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9.1. Prove Lemma 5.13: Let D be the closure of the symmetric operator
D0 : C

∞
c

(
Rd \ {0}

)
→ L2(Rd) defined by

(D0ψ)(x) :=
−i
2

d∑
ν=1

(
xν

∂

∂xν
+

∂

∂xν
xν

)
ψ(x), ∀x ∈ Rd.

Then

(a) D = D∗;

(b) FDF∗ = −D;

(c) For τ ∈ R let U(τ) : L2(Rd)→ L2(Rd) be given by(
U(τ)ψ

)
(x) := edτ/2ψ(eτx), ∀x ∈ Rd.

Then
{
U(τ)

}
τ∈R is a strongly continuous unitary group with generator D, i.e.

U(τ) = eiDτ for all τ ∈ R.

9.2. Prove Lemma 5.15: Define the Mellin transfrom

M : L2(Rd)→ L2(R× Sd−1)

by

(Mψ)(λ, ω) :=
1√
2π

l.i.m.
N→∞

∫ N

1/N

r−iλ−1+d/2ψ(rω)dr, ∀(λ, ω) ∈ R× Sd−1.

Then

(a) M is unitary with inverse

(M−1ϕ)(rω) :=
r−d/2√
2π

l.i.m.
N→∞

∫ N

−N
r−iλϕ(λ, ω)dλ, ∀(r, ω) ∈ R>0 × Sd−1.

(b) For every τ ∈ R and ϕ ∈ L2(R× Sd−1) we have(
MU(τ)M−1ϕ

)
(λ, ω) = eiτλϕ(λ, ω), ∀(λ, ω) ∈ R× Sd−1

and (
MDM−1ϕ

)
(λ, ω) = λϕ(λ, ω), ∀(λ, ω) ∈ R× Sd−1.


