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3.1. The class T 1 of trace class operators in the separable Hilbert space H consists of
compact operators T for which

‖T‖1 :=
∑
k

sk(T ) <∞

holds, where {sk} are the eigenvalues of |T |. Prove that:

(a) If for T ∈ L(H) and some orthonormal basis (ONB) {gl} we have
∑

l ‖Tgl‖2 <∞,
then T ∈ T ∞.

(b) If T ∈ L(H), T > 0, and for some ONB {gl} the series
∑

l〈Tgl, gl〉 converges, then
T ∈ T 1 holds. Moreover, for any ONB {hl} we have

∑
l〈Thl, hl〉 = ‖T‖1.

(c) For T ∈ T 1 and arbitrary orthonormal systems (ONS) {gl}, {hl} we have
∑

l

∣∣〈Tgl, hl〉∣∣ 6
‖T‖1, with the equality being attined at gl := ϕl, hl := ψl from Homework 2.3.

(d) If T ∈ L(H) and
∑

l〈Tgl, hl〉 converges for any ONS {gl}, {hl}, then T ∈ T 1.

(e) If T ∈ L(H) and for some ONB {gl} the series
∑

l ‖Tgl‖ converges, then T ∈ T 1.

3.2. Prove Lemma 2.9: The following limits hold strongly as t→∞:

(a) e−itHW+ − e−itH0PM0 → 0;

(b) eitH0e−itHW+ → PM0 ;

(c) eitH0e−itHPM → W ∗
+;

(d) (W+ − I)e−itH0PM0 → 0;

(e) (W ∗
+ − I)e−itH0PM0 → 0;

(f) eitH0W+e
−itH0PM0 → PM0 ;

(g) eitH0W ∗
+e
−itH0PM0 → PM0 ;

(h) (I− PM)e−itHPM0 → 0.

3.3. For d ∈ N and t ∈ R \ {0} determine the integral kernel of the operator eit∆ in
L2(Rd).


