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19. Consider the two self-adjoint operators H and V' on the finite di-
mensional Hilbert space H. For t € R let 77 be the x automorphism of the
algebra B(#) defined by

TtV(A) — eit(H—f—V)Ae—it(H-i-V) (38)
Similarly, for 8 € (0,00), the thermal state wgy is defined by
wgv(A) = Tr{Ae PHFVIY Ty e PHFVIL (39)

The goal of this exercise is to derive a rigorous expansion of wgy with respect
to V, viz.,

wav(A) =) va(A) for B[V <log(2) (40)

by using the propagator in the interaction picture

F}f/ — eit(H—i-V) e—itH. (4]_)

(i) First, verify the following basic relations:

PHHFV) Fz/ oitH
TtV(A)F}t/ = FYTP(A)
)™ = @) =705 (42)
[ = TIr(TY)

ory = irys(v), To=1.



(i) In particular, I'lj is well-defined for all 5 € R. Use this fact and the
first relation in (42) to express wg,y in terms of wpg .

(iii) Since z — 7Y (A) is an entire function, show that the Dyson expansion
converges uniformly on all compact subsets of C:

LY =1+ (i) / o (V)7 (V)dsy - -dsp.  (43)
k=1 0<s1<...5p<1
(iv) Employ the Golden-Thomson inequality
(44)

Tr{e? P} < Tr{e?e?}

and the Duhamel formula, viz., for a differentiable matrix valued func-

tion t — F(t) € Mat,, ,(C)

F 1
de / a0 dr ()e1=9F® gg. (45)
0

W= m

to prove: For V as above, 0 < f < oo, and a € C,

wao(Tf ) — 1| < exp(laf]||V]]) - 1. (46)

(v) Use the result of (ii) and the relations (43) and (46) to establish the

expansion (40). In particular, show that

v(A4) = wso(A) (47)

ni(A) = =BV, A—wso(4))s,

where

(z,y)p = /Owﬁ(yTisﬁ(SC))dS

1
= Z_l/ Tr{e s ge~(1=98H1 s,
0



