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E2.1 Consider the operator A = −∆ + V (x) on L2(Rd) with a real-valued potential

V ∈ Cc(Rd).
(a) Prove that A is a self-adjoint operator with D(A) = H2(Rd).
(b) Use Weyl’s criterion to prove that σess(A) = [0,∞).

E2.2 Let A be a self-adjoint operator on a Hilbert space H. Assume that A is bounded

from below and λ1 ≤ λ2 ≤ ... are the min-max values of A, with limn→∞∞ λn = λ∞ ∈
(−∞,∞].

(a) Prove that if {un}∞n=1 ⊂ D(A) is an orthonormal family, then

lim inf
n→∞

〈un, Aun〉 ≥ λ∞.

(b) Prove that for every N ∈ N we have

N∑
i=1

λi = inf

{
N∑
i=1

〈ui, Aui〉 : {ui}Ni=1 ⊂ D(A) an orthonormal family

}
.

Hint: You may use the min-max principle.

E2.3 Recall the Lieb–Thirring inequality: if the operator A = −∆ + V (x) on L2(Rd) has

N negative eigenvalues λ1 ≤ ... ≤ λN (with multiplicity), then

N∑
i=1

λi ≥ −Ld
∫
Rd

|V−|1+d/2.

Use this result to prove the kinetic inequality: for every N ∈ N and for every orthonormal

family {un}Nn=1, we have

N∑
n=1

‖∇un‖2L2(Rd) ≥ Kd

∫
Rd

ρ
1+2/d
N , ρN (x) =

N∑
n=1

|un(x)|2.

Here Kd > 0 and Ld > 0 are constants depending only on d ≥ 1.

Hint: In the lecture we proved the opposite direction by a duality argument.

1



2

Mathematisches Institut LMU Mathematical Quantum Mechanics
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E1.1 Let H = L2(RM ) and K = L2(RN ) with orthonormal bases {fm}m and {gn}n.

Use H ⊗ K = Span(f ⊗ g : f ∈ H, g ∈ K) with (f ⊗ g)(x, y) = f(x)g(y) to prove that

{fm ⊗ gn}m,n is an orthonormal basis for H⊗K.

E1.2 Let Ω be a measurable subset of Rd. Let u1, u2, ..., uN be orthonormal functions in

L2(Ω). Consider the Slater determinant

(u1 ∧ · · · ∧ uN )(x1, . . . , xN ) = (N !)−1/2 det


u1(x1) · · · u1(xN )

u2(x1) · · · u2(xN )
...

uN (x1) · · · uN (xN )

 .

Prove that Ψ = u1 ∧ · · · ∧ uN is a normalized function in antisymmetric space L2
a(Ω

N ).

E1.3 For any normalized wave function Ψ ∈ L2
a(Ω

N ), the one-body density matrix γΨ is

an operator on L2(Ω) with kernel

γΨ(x, y) = N

∫
ΩN−1

Ψ(x, x2, ..., xN )Ψ(y, x2, ..., xN )dx2...dxN

(a) Prove that γΨ ≥ 0 and Tr γΨ = N .

(b) Prove that if Ψ = u1 ∧ · · · ∧ uN as in E1.2, then

γΨ =
N∑
i=1

|ui〉〈ui|.

E1.4 Let H be a Hilbert space. Let U be a linear operator on H⊗N defined by

U(f1 ⊗ f2 ⊗ ...⊗ fN ) =
1

N !

∑
τ∈PN

(−1)σfσ(1) ⊗ fσ(2) ⊗ ...⊗ fσ(N).

(a) Prove that UΨ is anti-symmetric for every Ψ ∈ H⊗N .

(b) Prove that Ψ ∈ H⊗N is anti-symmetric if and only if UΨ = Ψ.

(c) Prove that if dimH < N , and if Ψ ∈ H⊗N is anti-symmetric, then Ψ = 0.


