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The star-graph

Hilbert space: HG :=
⊕N

j=1 L
2((0,∞), dsj)

ψ ∈ HG is a vector with N components

ψ = (ψ1, ..., ψN )

ψj ∈ L2((0,∞), dsj)

With scalar product

〈ψ, φ〉 =
∑N
j=1 (ψj , φj)L2((0,∞))
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Laplacian on HG (see also, e.g., Kostrykin and Schrader ’99, Harmer ’00)

Let Π be an orthogonal projection acting in CN

Let Θ be a selfadjoint operator in Ran (Π⊥) ⊆ CN , with Π⊥ = 1−Π.

Define the operator −∆Π,Θ
G :

−∆Π,Θ
G ψ = (−ψ′′1 , ...,−ψ′′N )

D(−∆Π,Θ
G ) =

{
ψ = (ψ1, ..., ψN ) : ψj ∈ H2((0,∞))

Πψ(0) = 0

Π⊥ψ′(0) + ΘΠ⊥ψ(0) = 0
}

with

ψ(0) = (ψ1(0), ..., ψN (0)) and ψ′(0) = (ψ′1(0), ..., ψ′N (0))

Remark:

0 =〈ψ,−∆Π,Θ
G φ〉 − 〈−∆Π,Θ

G ψ, φ〉 = (ψ(0), φ′(0))CN − (ψ′(0), φ(0))CN
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Too many free parameters in the coupling conditions in the vertex!

The coupling should be understood in terms of free parameters models!!
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Πψ(0) = 0 Π⊥ψ′(0) + ΘΠ⊥ψ(0) = 0

Depending on a spectral property of the junction, we will obtain the

following two operators on the graph:

I The decoupling (or Dirichlet) Laplacian hdec: ψ(0) = 0, Π = 1

I The weighted Kirchhoff Laplacian hβ : take β1, ..., βN with βj ∈ C

βjψi(0) = βiψj(0)

N∑
i=1

β̄iψ
′
i(0) = 0

Π = 1− Λ and Θ = 0

(Λ)ij =
βiβ̄j∑N
k=1 |βk|2

, i, j = 1, ..., N ,

When all the constants βj are equal this defines the so called Kirchhoff
(or standard) Laplacian and the boundary conditions read
ψ1(0) = ... = ψN (0) and

∑N
i=1 ψ

′
i(0) = 0.
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For any z ∈ C\R denote by rdec(z) and rβ(z) the resolvents of hdec and hβ

rdec(z) = (hdec − z)−1 rβ(z) = (hβ − z)−1

For any vector f ∈ HG

rdec(z)(f1, ..., fN ) = (r0(z)f1, ..., r0(z)fN ) ,

with (
r0(z)f

)
(s) :=

∫ ∞
0

(
− ei

√
z|s−s′|

2i
√
z

+
ei
√
zsei

√
zs′

2i
√
z

)
f(s′)ds′

Then

rβ(z)(f1, ..., fN ) = (r0(z)f1 + q1e
i
√
z ·, ..., r0(z)fN + qNe

i
√
z ·) ,

with  q1
...
qN

 =
iΛ√
z

p1

...
pN

 ; pj =
(
r0(z)fj

)′
(0)

Note that (
− d2

ds2
− z
)
r0(z)f = f

(
− d2

ds2
− z
)
qje

i
√
zs = 0
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1d approximating problem for N = 2 (see also Golovaty and Hryniv ’10,
Exner and Manko ’13):

Consider the Hamiltonian hε : L2((0,∞))⊕ L2((0,∞))⊕ L2((−1, 1), εds)

hεψ =

(
−ψ′′1 ,−ψ′′2 ,

1

ε2

(
−ψ′′v + V ψv

))
ψ ∈ D(hε) satisfies the coupling conditions

ψ1(0) = ψv(−1) ψ2(0) = ψv(1)

ψ′1(0) = −1

ε
ψ′v(−1) ψ′2(0) =

1

ε
ψ′v(1)

For any
f = (f1, f2, 0) fj ∈ L2((0,∞))

we look for
ψε = (hε − z)−1f
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We denote by hv the “auxiliary” Hamiltonian in L2((−1, 1))

D(hv) := {ψv ∈ H2((−1, 1))|ψ′v(±1) = 0}

hv := − d2

ds2
+ V

For n = 1, 2, 3, ... we denote by φn the (real, orthonormal) eigenfunctions of
hv and by λn the corresponding eigenvalues arranged in increasing order

For any z ∈ C\R we denote by rv(z) the resolvent of hv,

rv(z; s, s′) := (hv − z)−1(s, s′) =
∑
n

φn(s)φn(s′)

λn − z
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Proposition

For any
f = (f1, f2, 0) fj ∈ L2((0,∞))

One has that ψε = (hε − z)−1f is given by

ψ1,ε(s) =
(
r0(z)f1

)
(s) + q1,εe

i
√
zs

ψ2,ε(s) =
(
r0(z)f2

)
(s) + q2,εe

i
√
zs

ψv,ε(s) = ε
[
ξ1,εrv(ε2z; s,−1) + ξ2,εrv(ε2z; s, 1)

]
With the constants q1,ε, q2,ε, ξ1,ε and ξ2,ε fixed by the relations

ξ1,ε = (p1 + i
√
zq1,ε) ; p1 =

(
r0(z)f1

)′
(0)

ξ2,ε = (p2 + i
√
zq2,ε) ; p2 =

(
r0(z)f2

)′
(0)

and q1,ε
q2,ε

 =

εrv(ε2z;−1,−1) εrv(ε2z;−1, 1)

εrv(ε2z; 1,−1) εrv(ε2z; 1, 1)

ξ1,ε
ξ2,ε


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We distinguish two cases:

Case 1. Zero is not an eigenvalue of the Hamiltonian hv.
Then

rv(ε2z;±1,±1) =
∑
n

φn(±1)φn(±1)

λn − ε2z
= O(1)

Case 2. Zero is an eigenvalue of the Hamiltonian hv. Denote by φ∗ the
eigenfunction corresponding to the eigenvalue zero. One has
φ∗′(±1) = 0, moreover the constants

β1 := φ∗(−1) ; β2 := φ∗(1) .

are real and we assume that they are not both equal to zero.
Then

rv(ε2z;−1,−1) =
∑
n

φn(−1)φn(−1)

λn − ε2z
= −β1β1

ε2z
+O(1)

rv(ε2z; 1, 1) =
∑
n

φn(1)φn(1)

λn − ε2z
= −β2β2

ε2z
+O(1)

rv(ε2z;−1, 1) =
∑
n

φn(−1)φn(1)

λn − ε2z
= −β1β2

ε2z
+O(1)

rv(ε2z; 1,−1) =
∑
n

φn(1)φn(−1)

λn − ε2z
= −β2β1

ε2z
+O(1)
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Theorem

Case 1. q1,ε
q2,ε

 = O(ε)

Case 2. q1,ε
q2,ε

 =
iΛ√
z

p1

p2

+O(ε)

where we denoted by Λ the projection

Λ =
1

β2
1 + β2

2

 β2
1 β1β2

β1β2 β2
2


Corollary

Let ψε = (hε − z)−1f . Then

Case 1.
‖(ψ1,ε, ψ2,ε)− rdec(z)(f1, f2)‖HG → 0

Case 2.
‖(ψ1,ε, ψ2,ε)− rβ(z)(f1, f2)‖HG → 0
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We consider two straight tubes (the edges) of width δ connected by a
smooth junction (the vertex) of uniform width δ and length of order ε

- The “edges”: E1,δ and E2,δ to which is associated the Hilbert space

L2((0,∞)× (0, 1), dsdu)

s ∈ (0,∞) and u ∈ (0, 1)
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- The “vertex”: Vδ,ε

Take a curve C : (−1, 1)→ R2

C(s) := (γ1(s), γ2(s)) γ′1
2
(s) + γ′2

2
(s) = 1

Vδ/ε =
{

(x, y) ∈ R2 s.t. (x, y) = (γ1(s), γ2(s)) + uδ/εn̂(s)

with s ∈ (−1, 1), u ∈ (0, 1)
}

Then Vδ,ε = εVδ/ε. In this way θε = θ

Moreover the associated Hilbert space is

L2((−1, 1)× (0, 1), ερδ/εdsdu)

The function ρδ/ε = ρδ/ε(s, u) is defined by

ρδ/ε(s, u) = 1 + uδ/εγ(s) ,

γ is the signed curvature

γ(s) := γ′2(s)γ′′1 (s)− γ′1(s)γ′′2 (s)

The waveguide is obtained by identifying the boundary of E1,δ

corresponding to s = 0 with the boundary of Vδ,ε corresponding to s = −1
and the boundary of E2,δ corresponding to s = 0 with the boundary of Vδ,ε
corresponding to s = 1.
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We denote by Hδ,ε the complex Hilbert space

Hδ,ε := L2((0,∞)×(0, 1))⊕L2((0,∞)×(0, 1))⊕L2((−1, 1)×(0, 1), ερδ/εdsdu)

In Hδ,ε we define the quadratic form Qδ,ε

Qδ,ε[Φ,Ψ] :=
∑
k=1,2

∫ ∞
0

∫ 1

0

[
∂Φk
∂s

∂Ψk

∂s
+

1

δ2

∂Φk
∂u

∂Ψk

∂u

]
dsdu

+

∫ 1

−1

∫ 1

0

[
1

ε2ρ2
δ/ε

∂Φv
∂s

∂Ψv

∂s
+

1

δ2

∂Φv
∂u

∂Ψv

∂u

]
ερδ/εdsdu .

Let C̊∞ be the set

C̊∞ := {Ψ = (Ψ1,Ψ2,Ψv)|Ψ1,Ψ2 ∈ C∞0 (E) , Ψv ∈ C∞(V ) ;

Ψ
∣∣
u=0,1

= 0 ;[
∂ksΨ1

]
(0, u) =

[
(−ε)−k∂ksΨv

]
(−1, u)[

∂ksΨ2

]
(0, u) =

[
ε−k∂ksΨv

]
(1, u), ∀k ∈ N0} ,

We denote by −∆D
δ,ε the unique selfadjoint operator in Hδ,ε associated to

the quadratic form Qδ,ε
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The Operator −∆D
δ,ε is unitarily equivalent to

Hδ,ε : L2((0,∞)× (0, 1))⊕ L2((0,∞)× (0, 1))⊕ L2((−1, 1)× (0, 1), εdsdu)

defined by

Hδ,ε(ψ1, ψ2, ψv) =

([
− ∂2

∂s2
− 1

δ2

∂2

∂u2

]
ψ1,

[
− ∂2

∂s2
− 1

δ2

∂2

∂u2

]
ψ2,

1

ε2
Lδ/εψv

)
,

where Lδ/ε has the “expansion”

Lδ/ε ' −
∂2

∂s2
− γ2(s)

4
− 1

(δ/ε)2

∂2

∂u2
+O(δ/ε)

Spectrum

σcont(Hδ,ε) =

[
π2

δ2
,∞
)
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Denote by χ(u) the “transverse” eigenfunction

χ(u) :=
√

2 sin(πu)

We note that

χ(0) = χ(1) = 0 and − 1

δ2

d2

du2
χ =

π2

δ2
χ

For any vector Ξ = (f1χ, f2χ, 0) with f1, f2 ∈ L2((0,∞)) we look for an
approximate solution of the resolvent equation

Φ =

(
Hδ,ε −

π2

δ2
− z
)−1

Ξ
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Definition
For any vector Ξ = (f1χ, f2χ, 0) with f1, f2 ∈ L2((0,∞)) we denote by Ψ
the vector Ψε = (Ψ1,ε,Ψ2,ε,Ψv,ε), with

Ψ1,ε(s, u) = ψ1,ε(s)χ(u)

Ψ2,ε(s, u) = ψ2,ε(s)χ(u)

Ψv,ε(s, u) = ψv,ε(s)χ(u) ,

Where ψε = (ψ1,ε, ψ2,ε, ψv,ε) was defined before.

The “auxiliary” Hamiltonian is

hv := − d2

ds2
− γ2

4

D(hv) := {ψv ∈ H2((−1, 1))|ψ′v(±1) = 0}
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Theorem
For any Ξ = (f1χ, f2χ, 0) with f1, f2 ∈ L2((0,∞)), Ψε ∈ D(Hδ,ε), moreover
for all z ∈ C\R the following estimates hold true:

Case 1. ∥∥∥∥Ψε −
(
Hδ,ε −

π2

δ2
− z
)−1

Ξ

∥∥∥∥
Hε

6 c
δ

ε3/2
‖Ξ‖Hε ;

Case 2. ∥∥∥∥Ψε −
(
Hδ,ε −

π2

δ2
− z
)−1

Ξ

∥∥∥∥
Hε

6 c

(
δ

ε3/2
+

δ

ε5/2

)
‖Ξ‖Hε

where c is a constant which does not depend on ε, f1, f2.
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Theorem
Take δ = δ(ε)� ε. Define the function

Φε = (Φ1,ε,Φ2,ε,Φv,ε) =

(
Hδ,ε −

π2

δ2
− z
)−1

(f1χ, f2χ, 0)

Then the projection of Φε on the edges of the graph

φ1,ε(s) = (χ,Φ1,ε(s, ·))L2((−1,1)) φ2,ε(s) = (χ,Φ2,ε(s, ·))L2((−1,1))

Then, as ε→ 0,

Case 1.
‖(φ1,ε, φ2,ε)− rdec(z)(f1, f2)‖HG → 0

Case 2.
‖(φ1,ε, φ2,ε)− rβ(z)(f1, f2)‖HG → 0
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Define the auxiliary Hamiltonian as the operator −∆DN
δ/ε in the junction of

width δ/ε
L2((−1, 1)× (0, 1), ρδ/εdsdu)

where functions in D(−∆DN
δ/ε ) satisfy the mixed boundary conditions

Ψ
∣∣∣
u=0,1

= 0 ;
∂

∂s
Ψ
∣∣∣
s=±1

= 0

The Case 2 is associated to the existence of Φ∗δ/ε s.t.(
−∆DN

δ/ε −
π2

(δ/ε)2

)
Φ∗δ/ε = λδ/εΦ

∗
δ/ε

with
λδ/ε = O(δ/ε)

and
Φ∗δ/ε

∣∣∣
s=−1

→ β1χ Φ∗δ/ε

∣∣∣
s=1
→ β2χ

Then study the limit as ε→ 0 of(
−∆DN

δ/ε −
π2

(δ/ε)2
− ε2z

)−1∣∣∣
s,s′=±1
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Remark:

Neumann conditions on the external boundary of the waveguide

[Freidlin and Wentzel ’93, Raugel ’95, Kosugi ’00, Saitō ’01, Kuchment and
Zeng ’01, Rubinstein and Schatzman ’01, Exner and Post ’05 ’07 ’09 ’12,
Post ’06, Bonciocat ’08, Kuroda ’11]

No rescaling of the energy is needed, σ(−∆N
δ,ε) = [0,∞)

The limit operator on the graph is characterized by Kirchhoff conditions in
the vertex. In general there is no decoupling case (Case 1)

The auxiliary Hamiltonian −∆NN
δ/ε has a zero eigenvalue (also for δ = ε).

The corresponding eigenfuction is the constant function. This gives β1 = β2.
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Consider the Hamiltonian hε : L2((0,∞))⊕ L2((0,∞))⊕ L2((−1, 1), εds)

hεψ =

(
−ψ′′1 ,−ψ′′2 ,

1

ε2

(
−ψ′′v + (1 + λ1ε)V ψv

))
ψ ∈ D(hε) satisfies the coupling conditions

ψ1(0) = ψv(−1) ψ2(0) = ψv(1)

ψ′1(0) = −1

ε
ψ′v(−1) ψ′2(0) =

1

ε
ψ′v(1)

For any
f = (f1, f2, 0) fj ∈ L2((0,∞))

we look for
ψε = (hε − z)−1f

Then in Case 2 the limit is hβ,α defined by the boundary conditions

β2ψ1(0) = β1ψ2(0) ∀i 6= j

β̄1ψ
′
1(0) + β̄2ψ

′
2(0) = α

(
f1(0)

2β1
+
f2(0)

2β2

)
with

α = λ1

∫ 1

−1

V |φ∗v|2ds
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