Mathematical Quantum Mechanics, 2014/15
Homework Problems, LMU

Issued: December 2, 2014; deadline for handing in the
solutions: December 9, 2014, 4 pm

24. Determine the form of the Hartree-Fock energy for a two-electron

system with
2

H= Z(—Ai—i) PR (24)

P |z |71 — ]

on A;_1 2 H?*(R?) and 7, 7, associated with the Slaterdeterminants (21, z2) =
(1/VD)id()a b8 and x(zr,22) = (1/v2)|ér(21)a do(a2)al, where a

and ( stand for up and down spin, respectively,

() ()

and ¢, ¢y, o € H*(R?) with ¢y, ¢ being orthonormal.
25. Prove that the Gaussian coherent states
Ppqe(x) = celPremale—a)? (26)
with ¢,p € R, c € C, a > 0, yield an equality in the uncertainty relation
Appop Ayop > h/2 (27)

for the momentum operator p,, = —ihd/dz and position operator x,, in
L*(R), and where the variance AyA of an operator A is given by AyA =

Vb, A20) — (i, Arp)2.




26. Consider the functional £(¢) = —(1/87) [ |V (z)]*Pd®x—(2/5) [[V(z)—
w(x)]iﬂd‘gx, where V(z) = —Z/|z|, Z > 0, and [g(x)]; denotes the nonneg-
ative part of a function, i.e., [g(x)]s = g(z) if g(x) > 0, and [g(x)]+ = 0
otherwise, and where £ is defined on Dg = {1 € §'(R?*) N L] (R?), V¢ €

loc

L*(R3),3co, Ry > 0 such that [ (z)] < co|z|tae. for |z] > Ry}

(i) Show that &£ is strictly concave and therefore there is at most one
maximizer.

(ii) Demonstrate that each maximizer of £ has to obey the distributional
equation —Ay = 4n[V (z) — @/J(x)]im Compare this equation with the
Thomas-Fermi equation.



