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The colour of the sun
The sun - a black body?



Rayleigh-Jeans` and Planck`s
radiation law 

energy of el.-m. radiation in a cube of length L
in the frequency interval      is given by dν

Average energy
at the frequency νE(ν)×

E(ν)= kTRayleigh-Jeans

Number of modes         of the
el.-magn. resonator in the

frequency range           

[ν, ν + dν]

dN

dN =
8πν2dν

c3
L3

dN × E(ν)

L

Planck E(ν) =
hν

e
hν
kT − 1



Planck`s radiation law

universal radiation law
classification of stars, 3K background radiation

sparks Quantum Mechanicssparks theory of spectral asymptotics

dN =
8πν2dν

c3
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8πν3

3c2
L3 = 2× 4π

3
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(2π)3
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3
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L
Ω

Ω2   number of the eigenvalues of the Dirichlet Laplacian in  the cube       
not exceeding                          .      Λ = 4π2ν2c−2

×

number of modes with frequencies not exceeding     in the cube  Ων

8πν2dν

c3
L3 × hν

e
hν
kT − 1



Modes in a cubic resonator
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Number of modes in a cube

ΩL = {0 < xk < L | k = 1, . . . , d}
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The Dirichlet or Neumann eigenfunction in the cube

are given by

Hence
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A bit of history

W. Wien, NP 1911 Baron Rayleigh, NP 1904 M. Planck, NP 1918 Sir J. Jeans

H. A. Lorentz, NP 1902 D. Hilbert H. Weyl



100th anniversary of Weyl`s law

Ω ⊂ Rd
H. Weyl: Über die Abhängigkeit der 
Eigenschwingungen einer 
Membran von deren Begrenzung, 
Journal für die reine und 
angewandte Mathematik 141 
(1912) 1–11.

H. Weyl: Über das Spektrum der 
Hohlraumstrahlung.” Journal für die 
reine und angewandte Mathe- 
matik 141 (1912) 163–181.

nΩ
D,N (Λ) =

τd
(2π)d

· Λ d
2 · vol(Ω) + o(Λ

d
2 ) as Λ → +∞

nΩ
D,N (Λ) =

τd
(2π)d

· Λ d
2 · vol(Ω)∓ 1

4

τd−1

(2π)d−1
Λ

d−1
2 |∂Ω|+ o(Λ

d−1
2 ) as Λ → +∞

1911-1912

under additional geometrical conditions, V. Ivrii in 1980

−∆D,N
Ω on



50th anniversary of Pólya`s conjecture

He proves in a sublime way
an amazing bound 
for tiling domains:

nΩ
D(Λ) =
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(2π)d

· Λ d
2 · vol(Ω)− 1

4
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(2π)d−1
Λ
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Pólya conjectures this bound to be true for all domains.
This conjecture is still unresolved!

It is supported by the second term in the Weyl asymptotics

G. Pólya: “On the eigenvalues of a 
vibrating membrane”, Proc. London 
Math. Soc. 11 (1961) 419– 433.

nΩ
D,N (Λ) =

τd
(2π)d

· Λ d
2 · vol(Ω) + o(Λ

d
2 ) as Λ → +∞Weyl:

nΩ
D(Λ) ≤ τd

(2π)d
· Λ d

2 · vol(Ω) for all Λ > 0



Some (almost) new results
 Pólya`s conjecture fails for magnetic fields!

Replace           by                             , where            is a magnetic vector potential.    −∆D
Ω (i∇+A(x))2D,Ω A(x)
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dx · dξ
(2π)d
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dx · dξ
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Since

the phase space volume does not change and, moreover, the Weyl asymptotics
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τd
(2π)d

· Λ d
2 · vol(Ω) · (1 + o(1)) as Λ → +∞

remains true (under mild regularity conditions on      ).A

we prove a modified 2d-Pólya bound with a sharp constant
At the same time for constant magnetic fields                                         A(x) = 2−1B(x2,−x1)

This constant can be approached on squares with properly scaled         and         .Λ B
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τ2
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R. Frank
M. Loss

T.W.
2008

Hence, it cannot be improved even for tiling domains.



Riesz means of eigenvalues

and compare it with the phase space average

Sclσ,d(Λ,Ω) =
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40th anniversary of Berezin`s bound

Berezin proved 1972 
this bound  for all 
domains       andΩ
σ ≥ 1,Λ > 0

Pólyas (non-magnetic) bound implies 

Sσ,d(Λ,Ω) ≤ Sclσ,d(Λ,Ω)

for all tiling domains Ω and all σ,Λ > 0 .

One can now ask, whether a bound

Sσ,d(Λ,Ω) ≤ c(σ, d)Sclσ,d(Λ,Ω)

holds true for all 
domains?

His result implies also
this bound with

(probably)
non-sharp constants

for all
c(σ, d)

0 ≤ σ < 1,Λ > 0.



40th anniversary of Berezin`s bound
Sσ,d(Λ,Ω, A) ≤ c(σ, d)Scl

σ,d(Λ,Ω)

is the best possible constant, which is independent on the strength of A.                            

If one allows for constant magnetic fields                                     , then A(x) = 2−1B(x2,−x1)

Moreover, if the domain is tiling, then

Sσ,2(Ω,Λ,A) ≤ Bσ(B,Λ)vol(Ω) , Bσ(B,Λ) =
B
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�
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(Λ−B(2k + 1))σ+ .

c(σ, d) = 1 Erdös, Loss, WugalterMoreover, for constant magnetic fields one has for all σ ≥ 1.

Finally, for arbitrary magnetic fields one has                      for all σ ≥ 3

2
. Laptev, W., Helfferc(σ, d) = 1

0 ≤ σ < 1 Frank, Loss, W.forc(σ, 2) = 2

�
σ

1 + σ

�σ

> 1



Berezin`s proof

Let          be the ONB of eigenfunctions of            corresponding to              .{ψk} −∆D
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Li-Yau, Melas and beyond

Let          be the ONB of eigenfunctions of            corresponding to              .{ψk} −∆D
Ω {λD

k (Ω)}
{ψ̂k}Extend these Dirichlet eigenfunctions by zero to         and let          be the (ON) FTRd .
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Li, Yau 1983



Li-Yau, Melas and beyond

�
FN (ξ)dξ = NFN (ξ) =

N�

j=1

|ψ̂j(ξ)|2 ≤ (2π)−d�eiξx�2L2(Ω) = (2π)−dvol(Ω) .

vol(Ω)

(2π)d

|∇FN | ≤ 2(2π)−d
�

J(Ω)vol(Ω) J(Ω) = min
a∈Rd

�

Ω
|x− a|2dx

Melas takes into account the following additional condition

I(FN ) =
N�

j=1

λj =

�

Rd

|ξ|2FN (ξ)dξWe still estimate

The second term here is not 
of the expected second Weyl order N1+ 1

d

N�

k=1

λk =
d

2 + d

�
Lcl
0,d

�− 2
d (vol(Ω))−

2
d N1+ 2

d +
Lcl
1,d−1(L

cl
1,d)

−1− 1
d

4(d−1
2 + 1)

· |∂Ω|
(vol(Ω))1+

1
d

N1+ 1
d + o(N1+ 1

d )

N�

k=1

λk ≥ N1+ 2
d

�
Lcl
0,dvol(Ω)

�− 2
d d

2 + d
+N ·Md

vol(Ω)

J(Ω)



Li-Yau, Melas and beyond

�
FN (ξ)dξ = N

FN (ξ) =
N�

j=1

|ψ̂j(ξ)|2

I(FN ) =
N�

j=1

λj =

�

Rd

|ξ|2FN (ξ)dξ

vol(Ω)

(2π)d
− εN−δ

vol(Ω)

(2π)d

But that is picking the wrong fight. The true remainder term is hidden inBessel`s inequality
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Li-Yau, Melas and beyond

V = vol(Ω)d = 2Put and . J = min
a∈Rd

�

Ω
|x− a|2dxMoreover, let .

Then we have the Li-Yau bound
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Berezin and Li-Yau
via Legendre transformation

f∧(p) = sup
x>0

(px− f(x)), p > 0 .

For convex, non-negative the Legendre transformation is given byf(x) , x > 0 ,

f(x) ≤ g(x)From                     it follows that f∧(p) ≥ g∧(p) .
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Reversely,
the Melas improvement 
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Berezin bound with energy shift
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Improved Berezin bounds
for              .

x�

xd

Fix a coordinate system.

x = (x�, xd)

           number 
of such intervals
κ(x�,Λ)

ΩΛ(x�)
xd
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in     direction longer than
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π√
Λ

in Ω
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κ(x�,Λ)dx� „weighted“ projection of ΩΛ

σ ≥ 3/2



Improved Berezin bounds
for              .σ ≥ 3/2

Λ→ +∞
The bound contains also a negative term related to the second term in the Weyl 
asymptotics as

The bound improves already the main term: 
It equals Scl

σ,d(ΩΛ; Λ) ≤ Scl
σ,d(Ω; Λ)

Only the portion       of      which is wide 
enough enters the bound.    

ΩΩΛ

The results remains true for the case of 
magnetic fields.

The results are applicable even to certain
unbounded domains.
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 Sharp Berezin bounds
in unbounded domains

Γk,n =

�
(r,φ)|r ≥ rn ,φ =
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Lieb-Thirring bounds for
operator valued potentials

We consider Schrödinger operators with operator valued potentials

H = −∆⊗ 1G −W (x) on L
2(Rd

, G)

Crucial is the following extention of the Lieb-Thirring bounds
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D − Λ



Closing the argument

Estimating the sum as
[l(x1)l
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Λ ]�
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we finally get

S3/2,2(Ω,Λ) ≤ 3
16

· 8
15

· 1
π

· Λ5/2

�

IΛ

l(x)dx− 3
16

ε(2)Λ2

�

IΛ

dx

= Lcl
3/2,2vol(ΩΛ)Λ5/2 − ε(2) · Lcl

3/2,1 · dΛΛ2 .
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A more geometrical version of a
two-term Berezin bound 

Sσ,d(Ω,Λ) ≤ Lcl
σ,d vol(Ω)Λσ+d/2 − Lcl

σ,d 2−d+1 Λσ+d/2 MΩ(Λ)
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Geisinger, Laptev, W.
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Applications to the Heat kernel
Kac`  inequality

L[f ](t) =

� Λ

0
f(Λ)e−tΛdΛ ,

L[(Λ− λ)σ+](t) = e−tλt−σ−1Γ(σ + 1), t > 0 ,

If one uses the monotonicity of the (forward) Laplace transformation
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An improvement of Kac` inequality

Using the Berezin version of the Melas improvement

S1,d(Ω,Λ) ≤ Scl
1,d
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Ω,Λ−Md

vol(Ω)

J(Ω)

�

Harrell and Hermi obtained
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Then

Z(t) ≤ vol(Ω)

(4πt)
d
2

Γ̂

�
σd +

d

2
+ 1,λt

�
− (R(t,λ))+



An improvement of Kac` inequality

Z(t) ≤ vol(Ω)

(4πt)
d
2

Γ̂

�
σd +

d

2
+ 1,λt

�
− (R(t,λ))+

In the bound

we use the normalized reduced Gamma function

Γ̂(z, s) =
1

Γ(z)

� +∞

s
tz−1e−tdt

and the remainder term

R(t) = c1,d
(vol(Ω))

d−1
d

(4πt)
d−1
2

Γ̂

�
σd +

d+ 1

2
,λt

�
− c2,d

(vol(Ω))
d−3
d

(4πt)
d−3
2

Γ̂

�
σd +

d− 1

2
,λt

�

c1,d =
B
�
1
2 ,σd +

d+1
2

�

2

Γ
�
d
2 + 1

� d−1
d

Γ
�
d+1
2

�

where

c2,d = c1,d
2π2(d− 1)Γ

�
d
2 + 1

�− 2
d

96(2σd + d− 1)
and

with σ2 =
5

2
,σ3 = 2 and σd =

3

2
for d ≥ 4 .

This beats the conjecture up to d = 633 .



Horn shaped domains

Consider two-dimensional horn shaped domains

Ωf =
�
(x, y) ∈ R2 : x ∈ R , |y| < f(x)

�
.

Then for f(s) = fµ(s) = s−
1
µ with µ > 1 one has

Z(t;Ωfµ) =
Γ
�
1 + µ

2

�
ζ(µ)

2πµ+ 1
2

t−
µ+1
2 + o

�
t−

µ+1
2

�
as t → 0 + .

Cutting the domain and dropping the remainder term we get in view of

Z(t) =
tσ+1

Γ(σ + 1)
L[Sσ,d(Ω,Λ)] ≤

tσ+1

Γ(σ + 1)
L[Scl

σ,d(ΩΛ,Λ)]

the asymptotically sharp estimate

Z(t;Ωfµ) ≤
Γ
�
1 + µ

2

�
ζ(µ)

2πµ+ 1
2

t−
µ+1
2 for all t > 0 and µ > 1 .



Open Problems

1. Settle Pólya‘s hypothesis!

2. Improve the Berezin bound
for               in any of the 

following ways:
σ = 1

S1,d(Ω,Λ) ≤ Scl
1,d(ΩΛ,Λ)

S1,d(Ω,Λ) ≤ Scl
1,d(Ω,Λ)− c(d)dΛ(Ω)Λ1+ d−1

2

S1,d(Ω,Λ) ≤ Scl
1,d(ΩΛ,Λ)− c(d)dΛ(Ω)Λ1+ d−1

2

S1,d(Ω,Λ) ≤ Scl
1,d(Ω,Λ)− c(d)Λ1+ d

2 MΩ(Λ)

nΩ
D(Λ) = S0,d(Ω,Λ) ≤ Scl

0,d(Ω,Λ) =
τd

(2π)d
Λ

d
2 vol(Ω)

Thank you for your attention!


