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Some history

nuclear physics

eWigner 1933
e Bethe and Peierls 1935

eEfimov 1970

quantum gases

eEinstein 1924

ecooling and trapping of atomic vapors, BEC 1995
key: low-density limit

e Feshbach resonances ~2000

eStrongly correlated degenerate Fermi gases,

unitary gas and BEC-BCS crossover since ~2005

e Efimov physics (mostly in Bose gases) since ~2006



Models

3D N particles ri 1¢€{1,2,...,N}
Y(T1, -5 TN) Hy = E
lattice model = (bZ)3 A R — |2 ik
Ny i 5.
H=3 |-5 =8 +UFE)|+00 > 5
=1 = - 1<i<j<N

choices for U(r) efree space: U(f’) — ()

1
eharmonic trap: U(r) = 5 M w2 2

e homogeneous system in the thermodynamic limit:

ebox: U(F) = 0 if 7€ [0;L]°

+00 otherwise
e then take N — oo, L — o©

with N/L? fixed




scattering length N = 92 free space
L2 1 1 1
I > () — =
2m7~ Ty Tnq ma
Y(ry,m2) =¢Y(r) r=r12—1
L eikr
() =~ e+ fz(7)
™ — OO T
(7 > —a
&) —
i:<_K1+l>@, K = 2.442749 . ..
Jdo b a 27T
1
continuum limit b— 0 with — fixed
a

remarks: e <= zero-range limit
°*Jo — 0




continuous-space finite-range models

N
3
1=1

1

Ay, + U(7)




Bosons: Y (T1,...,T7N) symmetric

L, — 11
Fermions: 2 components T and |
w(rla 0o c 7TN¢7 TNT—I—la oo e 774NT—|—N¢)

N—— —  —

1 !

antisymmetric antisymmetric

mT m¢




Universality

(strict sense)
expected for equal mass fermions

eall eigenvalues and eigenstates of H converge
whenb -> 0

ethe limit is the same for “any” finite-range model
(lattice models, continuous space models)

ethis limit is described by the zero-range model



zero-range model

2Mm;

N - _
1

HZE: A’Fz_FU(rFTL)

i=1 - —

2-body contact condition:

w(rl,.--,rmj;o (Tij a) A (Rij, (Tk)rzi,5) + O(ri5)
R,,;j fixed
Ry = T T

mf,;—l—mj

if Efimoyv effect: 3-body contact condition (see later)
(no universality in the strict sense)




2-body problem

1
(R
1
o X
a12 k2

];LQ
Fora >0: 2—body bound state FE =

ma?



3-body problem

Unitary 3-body problem in a trap - equal mass fermions

O w(fi)fé)fé) — _w(FZ%?FQ?Fl)

® /ero-range interactions:

I 1
w(’l“l,’l“g,’l"‘g) ’r’--:—>0 A ( - X) —|—O(T‘Z])

® Whenall 7 'sare > 0:
a = OO 3 ~ h2 1 —

L

p Z %Al—kzma)zrz = Ei

i—1L !

Exactly solvable




—

Center-of-mass is separable: ' = (7, + 7 +73)/3
(71, 72, 73) = Ve (C) Vin E = Een + Bint

—

Hyperradius: R = Z 7“2-]-2 /3 | 5 remaining coordinates:
i<j Hyperangles O = R/R

F'(R) = wavefunction of a fictitious particle \ /
in a potential Uyg(R) = LA °R?
P eft o 2m R2 | zmw \ /

Lint = energy of this fictitious particle \/
=(s+1+2q9)hw, q € N

¢®(§2) and s are the same than in free space
known since Efimov




For [ = 0
— 5 COS (sg) + ni sin (S%) =0 n=—1

V3
Forl=1":
smallest solution s = 1.772724267. ..



Unitary 3-body problem - BOSONS
B = he s? 1
Vint = F(R) R* ¢()|| Uerr(R)

o L 2 D2
“omm TN

one of the allowed values of s is imaginary (*)
= U (R) is pathologically attractive

= need to add the 3-body contact condition:

F(R) 20 sin ||s] 1H(R/Rﬂ/ 3-body parameter

Other s are real
| /
\ /

\ /

N

Efimov trimer states|| Efimovian states : Universal states
Eint =geometric series Eint (1:) Bt = (8 +1+ 26])7%1




()
For [ = 0
T 4

— S COs (35) + nﬁ sin (S—) = n = 42

imaginary solution s = i-1.0062378251. ..



e 3 equal mass fermions: universal
e 3 bosons: Efimov effect

e 3 unequal mass fermions:

Ny =2, N, =1

Efimov effect for m4+/m; > 13.607. ..



* Fermions, mqy+=my
* Fermions, m4 # m

e Bosons



P(R)

4 fermions, my = m;

universal

Ny = Ny =2, harmonic trap

. numérique (J. von Stecher et al.)| 3 0,8
— formule analytique ]

« numérique (J. von Stecher et al.)
— formule analytique




4 fermions, m+ #m,

Ny =3, N, =1

if 13.384... <m4/my <13.607... : 4 —body Efimov effect
[Castin Mora Pricoupenko 2010]

.-
(ry,r2,r3,14) = RTPF(R)F(Q) F(R) ~ Tm (%)

R—0

numerical calculation of s
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4 bosons

strong numerical + some experimental evidence:
no 4-body parameter
Only a, Ry

[Hammer Platter 2007; von Stecher D’Incao Greene 2009; Deltuva 2011]
[Ferlaino et al. 2009]

4-body quasi-bound states (i.e. resonances)



BCS

Many-body problem

Fermions, Ny = N| — o

N
n = 73 fixed

BEC-BCS crossover

strongly correlated
regime

e N —

4 )

BEC of molecules
\_ J

| |

I |
10 1
)

unitary gas |a| = oo

>

~1/3




Equation of state of the unitary gas in the normal unpolarised phase:
Cross-validation between Bold Diagrammatic Monte Carlo and ultracold-atoms precision measurements
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Figure 4 | Equation of state of the unitary Fermi gas in the normal phase. Density n (@) and pressure P (b) of a unitary Fermi gas, normalized by the
density ng and the pressure Pg of a non-interacting Fermi gas, versus the ratio of chemical potential i to temperature T. Blue filled squares: BDMC (this
work), red filled circles: experiment (this work). The BDMC error bars are estimated upper bounds on systematic errors. The error bars are one standard
deviation systematic plus statistical errors, with t};)le additional uncertainty from the Feshbach resonance position shown by the upper and lower margins as
red solid lines. Black dashed line and red triangles: Theory and experiment (this work) for the ideal Fermi gas, used to assess the experimental systematic
error. Green solid line: third order virial expansion. Open squares: first order bold diagram'™2'. Green open circles: Auxiliary Field QMC (ref. 11). Star:

superfluid transition point from Determinental Diagrammatic Monte Carlo'>. Filled diamonds: experimental pressure EOS (ref. 22). Open pentagons:
pressure EOS (ref. 23).



In-situ absorbtion image [MIT]



virial expansion:

n\> e 2(ePH + 2bye?PH + 3bge®PH )

b,, comes from the n — body problem

bs = —0.29095295. ... Liu Hu Drummond 2009
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ABELIAN RESUMMATION

Y. = lim E (V) gmeAN-1
e—0
N>1
8.5:
8.0-: 5 C

IMIT

A

= n log(n)

(Lindelof)

An

TL2

(Gaussian)

An

with )\0

= (n — 1)log(n — 1)
)\1 — () (Shifted Lindelsf)

Lindelof

order 1
[Haussmann et al.]

|experiment
7 0- © shifted-Lindelof
.0 -
---------------------------------------------------------- order 3
& 8 3
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3-body losses

continuous-space finite-ranae model

al 1

Ag, + U(7i) > Viry)

1 1<i<j<N

Fora=o00: V(r)=

V(r)

i f (f> chemical reaction e

zero-energy state @

-\j deeply bound dimer
1
— ©9)




Fermions

3-body loss rate vanishes in the zero-range limit

Example: Unitary Fermi gas T = (
n
' =
n

I ~ K bQS n(28+2)/3
b—0

K model-dependent constant
s = 1.772724267. ..

[Petrov Salomon Shlyapnikov 2004]



Bosons

3-body loss rate does not vanish in the zero-range limit

modified 3-body contact condition [Braaten Hammer 2003]
E - _ o 2N« ﬁ S
F(R) R50 (Rt> . (RJ

N« 1nelasticity parameter

Efimov trimers  jecay rate

4n);
BT ~ ‘"‘ E(n, = 0)] e < 1




Unitary Bose gas

n2/3

high — temperature regime 1" >
m

n=-—n°> Ls(T)
1
LS (T) — 372 f(Rt ﬁ? 77*)
f dimensionless function
periodic function of In(R,VT), period 7/so

so = 1.0062378. ..
analytical expression for f [Petrov FW 2013]

f =~ 36V3n°(1—e ")




comparison with ENS experiment [Rem et al. 2013]
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FIG. 2 (color online). Temperature dependence of the
three-body loss rate L;. Filled circles, experimental data;
green dashed line, best fit to the data L;(7T) = A;/T? with A;=

2.5(3)5at(0)sys X 1072 (uK)?*cm®s™!; the shaded green band
shows the 1o quadrature sum of uncertainties. Solid line,
prediction from Eq. (5), A; = 1.52 X 1072 (uK)?cm®s~!
with ., = 0.21 from Refs. [30,39].




Appendix 1: Partial derivatives of the energy

1 B
Y(rL, ..., TN) = ( : ) Aij(Rij, (T ) ki) + O(145)

rij—0 \ T4 a

(aff/a))m =3~ [ty TT i) [ 4R xe)uss )

1<J k#1,9

For universal states:

(gi)a N QWZ/dE/( 11 dFk)f‘lij(ﬁ» (P ) k2i,5)

[ 72 72 N ) .
E+ —Ap+to - k;j Az, —;U(’n) Aij (R, (T )ki5)




Applications: 3 particles, a = o

Efimov trimers:

( OF )Rt:\/ o 7 tan(s7) sin (sZ)

d(—1/a) m  cos (5%)—3%8111(3%) 34\7/%(308 (3%)

Universal states in isotropic harmonic trap:

0 ] \/2h3w | [(s+ %) ssin(s7)
d(~1/a) T D(s+1) cos (sF) - s sin (s5) — 25 cos (57|

where 1 = 2 for bosons, —1 for fermions

(015) o [(s — ) 5(s> — g)sin (53)
ore ) ., 3m, ['(s+1) {— COS (S%) + s5 sin (5%) ™ 7732% OB (S%)}

Agreement with numerical results of: Braaten & Hammer;
von Stecher, Greene & Blume;Werner & Castin




Appendix 2: More on Diagrammatic Monte Carlo

FEYNMAN DIAGRAMS for the unitary gas

Single-particle propagator: G, (p,7) = — (T, cﬁ,J(T)C;U(O»

N\

Cpo(r) = T ey o T

Momentum distribution: Density ( t Z dp

B ensity (equation / s Mo (P) = n
Gy(p,7=07) = (CL,JCP,0> = n,(P) of state): o=1,1
Expansion of G in powers of 90 : GV = ideal gas propagator

CL ¢ Q

—_— = = - «— <

+ ege + eQeQeJr <~ + ...




Feynman rules: example:

feontribution to G771 — 1)} = (go)? (_1)2+ [ 90 4% (", 0 o
ution to p, 1 — T2 = (9o (27_‘_)3 (27_‘_)3 0 T3UT4 (val _7_3)

X GO(JQ,TS — T4)GO(§1,73 — 7_4)G0((71 +q2— P, T4 — TS)GO(ﬁa T4 — 7_2)

Ladder summation: C = o -+ O + CID t ...

Self-energy:

O =R =N=—g=y =W

Dyson equation:

G GY G G GY G GO
—_—— = ++@+++@+@+ + ...




Pair propagator (fully dressed): T
B — o +

G GO
© C f‘w@ﬁb
-

SOLVE THESE EQUATIONS INCLUDING THE “...”
UP TO ORDER 9 (~10A6 SKELETON DIAGRAMS)
USING DIAGRAMMATIC MONTE CARLO
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ABELIAN RESUMMATION

Y. = lim E (V) gmeAN-1
e—0
N>1
8.5:
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= n log(n)

(Lindelof)
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(Gaussian)

An

with )\0

= (n — 1)log(n — 1)
)\1 — () (Shifted Lindelsf)

Lindelof

order 1
[Haussmann et al.]
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