\§ \
Y, 22\
RV

LUDWIG-

MAXIMILIANS- 2
LIVIu UNIVERSITAT %S’ﬂ@%

MUNCHEN MATHEMATISCHES INSTITUT Ea
Pror. T. ). SORENSEN PHD Summer term 2016
A. Groh, S. Gottwald June 6, 2016

FUNCTIONAL ANALYSIS
EXCERCISE SHEET 8

REMAINING SOLUTION

Problem 4 (DUAL OF (' AND (™).

a) Prove that (£') = (> i.e. (> is isometrically isomorphic to the dual of ¢'.

n-th position
Lol

b) Let {e,}nen be given by e, = (0,...,0,1,0,...) (i.e. (€n)x := dpx for k € N) and let
J : (co)" — (£°) be the linear map defined by (Jg)(x) := >, g(e,)z, for all x € £
and g € (o).

Prove that (f(e,))neny € ¢! for all f € (o), that J is a linear isometry, and that
every f € ()" has a unique representation f = f; + fo, where f; € J((¢o)") and
fg‘CO - 0

Remark: This proves that (/)" 2 (' & (c)*t, where @ denotes the direct sum and
(co)t = {n € (=) | n(x) = 0 Vz € ¢y}. From the Hahn-Banach theorem that
will be proved later will follow that (cy)* # () and hence that ¢! can be embedded

isometrically into but not onto (£>°)'.
[4+6 Points]

Proof. b) e Let f € (¢y) and for n € N define s,, .= f(e,)/|f(en)| if f(e,) # 0 and
Sp, = 0 otherwise. Then we have for all N € N by the linearity of f that

Z | fen)] = Z snf(en) = f (Z Sn€n>

n=1 n=1 n=1
N
< Hf“(co)’ anen = ||f||(co)/ [Jax 8| < Hf”(co)/ ;
n=1 ) -

and hence ||(f(en))nenlly = S50, 1F(ea)] < [ ll ey < 001 ie. (f(en))ner € £

e J is clearly linear. We have to prove that [|Jf|[ ey = || f[l(,) for all f € (co)".
As above follows that [|(f(en))nll; < [[fll(,)y for f € ()" and hence by Hélder’s
inequality that

[(J)()] = < [ (en)n)ll 2 lloe < WMl ey N1l

Z f(en)xn
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for f € (co) and @ € €, ie. [ Jf|[ yooy < [|f ¢y~ For the reverse inequality observe
first, that, for f € (¢)’ and x € ¢y, we have that

(JF) (@)= flen) —nggto en)t, = lim f (anen> = f(x),

n=1
since SN x,e, — @ wrt. ||-||, (which in general is not true for € ¢>°). Then
|(Jf)()] |(Jf)(2)] /()]
[T f (g = sUp —7m= > sup === = sup = {1/ ll oy -

0#xEl> ||x||oO - 0#x€co ||ZL‘||OO 0#xEco ||l’||oo

Hence J is an isometry.

o Let f € (¢*)". Then fj., € (co)’, since Hf|coH(co), = SUPoxzec, % < ||f||(zoo)/-
Thus fi = J(fie,) € J((c0)’) and fo == f — f1 € (£>°) and we have for z € ¢, that
fo(w) = 32000 fieo(en)n — f(2) = f(32n2y wnen) — f(2) =0, Le. foe, = 0.

e It remains to show uniqueness: Let fi,g1 € J((co)’) and fo, go € (%) s.t. fa,, =
921, = 0 and f = fi1 + fo = g1 + go. This directly implies that fi,, = g1/,-

Let h € J((co)') and h € (cy)’ s.t. h = Jh. Then for = € £>°:

o0 o0 o0

(Jhjey)(z) = Z Pyeo (€n)Tn = Z h(en)x, = Z(JE)(en)xn
=> > hle)(en)iwn =Y hlen)rn = (Jh)(x)

This shows that Jhj, = J h and therefore h = hic, as J is injective.
Thus f1 = (f1|co) = (91\60) = g1 and hence fo = f — fi = f — g1 = go.



