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REMAINING SOLUTION

Problem 4 (INITIAL TOPOLOGY). Let F be a family of functions from a set X to a
topological space (Y, T). The F-initial topology 7; on X is the weakest topology such
that all functions in F are continuous.

a) Prove that the family of all finite intersections of sets of the form f~'(A), where
f e Fand A € Ty, is a base for 7.

b) Let (Z,7Tz) be a topological space and g : Z — X. Prove that g is continuous iff for
all f € F the composition fog:Z — Y is continuous. (Here, X is equipped with
the topology 7; and Y with 7T, as above).

c) Let {z,}, be a sequence in X and = € X. Prove that x,, — = for n — oo in (X, T;)
iff for all f € F: f(x,) = f(x) for n — oo in (Y, T).

Application 1: Let (X, Tx) and (Y, 7y) be topological spaces and let Px : X x Y — X
and Py : X XY — Y be the projections on the respective components.

d) Prove that the product topology on X x Y is the F-initial topology with F =
{Px, Py}.
Hint: You have to generalize the above definition of the F-initial topology to diffe-
rent target spaces of the functions in F in the obvious way.

Application 2: The F-initial topology on C([0, 1]) with respect to F = {E, | x € [0, 1]},
where E, : C([0,1]) = R, f — E.(f) = f(x), is called the topology of pointwise conver-
gence.

e) Let {f,}» be a sequence in C([0,1]) and f € C([0,1]). Prove that f, — f for
n — oo in the topology of pointwise convergence iff for all x € [0,1]: f,.(z) = f(x)
for n — oo in the Euclidean topology.

[24+-2+24-2+2 Points|

Proof.

a) Consider § = {f1(4) | fe F,Ae T} B={NS|S C S finite}, and T =
{UB|B C B}. Then:

e 0 €T, with B=0CB.
e X eT,since X € Swith S=0CS. (Hint: X € S only if F #0).
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o Let T1 :UBl,TQZUBQ ETWlth Bl,BQ QB Then B = BlﬂBg QBand
TlﬂTQZUBlﬂUBQZUBEB.

e UT €T for T C T by construction.

Hence 7 is a topology on X and B a base for 7 (and S a subbase). We need to
show, that 7 = 7;. By construction all f € F are continuous in 7. Since 7; is the
weakest topology s.t. all f € F are continuous we have 7; C T'. Conversely S C T,
since all f € F are continuous and 7; is a topology closed wrt. finite intersections
and arbitrary unions. Thus 7 C 7;.

b) “==": Let g be continuous. Let f € F and A € T. Then f~'(A) € T; by definition
and (fog) ' (A) =g (f~'(A)) € Tz, since g continuous. Thus f o g continuous.
“~=": Let f og be continuous for all f € F. Let B € 7;. Since B is a basis for 7;
(cf. a)), there exists B; € B, i € I s.t. B =J,.; B; and B; = ﬂ;vzl fi; (Aij), where

o3 =Ug B =UN s U5 (4), )

Since g’l(figl(Aij)) € Tz for all i, j as go f;; is continuous and therefore g~*(B) € Tz,

since Ty is closed wrt. finite intersections and arbitrary unions. Thus g is continuous.
c) “=": Let z, — x in (X,7;). Let f € F. Let U be a nbhd of f(x). Then V =
f~YU) € T; by definition of 7; and € V. Thus V is a nbhd of z in (X, 7;). Thus
there exists N € N s.t. z,, € V for n > N. In particular f(z,) € U for n > N. Thus
f(wn) = f(x) in (Y, T).
Alternative: f is continuous and thus sequentially continuous. Thus f(x,) — f(z)
in (Y, 7).
“=": Let f(z,) = f(x)in (Y, T) for all f € F. Let V be a nbhd of z in (X, T;).
As above V' = |J,.; B; with B; € B for all i € I and = € By, for some iy € I with
B;, = ﬂ;vzl [ (A;), where f; € F,A; € T for all j = 1.N. Thus f;(z) € A; and
A; is a nbhd of f;(x) for all j = 1..N. Since f;(z,) — f;(z) there exists N; s.t.
fi(z,) € Aj forn > N;j and j = 1..N. Set N := max{N, | j = 1..N} < co. Then
z, € f;'(A)) for all j = 1.N and thus z, € ﬂjvzl fi(A;) = B, CV forn > N.
Thus z,, — x in (X, T;).

d) By 3b) the product topology is the weakest topology s.t. Px and Py are continuous,
which is exactly the definition of the F' = { Py, Py }-initial topology.

Hint: Observe, that Px and Py have different target spaces in contrast to the defi-
nition of the F-initial topology above. The generalisation is obvious though.

e) By ¢) we have with X = C([0,1]) and (Y, T) = (R, Tgua) that f,, — fin (X, T;) iff
for all z € [0,1]: fu(x) = E.(fn) = E(f) = f(z) in (Y, T).
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