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The full mark in each exercise is 10 points. Correct answers with-
out proofs are not accepted. Each step should be justified. You
can hand in the solutions either in German or in English.

Exercise 33. Consider the Banach spaces

c =
{
x = (x1, x2, x3, . . . ) | xn ∈ R ∀n and ∃ lim

n→∞
xn

}

c0 =
{
x = (x1, x2, x3, . . . ) | xn ∈ R ∀n and lim

n→∞
xn = 0

} ⊂ c

with the standard norm ‖x‖∞ = supn |xn|.
(i) Prove that c0 and c are not isomorphic as Banach spaces, i.e., are not isometrically

isomorphic. (Hint: a point x in a convex set X is called an extremal point if one cannot
represent x as a non-trivial convex combination

x = α1x1 + α2x2, α1, α2 > 0, α1 + α2 = 1,

of two other points x1, x2 of the set X. In other words, if x = α1x1+α2x2 with x1, x2 ∈ X,
α1, α2 ∈ [0, 1], and α1+α2 = 1, then necessarily either α1 = 1 or α2 = 1. Find the extremal
points of the unit ball in each space.)

(ii) Prove that c∗ ' c∗0 ' `1. (Hint: consider the linear functional φlim on c defined by

φlim(x) = lim
n→∞

xn, x = (x1, x2, . . .)

and prove that c∗ = φlim ⊕ c∗0.)

Exercise 34.

(i) Let p ∈ (1,∞). Let x1, x2 ∈ `p with ‖x1‖p = ‖x2‖p = 1. Show that
∥∥∥∥
x1 + x2

2

∥∥∥∥
p

= 1 ⇒ x1 = x2.

(Hint: consider the case when Minkowski’s inequality in `p becomes an equality.)
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(ii) Show that the space C([0, 1]) (with the usual supremum norm) cannot be embedded
isometrically into `p.

(iii) Give an isometric embedding of C([0, 1]) into `∞.

Exercise 35. Consider the Banach space `∞ of real bounded sequences, the subspace c ={
x = (x1, x2, x3, . . . ) | xn ∈ R ∀n and ∃ lim

n→∞
xn

}
, and the points

x1 = (0, 1, 0, 1, 0, 1, 0, 1, . . . ) (i.e., alternating 0 and 1)

x2 = (0, 0, 0, 1, 0, 1, 0, 1, . . . ) (i.e., alternating 0 and 1 from the third position)

x3 = (1, 0, 1, 0, 1, 0, 1, 0, . . . ) (i.e., alternating 1 and 0) .

(i) Show that there exist bounded linear functionals λ and µ in (`∞)∗ such that λ(x) =
µ(x) = lim

n→∞
xn ∀x ∈ c and λ(x1) = 1

2
, µ(x1) = −2010.

(ii) Can it happen that the functional λ (resp. µ) considered in (i) satisfies the further con-
dition λ(x2) = 1

3
(resp. µ(x3) = 1

3
)?

(iii) Show that there exists a bounded linear functional λ ∈ (`∞)∗ such that

(•) lim infn xn 6 λ(x) 6 lim supn xn ∀x ∈ `∞ (and therefore λ(x) = lim
n→∞

xn ∀x ∈ c)

(••) λ(Lx) = λ(x) ∀x ∈ `∞ where L : `∞ → `∞ is the left-shift operator L(x1, x2, x3, . . . ) =
(x2, x3, x4, . . . )

(Hint: apply the Hahn-Banach theorem to the subspace of the sequences y = (y1, y2, y3, . . . )
with yn = xn+1 − xn.)

Exercise 36. Let f ∈ L2(R). Show that each of the following sequences converges weakly to
0 in L2(R):

(i) {gn}∞n=1 with gn(x) = f(x− n)

(ii) {hn}∞n=1 with hn(x) =
√

n f(nx)

(iii) {kn}∞n=1 with kn(x) = f(x)einx.
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