xla _xd)v g <0 —f(l‘/, _l'd), zqg <0

Prove that if u € WZ}(Q+) with 1 < p < oo, then we have the weak derivative

o _ (ou

8.%'d - a%d

E4.4 Let u € W,(0,1) with 1 < p < oo such that u(0) = u(1) = 0. We define the
extension 4 : R — R by

u(xz), z€(0,1),
0, z¢(0,1).

Prove that @ € W, (R) and lallwi®) = llullwo)-

u(x) =
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Numerics 11
Homework Sheet 3
(Released 2.5.2024 — Discussed 7.5.2024)

E3.1 Show that C1(0, 1) is not dense in L>, with L° norm.

E3.2 Let f € WhH1(0,1) N C([0,1]). Assume that we can find {f,} C C°(0,1) such that
fn — fin WH1(0,1). Prove that f(0) = f(1) = 0. Deduce that C2°(0,1) is not dense in
whlo,1).

E3.3 Construct a function in W12(0, 1), but not in W?22(0,1) and explain the answer.

E3.4 Let Q = {(x,y) € R?2,0 <z < 1,|y| < #1°} and define

u(w,y) =272
(i) Prove that u € L%(Q).
(ii) Prove that the weak derivatives J,u, Oyu exist and determinate them.

(iii) Prove that u € W12(Q) and u ¢ L>(9).


https://www.math.lmu.de/~nam/Numerics24.php

10

Mathematisches Institut LMU https://www.math.lmu.de/~nam/Numerics24.php
Phan Thanh Nam, Giao Ky Duong SoSe 2024

Numerics 11
Homework Sheet 2
(Released 24.4.2024 — Discussed 30.4.2024)

E2.1 In the lecture, we proved that if f € L%OC(Rd) and [pa foo = 0 for all ¢ € C(RY)
then f = 0 a.e. Prove the same result with R? replaced by a general open subset  C R,

E2.2 In this exercise we consider functions mapping from  — R with Q@ = (—1,1).
(€2).

(ii) Is there a weak derivative in L] () of the following function?

xz ifz >0,
g(ﬂﬁ):{

(i) Prove that f(z) = |x\% — 1 has a weak derivative in L.

-1 ifx<0O.
E2.3 Consider the Cantor set Co = (o Ck, where C}, satisfy the following recurrence

1 2 1
Co=10,1 Ciri1==Cr U=+ =Cry. k>1.
0= [0,1], k1= 3Gk {3+3 k}, >

Define f: [0,1] — R by
xz if x€]|0,1|\Cx,
@) = el
2 +1 if zeCk.
(i) Find sup f,inf f, and || f||zee.

(ii) Find its weak derivative f' and compute
fa) = [ 1as

E2.4 Let u € L (R) which has a second order weak derivative f” € Ll (R). Show that

loc loc

it has also the first order weak derivative f’ € Li (R).

loc

E2.5 Let f € WIP(RY) for some 1 < p < co. Let y € C®(R?) such that y(z) = 1 if
|z| < 1. Denote f,(x) = x(nz)f(x). Prove that

fo = fin WHP(RY) as n — +oo.

Recall that || {51, = [IfIZs + 2 ja=1 1D FIIZs-
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Numerics 11
Homework Sheet 1
(Released 18.4.2024 — Discussed 23.4.2024)

E1.1 Define
1
V ={u € L*0,1) | a(u,u) < oo and u(0) = 0}, a(u,v) = /0 o (z)v' (z)d.

(i) Prove the Cauchy-Schwarz inequality

la(u,v)| < va(u,u)\/a(v,v), Yu,v e V.

When does the equality hold?
(ii) Define ||ul|g = \/a(u,u). Verify that ||-||z is a norm. If we don’t have the condition
u(0) =0, is || - ||z @ norm?

(iii) Prove the “Parallelogram law”

1
lullz + vl = 5 [llu+ ol +llu—vl|E] Yu,veV.

E1.2 Based on the lecture, formulate the weak formulation of the following problem
—U” +u = f7
u(0) =u(l) =0,

u,v) be given in E1.1. Prove that for u € VN C'[0,1] we have

where f € L?[0,1].

E1.3 Let V and a

—~

%HUIH%%OJ)
%HU’H%Q(O 1) if we assume further u(l)=0

ORI

(i) [lul2:,

IAIA

0,1)

) 0.1)

(iii) Hu||%2(071) < %HU’H%Q(O’I) if we assume further fol u=20

(iv) maxgep [u(z)|? < 2u*(1) + 21|17
) J lu

(v) maxefo) [u(@)]* < 2(||ullfz + [[u'][72)
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