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E2.1 Consider the operator A = —A + V(z) on L*(R?) with a real-valued potential
V € C.(RY).

(a) Prove that A is a self-adjoint operator with D(A) = H?(R?).

(b) Use Weyl’s criterion to prove that oess(A) = [0, 00).

E2.2 Let A be a self-adjoint operator on a Hilbert space H. Assume that A is bounded
from below and A1 < A9 < ... are the min-max values of A, with lim,, o0 A = Ao €
(—00, 00].
(a) Prove that if {u,}>2; C D(A) is an orthonormal family, then
linniiol.}f(un,Auw > Ao

(b) Prove that for every N € N we have

N N
Z A; = inf {Z(ul, Au;) : {u;}Y, € D(A) an orthonormal family} :
i=1 i=1

Hint: You may use the min-max principle.

E2.3 Recall the Lieb-Thirring inequality: if the operator A = —A 4+ V(z) on L?*(R?) has
N negative eigenvalues A\ < ... < Ay (with multiplicity), then

N
Z/\Z > _Ld/ yv_’1+d/2.
i=1 R?

Use this result to prove the kinetic inequality: for every N € N and for every orthonormal

family {u,}_;, we have
N p N
142
S IVl = Ko [ oK ov(@) = 3 @)l
n=1 n=1

Here K45 > 0 and Ly > 0 are constants depending only on d > 1.

Hint: In the lecture we proved the opposite direction by a duality argument.
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El.1 Let H = L*(RM) and K = L?*(R") with orthonormal bases {fmn}m and {gn}n.
Use H® K = Span(f®g: feH,geK) with (f ® g)(x,y) = f(x)g(y) to prove that
{fm ® gn}m,n is an orthonormal basis for H ® K.

E1.2 Let © be a measurable subset of R%. Let ug, us, ..., un be orthonormal functions in
L?(2). Consider the Slater determinant

ui(z1) o+ ui(en)
(Wi A Auy)(@,. . zn) = (N2 det us(at) -+ us(zy)
un(z1) -+ un(zN)

Prove that ¥ = u; A --- A uy is a normalized function in antisymmetric space L2(QV).

E1.3 For any normalized wave function ¥ € L2(22"), the one-body density matrix ~y is

an operator on L?(2) with kernel

Yu(z,y) =N V(z, x2, ... an) ¥ (Y, @2, ... o) dwe...doy

QN-1
(a) Prove that vy > 0 and Tryy = N.
(b) Prove that if U =wu; A--- Auy as in E1.2, then

N
yo =Y i) {uil.
=1

E1.4 Let H be a Hilbert space. Let U be a linear operator on H®Y defined by

Ufi®f2®.0 fn) = % > (D7 fo(1) @ Foz) ® o @ Fo(ny.

’ TEPN
(a) Prove that UV is anti-symmetric for every ¥ € H®V,
(b) Prove that ¥ € H®V is anti-symmetric if and only if U¥ = W,
(c) Prove that if dimH < N, and if ¥ € H®V is anti-symmetric, then ¥ = 0.



