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Problem 1 (EQUALITY IN MINKOWSKI'S INEQUALITY).
a) Let 1 <p < ooand 0+# x,y € (*. Prove that ||z +yll, = 2|l + [y, iff v = ax for
some « > 0.

b) Let p € {1,00}. Prove that there exists 0 # 2,y € * s.t. ||z +yll, = =], + [y,
and y # ax for all a € R.

c) Let 1 <p<ooandgq= . Prove that for every x € /P
], = sup anyn : (1)
i, 21 n=1

[5+2+3 Points]

Problem 2 (INNER PRODUCT VS. PARALLELOGRAM IDENTITY).

a) Let (X, ||||) be a normed space over K. Prove, for K = R and for K = C, that the
norm in X is induced by an inner product iff it satisfies the parallelogram identity

Vo.y € X ¢ lz+yll” o+l —yll* =2 al® + 21yl (2)

b) Let p € [1,00]. Prove that ¢ is a Hilbert space iff p = 2.
[7+3 Points]

Problem 3 (EQUALITY IN INEQUALITIES).
a) Let 1 <p < oo. Let z,y € ¢ with |[z]|, = [ly[[, = 1. Prove that z = y if ||”"—J2”’Hp =

b) Let 1 < p < oo. Prove that C([0, 1]) can be embedded isometrically in ¢* iff p = oo.

[2+8 Points]
Problem 4 (DUAL SPACES). Consider the Banach spaces (on K =R or C)
c={r = (Tn)nen | z» € KVn € N and nh_}rgo T, exists},
={z = (zn)nen | v» € KVn € N and nhg)loxn =0} Ceg,
with the norm ||z|| = sup,cy |2n]-
a) Prove that ¢y and ¢ are not isometrically isomorphic.
b) Prove that ¢ = (¢)" = (1.
[4+6 Points]
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