Mathematical Quantum Mechanics
TMP Programme, Munich — Winter Term 2010/2011

EXERCISE SHEET 12, issued on Tuesday 1 February 2011
Due: Tuesday 8 February 2011 by 8,15 a.m. in the designated "MQM" box on the 1st floor
Info: www.math.lmu.de/ michel/WS10_MQM.html

FEach ezercise is worth a full mark as specified below. Correct
answers without proofs are not accepted. Fach step should be
justified. You can hand in the solutions either in German or
in English. The exercise marked with % is for extra credit.

Exercise 45 [13 points|. Consider the Hamiltonian of the Helium atom
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acting on the full LQ(RZ;1 x R3 ,»dry dry), i.e., no symmetry constraint is imposed, for simplicity.
Recall from Exercise 19 that the ground state energy Ei° satisfies the bounds —2 < Ell° <
—1.42, whereas experimentally El® ~ —1.45. Prove that H"® has infinitely many eigenvalues in
the interval [E°, —1). (Hint: Use the min-max principle and construct for any positive integer

N an N-dimensional subspace Hy of L*(R2 x R3 | day dz,) with sup (¢, H'y) < —1.)
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Exercise 46 [15 points]. Consider the Hamiltonian H = —A + V on L?*(R3).

(i) Assume that V € L*?(R3) + L>®(R?) and that V(z) < — whenever |z| > Ry for
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some Rog,a,e > 0. Prove that H has infinitely many negative eigenvalues. (Hint: as in
Exercise 45.)

4|Z|2 — W (x), where
W is a bounded potential such that W > 0 and supp(W) C {z : |z| < Rp}. Prove
that the number of the eigenvalues of H is finite. (Hint: split the kinetic energy —A =
—bA — (1 —b)A and use Hardy’s inequality, the Cwikel-Lieb-Rosenbljum bound, and the
min-max principle.)

(ii) Assume that for some Ry > 0 and b € [0,1) one has V(z) = —

% Exercise 47 [15 points]. Consider the Hamiltonian H = —A — V on L*(R?) with V €
C’go(]R3) and V' > 0. Denote by E; < Ey < --- < 0 the non-positive eigenvalues of H, listed
in increasing order. Let N be their number. For any £ < 0 denote by N(FE) the number of
eigenvalues of H strictly smaller than F.



(i) Denote by pi1(A) < p2(A) < -+ < 0 the non-positive eigenvalues of —A — AV, X € (0, 1),
listed in increasing order. Prove that

N(E) = #{p|pn(N) = Eforsome A€ (0,1)} < 3 %
A s.t.
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(ii) Prove that
V() V(y)
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(Hint: use the Birman-Schwinger principle to show that A™! is an eigenvalue of the
Birman-Schwinger kernel operator K if and only if px(\) = E and compute TrKjKg.)

Exercise 48 [12 points]. The purpose of this exercise is to test how good the Lieb-Thirring
inequality is. To this aim you will need the following explicit constants in the Lieb-Thirring
inequality:
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Consider the Hamiltonian Hy; = ) +2? —2M — 1 acting on L?(R), where M is a positive
x
integer. Denote by Fy < E; < --- < 0 the non-positive eigenvalues of H,;, listed in increasing
order. For any v > 1 let £, (M) := > iz |E;[7 and let 31T (M) be the upper bound on %, (M)

given by the Lieb-Thirring inequality.
(i) Compute X1 (M) and Xo(M).
(ii) Compute X" (M) and 357 (M).

. N (M) . No(M)
(iii) Compute MIEEOO W and MIEEOO W



