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Problem 1 (Equality in Minkowski’s inequality).

a) Let 1 < p <∞ and 0 6= x, y ∈ `p. Prove that ‖x+ y‖p = ‖x‖p + ‖y‖p iff y = αx for
some α ≥ 0.

b) Let p ∈ {1,∞}. Prove that there exists 0 6= x, y ∈ `p s.t. ‖x+ y‖p = ‖x‖p + ‖y‖p
and y 6= αx for all α ∈ R.

c) Let 1 ≤ p ≤ ∞ and q = p
p−1 . Prove that for every x ∈ `p

‖x‖p = sup
y∈`q

‖y‖q=1

∣∣∣∣∣
∞∑
n=1

xnyn

∣∣∣∣∣ . (1)

[5+2+3 Points]

Problem 2 (Inner product vs. parallelogram identity).

a) Let (X, ‖·‖) be a normed space over K. Prove, for K = R and for K = C, that the
norm in X is induced by an inner product iff it satisfies the parallelogram identity

∀x, y ∈ X : ‖x+ y‖2 + ‖x− y‖2 = 2 ‖x‖2 + 2 ‖y‖2 . (2)

b) Let p ∈ [1,∞]. Prove that `p is a Hilbert space iff p = 2.
[7+3 Points]

Problem 3 (Equality in inequalities).

a) Let 1 < p <∞. Let x, y ∈ `p with ‖x‖p = ‖y‖p = 1. Prove that x = y if
∥∥x+y

2

∥∥
p

= 1.

b) Let 1 < p ≤ ∞. Prove that C([0, 1]) can be embedded isometrically in `p iff p =∞.
[2+8 Points]

Problem 4 (Dual spaces). Consider the Banach spaces (on K = R or C)

c = {x = (xn)n∈N | xn ∈ K ∀n ∈ N and lim
n→∞

xn exists},

c0 = {x = (xn)n∈N | xn ∈ K ∀n ∈ N and lim
n→∞

xn = 0} ⊂ c,

with the norm ‖x‖∞ = supn∈N |xn|.
a) Prove that c0 and c are not isometrically isomorphic.

b) Prove that c′ ∼= (c0)
′ ∼= `1.

[4+6 Points]

Deadline: June 20, 2016 14:00, for details see http://www.math.lmu.de/˜gottwald/16FA/.
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