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E3.1 Show that C1(0, 1) is not dense in L∞, with L∞ norm.

E3.2 Let f ∈ W 1,1(0, 1) ∩ C([0, 1]). Assume that we can find {fn} ⊂ C∞c (0, 1) such that

fn → f in W 1,1(0, 1). Prove that f(0) = f(1) = 0. Deduce that C∞c (0, 1) is not dense in

W 1,1(0, 1).

E3.3 Construct a function in W 1,2(0, 1), but not in W 2,2(0, 1) and explain the answer.

E3.4 Let Ω = {(x, y) ∈ R2, 0 < x < 1, |y| < x10} and define

u(x, y) = x−
1
2 .

(i) Prove that u ∈ L2(Ω).

(ii) Prove that the weak derivatives ∂xu, ∂yu exist and determinate them.

(iii) Prove that u ∈W 1,2(Ω) and u /∈ L∞(Ω).

1

https://www.math.lmu.de/~nam/Numerics24.php


2

Mathematisches Institut LMU https://www.math.lmu.de/~nam/Numerics24.php
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E2.1 In the lecture, we proved that if f ∈ L1
loc(Rd) and

∫
Rd fϕ = 0 for all ϕ ∈ C∞c (Rd)

then f = 0 a.e. Prove the same result with Rd replaced by a general open subset Ω ⊂ Rd.

E2.2 In this exercise we consider functions mapping from Ω→ R with Ω = (−1, 1).

(i) Prove that f(x) = |x|
3
2 − 1 has a weak derivative in L1

loc(Ω).

(ii) Is there a weak derivative in L1
loc(Ω) of the following function?

g(x) =

{
x if x > 0,

−1 if x < 0.

E2.3 Consider the Cantor set C∞ =
⋂∞
k=1Ck, where Ck satisfy the following recurrence

C0 = [0, 1], Ck+1 =
1

3
Ck ∪

{
2

3
+

1

3
Ck

}
, k ≥ 1.

Define f : [0, 1]→ R by

f(x) =

{
x if x ∈ [0, 1]\C∞,

2x+ 1 if x ∈ C∞.

(i) Find sup f, inf f, and ‖f‖L∞ .

(ii) Find its weak derivative f ′ and compute

f(x)−
∫ x

0
f ′(s)ds.

E2.4 Let u ∈ L1
loc(R) which has a second order weak derivative f ′′ ∈ L1

loc(R). Show that

it has also the first order weak derivative f ′ ∈ L1
loc(R).

E2.5 Let f ∈ W 1,p(Rd) for some 1 ≤ p < ∞. Let χ ∈ C∞c (Rd) such that χ(x) = 1 if

|x| ≤ 1. Denote fn(x) = χ(nx)f(x). Prove that

fn → f in W 1,p(Rd) as n→ +∞.

Recall that ‖f‖p
W 1,p = ‖f‖pLp +

∑
|α|=1 ‖Dαf‖pLp .
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E1.1 Define

V = {u ∈ L2(0, 1) | a(u, u) <∞ and u(0) = 0}, a(u, v) =

∫ 1

0
u′(x)v′(x)dx.

(i) Prove the Cauchy-Schwarz inequality

|a(u, v)| ≤
√
a(u, u)

√
a(v, v), ∀u, v ∈ V.

When does the equality hold?

(ii) Define ‖u‖E =
√
a(u, u). Verify that ‖·‖E is a norm. If we don’t have the condition

u(0) = 0, is ‖ · ‖E a norm?

(iii) Prove the “Parallelogram law”

‖u‖E + ‖v‖E =
1

2

[
‖u+ v‖2E + ‖u− v‖2E

]
∀u, v ∈ V.

E1.2 Based on the lecture, formulate the weak formulation of the following problem{
−u′′ + u = f,

u(0) = u(1) = 0,

where f ∈ L2[0, 1].

E1.3 Let V and a(u, v) be given in E1.1. Prove that for u ∈ V ∩ C1[0, 1] we have

(i) ‖u‖2L2(0,1) ≤
1
2‖u

′‖2L2(0,1)

(ii) ‖u‖2L2(0,1) ≤
1√
8
‖u′‖2L2(0,1) if we assume further u(1) = 0

(iii) ‖u‖2L2(0,1) ≤
1
6‖u

′‖2L2(0,1) if we assume further
∫ 1
0 u = 0

(iv) maxx∈[0,1] |u(x)|2 ≤ 2u2(1) + 2‖u′‖2L2

(v) maxx∈[0,1] |u(x)|2 ≤ 2(‖u‖2L2 + ‖u′‖2L2)
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