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Coherent Transport in the presence of Disorder

Consider the random Schrödinger operator

Hλ(ω) := T + λV (ω)

on the `2 space of a graph, and the unitary evo-
lution it generates: U(t) := e−itHλ(ω).

Our focus here will be on the case of homoge-
neous tree graphs (T), whose degree is denoted
K + 1.

Ψ(ξ) = eikξ + R e−ikξ

T - adjacency operator: (Tψ)(x) :=
∑

dist(x,y)=1 ψ(y)

V (ω) - random potential: V (x ; ·), x ∈ T, i.i.d. random variables,

P(V (0) ∈ dv) = %(v) dv , with %
bounded, piecewise continuous and monotone

In this talk, special emphasis on two cases:
1. supp % = R (e.g. Gaussian or Cauchy)
2. supp % = [−1, 1] (e.g. equidistributed)

λ - the disorder parameter
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The Spectral / Dynamical Question

T - absolutely continuous spectrum

extended (generalized) eigenfunctions (ΨE 6∈ `2(B))

ballistic evolution: 〈|x(t)|〉 ≈ c t

V (ω) - pure-point spectrum, σ(V (ω)) = {Vx (ω)}x∈B

localized eigenstates ( {δx}x∈B})

dynamical localization: 〈|x(t)|〉 = Const.

Question: - what are the spectral and dynamical properties of

H(ω) = T + λV (ω) ?
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Significance of the absolutely cont. spectrum

The condition Im G(0, 0; E + i0, ω) > 0 (∗)

is relevant from both the spectral and dynamical perspectives:

(∗) =⇒ current can be conducted through the graph to infinity ([MD]):

|R(k , ω)| < 1 ⇐⇒ Im G(0, 0; E + i0, ω) > 0

π−1 Im G(u, u; E + i0, ω) is the density of the ac component of the spectral
measure µx (dE) associated with the state Ψu(x) = δx,u :

〈x |F (H) |x〉 =

∫
R

F (E)µx (dE)

µx (dE) = µ
pp
x (dE) + µac

x (dE) + µsc
x (dE)

with µ
pp
x (dE) =

∑
n |Ψn(x)|2 δEn ,

and µac
x (dE) =

1
π

Im G(x , x ; E + i0, ω) dE
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The Expected Mobility Edge

expected mobility edge
for a bounded potential

extended states

localized states

??

phase diagram for
unbounded potential

Among the earliest studied models of the Anderson localization And. ‘58

Abou-Chacra/Anderson/Thouless ‘73, Abou-Chacra/Thouless ‘74

Motivation: Relatively more accessible compared to Zd .
Self-consistent approach to localization becomes exact (6= solvable !).

Renewed interest due to analogies which were drawn with configuration spaces
of systems of many particles Altshuler/Gefen/Kamenev/Levitov ‘97 ,

(cf. Pal/Huse‘11)

Numerical work: Miller/Derrida ‘94, Biroli/Semerjian/Tarzia ‘10
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Some Earlier Rigorous Results

extended states

localized states

??

H = T + λV

supp % = R∫
R v %(v) dv = 0

+ reg. cond.

• Spectrum of the Laplacian on `2(B): σ(T ) =
[
− 2
√

K , 2
√

K
]

1 Ergodicity⇒ σ(Hλ(ω))
a.s.
= σ(T ) + λ supp ρ Kunz/Souillard ‘78

2 pure-point spectrum at strong disorder, Aizenman/Molchanov ‘93
and at large energies Aiz. ‘94

3 abs. cont. spectrum for weak disorder at energies within σ(T ) Klein ‘94

Aiz./Sims/Warzel ‘05, Froese/Hasler/Spitzer ‘06
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The long open puzzle

extended states

localized states

??
supp % = R

Question: Where is the edge of the localization regime,
in particular, at weak disorder?

Note: for energies E outside σ(T ) = [−2
√

K , 2
√

K ],
the mDOS (ρDOS) vanishes at weak disorder to all orders
in perturbation theory (Lifshitz tail regime)

E.g., in case of the Gaussian random potential:
ρDOS(E) ≈ exp

(
−C(E)/λ2) as λ ↓ 0 for E 6∈ σ(T ).
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A somewhat surprising answer

Theorem: In the case of unbounded random potential (supp ρ = R, etc.), for
λ > 0 the ac spectrum immediately extends up to
E = ±(K + 1), in particular, into the regime of Lifshitz tails.

extended states

localized states

ϕλ(1; E) = − log K

More can be said in terms of the Green function

G(0, x ; E) :=
〈
δ0, (H − E − i0)−1δx

〉
and its moment generating function

for s < 1 : ϕλ(s; E) := lim
|x|→∞

logE
[
|Gλ(0, x ; E + i0)|s

]
|x |

for s = 1 : ϕλ(1; E) := lim
s↗1

ϕλ(s; E)
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(Almost) complementary criteria for pp and ac spectra

Assumptions: %(V ) > 0 on R,
∫
|v |τ%(v)dv <∞ for some τ > 0, etc.

Theorem 1 (localization [Aiz./Molchanov ‘93, Aiz. ‘94])
If for all (or a.e.) energies E in some interval I ⊂ R

ϕλ(1; E) < − log K (1)

then H(ω) has only pure point (localized) spectrum in that interval.

Furthermore, at weak disorder (1) holds for energies |E | > (K + 1).

The new, complementary, statement:

Theorem 2 (delocalization [Aiz./Warzel ‘10, ‘11])
Under the above assumptions on ρ, at energies at which

ϕλ(1; E) > − log K (2)

one has: Im G(x , x ; E + i0) > 0 ;

(=⇒) if (2) holds for a positive measure of energies E ∈ I, then
H(ω) has absolutely continuous (delocalized) spectrum in that interval.

Added by M. Shamis: One may conclude from Thm. 2 that if (2) holds
for almost every E ∈ I then then H(ω) has only ac spectrum in I.
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The 2nd surprise: absence of (the expected) mobility edge at weak disorder

prev. published numerical results

Localization 
(p.p. spectrum)

Extended states 
(a.c. spectrum)

λ

−2
√

K 2
√

KE

λmin

[
≥ (

√
K − 1)2

2

]

sketch of the corrected phase diagram

Theorem 3
For Hλ as in Theorem 2, with a bounded potential (‖V‖∞ = 1) of regular distribution,
for any

λ < (
√

K − 1)2/2

there are intervals of with δ(λ) > 0 reaching the edges of the spectrum throughout
which the random operator has (a.s) only purely absolutely continuous spectrum.

(go to refs)
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Criteria for continuous spectrum

I. For H(ω) = H0 + λV (ω), with random potential as above:

if ∀E ∈ I, almost surely:
∑

y
|G(x , y ; E + i0)|2 = ∞

then within this interval H(ω) has (a.s.) only continuous spectrum (Simon/Wolff ‘86).

II. For H(ω), as above, if for some interval I ⊂ R:

Im G(0, 0; E + i0), ω) > 0

for µ(dω)× d E almost every (ω,E),

then within this interval H(ω) has (a.s.) only purely ‘ac′ spectrum
(Aronszajn, cf. Jaksic/Last ‘86)
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Essential tools for analysis on trees (and perhaps beyond)

1. “Current conservation” (Ju,v = ...) =⇒

Im G(0, 0; E + i0) =
∑

x :|x|=n

|G(0, x−; E + i0)|2 Im G(x , x ; E + i0)

2. On tree graphs the Green function factorizes:

G(0, x ; ζ) =
∏

0�u�x

Γ(u; ζ), ζ ≡ E + iη ∈ C+ .

where Γ(u; ζ) :=
〈
δu , (HT+

u
− ζ)−1δu

〉
is the resolvent of the operator restricted to

the tree forward to u. (LERW analogy!!)

=⇒ the typical behavior is: |G(0, x ; ζ)| ≈ e−Lλ(ζ)dist(0,x)

with Lλ(ζ) := −E(log |Γ(u; ζ)|) (the ‘Lyapunov exponent’).

3. A recursion relation holds:

Γ(x ; ζ) =

λV (x)− ζ −
∑

y∈N (x)

Γ(y ; ζ)

−1
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Heuristics [perhaps the main message in this talk (!)]

The mechanism at work here: fluctuation enabled resonant tunneling:

States which locally appear to be localized have arbitrarily close energy gaps (∆E)

with other states (at distances R), to which the tunneling amplitudes are

exponentially small (as ≈ e−Lλ(E)R ) .

Mixing between two levels occurs if ∆E � e−L(λ(E)R .

Since the volume grows exponentially fast (as K R ),

extended states will form in spectral regimes with Lλ(E) < log K

Essential enabling conditions:

local fluctuations in the self energy

the exponential growth of the configuration space volume

For the tight criteria use is also made of the large deviations theory (applied to the
Green function).
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Proof by contradiction, based on Resonances

We say that x resonates with 0 at energy E , and inverse resonance length γ, if

1
∣∣∣∣G(0, x ; E + i0)

G(x , x ; E + i0)

∣∣∣∣ ≥ e−γ dist(0,x)

2 |G(x , x ; E + i0)| = |λV (x)− σ(x ; E)|−1 ≥ eγ dist(0,x),

with σ(x ; E) the self-energy.

Key observations

The event {1 } does not depend on V (x), and neither does σ(x ; E).

Under the assumption of no ac spectrum: P({2}) ≈ e−γdist(0,x).

Hence: if e−γR |SR | P
(∣∣∣∣G(0, x ; E + i0)

G(x , x ; E + i0)

∣∣∣∣ ≥ e−γR
)
→ ∞,

then the number of resonant sites NR,γ on SR := {dist(x , 0) = R}

satisfies E
[
NR,γ

]
→ ∞

For the proof of cont. spectrum one needs more: P
(
NR,γ ≥ 1

)
≥ p0 > 0

(uniformly in R). For this, we employ the 2nd -moment test: P (N ≥ 1) ≥
E [N]2

E
[
N2
]
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Also used: continuity properties of the Lyapunov exponent

A significant observation: at λ = 0 the condition L0(E) < log K holds
wherever |E | < (K + 1) (i.e. within a larger set than σ(H0).

Weak continuity: lim
λ↓0

∫
I
Lλ(E) dE =

∫
I
L0(E) dE

implies ac spectrum in (−(K + 1),K + 1) for λ small in case supp % = R.

For bounded potentials , supp % = [− 1
2 ,

1
2 ] we show:

lim sup
E↓Eλ

Lλ(E) ≤ L0(Eλ − λ) (with Eλ := inf Σλ).

Localization 
(p.p. spectrum)

Extended states 
(a.c. spectrum)

λ

−2
√

K 2
√

KE

λmin

[
≥ (

√
K − 1)2

2

]

This implies
pure ac spectrum near the
spectral edges
for small λ!
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Suggested picture, and implications for the time evolution

• Note: It appears that at short distances (& times) there is a qualitative difference in
the nature of the extended states (and presumably also time evolution) between this
regime, and the perturbative regime which was successfully studied earlier.

•We do not however expect a second sharply defined transition line, but rather a
gradual crossover characterized by a “tunneling distance”.

• It is also proven that throughout the ac regime the time evolution is ballistic
(previously this was established by A. Klein ‘98 for the “perturbative regime”).
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Bounds on the time evolution

Notation:
Pψ,t (x) :=

∣∣∣(e−itHψ
)

(x)
∣∣∣2 .

A known general upper bound on the speed of propagation
(baby version of the Lieb - Robinson bound):

Prδ0,t (d(x , 0) > vt) :=
∑

x : d(x,0)>vt

Pδ0,t (x) ≤ e−µt(v−v̂)

at some µ > 0, with a finite speed v̂ <∞ which does not depend on the potential V .
This implies in particular the ballistic upper bounds (for all 0 < p <∞):

E
[
|x(t)|p

]
≤ Cp tp .

Spectral analysis (Wiener, RAGE, Guarneri, ...) yields bound on the
time-averaged transition probability, over time T ≡ (2η)−1, based on:

P̂ψ,T (x) :=

∫ ∞
0

e−t/T Pψ,t (x)
dt
T

=
η

π

∫ ∣∣∣((H − E − iη)−1ψ
)

(x)
∣∣∣2 dE
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Ballistic evolution throughout the abs. cont. spectrum

Theorem: On a regular tree graph, for any initial state ψ = f (H)δ0

with f ∈ L2(R), supp f ⊂ σac(H):

for all b > 0:
E
[
P̂rψ,T (|x | < b T )

]
≤ C(f ) b + o(1/T ) .

with some C(f ) <∞.

In particular: all moments obey also ballistic lower bounds:

ÊT
[
|x |p
]
≥ Ĉp T p

It should however be noted that the above does not really contradict
the expected rule that in the presence of disorder absolutely continuous
spectrum yields diffusive behavior – classical diffusion on a tree is also
ballistic (!)
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(the corrected phase diagram)
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