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INSTRUCTIONS:

e This booklet is made of twenty-two pages, including the cover, numbered from 1 to 22. The test consists
of nine problems. Each problem is worth the number of points specified in the table above. 100 points are
counted as 100% performance in this test. You are free to attempt any problem and collect partial credits.

e The only material that you are allowed to use is black or blue pens/pencils and one two-sided A4-paper “cheat
sheet” (Spickzettel). You cannot use your own paper: should you need more paper, raise your hand and you
will be given extra sheets.

e Prove all your statements or refer to the standard material discussed in class.

e Work individually. Write with legible handwriting. You may hand in your solution in English or in German.
Put your name on every sheet you hand in.

e You have 150 minutes.

GOOD LUCK!
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PROBLEM 1. (10 points) Consider the sequence {f,}°2, in L; .(R) defined by
fo(2) == 2*sinny, r € R.

Prove that f,, converges in D’ (i.e., in the sense of distributions) as n — oo and compute its

limit.

SOLUTION:






Name

PROBLEM 2. (10 points) Let H be a Hilbert space with norm || - || and scalar product
(-,-). Let f,g,h € H be three orthonormal elements in H, that is, || f|| = ||g|| = ||k]| = 1 and
(f,g9) = (f,h) = (g,h) = 0. Show that f A g, f Ah, g A h are three orthonormal elements in
the tensor product space H ® H.

SOLUTION:






Name

PROBLEM 3. (15 points) The purpose of this problem is to show that the ground state of
a single-well potential has only a single peak. Consider the Hamiltonian H = _di; —V(z)
acting on L*(R), where V € LYR) N L*R) N C*R), V > 0, V'(z) > 0 Vz € (—00,0),
V'(xz) < 0 Vz € (0,400).

(i) Show that H admits a ground state 1y with ground state energy Ey < 0. (Recall that in

this case 1)y can be assumed to be strictly positive.)

(ii) Show that 1y has only one local maximum (which then, of course, is global). IL.e., show
that 1y cannot have a shape of, e.g., two peaks as in Fig (a), the correct behaviour is
depicted in Fig (b).
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Figure (a) Figure (b)

SOLUTION:
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PROBLEM 4 (15 points). Consider the one-body wave-functions ¢,1 € L*(R?) such that
lellz2@ay = ¥llr2@ey = 1 and (@, ) 2@e) = 0 (d is a given positive integer). For a given
integer N > 2 consider the bosonic N-body wave functions @y, Uy € L*(RYY) defined by

S N T

sym *

N
1
Recall the notation: (¢ @ ¢®(N_1)) - Z (p® - QeRYRP®- - ®¢), where in
7j=1

wm = N 4
the j-th summand the function v occupies the j-th entry of the tensor product.
(1) Show that ||@N||L2(RN‘1) = H\I/NHLZ(RNd) =1.
(ii) Show that <®N7 \I/N>L2(szd) =0 and compute ||(I)N - \IJNHLQ(RNd).

(iii) Compute Tr |7<(I>2 — 7‘(1,113}, where ’yg ) denotes the one-body reduced density matrix asso-
ciated with an N-body state © € L?(RN9), |A| denotes the absolute value of an operator
A, and Tr is the trace of non-negative operators on L?(R?).

SOLUTION:

11
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PROBLEM 5. (15 points) Let V = (V;, V, V3) € C°(R3, R3).
(i) Prove that there exists a constant C, depending on V', such that
|+
1—A

v-vi|, < il

for all f € C5°(R3). Recall the notation: V -V = Z;’:l V;0,,, where (x1, 25, 23) € R,

V -V extends to a bounded operator T' on L?(R?).

1
ii) Show that th t
(ii) Show that the operator TA

(iii) Show that 7" is compact.

SOLUTION:

13
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PROBLEM 6. (15 points) The purpose of this problem is to show that there exist L*-

normalisable approximate eigenstates to any positive energy. Consider the Hamiltonian
d2

H = ——— +V(z), where V € L*(R) and lirf V(z) = 0. For any given F > 0 construct a
T r—300

sequence {¢,}>°; in C§°(R) such that ||¢,||2 = 1 for any n and
L |(H = E)ullz = 0.

SOLUTION:
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PROBLEM 7. (15 points) Consider the Hamiltonian H = —A — V(z) in three dimensions,

where

Vieg) = Zz[te ™,z #0,

and Z is a positive parameter. (You may think of H as the Hamiltonian of an hydrogenic
atom where the Coulomb interaction is exponentially suppressed at large distances.)

(i) Prove that there exists a universal constant Zy > 0 such that if Z < Z; then the ground
state energy Ey of H is non negative (i.e., V does not bind any electron).

(ii) Prove that there exists a universal constant Cy > 0 such that the ground state energy
Eg (N) of a system of N non-interacting fermions, each subject to the same potential V,
is bounded below by EI(N) > —Cy Z5/2 uniformly in N.

SOLUTION:
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PROBLEM 8. (20 points) The purpose of this problem is to establish certain properties of
the non-linear Hartree potential. Throughout the problem p shall be a fixed index in [1, o],
V e LP(R%), and q := 2.

2p—1

(i) Show that for any f,g,h € LY(R?) one has

1V (Fg)) hlle < CollVIln 1A allglallPlq

the constant C, depending on ¢ only. Here ¢’ is the Holder conjugate of ¢, that is,
g =(1- %)*1, fg is the pointwise product of f and g, and % is the convolution.

(ii) Show that G(f) := (V*|f|?)f defines a continuous map G : L(R3) — L7 (R®). ( Warning:
G is not a linear map, so it is useless to check whether G is bounded.)

SOLUTION:

19
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PROBLEM 9. (25 points) Consider a potential V' € C(R?) such that V' > 0, V(z) — 0 as
|| — oo, and the ground state energy Fj of the Hamiltonian h = —A — V' is negative. Let
U € C(R?) be such that U > 0, U(z) = U(—xz), and U(x) — 0 as |z|] — oo. Consider the
two-body Hamiltonian

H = —Al - AQ — V(lj) - V(ﬁg) + U(ZEl — l‘g)
acting on wave-functions of two variables (z1,z2) € R? x R3.
(i) Prove that the fermionic ground state energy of H is bounded above as E(J; < Ep.

(i) Prove that the bosonic ground state energy of H is bounded above as Ef < Ej.

SOLUTION:
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